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1. I NTRODUCTION
Since the Brouwer fixed point theorem first appeared in 1910, several hundred generalizations or equivalent formulations have been found. One of the well-known equivalent formulations of the Brouwer
theorem is the Kakutani fixed point theorem in 1941 for convex-valued upper semicontinuous (u.s.c.)
multimaps. This initiated the study of fixed points of multimaps in the last seven decades. The Kakutani theorem and its numerous generalizations were applied to game theory, mathematical economics,
differential equations, systems and control theory, coincidence theory, minimax theory, variational inequalities, convex analysis, equilibria theory, and others.
Moreover, the compactness, convexity, upper semicontinuity, selfmapness, and finite dimensionality
related to the Kakutani theorem are all extended, and further, for the case of infinite dimension, it is
known that the domain and range of the relevant multimap may have different topologies. This is why
the Kakutani theorem has so many generalizations; see [16].
In our previous works, we unified, improved, and generalized a lot of fixed point theorems on Kakutani
maps defined on convex subsets of topological vector spaces. One of the main fixed point theorems in
[16] is concerned with convex-valued generalized upper hemicontinuous (g.u.h.c) maps whose domains
and ranges may have different topologies. Then we add general fixed point theorems for g.u.h.c. multimaps defined on convex subsets of locally convex topological vector spaces under certain compactness
and boundary conditions.
On the other hand, for compact multimaps in the ‘better’ admissible class B defined on abstract convex
spaces, we found that they have almost fixed point property whenever their ranges are Klee approximable
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into the domains. This enables us to generalize and unify many fixed point theorems for various types
of multimaps appeared in topology and nonlinear analysis; see, [11, 12, 14, 15, 19, 20, 21, 24] and the
references therein.
Recently, based on the new KKM theory, the author [22] reviewed several fixed point theorems which
unify more than one hundred known generalizations of the Brouwer theorem related to t.v.s. or topological fixed point theory.
On the other hand, in 2008, Hering et al. [4] obtained a generalization of the Brouwer fixed point
theorem for possibly discontinuous maps defined on polytopes in Rn . Later, Bich [3] extended their
work to maps defined on compact convex subset of Rn . Moreover, in [2], he defined a new class of
half-continuous multimaps which includes maps in [4] and obtained fixed point theorems for the new
class. Furthermore, Termwuttipong and Kaewtem [25] showed that some results in [2] are also valid in
locally convex Hausdorff topological vector spaces.
Our aim in this review is to introduce a part of [22, 23] with some supplements. In fact, we introduce
some of the above-mentioned general fixed point theorems on topological vector spaces. The first one is
a general theorem for the better admissible multimaps and the second one is a new version for g.u.h.c.
convex-valued multimaps. The third one is new fixed point theorems for half-continuous multimaps on
locally convex topological vector spaces due to Termwuttipong and Kaewtem [25]. Finally, We compare
some of our previous results on g.u.h.c. maps with the new results of [25].
2. B ETTER ADMISSIBLE MAPS B
A multimap F : X ( Y is a function from a set X into the set 2Y of nonempty subsets of Y ; that is, a
function with the values F(x) ⊂ Y for x ∈ X and the fibers F − (y) := {x ∈ X | y ∈ F(x)} for y ∈ Y . We
sometimes use the term map instead of multimap. For A ⊂ X, let
F(A) :=

[

{F(x) | x ∈ A}.

For any B ⊂ Y , the (lower) inverse of B under F is defined by
F − (B) := {x ∈ X | F(x) ∩ B 6= 0}.
/
For topological spaces X and Y , a map F : X ( Y is said to be closed if its graph
Gr(F) := {(x, y) | y ∈ F(x), x ∈ X}
is closed in X ×Y , and compact if F(X) is contained in a compact subset of Y .
A map F : X ( Y is said to be upper semicontinuous (u.s.c.) if, for each closed set B ⊂ Y , F − (B) is
closed in X; lower semicontinuous (l.s.c.) if, for each open set B ⊂ Y , F − (B) is open in X; and continuous
if it is u.s.c. and l.s.c.
If F : X ( Y is u.s.c. with closed values and if Y is regular, then F is closed. The converse is true
whenever Y is compact.
Usually, a Kakutani map is a u.s.c. map with closed convex values.
A t.v.s. means a real Hausdorff topological vector space E. Let E ∗ denote the topological dual of E.
A polytope P in a t.v.s. E is a homeomorphic image of a simplex.
For topological spaces X and Y , we define the ‘better’ admissible class B of maps from X into Y as
follows [14, 15, 23]:
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F ∈ B(X,Y ) ⇐⇒ F : X ( Y is a map such that, for any natural n ∈ N, any continuous function
φ : ∆n → X, and any continuous function p : Fφ (∆n ) → ∆n , the composition
φ

F

p

∆n −→ φ (∆n ) ⊂ X ( Fφ (∆n ) −→ ∆n
has a fixed point.
Example 2.1. Subclasses of the better admissible class B are classes of continuous functions C, the
Kakutani maps K (with convex values and codomains are convex spaces), the Aronszajn maps M (with
Rδ values), the acyclic maps V (with acyclic values), the Powers maps Vc (finite compositions of acyclic
maps), the O’Neill maps N (continuous with values of one or m acyclic components, where m is fixed),
the approachable maps A (whose domains and codomains are subsets of t.v.s.), admissible maps of
Górniewicz (1976), σ -selectionable maps of Haddad and Lasry (1983), permissible maps of Dzedzej
(1985), the Fan-Browder maps (codomains are convex sets), locally selectionable maps having convex
+
values, the class K+
c of Lassonde (1991), the class Vc of Park et al. (1994), and approximable maps
of Ben-El-Mechaiekh and Idizk (1994), the admissible class Aκc due to Park (1993). For the literature
denoted by the form (year); see [12, 13, 14, 15] and the references therein.
In 1998, the author obtained the following result.
Theorem 2.1. [15] Let E be a t.v.s. and X an admissible (in the sense of Klee) convex subset of E. Then
any compact closed map F ∈ B(X, X) has a fixed point.
In [15], it was shown that Theorem 2.1 subsumes more than sixty known or possible particular cases
and generalizes them in terms of the involving spaces and multimaps as well. Later, further examples of
maps in the class B were known.
It is not known yet whether the admissibility of X can be eliminated in Theorem 2.1.
Theorem 2.1 can be generalized by switching the admissibility of domain of the map to the Klee
approximability of its ranges as follows:
Let X be a subset of a t.v.s. E and V the neighborhood system of 0 in E. A nonempty subset K of X
is said to be Klee approximable into X if for any V ∈ V , there exists a continuous function h : K → X
such that x − h(x) ∈ V for all x ∈ K and h(K) is contained in a polytope in X.
Example 2.2. We give some examples of Klee approximable sets:
(1) If a subset X of E is admissible (in the sense of Klee), then every compact subset K of X is Klee
approximable into E.
(2) Any polytope in a subset X of a t.v.s. is Klee approximable into X.
(3) Any compact subset K of a convex subset X in a locally convex t.v.s. is Klee approximable into X.
(4) Any compact subset K of a convex and locally convex subset X of a t.v.s. is Klee approximable
into X.
(5) Any compact subset K of an admissible convex subset X of a t.v.s. is Klee approximable into X.
(6) Let X be an almost convex dense subset of an admissible subset Y of a t.v.s. E. Then every compact
subset K of Y is Klee approximable into X.
Note that (6) ⇒ (5) ⇒ (4) ⇒ (3).
In 2004, Theorem 2.1 was generalized as follows:
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Theorem 2.2. [18] Let X be a subset of a t.v.s. E and F ∈ B(X, X) a compact closed multimap. If F(X)
is Klee approximable into X, then F has a fixed point.
The following results with B p = B were obtained in 2007.
Corollary 2.1. [19] Let X be an almost convex admissible subset of a t.v.s. E and F ∈ B(X, X) a compact
closed map. Then F has a fixed point.
Corollary 2.2. [19] Let X be an almost convex subset of a locally convex t.v.s. E and F ∈ B(X, X) a
compact closed map. Then F has a fixed point.
One of the most simple known example is that every compact continuous selfmap on an almost convex
subset in a Euclidean space has a fixed point. This generalizes the Brouwer fixed point theorem.
Moreover, since the class B(X, X) contains a large number of special types of maps, we can apply
Theorem 2.2 to them. Since a Kakutani map belongs to B, Theorem 2.2 and Corollaries 2.1 and 2.2
generalize the Himmelberg theorem.
Example 2.3. In the following, we list more than sixty results in chronological order, from which we can
deduce particular forms of Theorem 2.2. Some results are direct consequences of Theorem 2.2 and for
some cases we can obviously obtain particular forms of Theorem 2.2 for a subclass of B and a special
type of t.v.s. For the literature denoted by the form (year) in this section; see [15, 16] and the references
therein.
Poincaré (1883, 1884), Bohl (1904), Brouwer (1912), Alexander (1922), Birkhoff and Kellogg (1922),
Schauder (1927), Schauder (1930), Tychonoff (1935), von Neumann (1937), Krein and Šmulian (1940),
Miranda (1940), Kakutani (1941), Eilenberg and Montgomery (1946), Beagle (1950), Bohnenblust and
Karlin (1950), Hukuhara (1950), Nagumo (1951), Fan (1952), Glicksberg (1952), O’Neill (1957), Schaefer (1959), Nikaido (1959), Singbal (1962), Fan (1964), Powers (1970, 1972), Himmelberg (1972), Rhee
(1972), Fournier and Granas (1973), Sehgal and Morrison (1973), Hahn and Pötter (1974), Górniewicz
(1976), Krauthausen (1976), Skordev (1976), Idzik (1978), Ha (1980), Hadžić (1980), Girolo (1981),
Górniewicz and Granas (1981), Ben-El-Mechaiekh, Deguire, et Granas (1982), Haddad and Lasry (1983),
Arino, Gautier, and Penot (1984), Dzedzej (1985), Simons (1986), McLinden (1989), Ben-El-Mechaiekh
(1990), Lassonde (1990), Ben-El-Mechaiekh (1991), Ben-El-Mechaiek and Deguire (1991), Lassonde
(1991), Shioji (1991), Park (1992), Ben-El-Mechaiek (1993), Park (1993), Park, Singh, and Watson
(1994), Chang and Yen (1996), Chu (1996), Park (1996), Park and H. Kim (1996), Park (1997), Park
(2000).
The following is known as the Zima-Hadžić type fixed point theorem.
Corollary 2.3. Let X be a convex subset of a t.v.s. E and T : X ( X a compact u.s.c. multimap with
nonempty closed convex values. Then T has a fixed point x0 ∈ T (x0 ) if the following holds:
(Z) for each neighborhood U of 0 in E, there exists a neighborhood V of 0 in E such that
co(V ∩ (T (X) − T (X))) ⊂ U.
Corollary 2.4. [5] Let X be a convex subset of a locally convex Hausdorff t.v.s. E and T : X ( X a
compact u.s.c. multimap with nonempty closed convex values. Then T has a fixed point x0 ∈ T (x0 ).
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Recall that the Himmelberg theorem in 1972 unifies and generalizes historically well-known fixed
point theorems due to Brouwer, Schauder, Tychonoff, Kakutani, Bohnenblust and Karlin, Fan, Glicksberg, Hukuhara, Rhee, and others.
More early in 1941, in order to give simple proofs of von Neumann’s intersection lemma and his minimax theorem, Kakutani [6] obtained the following generalization of the Brouwer theorem to multimaps.
Corollary 2.5. [6] If x 7→ Φ(x) is an upper semicontinuous point-to-set mapping of an r-dimensional
closed simplex S into the family of closed convex subsets of S, then there exists an x0 ∈ S such that
x0 ∈ Φ(x0 ).
It is equivalent to the following.
Corollary 2.6. [6] Corollary 2.5 is also valid even if S is an arbitrary bounded closed convex set in an
Euclidean space.

f : K −→ K

E
I
II

Brouwer
Schauder

1912
1927, 1930

III

Tychonoff
Hukuhara

1935
1950

IV

Fan

1964

Zima
Rzepecki
Hadžić

1977
1979
1982

V

F :K(K
Kakutani
Bohnenblust
and Karlin
Fan
Glicksberg
Himmelberg
Granas and Liu
Park
Hadžić

1941
1950
1952
1952
1972
1986
1988
1981, 1982, 1987

The major particular forms of Corollary 2.3 for Kakutani maps F : K ( K, where K is a nonempty
compact convex subset, can be adequately summarized by the preceding diagram. In the diagram, f
denotes a (single-valued) continuous function and F a Kakutani map. K in the class I is a compact
convex subset of Euclidean spaces, II normed vector spaces, III locally convex t.v.s., and IV t.v.s. E on
which E ∗ separates points. Moreover, K in the class V is a convex subset of a t.v.s. such that f (K) and
F(K) are relatively compact subsets of the Zima type.
Finally, in this section, note that O’Regan and Perán [9] set out a rigorous presentation of Park’s
class of admissible multimaps, within the general framework of multimaps between topological spaces,
using a broad definition of convexity. In addition, they obtain a fixed point theorem for better admissible
multimaps defined on a proximity space via the Samuel-Smirnov compactification.
3. G ENERALIZED UPPER HEMICONTINUOUS MULTIMAPS
The class of u.s.c. multimaps on t.v.s. is further extended as follows: For a topological space X and a
t.v.s. E, a map F : X ( E is said to be
(i) upper demicontinuous (u.d.c.) if for each x ∈ X and open half-space H in E containing F(x), there
exists an open neighborhood N of x in X such that F(N) ⊂ H;

24

SEHIE PARK

(ii) upper hemicontinuous (u.h.c.) if for each h ∈ E ∗ and for any real α, the set {x ∈ X | sup hF(x) <
α} is open in X; and
(iii) generalized u.h.c. if for each p ∈ E ∗ , the set {x ∈ X | sup pF(x) ≥ p(x)} is closed in X.
In our earlier works [11, 17], the author unified a large number of generalizations of the Kakutani
theorem to maps of the above-mentioned types.
According to Lassonde [7], a convex space X is a nonempty convex set with any topology that induces
the Euclidean topology on the convex hulls of its finite subsets. A nonempty subset L of a convex space
X is called a c-compact set if for each finite set N ⊂ X there is a compact convex set LN ⊂ X such that
L ∪ N ⊂ LN .
Let cc(E) denote the set of nonempty closed convex subsets of a t.v.s. E and kc(E) the set of nonempty
compact convex subsets of E.
Let X be a nonempty convex subset of a vector space E. The algebraic boundary δE (X) of X in E is
the set of all x ∈ X for which there exists y ∈ E such that x + ry ∈
/ X for all r > 0. If E is a t.v.s., the
topological boundary Bd X = BdE X of X is the complement of IntE X in the closure X. It is known that
δE (X) ⊂ Bd X and in general δE (X) 6= Bd X.
Let X ⊂ E and x ∈ E. The inward and outward sets of X at x, IX (x) and OX (x), resp., are defined as
follows
[
[
IX (x) := x + r(X − x), OX (x) := x + r(X − x).
r>0

r<0

For p ∈ E ∗ and U,V ⊂ E, let
d p (U,V ) = inf{|p(u − v)| : u ∈ U, v ∈ V }.
The following is a two map version of the main theorem in [11, 17].
Theorem 3.1. Let X be a convex space, L a c-compact subset of X, K a nonempty compact subset of X,
E a t.v.s. containing X as a subset, and F, G : X ( E maps maps satisfying F ⊂ G and either
(A) E ∗ separates points of E and G : X → kc(E), or
(B) E is locally convex and G : X → cc(E).
(I) Suppose that, for each p ∈ E ∗ ,
(0) p|X is continuous on X;
(1) Xp := {x ∈ X | inf p(F(x)) ≤ p(x)} is closed in X;
(2) d p (F(x), IX (x)) = 0 for every x ∈ K ∩ δE (X); and
(3) d p (F(x), IL (x)) = 0 for every x ∈ X \ K.
Then there exists an x ∈ X such that x ∈ G(x).
(II) Suppose that, for each p ∈ E ∗ ,
(0)0 p|X is continuous on X;
(1)0 Xp := {x ∈ X | sup p(F(x)) ≥ p(x)} is closed in X;
(2)0 d p (F(x), OX (x)) = 0 for every x ∈ K ∩ δE (X); and
(3)0 d p (F(x), OL (x)) = 0 for every x ∈ X \ K.
Then there exists an x ∈ X such that x ∈ G(x). Further, if F = G is u.h.c., then F(X) ⊃ X.
The major particular forms of Theorem 3.1 can be adequately summarized by the following enlarged
version of the diagrams previously given in [11, 16].
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In the diagram, the class I stands for that of Euclidean spaces, II for normed vector spaces, III for
locally convex t.v.s., and IV for t.v.s. having sufficiently many linear functionals. Moreover, f stands for
single-valued maps and F for set-valued maps; and K stands for a nonempty compact convex subset of a
space E, and X for a nonempty convex subset of E satisfying certain coercivity conditions with respect
to F : X ( E with certain boundary conditions.
f : K −→ K

E

F :K(K

I
II

Brouwer
Schauder

1912
1927, 1930

III

Tychonoff

1935

IV

Fan

1964
f : K −→ E

I

II

1941
1950
1952
1952
1986

F :K(E

Bohl
Knaster, Kuratowski
and Mazurkiewicz
Rothe
Halpern
Fan
Reich
Sehgal and Singh

1904

Halpern and Bergman
Kaczynski
Roux and Singh
Sehgal, Singh
and Whitfield

1968
1983
1989

1929
1938
1965
1969
1972
1983

III

IV

Kakutani
Bohnenblust
and Karlin
Fan
Glicksberg
Granas and Liu

Browder
Fan
Glebov
Halpern
Cellina
Reich
Cornet
Lasry and Robert
Simons
Granas and Liu
Park
Balaj

1968
1969
1969
1970
1970
1972, 1978
1975
1975
1986
1986
1988, 1991
2002

1990
F :X (E

II
III
IV

Ding and Tan
Fan
Shih and Tan
Jiang
Park
Yuan, Smith, and Lou

1992
1984
1987, 1988
1988
1992, 1993
1998

In fact, Theorem 3.1 implies all of the fixed point theorems in the diagram. Note that, in the diagram,
Bohl’s theorem in 1904 was well-known to be equivalent to the Brouwer fixed point theorem in 1912.
Remark 3.1. Theorem 3.1 is a two map version of the main theorem in [11, 17] for F = G. This is
motivated by Balaj [1].
From Theorem 3.1, we obtain the following result.
Corollary 3.1. Let K be a nonempty compact convex subset of a t.v.s. E on which E ∗ separates points
and let F, G : K ( E be two maps such that
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(a) F ⊂ G;
(b) F is g.u.h.c.;
(c) G has closed convex values;
(d) F(y) ∩ IK (y) 6= 0/ [resp., F(y) ∩ OK (y) 6= 0]
/ for each y ∈ K.
Then G has a fixed point y0 ∈ K.
Balaj’s unification [1, Theorem 3] of Halpern’s theorems is a particular form of Corollary 3.1 where
F is u.h.c. and E is a locally convex t.v.s.
Corollary 3.2. Let K be a nonempty compact convex subset of a t.v.s. E on which E ∗ separates points
and F : K ( K a g.u.h.c. map. Then G := co F : K ( K has a fixed point.
In case F = G, corollary 3.2 reduces to the following.
Corollary 3.3. Let K be a nonempty compact convex subset of a t.v.s. E on which E ∗ separates points
and F : K → kc(K) a g.u.h.c. map. Then F has a fixed point.
4. N EW RESULTS ON HALF - CONTINUOUS MULTIMAPS
In this section, we follow [25].
Definition 4.1. [2] Let C be a subset of a t.v.s. E. A map f : C → E is said to be half-continuous if for
each x ∈ C with x 6= f (x) there exists p ∈ E ∗ and a neighborhood W of x in C such that
hp, f (y) − yi > 0
for all y ∈ W with y 6= f (y).
Theorem 4.1. [25] Let C be a nonempty compact convex subset of a locally convex t.v.s. E. If f : C → C
is half-continuous, then f has a fixed point.
It is noted in [25] that this theorem generalizes theorems due to Brouwer, Schauder, and Tychonoff.
Definition 4.2. [25] Let C be a subset of a t.v.s. E. A multimap F : C ( E is said to be half-continuous
if for each x ∈ C with x 6∈ F(x) there exists p ∈ E ∗ and a neighborhood W of x in C such that
∀y ∈ W, y 6∈ F(y) =⇒ ∀z ∈ F(y), hp, z − yi > 0.
Lemma 4.1. [25] Let C be a nonempty subset of a t.v.s. E and F : C ( C. If F is half-continuous, then
F has a half-continuous selection f : C → E such that x = f (x) if x ∈ F(x).
Theorem 4.2. [25] Let C be a nonempty compact convex subset of a locally convex t.v.s. E. If F : C ( C
is half-continuous, then F has a fixed point.
It is noted in [25] that this theorem generalizes the case F is upper demicontinuous with closed convex
values and theorems due to Kakutani, Fan, and Glicksberg.
For a nonself map f : C → E, we have the following:
Theorem 4.3. [25] Let C be a nonempty compact convex subset of a locally convex t.v.s. E. Suppose that
F : C → E is half-continuous and for each x ∈ C with x 6= f (x) there exists λ < 1 such that λ x + (1 −
λ ) f (x) ∈ C. Then f has a fixed point.
The following concept originates from Halpern:
Definition 4.3. Let C be a subset of a vector space E. A multimap F : C ( E is said to be inward [resp.,
outward] if for each x ∈ C there exists y ∈ F(x) and λ > 0 [resp., λ < 0] satisfying x + λ (y − x) ∈ C.
Theorem 4.4. [25] Let C be a nonempty compact convex subset of a locally convex t.v.s. E. Then every
inward (or outward) half-continuous multimap F : C ( E has a fixed point.
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Theorems 4-7 in [25] are all for inward (or outward) maps defined on compact convex sets.
Problem. Are there any generalizations of Theorems 4-7 in [25] relaxing compactness or boundary
conditions as in Section 3?
5. C OMPARISONS TO OUR PREVIOUS RESULTS
Lemma 5.1. Let C be a nonempty subset of a locally convex t.v.s. E. If F : C ( E is a generalized u.h.c.
map with nonempty closed convex values, then F is half continuous.
Proof. Let x ∈ C such that x 6∈ F(x). Since E is locally convex and F(x) is closed convex, by the standard
separation theorem, there exists p ∈ E ∗ such that inf pF(x) > p(x). Let
Wx := {y ∈ C | inf pF(y) > p(y)},
which is open since F is generalized u.h.c. Note that x ∈ Wx ⊂ C. Therefore
∀y ∈ Wx , y 6∈ F(y) =⇒ ∀z ∈ F(y), hp, z − yi > 0.


This shows F is half-continuous.
Another standard separation theorem also works for the following:

Lemma 5.2. Let C be a nonempty subset of a t.v.s. E on which E ∗ separates points. If F : C ( E is a
g.u.h.c. map with nonempty compact convex values, then F is half continuous.
Lemmas 5.1 and 5.2 reduce to [25, Propositions 4.2 and 4.4], resp., when F is u.d.c. At present, we
do not have any examples which are not satisfying the converses of Lemmas 5.1 and 5.2.
In 1991, we obtained the following:
Theorem 5.1. [10] Let X be a nonempty compact convex subset of a t.v.s. E on which E ∗ separates
points, and f : X → E a weakly inward [resp., outward] function such that
{x ∈ X | p(x) < p( f (x))}
is open for all p ∈

E ∗.

Then f has a fixed point.

Note that f is half-continuous by Lemma 5.1 and that Theorem 5.1 is not comparable to Theorem 4.4.
The following forms of Corollaries 3.2 and 3.3 follow from results of [25]:
Theorem 5.2. Let K be a nonempty compact convex subset of a locally convex t.v.s. E and F : K ( K a
g.u.h.c. map. Then G := co F : K ( K has a fixed point.
In fact, G is easily seen to be g.u.h.c. and hence half-continuous by Lemma 5.2. Therefore, Theorem
5.2 follows from Theorem 4.2.
The following is a 2019 version of the Fan-Glicksberg theorem; see [16].
Corollary 5.1. Let K be a nonempty compact convex subset of a locally convex t.v.s. E and F : K → kc(K)
a g.u.h.c. map. Then F has a fixed point.
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