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A STRONG CONVERGENCE THEOREM FOR THE SPLIT COMMON FIXED-POINT
PROBLEM OF DEMICONTRACTIVE MAPPINGS
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Abstract. In this paper, we introduce an iterative algorithm to study the split common fixed-point problem of demicontractive
mappings in Hilbert spaces. Strong convergence of the proposed algorithm is obtained in Hilbert spaces.
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1. INTRODUCTION

Let H; and H, be two real Hilbert spaces equipped up their own inner product (-, -) and norm || - ||. Let
S:H) — H and T : H, — H, be two nonlinear mappings. F(S) and F(T) stand for the fixed point sets
of S and T, respectively. Let A : H] — H; be a bounded linear operator with its adjoint A*.

The split common fixed-point problem (SCFPP) is to find a point x* € H; such that

x" € F(S) and Ax" € F(T). (1.1)

Specially, if § and T are both orthogonal projections, then SCFPP (1.1) is reduced to the well-known
split feasibility problem (SFP) [1], which consists of finding a point x* such that

x*€C and Ax* € Q,

where C C H; and Q C H, are the nonempty closed convex sets and A is a bounded linear operator. These
two problems recently have been extensively investigated since they play an import role in various areas
including signal processing and image reconstruction (see, e.g., [3, 6, 8, 9, 13, 14, 16, 17] for further
details).

To solve the SCFPP (1.1), Censor and Segal [2] proposed the following iterative method: for any
initial guess x; € Hj, define {x, } recursively by

Xnt1 = S(x, — AA*(I —T)Ax,),

where S and T are directed operators. The further generalization of this algorithm was studied by Moudafi
[5] for demicontractive operators. Under suitable conditions, he proved that the sequence {x, } converges
weakly to a point of the SCFPP (1.1).
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Recently, Wang [11] introduced the following new iterative algorithm for the SCFPP (1.1) of firmly

nonexpansive mappings:

Algorithm 1.1. [11] Choose an arbitrary initial guess xp.
Step 1. Given x,,, compute the next iteration via the formula:

Xnt1 = Xp — Pnlxn — Sx, +A*(I —T)Ax,], n > 0.
Step 2. If the following equality
X041 —Sxp1 +A*(I —T)Axp11]| =0

holds, then stop; otherwise go to Step 1.

Under suitable conditions, Wang obtained a weak convergence result.

Very recently, Yao et al. [18] extended Wang’s [11] result from firmly nonexpansive mappings to
more general demiconstractive mappings. Also they established a weak convergence theorem. Inspired
by the above work, we put forward a question: Can we give a modification of Algorithm 1.1 and get a

strong convergence result for the SCFPP (1.1) of demicontractive mappings? The main aim of this paper
is to give a positive answer to the above question.

2. PRELIMINARIES

Throughout this paper, let R be the set of real numbers and let H be a real Hilbert space with inner
product (-,-), and norm || - ||. Let {x,} be a sequence in H. We denote the strong convergence of {x,} to
x € H by x, — x and the weak convergence by x, — x. Let T be a mapping of C into H. We denote by
F(T) the set of fixed points of 7.

In order to facilitate our investigation in this paper, we recall some definitions as follows.

Definition 2.1. A mapping T : H — H is said to be
(i) nonexpansive if
ITx=Ty| <[x—yl, VxyeH;
(ii) quasi-nonexpansive if F(T) # @ and
1Tx—ql| < lx—gqll, ¥V (x.q) € HxF(T);
(iii) firmly nonexpansive if
|1Tx = Ty|* < [P =yl = [|( = T)x = (I =T)y|*, ¥ x,y € H;

(iv) directed if

I1Tx—gl* < llx—ql* =[x —Tx|*, ¥ (x,q) € H x F(T);
(v) u-demicontractive if there exists a constant i € (—oo, 1) such that

ITx—q|* < |x—ql* + pllx— Tx[]%, ¥ (x,q) € H x F(T),

which is equivalent to

2“ e — T2, @2.1)

<x—Tx,x—q) >
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Remark 2.1. Notice that 0-demicontractive is exactly quasi-nonexpansive. In particular, we say that it is
quasi-strict pseudo-contractive [6] if 0 < u < 1. Moreover, if u <0, every i-demicontractive mapping
becomes a quasi-nonexpansive mapping. Therefore, it is sufficient to only take u € (0,1) in (v) of
Definition 2.1, or as the notion of quasi-strict pseudo-contraction due to [6].

Recall that the metric (or nearest point) projection from H onto C is the mapping P : H — C which
assigns to each point x € H the unique point Pex € C satisfying the property ||x — Pcx|| = infyec ||x —y||.
It is well known [10] that Pcx is characterized by the inequality

(x—Pex,y—Pex) <0, YyeC. 2.2)
Let us also recall that / — T is said to be demiclosed at zero, if for any sequence {x,} C H and x* € H,
we have
X = x*=Tx".
(I-T)x,—0

As a special case of the demicloseness principle on uniformly convex Banach spaces given by [4], we
know that if C is a nonempty closed convex subset of a Hilbert space H, and T : C — H is a nonexpansive
mapping. Then the mapping I — 7 is demiclosed on C. Now the following question is naturally raised:

If T : C — H is quasi-nonexpansive, is / — T still demiclosed on C?

The answer is negative even at O as follows.

Example 2.1. [12, Example 2.11] The mapping 7 : [0, 1] — [0, 1] is defined by

1
Tx= %’.xe[o’i}’ 1
xsinzx, x € (5,1].

Then T is a quasi-nonexpansive mapping, but / — T is not demiclosed at 0.

In fact, F(T) = {0}. For any x € [0, 1], we have

ITx— 0| = \’Sﬁ—o\ <|x—0,
and for any x € (%, 1], we have
|Tx—0] = |xsintx—0| < |x—0|.
Thus 7 is quasi-nonexpansive. Taking {x,} C (3, 1] and x, — 3 (n — ), we have
|(I—T)xp| = |xu[1 —sin7x,]| — 0(n — o).

But 73 = % # 1, ie., (I—T)1#0,s01—T is not demiclosed at 0.

In what follows, we give some lemmas which are needed for our main convergence theorem.
Lemma 2.1. [15] Assume that {a,} is a sequence of non-negative real numbers such that

any1 < (1= Y)an+ %6y + &1, n 20,

where {V,} is a sequence in (0,1) and {6,} is a sequence in R such that
(1) Yoo Y =
(i0) Y=o €n < o
(iii) limsup,_,,, 6, < 0 or X7°_ 11| 6,| < oo.

Then lim,_.a, = 0.
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Lemma 2.2. [6] Assume C is a closed convex subset of a Hilbert space H. Let T : C — C be a self-

mapping of C. If T is a u-demicontractive mapping (which is also called [1-quasi-strictly-contraction in

[6]), then the fixed point set F(T) is closed and convex.

Lemma 2.3. [7] [The demiclosedness principle of nonexpansive mappings] IfV : H — H is a nonexpan-

sive mapping, then I —V is demiclosed at zero.

3. MAIN RESULTS

In this section, we always assume that Hy, H; are real Hilbert spaces. Let S: Hy — Hyand T : H, — H;

be two demicontractive mappings with constants f € (0,1) and u € (0, 1), respectively. LetA : Hy — H,

be a bounded linear operators with its adjoints A*.
We use Q to denote the solution set of problem (1.1), that is,

Q={z:z€F(S)and Az€ F(T)} = F(S)NA"Y(F(T)).

Throughout, assume Q # 0.

Algorithm 3.1. Step 1. Choose an anchor u € H; and initial guess xo € H; arbitrarily.

Step 2. If
||%p — Sxp +A* (I —T)Ax,|| =0

then stop, and x,, is a solution of problem (1.1); otherwise, go on to the next step.
Step 3. Update x,,+; via the iteration formula:

Xnp1 = O+ (1 — 0ty [xy — pn(xy — Sxpn + A (I — T)Axy)],
and return to Step 2.
The following lemma can be found in [18].
Lemma 3.1. 7 solves (1.1) iff ||z — Sz' +A*(I = T)AZ'|| =0
Proof. If 7' solves (1.1), then z' = Sz" and (I — T)Az" = 0. It is obvious that

12" — 87" +A*(1 = T)AZT|| = 0.

To see the converse, we assume that ||z" — Sz + A*(I — T)Az'|| = 0. For any z € Q, we obtain

0 = |z =S +A*(I—-T)AZ'||||z" — 2|
> (=S + A (I-T)AZ' ZF —2)
= (=87 )+ (A (I-T)AZ 7' —2)
= (- SZT ZT )+ ((I—T)AZ A7 — Az).

Since S and T are demicontractive, we deduce from (2.2) that

. 1— . .
(zF =871,z  —2) > 2ﬁHz1 —Sz1?,
and

1— .
((I=T)AZ A — 4z) = =K1 - T)azf|.

3.1

(3.2)

(3.3)
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By (3.1)-(3.3), we get

o
Vv

(77 =872  —2) + (I —T)AZ"  A7T — A7)

1— 1— .
Ll s+ SR ju -, 64

>

Since B, 1 € (0,1), we deduce z" € F(S) and Az" € F(T) by (3.4). Therefore, z' solves the problem
(1.1). The proof is completed. g

Based Lemma 3.1, we may assume that Algorithm 3.1 generates an infinite sequence {x, }, in general
since, otherwise, the algorithm terminates in a finite number of iterations and a solution is found.

Lemma 3.2. Suppose that {x,} is a bounded sequence such that
r}l_r}Iolo ||%n — Sxp +A*(I —T)x,|| = 0.
Then limy,_se || X, — Sxu|| = 0 and lim,,_ ||(I — T )Ax,|| = 0.
Proof. Set y, = x, — Sxn +A*(I — T)Axyn, 24 = Xn — Pnyn- For any z € Q, we get
(VnyXn — 2) = (X — S, X — 2) + (I — T)Axy, Ax,, — AZ).
Since z € F(S) and Az € F(T), ||ys]| — 0 and {x, } is bounded, we have from (2.1) that

1-B

l1—u
5 o = S35l + =10 = T) A% * < Gy, = 2) < [yl otn — 2] = 0.

Therefore, we obtain from 8,1 € (0,1) that lim,_ ||x, — Sx,|| = 0 and lim,_c || (/ — T)Ax,|| = 0. The
proof is completed. g

Theorem 3.1. Let the sequences {0y, } C (0,1) and {p,} C (0,27), where T = %. Assume the
following conditions are satisfied:

(a)  —S and I —T are demiclosed at zero;

(b) X0 Pir < oo

(c)lim,y0o Oy =0 and ) Oy = oo;

(d) lim,, . % =0.

Then the sequence {x,} generated by Algorithm 3.1 converges strongly to a solution z of the problem
(1.1), where z = Pou.

Proof. By Lemma 2.2, we have that F(S) and F(T') are both closed convex. Since A is bounded linear,
A~Y(F(T)) is closed convex. Hence Q is closed convex. Put z = Pou and set y, = x,, — Sx, +A* (I — T )Ax,
and z,, = X, — PnYn-
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First, we show that {x, } is bounded. Indeed, by (2.1), we have

nyxn—2) = (X —Sxn+A* (I —T)Axp,x, — 2)
= (X —Sxp,xn —2) + (I — T)Ax,,Ax, — Az)
1-— 1-—
> P snlr e R 0 -
1_B 2 1—[.1 * 2
min{l —f,1—u} 2 | |iax 2
> ) A (I-T)A
> T (B Sl A U= T )
min{1 - B,1- p} * )
> ) A" (I-T)A
= 4rnax{1,||A||2} (H)Cn xn+ ( ) an) ’
= P, 6.
where
_min{l—ﬁ,l—y}
~ dmax{L[JA]7}
It follows from (3.5) and p, € (0,27) that
||Zn_ZH2 = ||xn_Z_pnYn||2
= b —2l1> =200 (Y, X0 — 2) + P [yl
<l —2)1* = 20ullyall* + oo lyal? (3.6)
= ||xn—ZH2—Pn(2T—Pn)HynH2
< o —zl* (3.7)
From Algorithm 3.1 and (3.7), we obtain
bonst —2l? = flot(u—2)+ (1= 00) (za = 2)|

< opllu—z|P 4+ (1—op)||za— 2l

< oflu— 2P+ (1= o) |bon — 2.
By mathematical induction, we get
[len = 21> < max{lu—z[|?, [lxo — 2}

for all n > 0. Hence {x,} is bounded. From (3.5) and (3.7), {y,} and {z,} are also bounded. By
Algorithm 3.1 and (3.6), we have

I

o1 — 22 1(1 = 06,) (20 = 2) + O (1 — 2)

< (1= 0n)llzn — 2l + 206 (4 — 2,X0 11 — 2)
< (1= 04) [P —2lI* = 2047 (1 = 0) [yl + o7 [lyall?
+204, (U — 2,Xp+1 — 2)
< (1= o) lbon —2lI* + otubn + M, (3.8)
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where M = Supngo{‘|)’n||2} and

by = 20t — 2,001 —2) — 22(1 — 0,) 22 |ly,

2
2yl

Next, we claim that limsup,,_,. b, < 0. Since {b, } is bounded from above, limsup,,_. ., b, is finite. The
condition (b) implies that p, — 0. Then

X1 = Xnl| = [[ @ (u — %) — (1 — @) Pyl < al|te— 4| + pal|ynll — O

due to p, — 0 and @, — 0. Taking a subsequence {x,, } C {x,} such that

limsupby, = lim 201 — 2, xn 1 —2) — 27(1 — 0 ) 2% Ly, |12
n—soo k—reo Oy
: p
= iz, —2) =220~ o) 2 o ) (3.9)

Since {x,} is bounded, we may, with no loss of generality, assume that {x,, } is weakly convergent to
some point x*. Thus

lim (4 — z,x,, —2) = (U —2,x" —2). (3.10)
k—yoo

It follows from (3.9), (3.10) and o, — O that

. P
Jim 2, P
—oo Oy,
exists. Therefore, we obtain from condition (d) that
2 Oy Pry 2
Y ll" = — ==y ||” =0,
I = 2B
that is,
lim ||y, || = lm ||x,, — Sxn, +A*(I — T)Axy, || =0,
k—o0 k—so0
which, together with Lemma 3.2, implies that
lim || x,, — Sxp, || = lim ||(I — T)Axy,|| = 0.
k—yo0 k—yo0

Therefore by the condition (a) we have x* € F(S) and Ax* € F(T), i.e., x* € Q. So from (3.9), (3.10)
and (2.2) we obtain
limsupb, < lim(u—z,x, —z)=(u—2zx" —z) <O0.
n—oo k—roo
Finally, we show that {x, } converges strongly to z = Pou. The condition (b) implies that ¥ p2M <
0. Applying Lemma 2.1 to (3.8) we get from condition (¢) that ||x,, — z|| — O, that is, the sequence {x,}

converges strongly to z = Pou. This completes the proof. g
Remark 3.1. Choose p, = ZT(HJ:I),‘ , Oy = (n+11)s’ % <r<s<1, where

_ mln{l _ﬁ71_.u}

 Amax{L,[JA]2}

These sequences {p, } and {0, } satisfy conditions (b) — (d) in Theorem 3.1.

If S and T are nonexpansive with F(S) # 0 and F(T) # 0, then S and T are demicontractive. By using
Lemma 2.3, the condition (a) in Theorem 3.1 is satisfied. Using Theorem 3.1, we have the following
corollary.
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Corollary 3.1. If S and T are two nonexpansive mappings and Q # 0. The sequences {¢,}, {pn} and
the operator A satisfied the conditions in Theorem 3.1. Then the sequence {x,} generated by Algorithm
3.1 converges strongly to a solution z of problem (1.1), where z = Pou.
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