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WELL-POSEDNESS FOR BILEVEL VECTOR EQUILIBRIUM PROBLEMS
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Abstract. In this paper, we study the well-posedness for bilevel vector equilibrium problems (BVEP) and propose a generalized
well-posed concept for the BVEP in Hausdorff topological vector spaces. We also discuss the relationship between the solution
set and the approximating solution set for the BVEP. Finally, we establish a metric characterization for the generalized well-
posedness in terms of the Kuratowski measure of the non-compactness of the approximating solution set.
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1. INTRODUCTION

Well-posedness is one of the most important and interesting topics in the fields of optimization the-
ory. Well-posedness means the existence and continuous dependence of optimal solutions and optimal
values on perturbed date; see [1]. Tykhonov [2] introduced the notion of well-posedness of minimiza-
tion problems, which means the existence of a minimizer and the convergence of a subsequence of each
approximating sequence to a solution. In 1966, Levitin and Polyak [3] introduced a new notion of the
well-posedness that strengthens the Tykhonov’s concept as it requires the convergence to the optimal
solution of each sequence, which belongs to a larger set of minimizing sequences. Up to now, the con-
cept of well-posedness has been generalized to several related problems, such as, vector optimization
problems [4, 5], vector variational inequalities [6], Nash equilibrium problems [7, 8] and vector equi-
librium problems [9, 10, 11, 12] and the references therein. In the filed of well-posedness, it is very
crucial to introduce a suitable approximating solution sequence related with iterative algorithms for the
corresponding problems. Various aspects, such as, optimality conditions, stability and convergence of
approximation solutions and approximating solution sequence, were studied; see, e.g., [13, 14] and the
reference therein.

Recently, Moudafi [15] introduced a class of bilevel monotone equilibrium problem that consists of
finding x̄ ∈ SF such that

H(x̄,y)≥ 0, ∀y ∈ SF ,
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where SF is the solution set of the following equilibrium problem that consists of finding u ∈ K such that

F(u,z)≥ 0, ∀z ∈ K,

where K is a nonempty closed convex subset of a Hilbert space and H,F : K×K→ R are two functions.
Moudafi pointed out that the BMEP includes bilevel variational inequalities, hierarchical optimization
and optimization with equilibrium constraints as special cases and proposed a simple proximal method
to solve the BMEP. Subsequently, the existence of solutions, well-posedness and algorithms for bilevel
monotone equilibrium problems and bilevel variational inequalities have been extensively studied; see,
e.g., [16, 17] and the references therein. In 2014, Anh, Khanh and Van [18] considered the Levitin-Polyak
(LP) well-posedness of bilevel equilibrium problems with equilibrium constraints and bilevel optimiza-
tion problems with equilibrium constraints. They introduced the relaxed level closedness and used it
together with the pseudocontinuity assumptions to establish sufficient conditions for well-posedness and
unique well-posednedss. In 2013, Chen, Cho and Wan [19] introduced and investigated some topolog-
ical properties of solutions for lower level mixed equilibrium problems and bilevel mixed equilibrium
problems in reflexive Banach space which consists of finding x ∈ SΨ,B,ψ such that

Φ(x,y)+ 〈Ax,y− x〉+φ(y,x)−φ(x,x)≥ 0, ∀y ∈ SΨ,B,ψ ,

where SΨ,B,ψ is the solution set of the lower level mixed equilibrium problem: find y∗ ∈ K such that

Ψ(y∗,z)+ 〈By∗,z− y∗〉+ψ(z,y∗)−ψ(y∗,y∗)≥ 0, ∀z ∈ K,

where X is a real Banach space with its dual space X∗, K is a nonempty convex subset of X , Φ,Ψ,φ ,ψ :
K×K→ R∪{+∞} are four functions and A,B : X → X∗ are two vector-valued mappings. They proved,
under suitable conditions, the well-posedness and generalized well-posedness are equivalent to the u-
niqueness and existence of its solutions. Khanh, Plubtieng and Sombut [20] introduced several types
of LP well-posedness for bilevel vector equilibrium and optimization problems with equilibrium con-
straints. Based on criteria and characterizations for these types of LP well-posedness, they argued on
diameters and Kuratowski’s, Hausdorff’s, or Istratescu’s measures of non-compactness of approximate
solution sets under suitable conditions, and proved the LP well-posedness for bilevel vector equilibrium
and optimization problems with equilibrium constraints. In 2017, Chadli, Ansari and Al-Homidan [21]
introduced the bilevel vector equilibrium problems and established some existence results for them by us-
ing a vector Tykhonov-type regularization procedure and existence results for mixed vector equilibrium
problems. They also studied the uniqueness of solutions of the auxiliary vector equilibrium problems.
They presented an algorithm for computing the approximating solutions and studied the strong con-
vergence of the proposed algorithm. In, Anh and Hung [22] introduced the bilevel vector equilibrium
problems and studied the stability conditions, such as, the Hausdorff upper semicontinuity, the Hausdorf-
f lower semicontinuity, the outer-continuity and the outer-poenness of solutions for such problems. In
2018, Anh and Hung [23] further considered strong bilevel vector equilibrium problems and introduced
the concepts of LP well-posedness and LP well posedness in the generalized sense for such problems.
Note that the well-posedness of the bilevel vector equilibrium problems was studied under the existence
of solution assumptions in the literature. However, it is not easy to ensure the well-posedness and exis-
tence of solution of the bilevel vector equilibrium problems simultaneously. So, it is of interest to study
the well-posedness of bilevel vector equilibrium problems under the compatible conditions which ensure
the existence of solutions.
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In this paper, motivated and inspired by the above results, we introduce and investigate the well-
posedness for bilevel vector equilibrium problems. We introduce the well-posedness and generalize the
well-posedness for the bilevel vector equilibrium problems. Under mild conditions, we obtain existence
approximating solution theorems. Metric characterizations of the generalized well-posedness of the
bilevel vector equilibrium problems are established by the Kuratowski measure of non-compactness of
the approximating solution set.

This paper is organized as follows. In Section 2, we recall some basic definitions. In Section 3, an
existence theorem in the exact settings and approximating settings are established. In Section 4, we
establish a metric characterization for the generalized well-posedness of the bilevel vector equilibrium
problems by using the Kuratowski measure of non-compactness of the approximating solution set. Sev-
eral examples are given for the illustration of our main results.

2. PRELIMINARIES

Let X and Z be Hausdorff topological vector spaces. Throughout this paper, we assume that K is a
nonempty, closed and convex subset of X , and C ⊂ Z is a proper, closed, convex and pointed cone with
intC 6= /0, where intC is the interior of C. Let F,H : K×K → Z be two vector-valued bifunctions and
ω ∈ intC.

Now, we recall the following bilevel vector equilibrium problem (BVEP) [21]: find x̄ ∈ ∆ such that

H(x̄,y) /∈ −intC, ∀y ∈ ∆,

where ∆ is the set of solutions of the lower level vector equilibrium problem: find z̄ ∈ K such that

F(z̄,z) /∈ −intC, ∀z ∈ K.

In many practical problems, we usually obtain the approximated solution of the BVEP instead of the
precise solution. So, it is necessary to consider the approximation solutions of the BVEP. Let ε ∈ [0,+∞[

be the tolerance error. We consider the following ε-bilevel vector equilibrium problem (ε-BVEP): find
x̄ ∈ K such that

H(x̄,y)+ εω /∈ −intC, ∀y ∈ ∆,

F(x̄,z)+ εω /∈ −intC, ∀z ∈ K.

The solution of the ε−BVEP is also called the ε-solution of the BVEP. We denote by Γ(ε) and Γ the
set of ε-solutions and the set of solutions of the BVEP, respectively. Particularly, we denote

∆(ε) = {x̄ ∈ K : F(x̄,z)+ εω /∈ −intC,∀z ∈ K}.

Definition 2.1. A sequence (xn)n∈N ⊆ K is said to be an approximating solution sequence for the BVEP
if and only if there exists a positive sequence with (εn)n∈N with 0 < εn→ 0 as n→+∞ such that

H(xn,y)+ εnω /∈ −intC, ∀y ∈ ∆,

and

F(xn,z)+ εnω /∈ −intC, ∀z ∈ K.

Definition 2.2. The BVEP is said to be well-posed if the following conditions hold:

(i) Γ is a singleton set, i.e., Γ = {x̄};
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(ii) every approximating sequence (xn)n∈N of (BVEP) converges to x̄.

Definition 2.3. The BVEP is said to be generalized well-posed if Γ 6= /0 and every approximating se-
quence (xn)n∈N of the BVEP has a subsequence which converges to some point in Γ.

Remark 2.1. From Definition 2.2 and Definition 2.3, we know that if The BVEP is well-posed or gen-
eralized well-posed, then Γ is compact.

Definition 2.4. [24] A vector-valued function G : X → Z is said to be C-lower semicontinuous on X if it
satisfies any one of the following conditions:

(i) for all a ∈ Z, G−1(a+ intC) is open;
(ii) for each x0 ∈ X and any open neighborhood V of G(x0), there exists an open neighborhood U of

x0 such that G(x) ∈V +C for all x ∈U ;
(iii) for each x0 ∈ X and any d ∈ intC, there exists an open neighborhood U of x0 such that G(x) ∈

G(x0)−d + intC for all x ∈U .

G is also said to be C-upper semicontinuous on X if −G is C-lower semicontinuous on X .

Definition 2.5. [25] The vector-valued bifunction H : K×K → Z is said to be strictly C-weakly qua-
siconcave in the first argument if, for each x1,x2 ∈ K with x1 6= x2, for any λ ∈ (0,1) and y ∈ K, we
have

H(x1,y) /∈ −intC, H(x2,y) /∈ −intC ⇒ H(λx1 +(1−λ )x2,y) /∈ −C.

Lemma 2.1. For each x ∈C, y /∈ −intC implies x+ y /∈ −intC.

3. THE EXISTENCE OF APPROXIMATING SOLUTIONS FOR THE BVEP

The existence of solutions to the BVEP has been studied in [21]. We assume that ∆ 6= /0 and Γ 6=
/0. In this section, the existence of approximating solutions to the BVEP is established under suitable
conditions. Furthermore, the convexity and closedness of the sets of approximated solutions of the
BVEP and its lower level problem are derived.

Lemma 3.1. [26] Let X and Z be Hausdorff topological vector spaces. Assume that K is a nonempty,
closed and convex subset of X. Let F:K×K → Z be two vector-valued bifunctions. Assume that, for
each y ∈ K, x 7→ F(x,y) is strictly C-weakly quasiconcave on K in the first argument. Then the following
statements hold:

(1) ∆ is convex and close;
(2) for each ε > 0,∆(ε) is nonempty, closed, convex;
(3) ∆ =

⋂
ε>0 ∆(ε).

Theorem 3.1. Let X and Z be a Hausdorff topological vector spaces, and let K be a nonempty, closed
and convex subset of X. Let F, H : K×K→ Z be two vector-valued bifunctions. Suppose that

(i) for each y ∈ K, x 7→ H(x,y) is strictly C-weakly quasiconcave on K in the first argument;
(ii) for each y ∈ K, x 7→ F(x,y) is strictly C-weakly quasiconcave on K in the first argument.

Then the following statements hold:

(1) Γ is closed and convex;
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(2) for each ε > 0,Γ(ε) is nonempty, closed, convex.

Proof. (1) First, we show Γ is closed. Suppose that (xn)n∈N ⊂ Γ and xn→ x̄. Then we have

H(xn,y) /∈ −intC, ∀y ∈ ∆, (3.1)

where
∆ = {xn ∈ K : F(xn,z) /∈ −intC,∀z ∈ K}.

It needs to show that H(x̄,y) /∈ −intC for all y ∈ ∆. Assume that there exists ŷ ∈ ∆ such that H(x̄, ŷ) ∈
−intC. Then, there is a ∈ intC such that

H(x̄, ŷ)+a ∈ −intC. (3.2)

Since H is C-upper semicontinuous on K in the first argument, there exists an open neighborhood U of x̄
such that

H(xn, ŷ) ∈ H(x̄, ŷ)+a− intC, ∀xn ∈U.

From (3.2), we deduce that H(xn, ŷ) ∈ −intC, which contradicts (3.1). Hence,

H(x̄,y) /∈ −intC, ∀y ∈ ∆, (3.3)

where
∆ = {z̄ ∈ K : F(z̄,z) /∈ −intC,∀z ∈ K}.

Therefore, x̄ ∈ Γ.
We now show the convexity of Γ. If Γ is a singleton, then it is trivial. Suppose that x1,x2 ∈ Γ,x1 6= x2.

Then we have

H(x1,y) /∈ −intC and H(x2,y) /∈ −intC.

From condition (ii) and Lemma 3.1, we know that ∆ is convex. By the convexity of ∆,

tx1 +(1− t)x2 ∈ ∆,∀t ∈ (0,1).

By the strictly C-weakly quasiconcavity of H(x,y) in the first argument, we obtain H(tx1+(1−t)x2,y) /∈
−C, which implies that

H(tx1 +(1− t)x2,y) /∈ −intC, ∀y ∈ ∆, (3.4)

where
∆ = {z̄ ∈ K : F(z̄,z) /∈ −intC,∀z ∈ K}.

Hence, tz1 +(1− t)z2 ∈ Γ, i.e., Γ is a convex set.
(2) Since Γ 6= /0, we have ∃x∈K such that H(x,y)+εω /∈−intC for all y∈∆ and F(x,z)+εω /∈−intC

for all z ∈ K. Considering ω ∈ intC ⊂C, we have εω ∈ intC ⊂C. Moreover, by Lemma 2.1, we obtain

H(x,y)+ εω /∈ −intC, ∀y ∈ ∆

and

F(x,z)+ εω /∈ −intC, ∀z ∈ K.

Hence, Γ(ε) 6= /0.
Next, we show that Γ(ε) is closed. Letting (xn)n∈N ⊂ Γ(ε) and xn→ x̄, we have

H(xn,y)+ εω /∈ −intC,∀y ∈ ∆ (3.5)
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and

F(xn,z)+ εω /∈ −intC, ∀z ∈ K.

We need to prove that
H(x̄,y)+ εω /∈ −intC, ∀y ∈ ∆.

Assume by contradiction that there exists ȳ ∈ K such that H(x̄, ȳ)+ εω /∈ −intC for all xn ∈U . Then,
there is a ∈ intC such that

H(x̄, ȳ)+ εω +a /∈ −intC. (3.6)

Since H is C-upper semicontinuous on K in the first argument, we see that there exists an open neighbor-
hood U of x̄ such that

H(xn, ȳ) ∈ H(x̄, ȳ)+a− intC,

which implies that
H(xn, ȳ)+ εω ∈ H(x̄, ȳ)+ εω +a− intC.

By relation (3.6), we deduce that
H(xn, ȳ)+ εω ∈ − intC,

which contradicts (3.5). Hence,

H(x̄,y)+ εω /∈ −intC, ∀y ∈ ∆,

and

F(x̄,y)+ εω /∈ −intC, ∀z ∈ K.

Therefore, x̄ ∈ Γ(ε). The proof of the convexity of Γ(ε) is similar to that of the convexity of Γ. This
completes the proof. �

Proposition 3.1. Let X and Z be Hausdorff topological vector spaces, K be a nonempty, closed and
convex subset of X. Let F, H : K×K→Z be two vector-valued bifunctions. Suppose Γ 6= /0, then

Γ =
⋂
ε>0

Γ(ε).

Proof. First, we show that
Γ(ε1)⊂ Γ(ε2), ∀ε2 > ε1 ≥ 0.

Suppose that x̄ ∈ Γ(ε1). Then we have

H(x̄,y)+ ε1ω /∈ − intC, ∀y ∈ ∆

and

F(x̄,z)+ ε1ω /∈ −intC, ∀z ∈ K.

According to ε2− ε1 > 0,ω ∈ intC and Lemma 2.1, we obtain

H(x̄,y)+ ε1ω +(ε2− ε1)ω /∈ − intC, ∀y ∈ ∆

and

F(x̄,z)+ ε1ω +(ε2− ε1)ω /∈ − intC, ∀z ∈ K.
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Hence,
H(x̄,y)+ ε2ω /∈ − intC

and
F(x̄,z)+ ε2ω /∈ − intC,

which implies that x̄ ∈ Γ(ε2). Therefore,

Γ(ε1)⊂ Γ(ε2).

On letting ε1 = 0,ε2 = ε > 0, we have Γ⊂ Γ(ε). Consequently,

Γ⊂
⋂
ε>0

Γ(ε).

On the other hand, if 0 < ε1 < ε2, we have Γ(ε1)⊂ Γ(ε2). It follows that⋂
ε>0

Γ(ε) = lim
ε→0

Γ(ε),

that is, ⋂
ε>0

Γ(ε) = {x ∈ K : H(x,y) /∈ − intC, ∀y ∈ ∆,F(x,z) /∈ − intC, ∀z ∈ K}.

Hence,
⋂

ε>0 Γ(ε)⊆ Γ. Therefore,
⋂

ε>0 Γ(ε) = Γ. This completes the proof. �

Next, we give an example to illustrate Proposition 3.1.

Example 3.1. Let X = R,Z = R2,K = {(x1,x2) ∈ R2 :−4≤ x1 ≤ 4,−4≤ x2 ≤ 4},C = R2
+ = {(x1,x2) ∈

R2 : x1 ≥ 0,x2 ≥ 0}, ω = (10,10). Let F,H : K×K→ Z be defined as follows:

F(x,y) = (x1−
y1

2
+3,x2−

y2

2
−10) and H(x,y) = (x1 + x2−1,y1− y2−10).

It easy to see that
x1 ≥ (

y1

2
−3)max =−1

such that
F(x,y) /∈ − intC.

Hence,
∆ = {(x1,x2) ∈ R2 :−1≤ x1 ≤ 4,−4≤ x2 ≤ 4}.

Similarly, we have

∆(ε) = {(x1,x2) ∈ R2 :−1−10ε ≤ x1 ≤ 4,−4≤ x2 ≤ 4}.

Since H(x,y) /∈ − intC, we conclude that x1 + x2 ≥ 1. Therefore,

Γ = {(x1,x2) ∈ R2 : x1 + x2 ≥ 1,−1≤ x1 ≤ 4,−4≤ x2 ≤ 4}.

Let x,y ∈ ∆ be such that
H(x,y)+ εω /∈ − intC.

It follows that

Γ(ε) = {(x1,x2) ∈ R2 : x1 + x2 ≥ 1−10ε,−1≤ x1 ≤ 4,−4≤ x2 ≤ 4}.

Let ε > 0 and ε → 0. It is easy to obtain that
⋂

ε>0 Γ(ε) = Γ.
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4. METRIC CHARACTERIZATIONS OF THE WELL-POSEDNESS

In this section, we focus on the metric characterizations of the well-posedness for the BVEP. For this,
we recall some basic concepts and known results.

Definition 4.1. [27] Let A and B be nonempty subsets of X . The Hausdorff distance H(·, ·) between A
and B is define by

H(A,B) = max{e(B,A),e(A,B)},

where e(A,B) = sup{d(a,B) : a ∈ A} with d(a,B) = inf{d(a,b) : b ∈ B}, d is a metric distance which is
compatible with the topology of X .

Definition 4.2. [27] The Kuratowski measure of non-compactness of a set A⊆ X is defined by

α(A) = inf{ε > 0 : A⊂ ∪n
i=1Ai,diamAi < ε, i = 1,2, ...,n},

where diamAi is the diameter of Ai defined by

diam(Ai) = sup{d(x1,x2) : x1,x2 ∈ Ai}.

Under the suitable conditions, we can establish a metric characterization of generalized well-posedness
for the BVEP by using the Kuratowski measure of non-compactness of the approximating solution sets.

Theorem 4.1. Let X and Z be Hausdorff topological vector spaces and let K be a nonempty, closed and
convex subset of X. Let C ⊂Z be a proper, closed, convex pointed cone, and let d be a metric which is
compatible with the topology of X. Let F, H : K×K→ Z be two vector-valued bifunctions. Assume that
all the following conditions are satisfied

(i) X is complete;
(ii) for each y ∈ K, x 7→ H(x,y) is C-upper semicontinuous on K in the first argument.

Then, the BVEP is generalized well-posed if and only if

Γ(ε) 6= /0,∀ε > 0 and lim
ε→0

α(Γ(ε)) = 0. (4.1)

Proof. Suppose that the BVEP is generalized well-posed. Then Γ is compact. Let (xn)n∈N be an approx-
imating sequence. It has a subsequence converging to some points in Γ. For any ε > 0, we have

H(Γ(ε),Γ) = max{e(Γ(ε),Γ),e(Γ,Γ(ε))}= e(Γ(ε),Γ).

Hence,

α(Γ(ε))≤ 2H(Γ(ε),Γ)+α(Γ) = 2e(Γ(ε),Γ), (4.2)

where α(Γ) = 0 provide that Γ is compact. Next, we show that

e(Γ(ε),Γ)→ 0, as ε → 0. (4.3)

Suppose that there exist ρ > 0,εn > 0 with εn→ 0 and xn ∈ Γ(εn) such that

d(xn,Γ)≥ ρ. (4.4)

Since xn ∈ Γ(εn), (xn)n∈N is an approximating solution sequence for the BVEP. By Definition 2.3, there
exists a subsequence (xn j) j∈N of (xn)n∈N converging to some element of Γ such that d(xn j ,Γ)→ 0 as
j→+∞. This contradict (4.4). Therefore, limε→0 α(Γ(ε)) = 0 follows from (4.2) and (4.3).
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Conversely, we assume that (4.1) holds. From condition (ii), Γ(ε) is closed for all ε > 0. Let (xn)n∈N

be any approximating solution sequence. Then, there exists εn > 0 with εn→ 0 such that

H(xn,y)+ εnω /∈ −intC, ∀y ∈ ∆

and

F(xn,z)+ εnω /∈ −intC, ∀z ∈ K.

Hence, xn ∈ Γ(εn). Observe that Γ =∩ε>0Γ(ε). From (4.1), one concludes from [27] that Γ is nonempty,
compact and

e(Γ(εn),Γ) = H(Γ(εn),Γ)→ 0 as εn→ 0.

It follows that d(xn,Γ)→ 0. Thus, there exists un ∈ Γ such that d(xn,un)→ 0. Since Γ is compact, then
there exists x̄ ∈ Γ such that

un j → x̄,

where (un j) j∈N ⊂ (un)n∈N . So, there exists (xn j) j∈N ⊂ (xn)n∈N such that d(xn j , x̄)→ 0. Hence, the BVEP
is generalized well-posed. This completes the proof. �
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