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1. INTRODUCTION

Let C C H be a nonempty, closed and convex set in a real Hilbert space H. (-,-) denotes the inner
product in H. Let S be a mapping on H. The fixed point set of S is denoted by Fix(S). Recall that S is
said to be nonexpansive iff

15 = Syll < fle=yll,  Vx,yeC.

The class of nonexpansive mappings is an important class of nonlinear mappings in nonlinear functional
analysis. Recall that § is said to be monotone iff

(Sx—Sy,x—y)>0, Vx,yeC.
S is said to be strongly monotone iff there exists a positive real constant such that
(Sx—Sy,x—y) > Allx—y|l, Vx,yeC.
S is said to be inverse strongly monotone iff there exists a positive real constant such that
(Sx—Sy,x—y) > A||Sx—Sy|, Vx,yeC.

In this paper, we consider the quasi-variational inequality (QVI), which consists of finding a point
x* € Fix(S) such that
(F(x"),x—x") >0,Vx € C, (1.1)
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where S is a nonexpansive mapping on H and F is a monotone mapping on H. In this paper, the solution
set of quasi-variational inequality (1.1) is denoted by SOL(C, S, F). In particular, if S = I, where I is an
identity mapping, the quasi-variational inequality is reduced to the following variational inequality (VI):
find x* € C such that

(F(x"),x—x") > 0,Vx € C. (1.2)

We denote by SOL(C, F) the solution set of (1.2) in this paper.

For solving the QVI and the VI, many results were obtained via iteration methods in infinite dimen-
sional spaces; see, e.g., [2, 3,9, 16, 18, 23] and the references therein. An efficient method, known as
the gradient-projected method, is as follows

X1 = Po( — TF (xi)), (1.3)

where T is some positive real number and Pr is the metric projection from H onto C. If problem (1.1)
has solutions and F is strongly monotone. The {x,} generated by (1.3) converges to a solution of (VI).
The strong monotonicity is quite strong. In order to overcome this drawback, Korpelevich [17] proposed
the following known extragradient algorithm (EgA)

Vi = Pc(xk — TF()Ck))
Xk+1 :Pc(xk—‘L'F(yk)), vk > 1,

where 7 is an appropriate constant and F is Lipschitz continuous and monotone. Since 1976, many
authors studied the extragradient algorithm and its modifications via various techniques; see, e.g., [10,
13, 14, 21] and the references therein. It should be noted that each iteration of the extragradient method
needs to compute two orthogonal projections Pr. There are no analytic expressions for the metric pro-
jection in most cases. Hence, the extragradient algorithm is not very convenient and efficient in practical
calculations. In 2011, Censor, Gibali and Reich [10] introduced the following subgradient extragradient
algorithm (SEgA)

Yk = Pe(xx — TF (x¢))

T :={w € H|{xx — TF (x) — ye, w — yx) < 0}

X1 = PTk(xk — TF(yk)), Vk > 1,
for each k > 1. This method reduce the projections onto C by a projection onto the half-space 7). They
established strong convergence of the above subgradient extragradient algorithm in Hilbert spaces.

The inertial type algorithms was originally from the heavy ball method (an implicit discretization) of
second-order dynamical systems in time [1, 6]. The main features of them are that the next iterate is
defined by making use of the previous two iterates. Recently, there are increasing interests in studying
inertial type algorithms; see [4, 5, 19] and the references therein. For finding zero points of maximally
monotone operators, Bot and Csetnek [8] proposed a so-called inertial hybrid proximal-extragradient
algorithm, which combines inertial type ideas and hybrid proximal-extragradient ideas; see, e.g., [15, 20,
22]. Their algorithm includes the following algorithm [11] as a special case

Xk+1 :Pc(xkfckF(xk)qL(xk(xkka_l)). (1.4)

Algorithm (1.4) can be seen as the projection algorithm (1.2) with inertial effects and also can be seen
as a bounded perturbation of projection algorithm (1.2); see, e.g., [15]. Recently, Dong, Cho and Zhong
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[12] introduced the inertial projection and contraction algorithm (IPCA):
Wi = X + O (X — Xg—1),
Yi = Pe(wi — TF (wk)),
d(wi,yi) = (Wi = y) — T(F (i) — F (vx)),
X1 = wi — YBed (Wi, yk), k> 1.

(1.5)

In this paper, we study a modified inertial projection and contraction algorithm and analyze its con-
vergence in a Hilbert space H. Numerical examples are presented to illustrate the efficiency of our
algorithm.

2. PRELIMINARIES

In this section, we recall some known facts and necessary tools. Let H be a real Hilbert space with
inner product (-,-) and norm || - ||. Let C be a nonempty, closed and convex subset of H. The notation
X — x(xx — x) is used to indicate that the sequence {x; }reny converges weakly (strongly) to x.

The following is a known equality in a Hilbert space

A+ (1= 2)y[? = Al + (1= A)lly[* = A = A)llx—y|*,  VxyeH, @1
where A is a real number in (0, 1).
Definition 2.1. Let A : H — H be a point-to-set operator defined on a real Hilbert space H. A is said to
be
(i) monotone iff

(A(x) —A(y),x—y) >0, Vx,y€H.
(i) maximal monotone iff A is monotone, and the graph G(A) of A,
G(A):=(x,u) € HxH :uc€A(x),

is not properly contained in the graph of any other monotone operator.

It is known that a monotone mapping A is maximal if and only if, for any (x,u) € H x H, (u—v,x—y) >
0,V(v,y) € G(A) = u € A(x).

Lemma 2.1. [7] Let C be a nonempty set of a Hilbert space H and let {x; }xcn be a sequence in H such
that the following two conditions hold:

(i) for every x € C, kl_iglmnxk — x|| exists;

(ii) every sequential weak cluster point of {x }ren lies in C.

Then {x; }ren converges weakly to a point in C.
Lemma 2.2. [1] Let {¢}, {0k} and {0y} be the sequences in [0,+0) such that, for each k > 1,

1 < O+ U(Pr — Qi) +6ka26k < oo

and there exists a real number o with 0 < oy < a < 1 for all k > 1. Then the following conclusions hold:
(i) YOk — Gr—1]+ < 4o, where [t]; = max{t,0};
(ii) there exists @* € [0,4c0) such that k]im O = Q"

— o0
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Lemma 2.3. [11] Let K be a closed convex subset of real Hilbert space H and let Px be the metric
x — Pgx|| = inf{|[x —z|| : z € K}. Then, for any

(nearest point) projection from H onto K (i.e., for x € H,
x € H and 7 = Pxx if and only if there holds the relation:

(x—z,y—z) <0, Vyek.

3. THE MODIFIED INERTIAL PROJECTION AND CONTRACTION ALGORITHMS

Modified by the inertial extragradient algorithm [11], we we introduce the following algorithm
Algorithm 3.1.
Wi = Xg + 04 (X — Xk 1),
i = Fo(wi — biF (),

3.1
d(wWi,yk) = (Wi — yx) — bi(F (wi) — F (i),
Xiep1 = (1= O)wi + OS (Wi — ¥Brd (Wi, yi) ).
where {b} is a positive real number sequence such that
bil|F(wi) = F ()| < wllwe —yell, Ve > 1,
y€(0,2),u €(0,1) and
(p(Wk,yk)/Hd(Wk,yk)Hz, lfd(wkayk) 7& 07
B = (3.2)

07 lfd(wkayk) = 07
where
@ (Wi, yie) 2= (Wi — Yie, d (Wi, i)
and {0y} is nondecreasing sequence such that

1
oc1:0,0§ak§oc<§,

and 0 < 6 < 6, < % If yx = wy or d(wg,yx) = 0, then the iterative process stops; otherwise, we set
k:=k+1 and go on to (3.1) to evaluate the next iterate xj;.

In this paper, we assume the solution set of the QVI is nonempty, i.e., SOL(C,S,F) # &, and set
Vi := wy — YBrd (wy, yi) for each k > 1.

Lemma 3.1. If yy = wy or d(wg,yx) = 0in (3.1), then Vi, wy, v« € SOL(C,F).

Proof. Observe that

ldwe,yo)ll = |(wk—yi) = bi(F (W) — F (i)
> lwie = yill = bl [F (wie) — F (v |
= (1= w)llwe = yell,

and

ldwe,yo)ll = |(wi—yi) = bi(F (wi) — F (i)
< wie = yell + Okl [F (wi) = F (i) |
< (T u)llwe = yell-
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So, d(wg,yr) = 0 if and only if wy = yi . If d(wy,yr) = 0, we conclude from (3.1) and (3.2) that v; = y;
and

Vi = Pc(yx — biF (yi))-
Using Lemma 2.3 yields that vy, wy,yx € SOL(C,F). This completes the proof. O

Lemma 3.2. Assume that F is monotone on H and d(wy,yx) # 0. Let u € SOL(C, F). Then the following
assertions hold:

(i)
2f
Vi — 2 < \\Wk—ur\2—7y||vk—wu\2, (3.3)
(ii)
14 u?
o=l < gy I =l G4)

Proof. (i) From the Cauchy-Schwarz inequality and bg||F (wi) — F (vi) || < i||wx — yx/|, it follows

(Wi, yk) = Wk =Y, d(wi, i)
(Wi = Vi (Wi — yi) = bi(F (wi) — F (yx)))

Wi = yiell* = bi{wi — yie, F (wie) — F (i)

Y

(Wi — Yl = bel|wie — vl [|F (wi) — F (i) |
(1— ) |lwe — yiell > (3.5)

v

Since F is monotone on H, we have (F (wy) — F (yx),wr — yk) > 0. It follows that

ld(wi,y)I> = [l (Wi = yi) = ba(F (wie) = F () |I?
= [lwi = yill® + BEIF (wi) = F (yio) |1 — 2bx(wic — yie, F (wi) — F (%)
< wk = yell? 4+ BEIF (wie) = F () |I?
< (L) e =yl (3.6)

From (3.5) and (3.6), we obtain

B _ (p(wkvyk) > 1_“

— > . 3.7
“ ldwiey)lP T 1+ p2
From v = wy — YBkd(wk, yr), we have
Ve —ull> = |[(we—u) — yBed (W, yi)|*
= [jw —ul|* = 2¥Be(wi — u,d(wi, i) + Y BElld (Wi, i) | > (3.8)
Note that
(Wi —u, d(wWi, ) = (Wi — Y, d(Wi, Yi)) + (k — u,d (Wi, yi))- (3.9

By the definition of {y;} and Lemma 2.3, we have

(Vk — u, Wi — i — b F (wy)) > 0. (3.10)
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Since F is monotone, one has
(Vk — u, b F (yi) — biF (1)) > 0. (3.11)
Since u € SOL(C,F) and y; € C, it follows from (1.1) that
(Ve — u, biF (u)) > 0. (3.12)
From (3.10), (3.11) and (3.12), we have
(e —u,d(wi, yi)) = ok — us Wi — yi — b (F (wi) — F(yk))) > 0. (3.13)
Combined (3.9) with (3.13), we obtain
(Wi —u,d (Wi, i) 2 (Wi — i, d (Wi, yie)) = @ (Wi, Y )- (3.14)

It follows from (3.14) , (3.8) and B = % that

i —ul® < llwie—ull> = 29Be@(wie,yi) + VBElld (we,yi) |1 (3.15)
= wi—ull® = ¥(2 = 1) B (wi, yi)-

Using (3.2) and vy = wy — ¥Bd (Wi, Yk ), we have

1
Be@ (Wi, i) = || Bed (Wi, vi) || = ;Hvk—w;cuz- (3.16)

Therefore (3.3) follows from (3.15) and (3.16) directly.
(ii). Note that

316 1 37 14 u?

pven) 2 vl < e =P
(3.5) yields
= el < plmer) < AT w2
l—p (1—p)y
This completes the proof. g

Theorem 3.1. Assume that F is a monotone mapping on H. Let { o} C [c,d] € (0, 1). Then the sequence
{xx }ren generated by (3.1) converges weakly to a solution u € SOL(C,S,F).

Proof. Fixing u € SOL(C,S,F), we have u € Fix(S) and u € SOL(C, F). From (2.1), we have

we—ull®> =111+ 06) (xic — 1) = 0t (i1 — )|

(14 o) [k — el |* = onellex—1 — ual|* + 04 (1 4 04 [l — 1 |1 (3.17)
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‘We also have

i —ul* = [|(1— 6k) (wic — 1) + 6, (S (vi) —)|®
= (1= 0k) [l wi — ul*+6k 1S (Vi) — ul|* — 6k (1= ) [[wic — S (vio) ||

1—6;
< (1= 6) [lwi — >+ 6| vie —ul* — 1 — wiel?
2—’}/ 1—9k
< Jwie—u]|* = 0= [wic — vil|* — i1 — wiel (3.18)
Y Ok
1-6;
< [lwi —ul* = 5 1 — wiel.
k
From 6, < %, we obtain lg—fk > 1. It follows that
ek = aell® < fwe = el = [ — we |- (3.19)

On the other hand, we have

st = wiell* = [t —x — o (o —x-1) ||

= |Ixk11 —xk||2+0‘k2\|xk — Xk—1 H2 — 20 (X1 — Xpe, Xk — Xk—1)

> |41 _xk||2+ak2”xk_xk—lHZ_ZO‘kak-i-l — x| |20k — xx—1 |

> (1 — o) s 1 —xll> — o (1 — o) [ —xe1 )

(3.20)
Combining (3.19), (3.17) with (3.20), we obtain
i —ull® < (14 o) [ — 1]l = et — ]l + o (14 0%) [z — e |
— (1= o) e — x> — o (o — 1) [l — x|
= (14 o) llxe — ul® = ol — > = (1= o) iy 1 — xl|* + 200l — 21 ||

< (1 0ger) [l — ull® = ol — 2> = (1= o) iyt — xel|” + 200l — e 1%,

where the last inequality follows from the fact that {0y} is nondecreasing. Therefore,

i1 = ull® = 0t i — ul|* + 200041 ot — x|
< o — ul|* — ot lxe—1 — ul|* + 205l — x|

20441 kst — 1> = (1= o) |1 — x|
Set T := ||ox — ul|® — o ||xk—1 — ul|* + 204 ||xx — x¢_1]|>. Then
Tpir — Do < —(1— 0 — 20011) [ — xe—1 ||
It follows from oy < ¢t < 1 and the fact that {o;} is nondecreasing that

T — e < —(1=30g) ||k —xe—1||> < —(1=3a) ||xx —x51||* <0, (3.21)
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This implies that {I';} is nonincreasing. On the other hand, we have

Fk = ka—uHZ—akak_l—qu—i-ZOtkak—xk_le
>l — ul|* — o |-y — ul|*.
It follows that
e —ull® < okt —ul* +Tx
< alpgr—ulP 4+
< OCkHX()—uH2+F1(O£k71+...+1)
I
< ock —ul]? .
< oo —ulP+
In addition, we also have
r _ 2 2 2
k1 = P —ul]” — o [l — ul|T + 20001 ||k — x|

> =0y ka — Lt||2.

From (3.22) and (3.23), we obtain
ol
—T1 < oo —u)? < ol —ul® < o g —ul® +

It follows from (3.21) that

n
(1-30) Y b1 — x> < Ty —Tepn < @2 lxo —uf* +
k=1

I'
< _ 2
< o a4
which shows that
Z ||xk+1 —xk||2 < o0,
k=1
So, lim |[xg+1 —x¢|| = 0. Taking into account that
k—+oo
1 —well = et = — o (g — xi—1) |
< loer = x| 4 ot — x|l
one has
lim ||xk+1—wk|]:0.
k— o0
Using (3.18) yields that
2— 1—6;
s = < o=l = 6 Pl = el = = s =l

l1—a’

1—

3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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From 6 < 6, < %, we obtain 1_9—:9" > 1. So,

2
(Jleeer 1 = will = lwie = ul])* < [[we —ul|* 9/\\% = Vell? = [l — wi?

and
2
0= Tl —well < 2l —wellpe — ]~ 2 — il
< 2o — wil[[lwe — uf].
From (3.26), one has
lim || vy —wy|| =0. (3.27)
k—+oo
From (3.4), one has
lim |lyx —wg|| = 0. (3.28)
k—s-o0

Since 6 > 0, it follows from vy := wy — ¥Bid (W, y) that

1 1
Wk =S(Vi)ll = = Ixke1 = will < = Ik — wil,
0: 0

which together with (3.26) implies that

lim [jwe —S(vi)|| =0. (3.29)
k—s+o0
Combing (3.27) and (3.29), we have
1S(Vi) = Viell < 1S(vie) — wil[ + [[wie — V|| = 0. (3.30)

Now we show that {x; } converges weakly to an element of SOL(C,S,F). Due to the boundedness of
{xx}, there exists a subsequence {x;, } of {x;} which converges weakly to £. By (3.26), we get wy, — £
and by (3.28) yi, — £. It follows from (3.30) that x; — S(x¢) — 0. Then £ = Fix(S). Now, we only need
to show that £ € SOL(C, F). Define a mapping A by

F(v)+Nc(v), ifveC,
AQy) = (v) +Ne(v)
0, ifveC.
where N¢(v) is the normal cone of C atv € C, i.e.,
Ne(v):={d € H|(d,y—v) <0,Vy € C}.

It is known that A is a maximal monotone and A~!(0) = SOL(C,F). If (v,w) € G(A), then we have
w—F(v) € Nc(v) since w € A(v) = F(v) + N¢(v). Thus it follows that (w — F(v),v —y) > 0, for all
y € C. Since yy, € C, we have

(w=F),v—yx) = 0.
On the other hand, by the definition of {y;} and Lemma 2.3, we conclude that

(Wi — biF (W) — Y, yk —v) > 0,
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which further implies that

Yk — Wk
(

+F(wi),v—yk) > 0.
by

Hence
(w,v—yki) > (F(v),v—Yki)

>(F(v),v—yu) — <ykb_kwk +F(Wk),v—yk>

=(F(v)—F ki) ,v— i) + (F ki) = F (Wgi) ,v — yri) — <yki b_kwki,v—yk>

_—
z<F<yki>—F<wki>7v—yk,->—<y’“bk "’7v—yk>,

which implies

_—
(v =) 2 (F (i) = F (wia) v = i) = <yk‘ bk k’,v—yk>.

Taking the limit as i — oo in the above inequality, we obtain (w,v—£) > 0. Since A is a maximal monotone
operator, it follows that £ € A~!(0) = SOL(C, F). This completes the proof. O
4. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments in support of the convergence of the proposed
algorithm. In order to evaluate the performance of the proposed algorithm, we provide an example
to compare the proposed algorithm with the inertial projection and contraction algorithm. We take
6 = %, Y= 1.5, = 0.2, for all the algorithms.

Example 4.1. Let F : R — R? be defined by
F(x,y) = (2x+2y+sin(x),—2x+2y+sin(y)), Vx,y €R.
Note that

(F(z1) = F(z2),21—22) =
_|_

[(2x1 +2y1 +sin(x))) — (2x2 + 2y + sin(x2))] (x] — x2)
[(=2x1 +2y1 +sin(y1)) — (=2x2 +2y2 +sin(y2))]?
= 2(x; —x2)*+ (sin(x;) —sin(x2)) (x; —x2)
+ 2(y1 —y2)* + (sin(yr) —sin(y2)) 1 —y2) 2 [lz1 — 2|
Let C = {x € R?|ey < x < 10e;}, where ey = (—10,—10) and e; = (10,10). Take the initial point
xo = (1,10) € R%. Since (0,0) is the unique solution of variational inequality (1.1). Denote the stopping
criterion by || x; [|< 1078,
The numerical results for this example are shown in Fig.1, Fig.3 and Fig.5, which compare iteration
numbers, average iteration numbers, and runtime of the proposed algorithm presented in this paper with
the previous algorithm. We can see that the proposed algorithm in this paper is better.

Example 4.2. Let F : R" — R" be defined by F(x) = Ax+ b, where A = ZTZ,Z = (2;)yxn and b =
(bi) € R", where z;; € [1,100] and b € [—100,0] are generated randomly. Since the randomly generated
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Z is a non-singular matrix, matrix A must be a positive definite matrix. Since A is positive definite and

symmetry, we have

(F(x1) = F(x2),x1 —x2) =

(A(x1 —x2),x1 —X2)

= (x1 —x2)TA(x; —x2) > min(eig(A))||x; — x2|%.

We obtain that F is n-strongly monotone with 11 = min(eig(A)). In this example, set C = {x € R"|||x —

d|| <r},d € R", where r is a randomly chosen radius. Take the initial point xo = (¢;) € R", and ¢; € [0, 1]

is chosen randomly. Set 7 = 100 and denote the stopping criterion by Dy = |jx; 1 — x| < 1075.
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The numerical results for Example are shown in Fig.2, Fig.4 and Fig.6. Fig.2 and Fig.4 compare the
iteration number and the average iteration numbers of the proposed algorithm presented in this paper
with the previous algorithm. We can see that the modified inertial projection and contraction algorithms
converges faster. Fig.6 compares the average runtime of the modified inertial projection and contraction
algorithms with the previous algorithm. We can see that the proposed algorithm in this paper is better.

In Fig. 3 and Fig. 4 (a), (c) and (e), we select the same initial point (where each initial point is the
average value of the selected initial points), but y = 1.5, =0.2;y=1.5,a = 0.25;y = 1.5,00 = 0.3;
respectively. In Figure 3 and Figure 4 (b), (d) and (f), we chose another initial point, and y =1, @ =
02;y=1,a=025y=1,a0=0.3.
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In Figure 5 and Figure 6, we select four different initial points in the four groups, the black bar graph
in (1), (2), (3), (4) represents the average time of MIPCA, where Y =1 and 1.5, respectively. The red
bar graph in (1), (2), (3), (4) represents the average time of IPCA, where Y =1 and 1.5.

Example 4.3. Let F : R — R be defined by F(x) = x> + 2x. Now, we show that F is strongly monotone.
Arbitrarily taking x,y € C, C C [0,2], we have

(F(x) = F(y),x—y) = (x—y)*( +xy+y" +2) > (x—y)> > 0.

The numerical results for this example are shown in Fig.7. From the figure we can see that our
algorithm converges faster. We conclude from Fig.1, Fig.2 and Fig.7 that the modified inertial projection
and contraction algorithms have less iterations, faster convergence, and the numerical results of three
examples show that the proposed algorithm performs better .
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