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Abstract. In this paper, we consider optimization problems of set valued mappings on ordered sets. It leads us to define or
to construct some ordering relations on the power sets of ordered sets, which play the standards for ordering different sets.
On the power sets of preordered sets, we introduce three preordering relations based on the given preorder relations. Several
properties of these preordering relations are provided. Under these preordering relations, we prove some order-clustered fixed
point theorems, which are applied to prove existence theorems of extended Nash equilibriums for set-valued mappings.
Keywords. Preordered set; Order-clustered fixed point; Power preorder; Extended Nash equilibrium.

2010 Mathematics Subject Classification. 47H10, 90C33.

1. INTRODUCTION

For some optimization problems in traditional optimization theory with given real valued function,
one seeks a point or points in the domain at which the considered function will take the maximum value
or the minimum value; see [3, 4, 17, 18] and the references therein. The traditional optimization theo-
ry has been extended to the cases that the ranges of the considered functions in optimization problems
are not linearly ordered. For example, they may be preordered sets, partially ordered sets, or lattices.
The considered that optimization problems become ordered optimization problems or vector optimiza-
tion problems; see [6, 13, 14, 18] and the references therein. One more step further, if the considered
mappings in optimization problems are set-valued mappings, then it raises the so-called set optimization
problems; see [5, 7, 8, 9, 10, 11, 12] and the references therein. In any optimization problem, in the
ranges of considered mappings, there may not have any algebraic and topological structures. But there
must be some ordering relations on the range of the considered mappings, that play the important roles
for comparing the preferences of different outcomes. The most general, useful and realistic structures on
the ranges are preorder relations. It is the motivation of this paper to study the set optimization problems
on preordered sets.

In this paper, we study the very general set optimization problems of the following types. Suppose that
the underlying space Z is equipped with a preordering relation 3=, so that (Z, =) becomes a preordered
set (This concept is very general. It includes the special cases, such as, partially ordered set, lattice,
partially ordered vector spaces, Banach lattices, etc.). Based on the preordering relation >= on Z, we must

*Corresponding author.
E-mail addresses: jli@shawnee.edu (J. Lu), christiane.tammer @mathematik.uni-halle.de (C. Tammer).
Received February 26, 2019; Accepted April 5, 2019.
(©2019 Applied Set-Valued Analysis and Optimization

77



78 J. LI, C. TAMMER

define (or construct) an ordering relation on the power set 2. Under this ordering relation on 2%, we
can introduce the comparison of the preferences of the subsets of Z. Then, for any set valued mapping
T : Z — 27, we can introduce the concept of the optimization of 7. For example, some authors defined
an ordering relation > on 27 based on the preordering relation = on Z as follows: for any A, B € 27,

A Z Bif and only if a = b, for every a € A and for every b € B. (1.1)

We think that the ordering relation > on 27 as defined by (1.1) is too strong. It is because that to have
A is better than B, if and only if every member a € A must be better than every b € B. This may not
be reasonable in some applications in the real world. Hence, in this paper, we define three preordering
relations on the power set 22 induced by = on Z, which are weaker than ordering relation > defined in
(1.1) and are more useful in applications.

In Section 2, we present the properties of the order-cluster sets of preordered sets in general. Based
on the preorders, we introduce three preorder relations on the power sets. Several properties of the three
preorders are provided in this section. In the last subsection of the Section 2, we prove some existence
theorems for order-clustered fixed points, which can be used in the future study for the solvability of
some set optimization problems on preordered spaces. In Section 2, we introduce the concepts of ex-
tended Nash equilibrium and order-clustered extended Nash equilibrium for set-valued mappings. Then,
by applying the order-clustered fixed point theorems proved in Section 2, we prove several existence
theorems of extended Nash equilibrium and order-clustered extended Nash equilibrium for set-valued

mappings.

2. PREORDERED SETS AND ORDER-CLUSTER SPACES

2.1. Order-clusters and order-clustered fixed points in preordered sets. Let (Z, =) be a preordered
set. For 71,75 € Z, if neither z; = z1, nor z; = 2o, then zjand z, are said to be not >>-comparable and it
is denoted by zj <1 2. If 25 = z; and z; = zp both hold, then z; and z; are said to be »= -equivalent and
it is denoted by z; -~ z;. In this paper, we keep the same traditions in order theory about the ordering
relations. For example, 2, = z; is equivalent to z; < zp and z, »= z; means that z, «~ z; or zp > z;. For
every z € Z, we denote

[Ze =l ={reZ:t~2z}. 2.1)

The foot note = in [z],. may be dropped and [z].. is simply denoted by [z] if there is no confusion caused.
[z] is called the =-cluster in Z containing z(simply called the cluster in Z containing z if there is no
confusion caused). It is clear to see that -~ is an equivalent relation on Z and the set of all clusters in Z is
written as

2] =21 ={le] : z€ Z}.

[Z] is a partition of Z. [Z] is called the ‘= cluster space (simply called the cluster space) of Z with respect
to the preorder >=. For any nonempty subset A C Z, (A, =) is also a preordered set. We denote

[A]> = [Al = {lz] : z€ A}, (2.2)

For every z € Z, the =-cluster [z] is an element of the =-cluster space [Z] of Z. On the other hand, as [z]
being considered be a subset of Z, we have

z € [z], forevery z € Z,



SET OPTIMIZATION PROBLEMS ON ORDERED SETS 79

and
A CUJA] =Ugequlz], forany A C Z.

Notice that, in a preordered set (Z, =), every cluster is a singleton if and only if (Z, =) is a partially
ordered set (simply called a poset). If (Z, =) is a partially ordered set, then

{z} = [z], forevery z € Z,

and
A =[A], forevery AC Z.

Next, we introduce the concept of order-clustered fixed points on preordered sets that is an extension
of the concept of fixed points for single valued mappings on partially ordered sets; see [16] and the
references therein.

Definition 2.1. Let (Z, =) be a preordered set and D a nonempty subset of Z. Let f : D — D be a single
valued mapping. A point z € D is called an ’=-clustered fixed point (simply called a clustered fixed point)

of fif z € [f(z)]-

It immediately follows that if (Z, =) is a poset, then a point z € D is an =-clustered fixed point of a
single-valued mapping f if and only if z is a fixed point of f.

Next definition is an extension of Definition 2.1 from single-valued mappings to set-valued mappings
(multifunction).

Definition 2.2. Let (Z, =) be a preordered set and D a nonempty subset of Z. Let F : D — 2P be a
set-valued mapping. A point z € D is called an =-clustered fixed point (simply called a clustered fixed
point) of F if z € [v], for some v € F(z). By (2.1), itis [z] € [F(z)].

Similar, to the remarks after Definition 2.1, if (Z, >=) is a poset, then the set of >=-clustered fixed points
of a set-valued mapping F coincides with the set of fixed points of F'.

Notations: Let (Z,3=) be a preordered set. Let F : Z — 2% be a set-valued mapping. We denote
§(F, =) (simply by §(F)) and .# (F) for the set of =-clustered fixed points and the set of fixed points of
F, respectively. In general, we have

T (F) C(F).

2.2. Ordering relations on power sets. Let (Z,=) be a preordered set. We define three preordering
relations on 27 based on =, that are called the power preorder, the upward power preorder and the
downward power preorder relations, as follows.

(a) The power preorder, denoted by :=". For any By, B, € 2%, we say that B; < B, if the following two
conditions are satisfied:
(U) upward condition: for any z; € By, there is t, € B, such that 7, = z;;
(D) downward condition: for any z, € B, there is #; € B] such that 7] < z5.
(b) The upward power preorder, denoted by =Y. For any B1,B, € 2% we say that B <V B, if the upward
condition (U) is satisfied.

(c) The downward power preorder, denoted by =P For any B1,B; € 22 we say that By <P B, if the
downward condition (D) is satisfied.
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We give some properties below about the three preordering relations on the power set.
Lemma 2.1. Let (Z,=) be a preordered set. Let ;=" =Y and =P be the power preorder, upward power
preorder and downward power preorder; respectively, on the power set 27 induced by = on Z. We have
(i) =P =Y and =P all are preorders on 2%. So, (27,=F),(2%,32Y) and (2%,=P) all are preorder sets;
(ii) For any B € 2°\{0},B and 0 are not ;="-comparable in (27,="), that is,
Bt 0, for any B € 2% with B # 0.
(iii) O is the =Y -least element and Z is the >;U-greatest element in (ZZ, >;U), that is,
0 <Y B=<YZ, forany B € 2%.
(iv) O is the =P -greatest element and Z is the =D _least element in (ZZ =P ), that is,
Z<PB=<P0, forany B € 2°.
(v) = is "weaker” than both =Y and =P, that is,
forany B1,B, € 2Z,Bl ;<P B> implies both B -\<U B, and B, —\<D B;. (2.3)
Proof. The proof of Lemma 2.1 is straightforward, and it is omitted here. g

In this paper, we concentrate on preordered sets. One of the main reasons is the following.

Remark 2.1. No matter that (Z, =) is a preordered set or a partially ordered set, the ordering relations ="
.Y and =P on 27 are always preorders. So, (24,3=F), (2%,3=V) and (2%, =) all are always preordered
sets.

We provide some examples below about the three preorders on the power set, which are the extreme
cases. It is stated as a lemma.

Lemma 2.2. Let (Z,'=) be a preordered set as stated in Lemma 2.1. For any By,B; € 2%, we have

(a) If By contains an =-upper bound of B1 and B contains an =-lower bound of B, then B <P B,.
(b) If By contains an =-upper bound of By, then By <Y B».
(c) If By contains an =-lower bound of B,, then B| <P B».

Proof. The proof of Lemma 2.2 is straightforward, and it is omitted here. U

In some set optimization problems, suppose that (Z, =) is the underlying preordered set and one wants
to construct an ordering relation on 2%. If we use any one of the preordering relations =", = and =P
defined above, through the extreme cases in Lemma 2.2, one finds that these preordering relations are still
too rough. That means that the ordering relation defined by any one of =", =" and =" among subsets
of Z can be determined by the extreme points (>=-upper bound or >=-lower bound) in these considered
subsets, which ignores the >=-relations between all other points in the considered subsets.

Recall that, for a given preordered set (Z, =) with cluster space [Z]. [Z] is a partition of Z correspond-
ing to the equivalent relation «~ that is induced by the preorder 3= on Z. So, [Z] C 2%. As the preorders
=P U and =Y are restricted on [Z], all become partial orders and they are equivalent. We summarize it
as a lemma below.

Lemma 2.3. Let (Z, =) be a preordered set as stated in Lemma 2.1 with =-cluster space |Z]. Then,
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(a) ([Z],=7),([Z],=Y) and ([Z],*=P) all are partially ordered sets;
(b) ==Y and =P are equivalent partial orders on [Z).

Proof. The proof of part (a) in this lemma is straightforward, and it is omitted here. Part (b) is proved by
the following assertion: for any [z1], [z2] € [Z],

1] =¥ [z2], or [z1] <Y [z2], or [z1] <” [z2] if and only if 21 < z5.
This completes the proof. O

In case if (Z,<) is a partially ordered set, that is, = is a partial order on Z, then all >-clusters are
singletons. Therefore, Z = [Z] and =, = =P =V and =P are equivalent.

2.3. The Order-clustered fixed point theorem. Recall that a partially ordered set is said to be chain-
complete, whenever every chain has the least upper bound (unique). If every chain has the greatest lower
bound (unique), then this partially ordered set is said to be re-chain-complete. If a partially ordered set
is both chain-complete and re-chain-complete, then it is said to be bi-chain-complete.

A preordered set (Z, =) is said to be »=-chain-complete (or chain-complete), whenever every =-chain
{za } in Z has at least one least >=-upper bound (it may not unique). The set of the least >=-upper bounds of
this given chain is an »>-cluster in Z and it is denoted by V{z4}. (Z, =) is said to be =-re-chain-complete
(simply re-chain-complete), if every =-chain {Z} in Z has at least one greatest >=-lower bound (it may
not be unique). The set of the greatest >-lower bounds of this given chain is an »=-cluster in Z and
it is denoted by A{zq}. If (Z,?=) is both chain-complete and re-chain-complete, then it is said to be
bi-chain-complete.

Hence, a preordered set (Z, =) is chain-complete (re-chain-complete), whenever, for any chain {z4 }
in Z, one has V{Zy} # 0 (N {Za} # 0).

Proposition 2.1. Let (Z, =) be a preordered set with the cluster space [Z). Then, the following statements

are equivalent

(a) (Z,=) is an =-chain-complete (re-chain-complete, bi-chain-complete) preordered set;

(b) ([Z),3=p) is an =F-chain-complete (re-chain-complete, bi-chain-complete) poset;
(c) ([Z],=v) is an >U—cham complete (re-chain-complete, bi-chain-complete) poset;
(d) ([Z),=p) is an 3=P-chain-complete (re-chain-complete, bi-chain-complete) poset.

Proof. From part (b) of Lemma 2.2, we only need to prove that (Z, =) is a chain-complete (re-chain-
complete, bi-chain-complete) preordered set if and only if ([Z], =) is an 3="-chain-complete (re-chain-
complete, bi-chain-complete) partially ordered set.
= Assume that (Z, =) is =-chain-complete. For arbitrary »="-chain {[z¢]} C [Z], it corresponds to
n 3=-chain {Zy} C Z. Then, V. {Z} exists (here VV..{Z, } is the »=-cluster of =-least maximal elements
of the chain {Z}, which is a subset of Z). Let z = V. {Zy}. One can check that [z] = V_r{[Zy]} (here
Vor{[Z4]} is the 3="-cluster of ="-least maximal elements of the chain {[Z]}, which is a subset of [Z]).
Hence ([Z],3=") is 3=F-chain-complete. All other parts of the conclusions of this lemma can be similarly
checked. O

Recalling part (i) of Lemma 2.1, for a given preordered set (Z,3=), there are three corresponding
preordered sets (2%,3=F), (2%,:=Y) and (2%, :=). Proposition 2.1 says that if (Z, >=) is }=-chain-complete
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(re-chain-complete, bi-chain-complete), then the cluster space [Z] as a subset of 27 satisfies that ([Z],
=P),([2],=Y) and ([Z],*=P) all are chain-complete (re-chain-complete, bi-chain-complete) of subsets
(27, =), (2%,32Y) and (2%,:=P), respectively. It is worthy to note the following.

Remark 2.2. Suppose that (Z, =) is ether an =-chain-complete preordered set or an »=-chain-complete
partially ordered set (re-chain-complete, bi-chain-complete). (2%, =), (2%,=Y) and (2%, =) may not be
=" -chain-complete, =" -chain-complete and =? -chain-complete (re-chain-complete, bi-chain-complete),

respectively.

We extend the concepts of universally inductive subsets in partially ordered sets to preordered sets.
That will be used in the proof of the existence theorems in this section.

A nonempty subset A of a preordered set (Z, =) is said to be universally inductive in Z if, for any given
=-chain {xq } C Z satisfying that every element xg € {xq } has an *=-upper cover in A, then this =-chain
{xq} has an >=-upper bound in A. A is said to be re-universally inductive in Z, for any given ’=-chain
{xa} C Z satisfying that every element xg € {xq} has an *=-lower bound in A, then this =-chain {x4 }
has an >-lower bound in A. A is said to be bi-universally inductive in Z if, A is both universally inductive
and re-universally inductive in Z. The empty subset 0 of a preordered set (Z, =) is automatically bi-
universally inductive in Z. Like Proposition 2.1, which is on the chain-complete properties, regarding
to the universally, re-universally and bi-universally inductivities, there are some connections between a

preordered set and its cluster space.

Proposition 2.2. Let (Z,=) be a preordered set with the cluster space [Z]. Let A be a nonempty subset
of Z. Then, the following statements are equivalent

(a) (A, )is universally (re-universally, bi-universally) inductive in (Z,=);

(b) (

(c) (

(d) ([A],=P) is universally (re-universally, bi-universally) inductive in ([Z],

[A], =) is universally (re-universally, bi-universally) inductive in ([Z),=");

D

-
[A],=Y) is universally (re-universally, bi-universally) inductive in (|Z),=Y);
")

Proof. The proof of this proposition is like the proof of Proposition 2.1 and it is straightforward. It is
omitted here. i

Definition 2.3. In general, let (Sy, =) and (52, >=2) be preordered sets. A mapping g : S| — S is said to
be order increasing (decreasing) with respect to =1 and =, whenever, for any s,7 € Sy,

s <1 ¢ implies g(s) <2 g(1)  (g(s) =2 8(1)).

Lemma 2.4. Let (Z,=) be a preordered set with the cluster space |Z). Let F : Z — 27 be a set-valued
mapping. Let 21,20 € Z with 21 < 2.

(i) If F is order increasing with respect to = and =V , then
F(z1) # 0 implies F(z2) # 0.

(ii) If F is order increasing with respect to = and =", then
F(z2) # 0 implies F(z1) # 0.

(iii) If F is order increasing with respect to = and =", then

F(z1) # 0 if and only if F(z2) # 0.
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Proof. The proof of Lemma 2.4 is straightforward, and it is omitted here. U

Now, we prove an existence theorem of order-clustered fixed points for set valued mappings.

Theorem 2.1. Let (Z, =) be an =-chain-complete preordered set with the cluster space [Z]. Let F : Z —
27 be a set-valued mapping. Suppose that F satisfies the following conditions:

(i) F is order increasing with respect to = and =Y ;

(ii) for every fixed z € Z,([F (2)],=Y) is universally inductive in ([Z],=Y);
(iii) there is 71 € Z such that {z1} =V F(zy).

Then, F has an =-clustered fixed point. That is, there is z* such that [z*] € [F(z")]. More precisely,
there are 7*,u € A with u « 7* such that
uceF(Z).

Moreover, we have
(a) (§(F), =) is a nonempty inductive preordered subset of Z;
(b) F has an =-maximal clustered fixed point u; with u = z;.

Proof. Define a subset of Z by
A={zeZ:{z} sV F(2)}. (2.4)
From condition (iii) in this theorem, z; € A. Hence A # 0. One can see that, F(z) # 0, for any z € A.
Next, we first show that (A, >=) has the following properties:

for every z € A and for every v € F(z) satisfying z < v, we have v € A. (2.5)

As a matter of fact, for every z € A, from {z} <V F(z), there is at least one point v € F(z) such that z < v.
Taking arbitrary v € F(z) satisfying z < v, from condition (i) in this theorem, it follows that F(z) <Y F(v)
(Since F is order increasing with respect to 3= and =Y, from z < v,v € F(z). By Lemma 2.4, we have
F(v) # 0). So, for the given v € F(z), there is w € F(v) such that v < w. It implies {v} <V F(v). Hence
v € A. Tt proves (2.5). Then, we show that (A, =) is inductive. To this end, take an arbitrary »=-chain
za¢ € A. Since (Z, %) is an =-chain-complete preordered set, one finds that {z,} has a least >=-upper
bound w € Z. It satisfies

Zo < w, for all index . (2.6)

From condition (i) in this theorem, we get
F(zo) <Y F(w), for all index a. (2.7)

Since z4 € A, for every index o, there is zo < V¢ such that zy < v . Then, from (2.7), there is wy € f(w)
such that vy < wy. We obtain
Zo X Vo X We. for every index «.
From Lemma 2.3, one has
[za] <Y [va] <Y [wa). for every index a. (2.8)

Notice that, for every index a, [wgq] € [F(w)], from condition (ii) in this theorem, ([F(z)], ") is uni-
versally inductive in ([Z],3=Y), and {[z¢]} is an =Y-chain in ([A],3=Y) C ([Z],%=Y). Then, there is an
element [w'] in F(w) with w' € f(w), such that

za] <Y [W'], for every index a. (2.9)
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It follows from (2.9) that

7o < W, for every index o. (2.10)

Since w € Z is a least =-upper bound of {z4}, one concludes from (2.10) that
w=xw eF(w).

Hence w € A. Tt implies that (A, =) is 5=-chain complete. So, (A,3=) is an inductive preordered set.
Taking an arbitrary >>-maximal element z* in (A, =), one sees that there is u € F (z*) such that z* < u.
From (2.5), one has u € A. Since z* is an >-maximal element z* in (A, =), from z* < u, it yields that
7" ~ u, that is, [z*] = [u]. From u € F (z*) and Definition 2.2, it implies that z* is an >=-clustered fixed
point of F. Summarizing the above proof about the set A defined in (2.4), we obtain that (A, =) is an
inductive preordered set and every =-maximal element contained in A is an >-clustered fixed point of F.
Since §(F) C A for arbitrary $=-chain {Z; } C §F(F) C A, from the above proof, there is an ’=-maximal
element u in (A, =), which is an =-upper bound of {z; }. Meanwhile, u is an =-clustered fixed point
of F. Tt shows that (§(F),>) is inductive. For the given point z; in condition (iii) in this theorem,
let Zy = {z€Z:7%z1}. Consider the restriction of F on Z;, which is denoted by F;. F) satisfies all
conditions (i)-(iii) in this theorem. From the above proof, (§(F), =) is a nonempty inductive of Z;. It
implies that F] has an >=-maximal clustered fixed point. It is clear that § (F}) C §(F) and all >=-maximal
clustered fixed points of Fj are »>-maximal clustered fixed points of F. It proves (b). O

If (Z, %) is a partially ordered set, then, as a consequence of Theorem 2.1, we obtain the following
fixed point theorem immediately which was proved in [14].

Corollary 2.1. Let (Z,3=) be a chain-complete partially ordered set. Let F : Z — 27 be a set- valued
mapping. Suppose that F satisfies the following conditions:

(i) F is order increasing with respect to = and =Y ;
(ii) for every fixed z € Z ,(F(2), =) is universally inductive in (Z,=);
(iii) there is 71 € Z such that {z1} <Y F (z1).

Then, F has a fixed point. Moreover, we have

(a) (Z(F),=) is a nonempty inductive subset of Z;
(b) F has an =-maximal fixed point u; with uy = z;.

2.4. Some consequences of the order-clustered fixed point theorem. If we consider the opposite order
direction in Theorem 2.1, then we have the following.

Theorem 2.2. Let (Z,3=) be a re-chain-complete preordered set with cluster space [Z). Let F : Z — 2%
be a set-valued mapping. Suppose that F satisfies the following conditions:

(i) F is order increasing with respect to = and =P;
(ii) for every fixed z € Z, ([F(Z)], >;D) is re-universally inductive in ([Z],=P);
(iii) there is 7o € Zsuch that {z0} =P F (z).

Then, F has an =-clustered fixed point. Moreover, we have

(a) (§(F), =) is a nonempty re-inductive preordered subset of Z;
(b) F has an =-minimal clustered fixed point u, with uy < z5.
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Proof. Define a subset of Z by
A={zeZ:{z} ¥’ F(2)}.
Then, by using the set A’, and the proof of Theorem 2.1, we obtain Theorem 2.2 immediately. O

By combining Theorems 2.1 and 2.2, we have the following results.

Theorem 2.3. Let (Z,3=) be a bi-chain-complete preordered set with cluster space [Z). Let F : Z — 2%
be a set-valued mapping. Suppose that F satisfies the following conditions:

(i) F is order increasing with respect to = and =" ;

(ii) for every fixed z € Z,([F (2)]), = P is bi-universally inductive in ([Z], &P);
(iii) there are 1,75 € Z such that {z1} <V F (z1) and {22} =P F (22).
Then, F has an =-clustered fixed point. Moreover, we have

(a) (§(F),=) is a nonempty bi-inductive preordered subset of Z;
(b) F has an =-maximal clustered fixed point uy with uy = z1;
(c) F has an =-minimal clustered fixed point uy with u < z5.

If the considered space is a partially ordered set in Theorem 2.3, then we obtain some fixed point
theorems on partially ordered sets proved by Fujimoto [2], and Li [13, 14].

Corollary 2.2. Let (Z,=) be a bi-chain-complete partially ordered set. Let F : Z — 27 be a set- valued
mapping. Suppose that F satisfies the following conditions:

(i) F is order increasing with respect to = and =";

(ii) for every fixed z € Z,(F (z), =) is bi-universally inductive in (Z,=);
(iii) there are 1,75 € Z such that {z1} <V F (z1) and {22} =P F (z2).
Then, F has a fixed point. Moreover, we have
(a) (F(F),>=) is a nonempty bi-inductive subset of Z;

(b) F has an =-maximal fixed point u; with u; = z;;
(¢) F has an =-minimal fixed point uy with uy < 2.

For example, if the underlying space is a complete lattice and the considered mapping is single- valued,
then we obtain the Tarskis fixed point theorem immediately; see Abian- Brown [1], Tarski [15] and the
references therein.

Corollary 2.3. Let (Z, =) be a nonempty complete lattice. Let f : Z — Z be a single-valued *=-increasing
mapping. Then, (% (f), =) is a nonempty inductive partially ordered set and f has both =-maximal and
=-minimal fixed points.

3. EXTENDED NASH EQUILIBRIUMS AND ORDER-CLUSTERED EXTENDED NASH EQUILIBRIUMS

3.1. Definitions of extended Nash equilibriums and order-clustered extended Nash equilibriums.
In this subsection, by using the concepts of power preorder, upward power preorder and downward
power preorder relations defined on the power set of the underlying ordered set, we first generalize the
concept of the Nash equilibrium from single-valued mappings to set-valued mappings, which are called
the extended Nash equilibrium and order-clustered extended Nash equilibrium. Then, we apply the
order-clustered fixed point theorems and fixed point theorems proved in Section 2 to prove the existence
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of the extended Nash equilibrium and order-clustered extended Nash equilibrium for some set-valued
mappings in preordered sets.

Let (X, >x) and (Y, >y) be preordered spaces. Let (Z, >=7) be a preordered space with power, upward
power and downward power preorders =",=Y and =" on 27, respectively. Denote by =xy for the
component-wise ordering on X x Y of =y and »=y. That is, for (x1,y1), (x2,y2) € X X Y, we say that

(x2,y2) =xv (x1,y1) ifandonlyif x;=x x; and y> =y y1. (3.1)
Then, =xy is a preorder on X x Y, and (X X Y, =xy) is a preorder set. Let C C X and D C Y be nonempty

subsets and let T : C x D — 27 be a set-valued mapping.

Definition 3.1. A point (xo,yo) € C x D is called an extended Nash equilibrium for a set-valued mapping
T : C x D — 27, if the following order inequalities hold:

T (x,y0) <Y T (x0,v0) <P T (x0,y), forall (x,y) € C x D. (3.2)

The set of all extended Nash equilibriums defined by (3.2) of this set-valued mapping 7 is denoted by
E(T). Notice that we can consider the following stronger extended Nash equilibriums:

T (x,50) <" T (x0,50) <" T (x0,y), forall (x,y) € Cx D. (3.3)

Like the extension of fixed points on partially ordered spaces to order-clustered fixed points on pre-
ordered sets, we generalize the concept of the extended Nash equilibrium to the order-clustered extended
Nash equilibrium for set-valued mappings on preordered sets.

Definition 3.2. A point (x,y0) € C x D is called an =xy-clustered extended Nash equilibrium for a
set-valued mapping T : C x D — 27 if there is (x;,y1) € C x D with (xo,y0) ~xy (x1,y1) such that

T(x7y0) <U T(x17y0> and T(x()ayl) #D T(Xo,y), for all (xay) €CxD. (34)

The set of all order-clustered extended Nash equilibriums defined by (3.4) of this set-valued mapping T
is denoted by &(T). Like (3.3), one can study the stronger >=xy-clustered extended Nash equilibrium of

the following form
T (x,50) <" T (x1,0) and T (x0,y1) <" T (x0,y), for all (x,y) € C x D. (3.5)

The following remark presents the connections between extended Nash equilibriums and order-clustered

extended Nash equilibriums.

Remark 3.1. For any set-valued mapping, we have that
(a) every extended Nash equilibrium is an order-clustered extended Nash equilibrium. That is, for any
set-valued mapping 7, one has
E(T) c &(T),
(b) if the underlying spaces are partially ordered spaces, then the set of order-clustered extended Nash
equilibriums coincides to the set of extended Nash equilibriums.

Considering some strategic games with incomplete preferences, sometimes, on the order equivalent
possible strategies, the utilities may be order equivalent. Under this motivation, we introduce the follow-
ing definition.
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Definition 3.3. A set-valued mapping 7 : C x D — 27 is said to be = xy-cluster invariant if, for any points
(x0,¥0), (x1,y1) € C x D,

(x0,30) ~xy (x1,y1) implies T (xo,y0) ~* T (x1,y1). (3.6)

T : C x D — 27 is said to be strongly =xy-cluster invariant if, for any points (xo,yo), (x1,y1) € C x D,
(x0,¥0) ~xv (x1,y1) implies T (xo,y0) = T (x1,y1) - (3.7

It is clear to see that the strongly =xy-cluster invariant property implies the »>xy-cluster invariant
property. The =xy-cluster invariant property provides some connections between extended Nash equi-
libriums and order-clustered extended Nash equilibriums.

Lemma 3.1. I[f T:CxD — 2Z is =xy-cluster invariant, then the set of order-clustered extended Nash
equilibriums of T coincides to the set of extended Nash equilibriums; that is,

§(T)=%(T), if T is '=xy -cluster invariant.

Proof. Since, for any set-valued mapping 7 : C x D — 2%, the inclusion .# (T') C F(T) always holds.
So, we only need to show that, for this =yy-cluster invariant 7', the inclusion §(7') C .#(T') holds. To
this end, suppose that (xp,y9) € C x D is an arbitrary =xy-clustered extended Nash equilibrium for this
set-valued mapping T : C x D — 2%. Then, there is (x1,y1) € C x D with (xo,yo) ~xy (x1,y1) such that

T (x,v0) <Y T (x1,%) and T (xo,y1) <P T (x0,y), forall (x,y) € C x D. (3.8)

From (xo,y0) ~xy (x1,y1), by the transitive of ~xy, one gets (x1,y0) ~xy (x0,¥1) ~xy (x0,y1). Since
T :C x D — 2% is =xy-invariant, it implies that T (x1,yo) ~F T (xo,y1) ~F T (x0,y0). Substituting it into
(3.8) yields

T (x,v0) <Y T (x0,y0) <P T (x0,y) ,for all (x,y) € C x D.

It implies that (xo,y0) € F(T). O

3.2. Existence of extended Nash equilibriums and order-clustered extended Nash equilibriums.
Let (X,>>x) and (Y, ’=y) be preordered sets. Let (Z, = be a preordered set with power, upward power
and downward power preorders =", =U and = on 27, respectively. Let C C X and D C Y be nonempty
subsets and let T : C x D — 2% be a set-valued mapping. With respect to the mapping 7', we define two
order optimization set-valued mappings ® : C — 2P and ¥ : D — 2€ as follows:

®(s) = {t €D :T(s,t)isan = -lower bound of {T(s,y) : y € D}}, forany s € C
and
¥(t)={s€C:T(s,t)is an =" -upper bound of {T'(x,t) :x € C}}, foranyt € D.

Regarding to the order monotonic of set-valued mappings, we have the following definitions, which will
be used in the proof of the main existence theorem in this paper.

Definition 3.4. Let 7 : C x D — 27 be a set-valued mapping.

(a) For every x € C,T(x,-) : D — 27 is said to be increasing with respect to 3=y and =Y, if, for any
t1,t € D,t; Xy tp implies that T (x,tl) #U T (x,tz).

(b) For every y € D,T(-,y) : C — 27 is said to be decreasing with respect to >x and =D if, for any
51,82 € C,s1 <x s implies that T (s1,y) = T (s2,y).
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Corresponding to the semi-continuity of real valued functions in real analysis, we introduce the con-
cepts of the order-upper consistent and the order-lower consistent.

Definition 3.5. LetT : C x D — 27 be a set-valued mapping.

(a) T is said to be =Y -upper consistent on C, whenever, for any 1,7, € D, if
T (x,11) Ur (x,t), forevery x € C

then, ¥ (t;) C ¥ (t;). That is, for some s € C, if T (s,#1) is an =Y -upper bound of {7 (x,#;) : x € C},
then T (s,) is an =Y -upper bound of {T (x,t,) : x € C}.
(b) T is said to be ="-lower consistent on D, whenever, for any s1,s, € C, if

T (s1,y) =" T (s2,y), forevery y € D

then, @ (s1) C @ (sp). That is, for some ¢ € D, if T (s1,) is an =P-lower bound of {7 (s1,y) : y € D},
then T (s3,t) is an =P-lower bound of {T (s,,y) : y € D}.

Now, we prove an existence theorem of order-clustered extended Nash equilibriums for set-valued
mappings on preordered sets.

Theorem 3.1. Let (X,=x) and (Y,=y) be preordered sets. Let (Z,'=) be a preordered set with power,
upward power and downward power preorders =", =V and =" on 27, respectively. Let CC X and D CY
be nonempty chain-complete subsets and let T : C x D — 27 be a set-valued mapping. Suppose that T
satisfies the following conditions:

(i) for everyx € C,T(x,-) : D — 22\{0} is increasing on D with respect to =y and =Y ;

(ii) for everyy € D,T(-,y) : C — 22\{0} is decreasing on C with respect to =x and 3=°;
(iii) T is =Y -upper consistent on C and ="-lower consistent on D;

(iv) for every s € C,(®(s), = Y) is university inductive in (D, = Y);

(v) foreveryt € D,(W(t), =x) is university inductive in (C,>x);

(vi) there are (so,t0),(s1,t1) € C x D witht; € ®(so) and s; € ¥ (ty) such that

so <x Sy and ty Xy 1.

Then, T has an =xy-clustered extended Nash equilibrium. That is, there are (xo,yo),(x1,y1) € C X D
with (x0,y0) ~xy (x1,y1) such that

T (x,y0) <V T (x1,50) and T (xo,y1) <° T (x0,y), for all (x,y) € C x D.

Moreover, one has

(a) (8(T),=xy) is a nonempty inductive subset in (C X D, =xy);
(b) T has an =xy-maximal clustered extended Nash equilibrium (xq,y0) =xy (50,%)-

Proof. With the component-wise ordering >xy of =x and >y on X x Y, (C x D, =xy) is a preorder

2XXY

subset of X x Y. The power, upward power and downward power preorders on are denoted by

=Ly» =¥y, and =2, respectively. Define a mapping F : C x D — 2¢*P by

F(s,t) =¥(t) x D(s), for (s,r) € C x D. 3.9
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For any (s1,t1),(s2,t2) € C x D with (s2,12) =xy (s1,71), we have s3 »=x 51 and t, =y t;. For these given
points s, sy € C, we recall that

®(s)={t €D:T(s1,t) isan = -lower bound of {7 (s1,y) :y € D}},
and
®(s7) = {t € D: T (s,1) is an 3= -lower bound of {7 (s2,y) :y € D}}.
From s1 <y 52, by the decreasing part in condition (ii) in this theorem, it implies that
T (s1,y) =2 T (s2,y), for every y € D. (3.10)
Since T is =P-lower consistent on D, one finds from condition (iii) and (3.10) that
P (s1) CP(s2), fors; <x s2. 3.11)
For t;,t, € D, we have
W(t)={s€C:T(s,1;) is an =" -upper bound of {T (x,#;) :x € C}},
and
¥ (1) ={s€C:T(s,t») isan =V -upper bound of {T (x,t») :x € C}}.
From #; <y t, by the increasing property of 7" in condition (i) in this theorem, it implies that
T (x,11) <Y T (x,12), for any fixed x € C. (3.12)
From condition (iii), 7 is =Y -upper consistent on D. By (3.12), we obtain
Y () CW¥(rp), fort; Xy tr. (3.13)
From (3.11) and (3.13), we obtain that, for any (s1,#1), (s2,72) € C X D, if (s2,52) =xy (s1,11),
D(s1) xV(t;) SP(s2) x V(). (3.14)
From (3.9), it follows that, for any (sy,71), (s2,12) € C x D, if (s2,12) =xy (s1,11),
F (s1,t1) CF (s2,12).
It implies
F(s1,01) <%y F (s2,12). (3.15)

Hence F : C x D — 2€%P g increasing with respect to the orders >xy and %%y. Hence F satisfies
condition (i) in Theorem 2.1. From conditions (iv)-(v) in this theorem, for every given (s,t) € C x
D, (®(s), = Y) is university inductive in (D, 3= r) and (W¥(¢),>x) is university inductive in (C, = X). It
implies that, for every (s,z) € C x D,(F(s,t),>xy)is university inductive in (C x D, >xy). Hence F
satisfies condition (ii) in Theorem 2.1. For the given points (sg,%y), (s1,71) € C X D in this theorem with
11 € P(so) and 51 € ¥ (to), we have (s1,11) € F (so,t0). From s1 =x so and ; =y o, we obtain

{(s0,20)} <%y F (s0,t0)- (3.16)

By (3.16), F : C x D — 2% satisfies condition (iii) in Theorem 2.1. Hence, F has an =yxy-clustered
fixed point (xg,y0). So, there exits (x1,y;) € C x D with (xo,y0) ~xy (x1,y1) such that

(x1,1) € F (x0,y0) =¥ (o) X P (x0) -
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It implies that x; € ¥ (yo) and y; € ® (xp). That is,
x1 €W (o) ={s€C:T(s,y) is an =Y -upper bound of {T (x,y) :x € C}},
yi €®(xg) ={t €D :T(xo,t) is an = -lower bound of {7 (xo,y) :y € D} }.
It follows that
T (x1,y0) is an =Y -upper bound of {T (x,y,) : x € C}
and
T (x0,y1) is an =" -lower bound of {T (xp,y) :y € D}.
Thus,
T (x,y0) <Y T (x1,50) and T (x0,y1) < T (x0,y), forall (x,y) €CxD.

Hence the point (xg,yp) is an =xy-clustered extended Nash equilibrium of mapping 7. The conclusions
(a) and (b) immediately follows from conclusions (a) and (b) of Theorem 2.1. ]

By Remark 3.1 and Lemma 3.1, we obtain an existence theorem for extended Nash equilibrium for
set-valued mappings as a consequence of Theorem 3.1.

Theorem 3.2. Let (X,'=x) and (Y,'=y) be preordered spaces and let (Z,'=) be a preordered space. Let
C C X and D CY be nonempty chain-complete subsets and let T : C x D — 27 be a set- valued mapping.

In addition to conditions (i-vi) in Theorem 3.1, if one of the following conditions satisfies:
(vii) (X,%=x) and (Y,=y) both are partially ordered sets;
(viii) T : C x D — 27 is =xy-invariant.

Then, T has an extended Nash equilibrium. That is, there is (xo,yo) € C X D such that
T (xayO) #U T (x07YO) #D T (x()ay) ’ for all (X,y) €CxD.

Moreover, one has

(a) (E(T),=xy) is a nonempty inductive subset in (C X D, =xy);
(b) T has an =xy-maximal extended Nash equilibrium (x,y0) =xy (50,%0).

4. APPLICATIONS TO EXTENDED NASH EQUILIBRIUM PROBLEMS FOR SINGLE VALUED MAPPINGS

4.1. Existence of extended Nash equilibriums for single valued mappings. Let (Z,>=) be a pre-
ordered set with power, upward power and downward power preorders == U and =" on 27, re-
spectively. As we discussed in Lemma 2.1, (2Z o=t ) , (22, &U) and (2Z =P ) all are preorder sets. In
general, =" =V and =" are different preorders on 2Z. Therefore, (27,=F), (2,:=Y) and (2%,:3=P)
are different preordered sets with the same underlying set 2%. Write 2 = {{z} €2%:z€ Z}. Then,
2 C27.As = =V and =P are restricted on 2, which are equivalent to =. We have

(Z.7")=(2,2Y)=(2.2°) = (Z,»). (4.1)

(4.1) provides the crucial connections for the applications of the existence theorems of extended Nash e-
quilibriums for set-valued mappings to extended Nash equilibrium problems for single-valued mappings.
First, we discuss the concepts of the upper consistent and the lower consistent, and rewrite optimization
functions ® and W for single-valued mappings. Let (X, >x), (Y, =y) and (Z, =) be preordered sets. Let
C C X and D CY be nonempty subsets and let T : C x D — Z be a single-valued mapping. With respect
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to the single-valued mapping 7', we write the two optimization set-valued mappings ¢ : C — 2P and
v : D — 2€ as follows:

¢o(s)={t€D:T(s,t)isan 3= -lower bound of {7 (s,y) : y € D}}, forany s € C,
and
y(t) ={s€C:T(s,t)isan 3= -upper bound of{T (x,t) : x € C}}, for any r € D.
From Definition 3.4, the order upper consistent and order lower consistent properties become the follow-
ing forms for single-valued mappings
(a) T is said to be =-upper consistent on C, whenever, for any ¢1,t, € D, if
T (x,t;) < T (x,t), for every x € C,
then, y (¢;) C y(;). That is, for some s € C, if T (s,#1) is an =-upper bound of {T (x,#;) : x € C},
then T (s,1,) is an »=-upper bound of {T (x,#;) : x € C};
(b) T is said to be =-lower consistent on D, whenever, for any sy, s, € C, if

T(Sl,y) 7 T(s2ay)7 foreveryy EDa

then, @ (s1) C @ (s2). That is, for some 7 € D, if T (s1,7) is an =-lower bound of {7 (s;,y) : y € D},
then T (s2,¢) is an 3=-lower bound of {7 (s,y) : y € D}.
By using the connection (4.1), we have an existence result for order-clustered Nash equilibrium of single
valued mappings as a consequence of Theorem 3.1.

Corollary 4.1. Let (X,=x),(Y,=y) and (Z,%=) be preordered sets. Let C C X and D C 'Y be nonempty
chain-complete subsets and let T : C x D — Z be a single-valued mapping. Suppose that T satisfies the
following conditions:
(i) for every x € C,T(x,-) : D — Z is increasing on D with respect to =y and =,
(ii) for everyy € D,T(-,y): C — Z is decreasing on C with respect to '=x and =;
(iii) T is =-upper consistent on C and =-lower consistent on D;
(iv) for every s € C,(Q(s), = Y) is university inductive in (D,=Y);
(v) foreveryt € D,(y(t),=x) is university inductive in (C,>x);
(vi) there are (so,19),(s1,t1) € C X D witht; € ¢ (so) and s1 € W (ty) such that

so <Xx s1 and to <Xy t1.
Then, T has an =xy-clustered extended Nash equilibrium. That is, there are (xo,yo),(x1,y1) € C X D
with (xo,y0) ~xy (x1,y1) such that
T (x7y0) < T (X17YO) and T(x()?yl) < T (X()7y) ) fOi" all (xvy) € CxD.

Moreover, one has
(a) (&(T),=xy) is a nonempty inductive subset in (C X D, =xy);
(b) T has an =xy-maximal clustered extended Nash equilibrium (x,y0) =xy (50,%0)-

Corollary 4.2. Let (X,=x),(Y,=y) and (Z,%=) be preordered sets. Let C C X and D C'Y be nonempty
chain-complete subsets and let T : C X D — Z be a single-valued mapping. In addition to conditions

(i-vi) in Corollary 4.1, if T satisfies one of the following two conditions:

(vii) (X,%=x) and (Y,=y) both are partially ordered sets;
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(viii)) T : Cx D — Zis »=xy -invariant.

Then, T has an extended Nash equilibrium. That is, there is (xo,yo) € C x D such that
T (xayO) <U T (XOaYO) %D T (Xan) ) fOl" all (x’y) €eCxD.

Moreover, one has

(a) (E(T),=xy) is a nonempty inductive subset in (C X D, =xy);
(b) T has an =xy-maximal extended Nash equilibrium (x,y0) =xy (50,%0)-

4.2. An example. In this subsection, we provide an example of applications of Corollaries 4.1 and 4.2
to the existence of Nash equilibriums of real functions. One of the reasons for us to list it as a separable
subsection is that we will make some different notations to distinct the order-clusters, order-intervals in
ordered sets and the regular intervals in the set of real numbers. Meanwhile, we show in details that how
to use Corollaries 4.1 and 4.2 to prove the existence of Nash equilibriums of real valued functions.

Example 4.1. Let m,n be positive integers. Let R™,R" denote the Euclidean spaces of dimensions m, n,
respectively. Let R denote the set of real numbers. Define a function 7 : R X R" — R by

(xy ZX +Zyj’ forallx-(xl,xz, )GRmay:()’la)’27'--7)’n)€Rn- (42)
i=1 j=

Then, T has a Nash equilibrium (a saddle point).
Proof. For k = m,n, we define an ordering relation -, on R* by the absolute values as follows: for any
1,72 € RK, we say that

ri <k r if and only if ‘I’l‘ < ‘I’g‘ .

~

One can check that > is a preorder on R* . So, for k = m,n, (Rk >k) is a preordered set (notice that,
since >~ does not have the linearity properties on the vector space R¥ , (Rk, Nk) is not a preordered vector
space). For any ry,r, € (R¥, 7z¢) with ry S ra, the Zp-interval in (R, 7) is denoted by

[rlaFZ]ik:{’”ER:rl jkr;jk }’2}. 4.3)
For any q1,¢> € R with q; < ¢, the regular interval in R is denoted by the regular notation
lg1.92] ={qg€R:q1 < g < q2}. (4.4)

For k = m,n, let 6 denote the origin of =, if there is no confusion caused. It follows that, for any
re (Rk, Nk) with r # 6, the >;-cluster in (Rk, Nk) containing r is the sphere in R* with center 6 and
radius |r|. That is,

[r]ik:{(l‘l,tz,.. , Rk Zl i"|2} 4.5)

and q1,q2 € R. By (4.3) and (4.4), the ~;-intervals in (Rk , Nk) are the regions between spheres that can
be represented as follows: for any r,r, € (Rk, Nk) with r; = 12,

k
[rl,rz]tk = {(Il,tz,...,tk) GRk : ’)’1’2 < Zl‘lz < |7'2|2}. 4.6)
i=1
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For the simplicity in this subsection, let 2~,,., denote the component-wise ordering of ~,, and =, on
R™ x R" as defined in (3.1). Then, (R" X R",7Z,+,) is a preorder set. For arbitrary given positive numbers
¢, d,let

m n
C= (xl,xz,...,xm)eRm:inzch and D = (y],yz,...,yn)ER":Zy?ﬁa’2
i=1 j=1

One can check that (C X D, 7Z4) is an -1 ,-bi-chain complete subset of (R™ x R",7,+,). In Corollary
4.1, we take (X,kX) - (Rm?im)a(Y7¢ Y) - (Rn z ) and (Zv%) - (R7Z)‘

y ~oN
Next we check that T satisfies all conditions in Corollary 4.1 on C x D. From the definition of 7 in
(4.2), one sees that, for every x € C,T(x,-) : D — R is increasing on D with respect to =, and >; for
every y € D,T(-,y) : C — R is decreasing on C with respect to -, and >. So, T satisfies conditions (i)
and (ii) in Corollary 4.1. On can check that, for any s € C,

¢©(s)={t€D:T(s,t)isan > -lower bound of {T'(s,y) e R:ye D}} ={6} 4.7)
and, forany r € D
y(t)={s€C:T(s,t)isan > -upper bound of {7T'(x,r) eR:x€C}} ={6}. (4.8)

It implies that T satisfies conditions (iii)-(v) in Corollary 4.1. Take (so,t) = (s1,t1) = (6,0). From
(4.7) and (4.8), we see that condition (iv) is satisfied. It is clear to see that the map 7 : C X D — R is
~m+n-invariant. From Corollary 4.2, T has a Nash equilibrium on C x D (it is clear to see that (60, 6)

~

is the Nash equilibrium of 7" on C x D). Since C x D is arbitrary taken, we can check that (6, 0) is the
Nash equilibrium of 7 on R™ x R". U
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