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1. INTRODUCTION

Let D be a nonempty subset of a real Hilbert space H and Pp the metric projection of H onto D. A
mapping B : D — H is said to be monotone if

(Bu—Bv,u—v) >0, Vu,veD.
A mapping B : D — H is said to be L-Lipschitz if there exits L > 0 such that
|Bu—Bv|| <L|u—v|, Vu,veD.

If L = 1 then B is called a nonexpansive mapping. We denote by F(B) the set of fixed points of B. B is
said to be §-inverse strongly monotone, if there exists a positive real number & such that

(Bu—Bv,u—v) > 8||Bu—Bv|?*, Vu,veD.

It is obvious that any §-inverse strongly monotone B is Lipschitz and |[Bu — Bv|| < %|lu—v||. Let D
be a nonempty closed convex subset of H and let B : D — H be a nonlinear mapping. The variational
inequality problem is to find a point X € D such that

(x—%,B%) >0, VxeD. (1.1)

We denote the solution set of variational inequality problem by VI(D,B). We note that, if D = H then
VI(H,B) = B~'(0), where B~!(0) = {x € H : Bx = 0}. Let I be identity mapping and T be a nonexpan-
sive mapping of D into itself. If B=1—T, then B is %—inverse strongly monotone and F(T) =VI(D,B);
see [10]. A mapping T : D — D is said to be strictly pseudocontractive if there exists 0 < k < 1 such that

| Tu—Tv|* < lu—v||> +k|(I = T)u— I —T)w||J*, Yu,v€D.
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Let T : D — D be a strictly pseudocontractive. If B=1—T, then B is 15]‘ -inverse strongly monoton

and F(T) = VI(D,B); see [20]. Since Stampacchia introduced variational inequality 1.1 in 1964, many
authors extensively studied it from viewpoint of existence, stability, solution methods etc; see, e.g.,
[1,2,5,6,7,8,9, 11, 12, 13, 16, 17, 19, 20] and the references therein. In 2004, Iiduka, Takahashi and
Toyoda [10] introduced the following iterative algorithm

X1 €D,  Xpy1 :PD(lnxn'f'(l_An)PD(xn_aann))a Vn>1, (1.2)

Pp is a the metric projection from H onto D and B : D — H is d-inverse strongly monotone, 4, € [a,b]
for some a,b € (—1,1) and o, € [c,d] for some ¢,d € (0,2(1 +a)d). They proved that the sequence
{x,} generated by (1.2) converges weakly to some element of VI(D,B).

In 2005, Iiduka and Takahashi [11] introduced the following iterative algorithm for finding solutions
to a variational inequality involving a -inverse strongly monotone mapping and obtained the strongly
convergence of the following iterative process

x1 €D, xpr1=Ax+ (1= 2A,)Pp(x, — ayBx,), Yn>1, (1.3)

where B: D — H is a d-inverse strongly monotone mapping, A, € [0,1) with lim, e 4, =0,Y | A, =0
and Yo7 | [Apt1 — An| < o0 and o, € [c,d] for some c,d € (0,28) with Y| [Qyt1 — 0| < 0. They
proved that the sequence {x,} generated by (1.3) converges strongly to Pyyp,pyx. Recently, Alghamdi,
Shahzad and Zegeye [1] suggested the following iterative algorithm for finding a common solution of
two variational inequality problems involving Lipschitz monotone mappings By, B>

x1 €D,

zn = Pp(x, — 0, Baxy,),

n D( n 2 n) (14)
Yn = PD(xn - anlen)a

X1 = Auf (Xn) + (1 = Au) (@nXn + b Pp (X0 — 04B1Yn) + CnPp (Xn — 0,B2z,)), Yn > 1,
where f: D — D is a contraction mapping, o, C [a,b] C (0,1) for L :=max{L;,L,} (L, L Lipschitz
constants). They proved that the sequence {x,} generated by (1.4) converge to a point ¢ € VI(D,B;) N
VI(D,B,).

Next, we turn our attention to the following generalized variational inequality problem in the frame-
work of Banach spaces. Let X be a Banach space and let X* the dual space of X. Let D be a nonemp-
ty closed convex subset of X. The generalized variational inequality problem is to find a point ¥ €
D, j(x—X) € J(x — %) such that

(j(x—x%),Bx) >0, VxeD. (1.5)

We use S(D, B) to denote the solution set of this problem, that is
S(D,B) ={xeD: (j(x—X),Bx) > 0,x € D}.
In 2006, Aoyama, liduka and Takahashi [2] investigated the following iterative algorithm
x1=x€D, xy11=Axy+(1—24,)0p(xn — ,Bx,), VYn>1, (1.6)

where D is a nonempty closed convex subset of a uniformly covex and 2-uniformly smooth Banach space
X and B: D — X is an §-inverse strongly accretive operator, Qp is a sunny nonexpansive retraction
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from X onto D, A, € [a,b] for some a,b € (0,1) and o, € |c, k%] for some ¢ > 0. They showed that if
S(D,B) # 0, then the sequence {x,} generated by (1.6) converges weakly to some element of S(D, B).

In 2011, Yao et al. [24] obtained a strong theorem in a uniformly convex and 2-uniformly smooth
Banach space. They suggested the following iterative algorithm

x1€D, xpp1= 2‘nxn + (1 _ln)QD[’}/nV_F (1 - Yn)QD(xn - aann)]a Vn >0, (1.7)

where D is a nonempty closed convex subset of uniformly covex and 2-uniformly smooth Banach space
X and B: D — X is an S-inverse strongly accretive operator with S(D,B) # 0, Qp is a sunny nonex-
pansive retraction from X onto D, A, € [a,b] for some a,b € (0,1) with lim, A, =0,Y " A, = o0
and Y [Ansr1 — Ay| < oo and o, € [c, k%] for some ¢ > 0 with Y7 | [Qy1 — ;| < o0, v € X is fixed.
They proved that the sequence {x,} generated by (1.7) converges strongly to Opv, where Qp is a sunny
nonexpansive retraction of X onto S(D, B).

Assume that B is an §-inverse strongly accretive operator from D a nonempty, closed and convex sub-
set of a uniformly convex and 2-uniformly smooth Banach space X, into X with S(D,B) # 0 and Qp is
a sunny nonexpansive retraction from X onto D. In this paper, for solving the generalized variational in-
equality problem involving an d-inverse strongly accretive operator, we introduce the following iterative
algorithm in Banach spaces

x1 €D,

Zw=0bp (xn - aann)a

Xn = ApXxy + (1 - )Ln)QD['}/nZn + (1 - ’}/n)QD(Zn - O‘nBZn)]a

Xpr1 = MV + (1 - T]n)(anxn +bnzy +Cnin)a n> 0,
where v is a fixed element in D, {n,},{A,},{¥%} are sequences in (0,1) such that lim, .1, = 0,

~ oMn =0 and {a,} is a sequence in [w,k%] for some 0 < w < ]%, {an}, {bn},{cn} € [d,e] C (0,1)

such that a, + b, + ¢, = 1. We will prove that {x,} converges convergence strongly to Q(v), where Q
is a sunny nonexpansive retracttion of X onto S(D,B) in a uniformly convex and 2-uniformly smooth
Banach space.

2. PRELIMINARIES

Let D be a nonempty closed convex subset of Banach space X and let X* be the dual space of X. We
denote the pairing between X and X* by (.,.). For ¢ > 1, the generalized duality mapping J, : X — 2X
is defined by

Jo={j € X (u, j) = llull?, ] = lull""}, Vuex.
Recall that J = J, is called the normalized duality mapping as well as J, (u) = ||u[92J (u) for all u € X.
Let
S={ueX:||ul|=1}
A Banach space X is said to be uniformly convex if for any € € (0,2] and u,v € S and ||u —v|| > € imply
there exists § > 0 such that ||“}¥|| < 1— 8. It is clear that every uniformly convex Banach space is
reflexive. A function p : [0,e0) — [0, 00) is said to be the modulus of smoothness of X if
uttv[|+flu—tv]|
2

p(t) = sup{. Vilul = v =1}, >0
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p(t)
t
spaces (1 < p < 2) are uniformly smooth. Let ¢ be a fixed real number with 1 < g < 2. A Banach space

A Banach spaceb X is said to be uniformly smooth if and only if lim,_o = 0. For example the /,

X is said to be g-uniformly smooth if there exists a constant a > 0 such that p(¢) < at? for all t > 0; see
[3, 22] and the references therein.

Lemma 2.1. [3] Let 1 < g <2 be real number. A Banach space X is said to be g-uniformly smooth if
and only if there exists a constant k > 1 such that

1
5 NuAvll?+llu=v][) < lull + [[kv][?, Yu,v € X.
The best constant k is called the g-uniformly smoothness constant of X.

Lemma 2.2. [22] Let q be a given real number with 1 < g < 2 and let X be a g-uniformly smooth Banach
space. Then
vl < ul] 7+ g{v, I () +2[lkv]|7,  Vu,v € X,

where k is the g-uniformly smoothness constant of X.

Let D be a nonempty closed convex subset of a Banach space X. An operator B : D — X is said to be
accretive if

(Bu—Bv,J(u—v)) >0, Vu,veD.
An operator B of D into X is said to be §-inverse strongly accretive if there exists a constant § > 0 such
that
(Bu—Bv,J(u—v)) > §||Bu—Bv||*>, Yu,veD.

Let C be a subset of D and Qp a mapping of D into C. Then Qp is said to be sunny if
Op(Qpu+t(u—Qpu)) = Qpu

whenever Qpu +t(u— Qpu) € D for u € D and ¢t > 0. A mapping Qp of D into itself is called a retrac-
tion if Q0% = Qp. A subset C of D is called a sunny nonexpansive retract of D if there exists a sunny
nonexpansive retraction from D onto C.

Lemma 2.3. [18] Let D be a nonempty closed convex subset of a smooth Banach space X and let
Op : X — D be a retraction. Then the following are equivalent:

(a) Op is sunny and nonexpansive;

(b) (u—Qpu,J(v—Qpu)) <0, forallu € X and v € D.

(¢) |@pu—Qpv||* < (u—v,J(Qpu— Qpv)), for all u.v € X.

Lemma 2.4. [2] Let D be a nonempty closed convex subset of a smooth Banach space X. Let Qp be
a sunny nonexpansive retraction from X onto D and let B be an accretive operator of D into X. Thus,
S(D,B) =F(Qp(I—aB)) forall a > 0.

Let B is an d-inverse strongly accretive operator of D into X. If 0 < o < k% then/—oB:D — X isa
nonexpansive mapping; see [2] and the references therein.

Lemma 2.5. [21] Let X be Banach space. Then

e +v]|> < |V]|* + 20, J(u+v)), Yu,v € X.
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Lemma 2.6. [15] Let X be a uniformly convex Banach space. Thus, there exists a continuous strictly
increasing convex function Y : [0,00) — [0,00) such that y(0) = 0 and

llax + bz + cx|[* < allx||* + bjzl|* +c|17]* — aby(|lx — y1))
forallx,z,x € B,(0) ={uec X : ||lu|| <r}anda,b,c €[0,1] witha+b+c=1.

Lemma 2.7. [14] Let {x,} be sequences of such that there exists a subsequence {ny} of {n} such that
Xn, < Xy, for all k € N. Then there exists a nondecreasing sequence {t;} C N such that t; — o and

Xy, < Xp1 and X; < Xg4
forallieN. Infactt; = max{k <i:x; < xgi1}.

Lemma 2.8. [4] Let X be a uniformly convex Banach space, C a nonempty closed convex subset of
X and T : C — C a nonexpansive mapping. If {w\} is a sequence of C such that wy — wq and let
limy e, [|wi — Twi|| = 0, then wy is a fixed point of T.

Lemma 2.9. [23] Let {x,} be a sequence of nonnegative real numbers satisfying

Xn+1 < (1 _A'n)xn + %

where {A,} C (0,1) and {7y} is a sequence such thaty,,_q A, = oo and limsup,_,., v, <0or Y, || <

oo, Then lim,_ox; = 0.

3. MAIN RESULTS

Theorem 3.1. Let D be a nonempty, closed and convex subset of a uniformly convex and 2-uniformly
smooth Banach space X. Let Qp : X — D be a sunny nonexpansive retraction and let B : D — X be an §-
inverse strongly accretive operator with S(D,B) # 0. Let {x,},{z,} and {X,} be a sequences generated
by

x1 €D,

7 =0p (xn - aann)a

Xp = )vnxn + (1 - )vn)QD['YnZn + (1 - Yn)QD(Zn - anBZn)L

Xn+1 :nnv+(1 _nn)(anxn"i_bnzn"i_cnfn), Vn > ]7

(3.1)

where v is a fixed element in D, {n,},{A,},{Wm} are sequences in (0,1) such that lim, .1, = 0,

Yo oMn = o0 and {0y} is a sequence in [w,k%]for some 0 < w < k%, {an},{bn},{cn} € [d,e] C (0,1)

such that a, + b, +c, = 1. Then {x,} converges strongly to Q(v), where Q is a sunny nonexpansive
retracttion of X onto S(D,B).

Proof. Let g € S(D,B). From Lemma 2.4, we have
q=0p(q— 0,Bq).

Put

Yn= QD(Zn - anBZn)’ Wp = QD[YnZn + (1 - Yn)QD(Zn - anBZn)]-
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Since I — o, B is nonexpancive, we find from (3.1) that

122 —qll = |Qp (xn — 0t.Bx,) — Op(q — aBq)||
< ||(xn — auBx,) — (g — 0,Bq) || (3.2)
< ] —ql|-

5

From o, € [w, ;3

] and Lemma 2.2, we obtain that

lyn = all* = Qb (zn — @Bzn) — On(q — 0Bg)||*

< |[(za — q) — @(Bza — Bq)|?
< ||z — q|I* — 204 (Bzy — Bq,J (z4 — q)) + 2k* 0 || Bz — Bg||*

< o~ alP ~ 20,5Bz0 — Ball? + 26°2] B2y — B o
= ||z — ql|* + 204 (00> — 8)|| Bz, — By
< llzn—all*.
From (3.2) and (3.3), we have that
yn =gl < [l —4l-
From g = Op(q), we get
9= Qp[%g+ (1 —1%)0p(q— auBq)].
It follows from (3.2) that
Iwa gl = [1Qpltzn + (1 — 1) 0b(2n — 0uBz)] — Cnltag + (1 — 1) 0 (g — uBa)]|
< [[%zn+ (1= %)Qp(2n — 0uBzn)] — [Yag + (1 = 12) Cp(q — 0 Bq)]|
< Yallzn — gl + (1 = %) [ (zn — 0WwBzn) — (¢ — 0Bq) ||
< Wallxn — gl + (1= 1) lxn — g
= [|xn —ql|-
This implies that
150 = gl = [|An (60 — q) + (1 = An) (W — )
< nllxn — gl + (1 = An) [wn — 4|
(3.4)

< Anlln = gl + (1 = A) |l — 4|
= [lxa — 4.
We have from (3.1), (3.2) and (3.4) that
[1Xn 11 = qll = (M (v — ) + (1 = M) (@nXn + buzn + cnfn — q) |
< Mallv =gl + (1 = ) [|anxn + buzn + cafn — 4|
< Mallv =gl 4 (1 = 1) (@nl|xn — ql| + ballzn — gl| + call%n — ql])
< Mallv —qll 4 (1= 1) (@nllxn — gl + ballxn — gl + callxn — 4ll)
< Mallve =gl + (1 =1a) 0 — gl
< max{|lv—gl|, [[xo — g/ }-
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Thus, {x,} is bounded, and so are {z,}, {%,}, {Bxy},{Bzn},{yn},{wa}. Let O be a sunny nonexpansive
retraction of X onto S(D, B). Observe that

1z — O]l = |Qp (x4 — 0uBxs) — On(Ov) ||
< (x4 — 04, Bx,,) — Ov|| (3.5)
< [lxn — Ovll.

It follows that _ .
[y2 — OVl = |Qp (20 — 0uBzn) — Op(QV)||

< |[(zn — 0Bzn) — QV||

R oo
< [lx,— Ov]].
From (3.1) and (3.6) we have
[wn = OVl = 10p Yz + (1 = %) Cp (21 — 0uBzn)) — Op(Qv)]|
< 1%z — 0v) + (1= %) (Qp (2w — uBz) — Ov)|
< Wallza — OVl + (1 = 1)1Qp (20 — 00B2,) — OV||
< [l — Ol
which implies that i i i
150 — Ov|| = [|An(xn — Q) + (1 = Ay) (wn — OV
< Aanllxn = Ov[| + (1= A [ w — Q|
(3.7)

< Aulln — Qv][ + (1= An)||xn — OV
= [ln — Qv
From Lemma 2.5, Lemma 2.6, (3.1), (3.5) and (3.7), we have
[Pt = V2 = M (v = V) + (1 = 1) (@ + buzn + e — Ov) |*
< (1= 1) [[(@nn + buza + enn = Q¥) |7 + 210 (v = O, (041 — Ov))
< (1= Ma)an|[xa = OVI1* + (1 = Ma)ballzn — OVII> + (1 = Ma)eul|% — Ov|?
— (1 =) anbp ¥ ([0 = zal]) + 21 (v = OV, (1 — OV)) (3.8)
< (1= 1) [@nln — OVII* + buln — OV||* + culln — OV|1?
— (1 =) anbp ¥ ([0 = zal]) + 21 (v — OV, (1 — OV))
< e — OV = (1 = M)aubu (60 — zall) + 274l1v — O]l [0 11 — OV

Similarly, we have

1 = OV]2 < [l — OV — (1 = )anc¥(lta — al) + 20y = Ol [ — Qv (3.9)

Next, we split the proof into two cases.
Case 1. Assume that there exists nmy € N such that {||x, — Qv||} is decreasing for all n > my. Therefore,
we obtain that lim,, . ||x, — Qv|| = d. Since lim, ... %, = 0 and lim,,_,. N, = 0, we conclude from (3.8),
(3.9) that

lim a,c, W (||xn — %al|) = lim a,b, W (||xn — z0||) = 0.
n—oo n—yoo
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Using the property of y, we conclude that
lim [, — 2] = lim |, — 5, = 0. (3.10)
Since
120 = Zall < llzn =2l + [0 — Fal,
we have ||z, — %,|| — 0. Observe that
120 = yall = |Qp (xn — 0uBxn) — Op (20 — Bz, |
< || (xn — QuBxn) — (20 — 04 Bza) ||
< lxn = zall-
From (3.10), we have lim,,_,« ||z, — y»|| = O. It follows that
1Y = wall = 1Qp(Qp(2n — CwBzn)) — Cp(Yzn + (1 = 12) Cp(2n — tuBz)) |
< [(@p(zn = 0wBzn)) — (Yazn + (1= %) O (20 — 0wBz) |
< Wllzn — Qb (2n — 0B )|
< ||za = ynll =0
as n — oo. Since
llzn = wall < llzn = Yull + lyn = wall,
we have ||z, —wy|| = 0 n — co. Since
[0 = yull < llzn = yull 4 1 =zl

we have ||x, —y,|| — 0 as n — oo. From (3.1) and (3.10), we have

r}g]; [[%n4+1 = Xn|| = I}g{}o 110 (v = %) 4+ (1 = 1) (bn (20 — %n) + n(Fn — X)) || = 0. (3.11)
Now, we prove that
limsup(v — Qv,J (x, — Ov)) <O0. (3.12)
n—soo

Observe that {x,} is bounded and X is uniformly convex. We can select a subsequence {x,, } of {x,}
such that converges weakly to u and
limsup(v — Qv,J (x, — Qv)) = limsup{v — Qv,J (x,,, — Qv)) < 0. (3.13)
n—oo ng—ro°

We first show u € S(D,B). Since @, is in [w, k%

there exists a subsequence {0, } of {0, } converges to o € [w.

| for some w > 0, we have that { o, } is bounded. Thus,

)

,;2)- We may assume, without loss of

generality, that a;,, — 0. Since Qp is nonexpansive, we have
10 (i, — 0B, ) — 2, || < [|Qp (i, — 0B, ) = 2y || + 2, — 2 |
< 1@ (xn, — 0B, ) = O (X, — O By )| + |2, — 2 |
< || Cene — Q0Bxn,) — (Xn, — O B, ) || 4[|z — i |
< ||Bxn, |l 0t — @, || + ||z, — 2%, I

Since ||z, — xn|| — 0 as n — oo, we have

lim ||Qp (x,, — ABxp, ) — Xy, || = 0.
k—yo0
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Since Op(I — aB) is nonexpansive, we find from Lemma 2.8 that u € F(Qp(I — apB)). From Lemma
2.4, we also have u € S(D, B). Using Lemma 2.3 and (3.13) yields that

limsup(v — Qv,J (x, — Qv)) = limsup(v — Ov,J (x,,, — Qv))

n—o0 k—o0

= limsup(v — Qv,J (u— Qv)) (3.14)

k—yoo

<O0.
Set
thy = YaZn + (1 - YH)QD(ZH - anBZn)

for all n > 0. Since ||x,1+1 — x,|| — 0 as n — oo, this along with (3.14) shows that

limsup(v — Qv,J (x,+1 — Qv)) <O0. (3.15)

k—>o0

From (3.1), (3.5), we have that
[Pn1 = OvII> = (Ma(v = Ov) + (1= M) ((@nxn + buzn + €n%) — OV),J (i1 — OV))
= M (v = Ov.J (i1 = Qv)) + (1= M) {(@nXn + buzn + cnF) — OV),J (Xu 1 — Ov))
< My = OV, J (ns1 — Q) + (1= 1) (anl[x0 — Q|[||xn41 — Ov]
+0ullzn — OV [xn 41 — OVl + cull%n — OV [l xas1 — V)

(3.16)
< My = 00 (1 = O)) -+ (1= ) (5 = OV + i1 — Ol
by . i . i 3
2 (o — OV + 1 — O¥IP) + 2 (oo — OV + i1 — O]))

< (1 =1 [Jon — QVH2 + 2N, (v — QV,J(X,H_] - QV)>
Since lim, e My = 0,377 N = oo, we obtain from Lemma 2.9, (3.15) and (3.16) that

lim ||x, — Qv|| = 0.
n—soo

Case 2. Assume that there exists a subsequence {n } of {n} such that
[Fn, = OV < [lxn 1 — OV
for all k € N. From Lemma 2.7, there exists a nondecreasing sequence {#;} C N such that #; — o and
13, = QI < llxi41 — Qv and [|xi — Ov| < [|xi+1 — Q]| (3.17)
for all i € N. Since lim, .. 1,, = 0, we can obtain from (3.8) and (3.9) that
tim [, — 2| = Tim [, — v, | = lim [, = %, | = lim [}, — 2| = lim [x3,41 —x,| =0.

From Case 1, we also have
limsup(v — Qv,J (x, — Ov)) <0
[—roo
and
limsup(v — Qv,J (x,+1 — Ov)) <O0. (3.18)
[—ro0
From (3.16), we have

b1 = V[P < (1 =m0 b, — Qv 421, (v = Ov, I (41 — OV)) (3.19)
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This implies that

Ny, ||, — Q"”2 < [l — QVH2 — [l41 — Q~V||2 +20,(v — Ov,J (41 — OV)).
Since 1, > 0, we get from (3.17) that
[, — Ov||* < 2(v—Qv,J (1, — Ov)).
Thus, (3.18) implies that lim; ;e ||x;, — Ov|| = 0. From (3.19), we have that ||x; 1 — Qv|| — 0 as i — .
Using (3.17), we obtain that lim; .. ||x; — Ov|| = 0. This completes the proof. O

If v=0in Theorem 3.1, then we have the following result.

Corollary 3.1. Let D be a nonempty, closed and convex subset of a uniformly convex and 2-uniformly
smooth Banach space X. Let Qp : X — D be a sunny nonexpansive retraction and let B : D — X be an §-
inverse strongly accretive operator with S(D,B) # 0. Let {x,},{zn} and {X,} be a sequences generated
by

x1 €D,

Zn = Op(Xn — 0uBxy)

Xn = AnXn + (1 = A2) Qp[Vnzn(1 — %) Op (20 — ®Bzn)],

X1 = MoV + (1= 1) (@nXn + buzn+ Cuf),  Vn 2 1,
where v is a fixed element in D, {n,},{An},{ 1} are sequences in (0,1) such that lim, 1N, = 0,
Y o Mn =0 and o, is a sequence in [w, k%} and {an},{b,},{cn} €[d,e] C(0,1) such that a,+b,+c, =

1. Then {x,} converges strongly to the minimum norm element in S(D, B).

Proof. Using Theorem 3.1, we obtain that {x,} converges strongly to Q(0), which is the minimum norm
element in S(D, B). O

4. APPLICATIONS

Using Theorem 3.1, we prove some strong convergence theorems in Banach spaces.

Theorem 4.1. Let D be a nonempty, closed and convex subset of a uniformly convex and 2-uniformly
smooth Banach space X. Let B: X — X be an 8-inverse strongly accretive operator with B~'(0) # 0.
Let {x,},{zx} and {X,} be a sequences generated by

x1 €D,

Zn = (Xn — QuBxy),

Fn = AnXn 4 (1 = ) (Va2 + (1 = ) (20 — 0uBZn)),
Xnt1 = Nuv+ (1 =Ny (anxy + bpzy + cnXn), n > 1,

where v is a fixed element in D, {n,},{An},{ 1} are sequences in (0,1) such that lim, .1, = 0,

~ oMn = o and o, is a sequence in [w, k%] for some 0 < w < k%, {an}, {bn},{cn} € [d,e] C (0,1)
such that a, + b, +c, = 1. Then {x,} converges strongly to Q(v), where Q is a sunny nonexpansive
retracttion of X onto B~1(0).

Proof. Note that B~!(0) = S(X,B) and Qp = I, where [ is the identity mapping. Using Theorem 3.1, we
get the desired result immediately. U
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Let 0 <k < 1. Amapping T : D — D is said to be k-strictly pseudocontractive if there exists j(u—v) €
J(u—v) such that

(Tu=Tv, =) < vl = N~ Ty (=T

for all u,v € D. The above inequality can be rewritten as follows:
_ 1—k
(I =Tyu— (I =T, ju=v)) > —=[[(I = T)u— (I =T)v|* 4.1)

Theorem 4.2. Let D be a nonempty, closed and convex subset of a uniformly convex and 2-uniformly
smooth Banach space X. Let Qp : X — D be a sunny nonexpansive retraction and let T : D — D be a
k-strictly pseudocontractive mapping with F(T) # 0. Let {x,},{z,} and {%,} be a sequences generated
by

x1 €D,

in= QD(xn - an(xn - Txn))a

Xp = lnxn + (1 - An)QD['YnZn + (1 - Yn)QD(Zn - an(zn - TZn))]v

Xprl = Mpv+ (1 - nn)(anxn +bnzn +Cnfn)7 n> 17
where v is a fixed element in D, {n,},{An},{ 1} are sequences in (0,1) such that lim, .M, = 0,
Yo oMNn = o and o, is a sequence in [w, k%] for some 0 <w < k%, {an}, {bn},{cn} € [d,e] C (0,1)
such that a, + b, +c, = 1. Then {x,} converges strongly to Q(v), where Q is a sunny nonexpansive
retracttion of X onto F(T).

Proof. Let B=1—T. From (4.1), we obtain that B is %—inverse strongly accretive. It is easy to show
that F(T) = S(D,B) = S(D,I —T) (see [2]). By using Theorem 3.1, {x,} converges strongly to O(v),
where Q is a sunny nonexpansive retracttion of X onto F(T). O

Let D be a subset of a smooth Banach space X. Let 6 > 0. An operator B : D — X is said to be
o-strongly accretive if

(Bu—Bv,J(u—v)) > §lu—v|* Vu,veD.

Theorem 4.3. Let D be a nonempty, closed and convex subset of a uniformly convex and 2-uniformly
smooth Banach space X. Let Qp : X — D be a sunny nonexpansive retraction and let B: D — X be an
O-strongly accretive and L-Lipschitz continuous operator with S(D,B) # 0. Let {x,},{z,} and {%,} be

a sequences generated by

x1 €D,

Zn = Op(Xn — @uBxy),

Xn = XX+ (1= 22) Op[Yazn + (1 — ¥2) OD (20 — CuBzn)],

X1 = My + (1= M) (@nXn + bnzn + cpn), n > 1,
where v is a fixed element in D, {n,},{An},{ W} are sequences in (0,1) such that lim, 1M, = 0,
Yo oY = o0 and Oy, is a sequence in [w, %] for some 0 <w < % {an},{bn},{cn} € [d,e] C (0,1)

such that a, + b, +c, = 1. Then {x,} converges strongly to Q(v), where Q is a sunny nonexpansive
retracttion of X onto S(D,B).
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Proof. Since B : D — X is d-strongly accretive and L-Lipschitz continuous, we have
2. 6 2
(Bu—Bv,J(u—v)) 2 8lu—v||” = 5 |[Bu—Bvl|

for u,v € D. Hence, B is %-inverse strongly accretive. By using Theorem 3.1, {x,} converges strongly

to O(v), where 0 is a sunny nonexpansive retracttion of X onto S(D, B). U

Example 4.1. Let X = R with Euclidean norm and usual Euclidean inner product. Let D := [-2, 1] and
QO : R — D be defined by

-2, —oolx< =2,
QDX:: X, *ZSXSL

1, 1 <x < oo,
and B : D — R be defined by
0, x € [-2,0],
Bx :=
sinx, x¢€ (0,1].

Clearly, Qp is a sunny nonexpansive retracttion, S(D,B) = [—2,0], and B is a accretive. Next, we prove
that B is a d-inverse strongly accretive for 6 < 1. If x,y € [-2,0], then

(Bx—By,x—y) =0> | Bx—By|* = 0.
If x,y € (0, 1], then there exist ¢ € (0, 1] such that (let x < y)

siny — sinx = cost(y —x) < siny —sinx <y —x
& 0>sinx—siny >x—y
& (sinx —siny)(sinx —siny) < (x —y)(sinx —siny)

& |sinx —siny|> < (x —y,sinx — siny).
If x € [-2,0] and y € (0, 1], then

siny <y = siny <y—x < sin’y < (y —x)siny,

(Bx—By,x—y) = (—siny,x—y) = (siny,y —x) > [Bx— By|> = |0 —siny|* = sin’y.
Hence, (Bx — By,x —y) > ||Bx — By||? for all x € [-2, 1], B is a §-inverse strongly accretive for § < 1.

Example 4.2. Let X = R? with Euclidean norm and usual Euclidean inner product. Let D := [—1,2] x
[—1,2] and Q : R? — D be defined by
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—1,—-1), —oeo<xy<-—lI,
xay)7 _ISX,y<2’
272)7 2Sx7y<°°7

=
~

—co < x< —1,-1<y<?2,

Op(x,y) = —o < x< —1,2<y < oo,

~—

—1<x<2,2<y< oo,

=

=
|

—

N~—

—1<x<2, -0 <y < —1,

N
|
—_
=

2<x< o0, —0 <y < —1,

e e e R e
N = =
NS
~—

»
<
~

2<x<o0,—1 <y <2,

and B : D — R? be defined by

0,0), xyel[-1,1],
Br e (0,0) ye[-1,1]

(%, %), otherwise.

Clearly, Qp is a sunny nonexpansive retracttion and S(D,B) = [—1,1] x [—1,1], and B is a &-inverse

strongly accretive for d < 1. If x,y € [—1, 1], then

(B(x,y) =B(x'y), (x.y) = (',y)) = 0> ||B(x,y) = B ,Y) || = 0.

Otherwise, since x+x’ < 4 for all x,x’ € [—1,2], we have

2 xlz 1 / / /
2= = =)o) < e
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