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Abstract. We introduce and analyze viscosity Mann-like iterative algorithms for solving a general system of variational in-
equalities involving an infinite family of nonexpansive mappings and an m-accretive mapping. It is proved that the sequence
generated in the Mann-like iterative algorithm is norm convergent in a real reflexive Banach space with the uniformly Gateaux
differentiable norm and the normal structure.
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1. INTRODUCTION

Let X be a real Banach space whose dual space is denoted by X*. Recall that the normalized duality
mapping J : X — 2% is defined by

Ja)={9 X"t {x,0) = |lxI> = [I9]*}, vxeX,

where (-,-) denotes the generalized duality pairing. It is an immediate consequence of the Hahn-Banach
theorem that J(x) is a nonempty set for each x € X. Let C be a nonempty closed convex subset of X. A
mapping T : C — C is said to be nonexpansive if

[Tx =Tyl < [lx=yll, VxyeC.

We denote by Fix(7T') the set of fixed points of 7. A mapping f : C — C is called a contraction on C if
there exists a constant p € (0,1) such that

1f() = fWI <plx=yll, vxyeC.

Throughout this paper, we use the notation Ec to denote the collection of all contractions on C, i.e.,
Ec={f:C — Cisacontraction}. Note that each f in E¢ has a unique fixed point in C.
Let U = {x € X : ||x|| = 1} denote the unit sphere of X. Then the norm of X is said to be Gateaux
differentiable if the limit
t —
e W
=07 t
exists for each x,y € U. In this case, X is said to be smooth. The norm of X is said to be uniformly
Gateaux differentiable, if for each y € U, limit (1.1) is attained uniformly for x € U. The norm of X

is said to be Frechet differentiable, if for each x € U, limit (1.1) is attained uniformly for y € U. The
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norm of X is said to be uniformly Frechet differentiable, if limit (1.1) is attained uniformly for x,y € U.
It is well known that (uniform) Frechet differentiability of the norm of X implies (uniform) Gateaux
differentiability of the norm of X.

A Banach space X is said to be strictly convex, if, for x,y € U with x # y, one has ||(1 —A)x+Ay|| < 1,
VA € (0,1). X is said to be uniformly convex if, for each € € (0,2], there exists 6 > 0 such that, for any
x,yeU,

l—slze= 32 <1-8.

It is known that a uniformly convex Banach space is reflexive and strictly convex. Also, it is known that if
a Banach space X is reflexive, then X is strictly convex if and only if X* is smooth as well as X is smooth
if and only if X* is strictly convex. Moreover, if X is smooth, then the normalized duality mapping J is
single-valued; if the norm of X is uniformly Gateaux differentiable, then J is norm-to-weak™ uniformly
continuous on every bounded subset of X; and if the norm of X is uniformly Frechet differentiable, then
J is norm-to-norm uniformly continuous on every bounded subset of X.

Let X be a smooth Banach space. Let By,B, : C — X be two nonlinear mappings and v;, v, be two
positive constants. The general system of variational inequalities (GSVI) is to find (x*,y*) € C x C such
that

(ViBly" +x" —y*,J(x—x")) >0, VxeC,
(1.2)

(MBox* +y" —x*,J(x—y")) >0, VxeC.

The equivalence between the GSVI (1.2) and the fixed point problem of some nonexpansive mapping
defined on a real 2-uniformly smooth Banach space was established by Cai and Bu [4]. They introduced
and analyzed a modified extragradient method for solving the GSVI (1.2) based on the equivalence,
and a strong convergence theorem in a real uniformly convex and 2-uniformly smooth Banach space.
In addition, Ceng, Gupta and Ansari [5] also proposed and analyzed Mann-like implicit and explicit
algorithms for solving GSVI (1.2).

If X is a real Hilbert space H, then the GSVI (1.2) was considered and studied by Ceng, Wang and
Yao [6]. If A = B, it was considered by Verma [22] (see also [23]). Further, if x* = y*, then problem (1.2)
is reduced to the following classical variational inequality (VI) of finding x* € C such that

(Ax*,x—x") >0, VxeC. (1.3)

This problem is a fundamental problem in the variational analysis; in particular, in the optimization
theory and mechanics. A large number of algorithms for solving this problem are essentially projection
algorithms that employ projections onto the feasible set C of the VI to iteratively reach a solution. In
particular, Korpelevich [15] proposed an algorithm for solving the VI in Euclidean space, known as the
extragradient method (see also [10]). In case of Banach space setting, that is, if A = B and x* = y*, then

(Ax*,J(x—x")) >0, VxeC. (1.4)

In [1], Aoyama, liduka and Takahashi proposed an iterative scheme to find approximate solutions of (1.4)
and proved the weak convergence of the sequences generated by their proposed scheme. In [25], Yamada
assumed that the feasible set is the set of common fixed points of a finite family of nonexpansive map-
pings and introduced a hybrid steepest-descent method. In this case, the variational inequality defined
on such feasible set is also called a hierarchical variational inequality (HVI). Yamada’s method is sub-
sequently extended and modified to solve more complex problems, see, e.g., [3] and references therein.
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Recently, Ceng and Yao [7] introduced and analyzed relaxed implicit and explicit viscosity approxima-
tion methods for solving a hierarchical variational inequality defined over the common fixed point set
of a countable family of nonexpansive mappings in a real strictly convex and reflexive Banach space
with the uniformly Gateaux differentiable norm. In [4], Cai and Bu constructed an iterative algorithm
for solving a GSVI (1.2) and a fixed point problem of an infinite family of nonexpansive mappings in
a uniformly convex and 2-uniformly smooth Banach space X. They proved the strong convergence of
the proposed algorithm under some mild assumptions. In [8], Ceng and Wen proposed hybrid implicit
and explicit extragradient methods for solving a zero point problem of an accretive operator, the GSVI
(1.2) and a common fixed point problem of an infinite family of nonexpansive mappings in a uniform-
ly convex Banach space which has a uniformly Gateaux differentiable norm. In [9], Ceng, Al-Otaibi,
Ansari and Latif introduced some relaxed and composite viscosity methods for solving a zero point prob-
lem of an accretive operator, the GSVI (1.2) and a common fixed point problem of an infinite family of
nonexpansive mappings in a uniformly convex Banach space which is also 2-uniformly smooth or has a
uniformly Gateaux differentiable norm. we remark that the restrictions imposed on an infinite family of
nonexpansive mappings in [8] are very differently from those in [9].

Let {T;};>_, be an infinite family of nonexpansive mappings on a nonempty closed convex subset C
of a real Banach space X. Let {pi};_, be a sequence in [0, 1]. Consider the nonexpansive mapping Wy
defined by Uy y+1 = I and

Uk = (1 = p)I + prTiUr gy 1

Uri = (1—pi) I+ piT;Uy it 1,
(1.5)

Uz = (1 = p2)I + p2 Uy 3,
Wi=Ue1 =1 —p)I+p1T1Ur2, Vk>1.

The mapping W; is called a W-mapping, generated by 7y, Ty—1, ..., 71 and pg, px—1,...,P1. If X = H areal
Hilbert space, Takahashi [21] first introduced such a W-mapping to find a common fixed point of {7; }7*_,
(see also [20] for more details).

In the case that the feasible set is the common fixed point set of an infinite family of nonexpansive
mappings on H, based on the W-mapping (see [21]) and Moudafi’s viscosity approximation method (see
[16]), Kikkawa and Takahashi [13, 14] studied an implicit iteration scheme. Recently, based on a V-
mapping, which is simpler than the W-mapping, Buong and Phong [3] introduced two new implicit itera-
tive algorithms, which converge strongly in Banach spaces without weakly continuous duality mappings.
These methods are two different combinations of the steepest-descent method with the V-mapping.

In this paper, we introduce and analyze viscosity Mann-like algorithm for solving the GSVI (1.2), and
a common fixed point problem of a countable family of nonexpansive mappings, and a zero point problem
of an m-accretive operator. We establish strong convergence theorems for the proposed algorithms via
the V-mapping in a real reflexive Banach space X with the uniformly Gateaux differentiable norm and
the normal structure. The results presented in this paper improve, extend, and develop the corresponding
results announced by some others, e.g., [3, 4, 8, 9] and the references therein.
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2. PRELIMINARIES

Let X be a real Banach space and let C be its closed convex subset. Let 7 : C — C be a nonlinear

mapping.
Recall that T is said to be

(i) strongly pseudocontractive if there exists a constant o € (0, 1) and some j(x—y) € J(x—y) such
that
(Tx—Ty, j(x—y) < alk—yl?, VxyeC
(ii) pseudocontractive if there exists some j(x —y) € J(x —y) such that
(Tx—Ty, j(x—y)) < |x=y[?, VxyeC.

Next, we list two existence results of fixed points.

Proposition 2.1. [12] Let C be a nonempty, bounded, closed and convex subset of a reflexive Banach
space X which also has the normal structure. Let T be a nonexpansive self-mapping on C. Then,
Fix(T) # 0.

Proposition 2.2. [11] Let C be a nonempty, closed and convex subset of a Banach space X, and T : C — C
be a continuous and strong pseudocontraction. Then T has a unique fixed point in C.

Lemma 2.1. [24] Let {5y} be a sequence of nonnegative real numbers satisfying
S < (1 — o)k + 0P+ %, Vk>1,
where {oy },{ B} and {1} satisfy the following conditions:
(i) {ax} C[0,1] and Y57 | o = oo;

(ii) limsup_,., Bx <0;
(iti) ¥ > O0forallk > 1, and Y ;7| Vi < oo.

Then limg_e 53, = 0.

The following lemma is an immediate consequence of the subdifferential inequality of the function
3l 1%
Lemma 2.2. [10] Let X be a real Banach space and J be the normalized duality map on X. Then, for all
x,y € X one has
(i) P+ 3117 < [0l + 20y, j(x+3)), Vil +y) €T (x+);
(id) [lx+yl1> = (2] +2{, j(x)), Vj(x) € J (x).
Let D be a subset of C and let IT be a mapping of C into D. Then II is said to be sunny if
M) +1(x—T1()] = TT(),
whenever
I(x)+t(x—I(x)) e C
for x € C and ¢ > 0. A mapping IT of C into itself is called a retraction if I1> = IT. If a mapping IT of C
into itself is a retraction, then I1(z) = z for each z € R(IT), where R(II) is the range of IT. A subset D of

C is called a sunny nonexpansive retract of C if there exists a sunny nonexpansive retraction from C onto
D.
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Proposition 2.3. [18] Let C be a nonempty closed convex subset of a smooth Banach space X. Let D be
a nonempty subset of C and 11 be a retraction of C onto D. Then, the following are equivalent:

(i) Il is sunny and nonexpansive;
(ii) [[T1(x) =T(y)]* < (x—y,J([(x) = TI(y))), Vx,y € C;
(iii) (x—TI(x),J(y—TII(x))) <0,Vxe C,y € D.

It is well known that if X is a Hilbert space, then a sunny nonexpansive retraction I1¢ coincides with
the metric projection from X onto C. Let C be a nonempty closed convex subset of a reflexive and strictly
convex Banach space X with a uniformly Gateaux differentiable norm. Recall that a closed convex subset
C of a Banach space X is said to have a normal structure if for each bounded convex subset K of C which
contains at least two points, there exists an element x of K which is not a diametral point of KX, i.e.,
sup{|lx—y|l : y € K} < d(K), where d(K) is the diameter of K. It is well known that a closed convex
subset of a uniformly convex Banach space has the normal structure and a compact convex subset of a
Banach space has the normal structure; see [2] for more details.

Lemma 2.3. [17] Let X be a real reflexive Banach space with the uniformly Gateaux differentiable norm
and the normal structure, and let C be a nonempty closed convex subset of X. Let T : C — C be a
continuous and bounded pseudocontraction with Fix(T) # 0, and let f : C — C be a fixed continuous
and bounded strong pseudocontraction with coefficient oo € (0,1). Let {x;} be the net generated by the
following x; = tf(x;) + (1 —1)Tx;, Vt € (0,1), Then {x;} converges strongly as t — 0 to a point x* in
Fix(T'), which is the unique solution in Fix(T) to the following VI:

(I—=f)x*,J(x*=p)) <0, VpeFix(T).

Recall that a mapping F' with domain D(F) and range R(F) in a real Banach space X is said to be
(a) accretive if, for each x,y € D(F), there exists j(x —y) € J(x—y) such that

(Fx—Fy, j(x—y)) > 0;
(b) &-strongly accretive if, for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx—Fy, j(x—y)) > 8|x—y||* forsome &€ (0,1);
(c) o-inverse-strongly accretive if, for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx—Fy, j(x—y)) > a|Fx—Fy|* forsome ac (0,1);
(d) {-strictly pseudocontractive if, for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx—Fy, j(x=)) < |x=y|> = {llx—y— (Fx—Fy)|> forsome (€ (0,1).
It is easy to see that the last inequality can be rewritten as
((I=F)x—(I=F)y,jlx=y)) 2 ¢ (I = F)x— (I = F)y?, 2.1

where I denotes the identity mapping of X. Clearly, if F is {-strictly pseudocontractive with { = 0, then
it is said to be pseudocontractive. It is not hard to find that every nonexpansive mapping is pseudocon-
tractive.
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Lemma 2.4. [19] Let {x;} and {z} be bounded sequences in a Banach space X and let {04} be a
sequence in [0,1] such that 0 < liminfy_,. 0y < limsup,_,., 0 < 1. Suppose that x;1 = oyx; + (1 —
04 )7k, Vk > 1, and

limsup([|z+1 — zkl| = [|xe+1 —x[]) <O
k—yoo0

Then limg_,e. ||zx — x¢|| = 0.

Proposition 2.4. [1] Let C be a nonempty closed convex subset of a smooth Banach space X. Let I1¢ be
a sunny nonexpansive retraction from X onto C and A : C — X be an accretive mapping. Then for all
A >0,

VI(C,A) = Fix(Ic(I — AA)).

Proposition 2.5. [8] Let C be a nonempty closed convex subset of a smooth Banach space X and let the
mapping F : C — X be {-strictly pseudocontractive and 8-strongly accretive with 6 + § > 1. Then, for
A € (0,1], we have

(I =AF)x—(I—- M’YH<{U (1=2)(1+= )}le yll,  vxyec.

In particular, if 1 — 1Eg(l — \/ T ) <A <1, then I — AF is nonexpansive.

Proposition 2.6. [8] Let C be a nonempty closed convex subset of a smooth Banach space X. Let
IIc be a sunny nonexpansive retraction from X onto C and let the mapping B; : C — X be {;-strictly
pseudocontractive and 8;-strongly accretive with 8;+ §; > 1 for i = 1,2. Let G : C — C be the mapping
defined by

G(x) =Tc(I — wB1)c(I — woBs)x, YxeC.

If1— lfig(l —1/ IEI_S") <u; <1fori=1,2, then G: C — C is nonexpansive.

Proposition 2.7. [8] Let C be a nonempty closed convex subset of a smooth Banach space X. Let Il¢
be a sunny nonexpansive retraction from X onto C. Let B1,B, : C — X be two nonlinear mappings and
Wi, U be two positive numbers. For given x*,y* € C, (x*,y*) is a solution of the GSVI (1.2) if and
only if x* € Q where Q is the set of fixed points of the mapping G := ¢ (I — wyB1)c(I — w2By) and
y = Hc(x* — ungx*).

Remark 2.1. In [4, Lemma 2.10], Cai and Bu established the equivalence between the GSVI (1.2)
and the fixed point problem of the mapping G := I1¢(I — AA)II¢(I — uB) in a real 2-uniformly smooth
Banach space X. Thus, Proposition 2.7 is more general than [4, Lemma 2.10] because the 2-uniform
smoothness of X is replaced by the weaker condition, i.e., the smoothness of X.

Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mapping B; : C — X be
&i-inverse-strongly accretive for i = 1,2. Let F : C — X be §-strongly accretive and {-strictly pseudo-
contractive with 6 + ¢ > 1. Assume that v; € (0, %), i = 1,2, where x is the 2-uniformly smooth constant
of X. Recently, Ceng, Gupta and Ansari [5] introduced the following iterative algorithm of Mann-like in
order to solve GSVI (1.2).
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Algorithm 2.1. [5] Put G :=TI1¢(I — v|B;)Ic(I — v2B;). For arbitrarily given xo € C, let the sequence
{xx} be generated iteratively by

X1 = Bk + 1 Gxi+ (1 = By — v ) e (I — 4 F ) Gy,
where {A},{B«} and {1} are three sequences in [0, 1] such that B + y < 1,Vk > 0.

It was proven in [5] that under appropriate conditions, {x; } converges in norm, as k — oo, to the unique
solution x* € Q to the following VI:
(F(x*),J(x—x%)) >0, VxeQ. (2.2)

Recall that a possibly multivalued operator A C X x X with domain D(A) and range R(A) in X is
accretive if for each x; € D(A) and y; € Ax; (i = 1,2), there exists j(x; —x2) € J(x; — xz) such that

(y1 —¥2,j(x1 —x2)) > 0. An accretive operator A is said to satisfy the range condition if D(A) C R(I +
rA) for all r > 0. An accretive operator A is m-accretive if R(I +rA) = X for each r > 0. If A is an
accretive operator which satisfies the range condition, then we can define, for each r > 0, a mapping
Jr : R(I+7rA) — D(A) by J, = (I+rA)~!, which is called the resolvent of A. It is well known that J, is
nonexpansive and Fix(J,) = A~'0 for all » > 0. Hence,

Fix(J,) =A~'0={z € D(A) : 0 € Az}.

If A='0 # 0, then the inclusion 0 € Az is solvable.
The following resolvent identity is well-known.

Proposition 2.8. (resolvent identity). For A >0, u>0,andx€X,

Ix :Ju(%x+ (1— %)Jm.

Recently, Ceng and Wen [8] proposed another explicit iterative scheme for finding a point x* € .F =
N3, Fix(S;) NQNA~10 in a uniformly convex Banach space X which has a uniformly Gateaux differen-

tiable norm:

{Yk = o f (xk) + Brxi + Vi r Xi + Op Sk, (2.3)

Xk+1 = OxYk + (1 — Gk)Gyk, Vk > 1.
Under approximate conditions on the parameter sequences, they proved the strong convergence of the
sequence {x; } generated by (2.3) to the unique solution x* € .Z to the VI

(I—f)x"J(x"—p)) <0, VpeZ.

Let C be a nonempty closed convex subset of a smooth Banach space X and let {7;}7 | be an infinite
family of nonexpansive self-mappings on C. Let .% := "\, Fix(7;). Recently, Buong and Phuong [3]
considered the following HVI with C = X: find x* € .% such that

(F(x*),J(x—x%)) >0, Vxe.Z. (2.4)
By introducing a mapping Vj, defined by
V=Vl Vi=TT"Tk Ti=(1—-o)+oT;, i=1,2,..,k, (2.5)

where
o; € (0,1) and

o < oo, (26)

i=1
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Buong and Phuong [3] designed two implicit methods for the problem.

Let LIM be a continuous linear functional on [* and s = (a1,a2, ...) € [*. We write LIMay, instead of
LIM(s). LIM is called a Banach limit if LIM satisfies |LIM|| = LIM;1 = 1 and LIMay | = LIMyay for
all (aj,ay,...) € . If LIM is a Banach limit, then there hold the following:

(1) forall k > 1, a; < ¢ implies LIMga; < LIMgcy;
(i) LIMgay,, = LIMay for any fixed positive integer m;
(i) liminfy_.ar < LIMgay < limsupy_,, ay for all (a;,az,...) € I”.

Lemma 2.5. [26] Let a € R be a real number and a sequence {ay} € I satisfy the condition LIMay < a
for all Banach limit LIM. If limsup;_.(ak+m — ax) <0, then limsup;_, . a; < a.

Lemma 2.6. [3] Let C be a nonempty closed convex subset of a strictly convex Banach space X and
let {T,-}f.‘zl, k > 1, be k nonexpansive self-mappings on C such that the set of common fixed points
F = Fix(T;) # 0. Let a,b and oy, i=1,2,....,k, be real numbers such that 0 < a < 0; <b < 1,
and let Vi be a mapping defined by (2.5) for all k > 1. Then, Fix(V;) = Z.

Lemma 2.7. [3] Let C be a nonempty closed convex subset of a Banach space X and let {T;}7 | be
an infinite family of nonexpansive self-mappings on C such that the set of common fixed points F =
Ni—; Fix(T;) # 0. Let Vi be a mapping defined by (2.5), and let o; satisfy (2.6). Then, for each x € C and
1> 1, imy_e Vkix exists.

Remark 2.2. (1) We can define the mappings

Vix:i=1limV/x and Vx:=Vlx= lim Vi, Vx € C. 2.7)
—>00

k—>o0

(i1) It can be readily seen from the proof of Lemma 2.7 that if D is a nonempty and bounded subset
of C, then the following holds:

lim sup ||Vix — Vix|| =0, Vi>1.
k= xeD
In particular, whenever i = 1, we have
lim sup || Vix — Vx|| = 0.
k=0 xeD
Proposition 2.9. Let C be a nonempty closed convex subset of a strictly convex and smooth Banach
space X. Let ¢ be a sunny nonexpansive retraction from X onto C. Let B; : C — X be {;-strictly
pseudocontractive and 8;-strongly accretive with 8+ §; > 1 for each i = 1,2. Define the mapping G :
C—CbyG=TIIc(I—wB)c(I—mBy), where 1 — lJ?Ci(l —4/ 1%15’) <u <lfori=1,2. Let {T;}7,
be a countable family of nonexpansive self-mappings on C such that % = (-, Fix(T;) N Fix(G) # 0.
Let a; satisfy (2.6). Then, Fix(V oG) = Z#.

Proof. By Proposition 2.6, we know that G : C — C is nonexpansive. Let p € .%. Then it is obvious that
Gp = p and V/p = p for all integers i,k > 1 with k > i. So, we have V.Gp = p for all integer i > 1. In
particular, we have (V o G)p = V.!Gp and hence .# C Fix(V 0G).
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Next, we prove that Fix(VoG) C .#. Letx € Fix(VoG) and y € .%. Then,
IViGx = ViGy|| = ||V Gx =V Gy
= [I(1 = o) (Vi Gx = V¢ Gy) + aa (T Gx = TV Gy)|
< (1-a)[[VeGx = VEGy| + au ||V Gx = VG|
= [|VGx—VZGy|
<||Vit''Gx-VvitaGy|
< |ViGx—V{Gy|
< [[Gx— Gyl
< Jlx=yll,
which together with [|(V o G)x— (V o G)y|| = ||x—y|| implies that
IVAGx = ViGy|| = VS Gx = VI Gyl| = [|Gx — ]|
Therefore, we have
(1 = 0)(VE Gx — VEFLGy) + ou(TVE  Gx — TVE Gy) |
= |Vir Gx — VP Gy ||
= [|Gx—yl,
for every i > 1. Since X is strictly convex, 0 < o; < I, and y € .%, we have Gx —y = T;ViH Gx —
TVirl Gy = VEH Gy — y and Gx — y = VEFIGx — VEH Gy = ViF1Gx — y. Hence, Gx = T,V Gx and

Gx = Vi Gx for every i > 1. Consequently, for every i > 1, we have Gx = T;Gx. In particular, when
i = 1, we have that Gx = T1V2Gx and Gx = V2Gx. So, it follows that

x=(VoG)x=(1—-0q)ViGx+a;T;V2Gx = Gx,

which together with Gx = T;Gx,Vi > 1, implies that, for every i > 1, x = Tix. It means that x € .%. This
completes the proof. g

3. MAIN RESULTS

Theorem 3.1. Let X be a real reflexive Banach space with the uniformly Gateaux differentiable norm and
the normal structure, and let C be a nonempty closed convex subset of X. Let I1¢ be a sunny nonexpansive
retraction from X onto C. Let B; : C — X be {;-strictly pseudocontractive and 8;-strongly accretive with
0i+ & > 1 for each i = 1,2. Define the mapping G : C — C by G = ¢(I — w1 B1)e(I — wpBy), where
1— 1%@- (1— \/%) < <1fori=1,2. Let f:C — C be a fixed continuous bounded and strong
pseudocontraction with coefficient a € (0,1). Let {T;}>, be a countable family of nonexpansive self-
mappings on C such that = (-, Fix(T;) N\Fix(G) # 0. Let {Vi.}7>_, be defined by (2.5) and (2.6) such
that Fix(V o G) = Z. Let {x};._, be a sequence generated in the implicit manner

Xk = Yef () + (1 = W)ViGl(1 = Bi)xi + BiViGxy],  Vk > 1, (3.1

where { By} is a sequence in [0,1] and {11 } is a sequence in (0, 1) such that limy_. Y = 0 and img_,e B/ Y =
0. Then {x;} defined by (3.1) converges strongly to a point x* € % which is the unique solution of the
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following VI
(I=f)x"J(x"—p)) <0, VpeZ. 3.2)

Proof. For each k > 1, define a mapping Uy, : C — C by

Ux = % f (x) + (1 = %) Vi G[(1 — Br)x + B Vi Gx].

Then Uy : C — C is a continuous, strong pseudocontraction for each k > 1. Indeed, since f is a strong
pseudocontraction with coefficient @ € (0, 1), we have

(Ukx = Upy,J (x = y))

< el pe—y[* + (1= %) [ViG[(1 — Be)x+ BiViGa] = ViG[(1 — Be)y + BiViGy [ x — |

< parfe =[P+ (1= 1) (1= Be) (x =) + Be(VaGx — Vi Gy) [||x — y||

< eatllx =y 4+ (1 =) [(1 = Bo)lbe =yl + Bel|VaGx = ViGy ]| |x =y |

<(1-n(l-a)lx—yl?* vryecC.
In view of Proposition 2.2, we know that Uy has a unique fixed point x; in C for each k > 1. Hence (3.1)
is well defined. Next, we show that {x;} is bounded. For any p € .% and k > 1, we obtain

b = plI* < wetllxe = plI* + % (F(p) = p,J (36— p))
+ (1= )IVeG[(1 = Be)xi + BiViGxi] — plll|xi — p|

< watllxi— pl> + wlf(p) — p.J (i — p))
+ (1 =) [ (1 = Be) (o — )+Bk(Vkak_ p)Illlxe —pl
< nallx — plI* + wlf(p) — p.J (xk — p))

+ (1 =2 [(1 = Bi) [lx —P|| + Bel Vi Gxi — pl[[1x¢ — p|
< (1= %1 = a)) [l = plI* + w{f (p) = p.J (k= P)),
which implies that

1
bk = plI* < = {F(P) = pod (= p))- (33)
It follows that

[l —pll < 7||f() pl-

Thus, {x;} is bounded, and so are the sequences { f(xx)},{vc}, {VkGxr} and {V, Gy, }, where y;, = (1 —
Bi)xx + BkViGxy. Since V : C — C is a nonexpansive mapping, it follows that Vo G : C — C is also
nonexpansive. By Proposition 2.2, we deduce that, for each n > 1, there exists a unique element z, € C
such that

n = lf(zn)+(1 - 1)VGzn. (3.4)

From Lemma 2.3, we conclude that z, — x* € Fix(V o G) = .% as n — oo, where x* is the unique solution
Z to the VI (3.2). Furthermore, for each k > 1, we rewrite (3.1) as follows:

Xk = Yif (k) + (1 = %) ViG[(1 — Br)xx + BuViGxi]
= % f () + (1 = %) ViGyi,
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where yr = (1 — By )xx + BcViGxx. Since f and {x;} are bounded, {f(xx)} is also bounded. Moreover,
for every k,n > 1, we have

I =V Gza|l < Well £Oox) =V Gzall + (1= %) [VaGyk = ViGzall + (1 = 1) [IViGzn — V G|
S W) =V Gzl + [y = zall + [ViGzn = V G|
S Kl ) =V Gzall + (1= Be) ek = zall + BellViGxe — zall + [[ViGzn — V Gza|
S Wl () =V Gzall + BellViGxe — zall + Ik — zal| + [IViGzn = V Gz
If D is a nonempty and bounded subset of C, then, for € > 0, there exists mg > i such that, for all k > my,

(3.5)

sup |[Vix—Vix| < e. (3.6)
xeD

Taking D = {Gz, : n > 1} U{Gxy : k > 1} and setting i = 1, we have find from (3.6) that

|IViGzy — VGzy|| < sup |[Vix —Vx|| < e and |[|[ViGx; —VGxi| <sup|[Vix— Vx| <€,
xeD xeD
which immediately implies that
lim ||VyGz, —VGzy|| =0 and lim ||V,Gxy — VGxy| = 0. (3.7
k—yo0 k—roo
Note that limg_,c % = limy_o B = 0. Let LIM be a Banach limit. Then from (3.5), we get
LIM; [|x; — VGza||* < LIMg g — 24| (3.8)

Again from (3.4), we have

Xj—2Zn = %(xk — f(zn)) +(1— %)(xk —VGz,),
that is,

(1= 1)~ V) =5k~ - (— flan).
It follows from Lemma 2.2 (ii) that

1 2
(1= =5k = VGzal|* > |1k — zall* = =k — 20+ 20 — f(20),J (X% — 20))
n n (3.9)

2 2
= (1—;)ka—ZnHZ‘i‘E<f(zn)—sz(xk_Zn)>~
By using (3.8) and (3.9), we have
1, ) 2 ) 2
(1= ) LIM e — 2| = (1 = JLIM |l = 2| + — LIMG(f (2) — 2, I (k= 2)),
and hence | )
ﬁLH\/Ikak_ZnH2 > ZLIMk<f(Zn) _Zna-](xk _Zn)>-

This implies that 5-LIMy [lx¢ — 2, [|* > LIMy(f (20) — 2n,J (X — 24)). Since z, — x* € Fix(V o G) = .F as
n — oo, by the uniformly Gateaux differentiability of the norm of X, we have

LIM, (£ () —x*,J (x — x°)) < 0. (3.10)
Since x; = Y% f (xx) + (1 — %) ViGyk, where yi = (1 — Bi)xx + BiViGxi, we have
(I = f)xxe = (1 = 1) (ViGyi — f(xx))
(1= %) (ViGyx — ViGxr + Vi Gxy — xic + ¢ — f (X))
(L= %) (VeGyk — ViGxy) — (1 = %) (I = ViG)xe + (1 — 1) (I — f)xi,
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which implies that

1 —% I —%

(I—flx= A (ViGyr — ViGxy) — " (I = ViG)xy.
Consequently, for x* € Fix(V o G) = .#, we conclude that
*\\ l_yk *
(I = f)xr,J (xx —x7)) = " (ViGyr — ViGxy, J (x — x7))
1—')/k * *
- ” (I =VikG)x — (I = ViG)x* , J (x — Xx*))
I_Yk *
< ” (VikGyx — Vi Gxg, J (x5 — 7))
1*’)/]( *
< THVkGyk—VkakHka—x I (3.11)
1—% .
< By — o 27
Ye
1— *
= B VGt — x| — x|
Y

B
< =V Gy — x| | — x|
Y

Let us show that ||x; — V Gxi|| — 0 as k — co. Indeed, from (3.1), we have
[l = ViG|| < Jbex = VG| + IV Gyx = VG|
< el i) = VaGyell + [y — x|
= Wllf () = VaGyill + Bell Vi G — x|,

which together with %, — 0 and f; — 0, yields that limy_, ||x; — ViGxx|| = 0. Since
ka — VkaH < ka — VkakH + HVkak — VkaH,

we obtain from (3.7) that
lim ||xz — VGxi|| = 0. (3.12)
k—yoo0

On the other hand, observe that

(= F)xied (e =) = [l =22 (" = F(6), 0 (= 27)) + () = f o) S (e — 1))

(3.13)
> (1= a) g — "2+ (" = f ("), J (e —x7)).

It follows from (3.11) and (3.13) that

o= I € e () 2 =) ‘;;‘Hvaxk—ka|xk—x*r>.
This together with (3.10), implies that LIMy [|x; — x*||> < 0, i.e., LIMy ||x; — x*||> = 0. Thus, there exists
a subsequence {x, } of {x;} which converges strongly to x* € Fix(V o G) = .Z.
Now, assume that there exists another subsequence {x,, } of {x;} such that x,,, — % € C. According
to (3.12), we know that X € Fix(V o G) = .%. Then we have that ||( — f)x,, — (I — f)%[| — 0 as j — oo.
We claim that ¥ is a solution in .% to the VI (3.2). Indeed, since for any p € .% the sequences {x,,, — p}
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and {x,,; — f(xu,)} are bounded and J is norm-to-weak” uniformly continuous on every bounded subset
of X, we deduce that as j — oo

(= f)%m;d (m; = p)) = (I = )%, (£ = p))]
<N = f)xm; = (I = PR3, = Pl + (I = f) %, (m; = p) = I (&= p))| = 0.

Thus it follows from (3.11) that, for any p € .Z,

(f(¥)—%,J(p—X)) = }2130<f(xm/) _xan(P _xmj)> <0.
This is, ¥ € .% is a solution of the VI (3.2). Hence, ¥ = x*. Therefore, each cluster point of {x;} is x*.
So {x;} converges strongly to x*, which is the unique solution in .% to the VI (3.2). This completes the
proof. O

Now we state and prove the strong convergence theorem for Mann-type explicit viscosity iterative

algorithm.

Theorem 3.2. Let X be a real reflexive Banach space with the uniformly Gateaux differentiable norm
and the normal structure, and let C be a nonempty closed convex subset of X. Let Il¢c be a sunny
nonexpansive retraction from X onto C. Let B; : C — X be (;-strictly pseudocontractive and 8;-strongly
accretive with 8; + §; > 1 for each i = 1,2. Define the mapping G : C — C by G = ¢ (I — By (1 —
W2B2), where 1 — 1-%4,-(1 - IE‘S") <u <1lfori=1,2. Let f:C — C be a fixed contraction with

i

coefficient oo € (0,1). Let {T;}* | be a countable family of nonexpansive self-mappings on C such that
F = i1 Fix(T;) NFix(G) # 0. Let {Vi.}y_, be defined by (2.5) and (2.6) such that Fix(V o G) = .Z.
For any given x| € C, let {x;}7°_, be a sequence defined by

{karl = (1 — & — Br)xx + & f (xx) + BcViGyr,
(3.14)

vk = (1= Y0+ nViGx, Vk>1,
where {&} and {By} are two sequences in (0,1) with & + B < 1,5k > 1, and {1} is a sequence in
[0, 1]. Assume that

(i) limg_e & =0, Y& =0 and 0 < liminfy_,e B < limsup,_,., Br < 1,
(ii) limy o0 [Yer-1 — %| = 0 and limsupy_., % < 1.

Then there hold the following assertions:

(1) limy_yeo ||Xpq1 —xk|| = O;
(Il) the sequence {x;} converges strongly to a point x* € % which is the unique solution in .F to the
VI (3.2) provided limy_,.. Y, = 0 and By, = B for some fixed B € (0,1).

Proof. Step 1. The proof of conclusion (I).
First, we claim that {x;} is bounded. Indeed, take a fixed p € .# arbitrarily. Observe that
%1 = Il < (1 — & — Bi) lxi — pll + &l|.f (i) = pll + Bel[VeGye — pll
< (1 —& =Bl — pll + &llf () = fF(p) | + &ll.f(P) — Pl + Billyi — pll
< (1 =& — Bi)llx — pll + aveellxi — pl| + Bellye — pll + &l f(p) — Pl
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and
vk = Pl < 11 = %) b = pll + % VieGxie — p|
< 11 =) lee — pll + %l — Pl
= [lxc — -

Combining these two inequalities, we have

%41 = pll < (1 — & — Bi) [|xk — pll + a&xllxe — pll + Bellyk — pll + &l f(p) — pll
< (1—&—Bo)llxk — pll + aecllxe — pll + Bellxe — pl| + &l £ () — Pl
= (1 —(1—o)&) [[xe — pll +&llf(p) — Pl

ol 1f(p) — pH}

< max{ . pl, P

By induction,

W ply sy

[l — pl| < max{|jx1 — pll;
Hence it follows that {x;} is bounded, so are {y;},{ViGxi},{ViGyr} and f(xy).
Second, we claim that |[xz; — x¢|| — O as k — o. Indeed, define a sequence {wy} by

Xir1 = Pixe + (1= pe)we, Yk > 1,

where py = 1 — & — B, Vk > 1. Then we have

Xk+2 — Pk+1Xk+1 X1 — PkXk
1= prs 1 —px
i1 (k1) + Bt Vi Gyirr &S (k) + BiVi Gy
1= prs 1 —pr
Ek+1 - €k Br+1

=kl R sl
1—Pk+1f(xk+ 1 —Pkf(xk) 1 — prt1

+ Vi 1Gyr — ViGyi + - p ViGyx

Wi+l — Wk =

(3.15)

(Vit 1GYi+1 — Vier 1Gyi)

11
Vier1GYr,
— Pk+1

and

91 = Vel | < (0= Vep )1 =2l + Vet — Ve[|
+ Yer 1 Vir 1 Gxig 1 = ViGxe || + Y1 — Yl VaGe |
< (1= Yer) oot = xil[ =+ Ve = Vel llel + Fier (Vi1 Gxigr — Vi1 G|
+ Vi1 Gxe — ViGxe||) + [ Ve 1 — Vel [ VieGxe| (3.16)
< et =kl Vet = Vel llxell + Vit Q1 [| Tt Gxie — Goxe|
+ Y1 — Vel [V Gxe||
= [t = Xkl + Vet = Vel Clell 4 [IVeGxil]) + Vi1 Q1 [| Ty 1 Gxie — Goxe |
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Combining (3.15) with (3.16), we obtain

Wit1 = wiel| =[]0 — x|
Ek+1 &
< (I G [+ Vier1 Gyl ) + —— (1 £ )| + VG
1 = prs1 1 —px
Bis1
t 1 o e Vit 1GYis1 — Vier 1 Gy || + Vi 1 Gy — VieGyie|| — || X1 — x|
— Pi+
Ek+1 Ek
< — (I G+ Vier 1 Gyel) + —— (£ )| + VG
1 —presr 1 —pr
Bt
1 o e — x| 4 Yt — %l (x| + 1ViGoxe)
— Pk+1

+ Yier1 Ot 1 | Ter1 Gxx — G|} + Q1| T 1 Gy — Gyl — [ 1 — x|

Ek+1 &
< (If ) I+ Vi1 Gyel) + ——(LF @) || + (Ve Gyl
1= prs 1—px
+ 1[3/‘;:1{|Yk+1 — Yl (x| + IVeGxa[|) + Va1 01 || T 1 Gk — G|}
— Pk+

+ 01| Ter 1GYr — Gy
So, it follows from (3.17), oz — 0 and conditions (i), (ii) that

limsup(|[wiy 1 — w || — [Jxe 1 —2xc]) < 0.
k—>o0

Since limy_. & = 0 and 0 < liminfy_,. Bx < limsup_,., Br < 1, we have

0 < liminfp; < limsupp; < 1.
k—reo k—oo

From Lemma 2.4, we get limy_,., || wx — x¢|| = 0. Consequently,
lim ka+1 —XkH = lim (1 — Pk) HWk —XkH =0.
k—so0 k—so0

Step 2. The proof of conclusion (II).

3.17)

(3.18)

Suppose that limy_. ¥ = 0 and f; = B for some fixed 8 € (0, 1). In this case, conditions (i), (ii) are
still satisfied. Let {z,} be defined by (3.4) such that z, — x* € Fix(V o G) = .%, where x* is the unique

solution in .% to the VI (3.2). Observe that, for every k,n > 1,
X1 =V Gzl < (1= &= B)llxk =V Gzl + &l f (xx) = V Gzl
+ Bl[[ViGyx — Vi Gzu || + [|Vi Gz — V Gza|]
< (I —&—B)l—VGzall + &llf () =V Gzl
+ By = znll + [ViGzn — V Gzal]
< (I—&—B)la—VGzall + &llf () =V Gzl
+ Bllbee = znll 4 llye = xell + [[VeGzn — V Gzal]
= (1 —&—B) e — VGl + &l f (i) =V Gzall
+ Blllxk = znll + YellVieGxie — x| + [ VieGzn = V Gz
< O+ (1= B)llxic =V Gzl + Bllxi — zall,

where
O = &||f (xk) =V Gzl + BNl ViGxx — xic|| + ||ViGzn — V Gz ).

(3.19)
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Repeating the same arguments as those of (3.7) in the proof of Theorem 3.1, we obtain
lim ||V;Gz, —VGzy|| =0 and lim ||V,Gxy —VGxy|| = 0. (3.20)
k—»o0 k—yo0

Since limy o & = limy_seo Y = limg_ye0 || ViGzy — VGzy|| = 0, we know that o — 0 as k — 0. From
(3.19), we get

[¥e1 =V Gzal* < (1= B) st = VGaall + Bllxe — zall)?
+ 0k [2((1 = B)[lxk =V Gzal| + Bllxk — zu]) + 0]
= (1= B)|lxx = VGanl* + B?|lxe — 2l
+2B(1 = B)llxk = VGznl|[lxe — znl| + & (3.21)
< (1= B)?|ba =V Gza|* + B[k — za?
+B (1= B) ([0 = VGanl* + e —zal|*) + 6%
= (1= B) e =V Gzul* + Bllxc — z* + 6k,
where 6 = 0x[2((1 — B)||xk — V Gzu| + B|xk — 24| ) + Ok} — 0 as k — co. For any Banach limit LIM, we
derive from (3.21) that
LIM; [lxx — VGza|)* = LIMg k11 — V Gza||> < LIM |3z — 2,1

Observe that x; —z, = %(xk — f(zn))+(1— %) (xx —V Gz,). By the same argument as that of (3.10) in the
proof of Theorem 3.1, we get

LIMg (f(x™) —x*,J (xx — X)) < 0. (3.22)

On the other hand, it follows from (3.18) that

lim |(f(x") —x*,J (xp1 —x7)) — (f(x") —x",J(xx —x7))| = 0. (3.23)

k—yoo0

Hence by Lemma 2.5 we deduce from (3.22) and (3.23) that

limsup((f —1)x*,J(x; —x¥)) <O0. (3.24)

k—so0
Finally, we show that x; — x* as k — co. From Lemma 2.2 (i) and (3.14) with f; = 8, we have
e —x*1?
= [(1 — & — B) (e —x") +&x(f () —x*) + B (ViGyr —x)||?
<[(1— & = B) (i = x*) + B(ViGy — x)|I* + 28 (£ () — %", (a1 —x))
< (1= & — B) e — x| + BIVeGyi — |1 + 28 (f () =", (g1 —x7))

< (1) oo — x> 28 [(f () = f(),J (ot = 27)) + (F () =2, (a1 —x7))]
< (1= &) e =" 17 -+ 2ot o — x|l 1 =21+ (F () = 2", T (e = 27))]
< (1= &)= 2|17 + e llve =1 o [ — 5[]+ 26 (87) = 5", I (i1 = 27)),

which implies that

1—&)2+ag 2¢
e

* (12
— <
ok =217 < 1—ag 1—oag

(f(x") =x", T (g1 —x7)). (3.25)



CONVERGENCE ANALYSIS OF A MANN-LIKE ITERATIVE ALGORITHM 17

Observe that for all £ > 1

(1—g)>+ag _ 1 —ag —2&(1—a)+ & :1_2(1—a)ek &
1—ag 1—ag 1—ag 1—ag,’
Since )
2(1—a)g £
lim (2= & e =21-a)>1-a,

k—eo 1 — Qg 1—ag
we may assume, without loss of generality, that for all k > 1

2(1 — o) g &
— > (l1—a)g.
1—ag l—aek_( Jé
This, together with (3.25), leads to

21 — x|
2(1_a)8k 8](2 2 28k
< 1— — 4K X\ X s
<[1—( 1~ ag l—aek)]”xk x| +71—ask<f(x) X", J (X1 —x7))
. 26 o ) (3.26)
<[ = (1—o)&]l]xe —x Hz+1_7a£k(f(x ) = x5 J (1 —x7))
2

= (1= (1~ o0& loe—x' 1P+ (1~ @)ei oo U 6) = I =)

Since Y ;o & = oo, limj_,e & = 0 and limsup;_,.(f(x*) —x*,J (x+1 — x*)) < 0 (due to (3.24)), we
know that ;> | (1 — o) &, = o0 and

2
lim su
P ae)(1—a)

Therefore, applying Lemma 2.1 to (3.26) we conclude that limy_, ||x; —x*|| = 0. This completes the

(f(x*) =x" T (g1 —x*)) <0.

proof. g
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