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1. INTRODUCTION
The split feasibility problem (SFP), which was proposed by Censor and Elfving [1], is to find
x € C such that Ax € Q,

where A : Hi — H; be a bounded linear operator, C and Q are nonempty closed convex subsets of real
Hilbert spaces H; and H», respectively. This problem arises in signal processing, image reconstruction,
and many other important applied fields. A number of image reconstruction problems can be formulated
as the SFP and many iterative algorithms have been introduced to solve the SFP; see [2, 3, 4, 5, 6, 7, 8,
9, 10, 11] and references therein.

In [1], Censor and Elfving used multidistance ideas to study the SFP. Their algorithms involve matrix
inverses at each iteration. In [2], Byrne presented a projection method called the CQ algorithm for
solving the SFP that does not involve matrix inverses as follows:

Xpi1 = Pell —yA* (I — Py)Alx,, ¥V xo € H,

where 0 < y < ﬁ, P (A*A) is the spectral radius of A*A.

In 2010, Xu [12] further studied the CQ algorithm and its convergence via fixed point methods. Xu
[12], and Qin and Yao [10] proved that the problem is equivalent to a fixed point problem of the operator
Pc[l — yA*(I — Pp)A]. They proved that a point x* solves SFP if and only if x* = Pc[I — yA* (I — Pp)A].
Mann’s iterative method have been applied to solve the SFP. However, Mann’s method is only weakly
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convergent in an infinite dimensional space. Indeed, strong convergence is more important in many
engineering fields. To obtain strong convergence theorems, Sitthithakerngkiet et al. [13] studied the
following fixed point algorithm for the SFP

X1 = 0 Yf (%) + (I = 0uB) Pell — YA™ (I = Po)Alxy

where f is a contraction on H and B is a strongly positive bounded linear self-adjoint operator on H with
coefficient 7 > 0, o, C (0, 1) is a slowly vanishing sequence and y > 0 is a constant. Under appropriate
conditions, they proved {x,} converges strongly to a point x* € I', which is also the unique solution of
some monotone variational inequality. As an extension of the split feasibility problem, the multiple-sets
split feasibility problem (MSFP), which was recently introduced [14], is formulated as finding a point x
with the property:

N M
x€()Ciand Ax € () Q;. (1.1)
i=1 j=1
The MSSFP (1.1) with N =M =1 is the split feasibility problem. The multiple-sets split feasibility prob-
lem arises in many practical fields, such as, image reconstruction, signal processing, intensity-modulated
radiation therapy (IMRT) and so on. Recently, the MSFP received much attention and many researchers
proposed fixed point algorithms for solving it; see, [11, 15, 16, 17, 18, 19] and references therein.

As a direct extension of the CQ algorithm, Wang and Xu [20] gave a cyclic algorithm to solve the

MSSFP:
Xny1 = Fey, [1—yA™(I— P, )Alxn
where [n] := n(modp), (mod function take values in {1,2,---, p}). They showed that the sequence {x,}
convergence weakly to a solution of then MSSFP whenever its solution set is nonempty.

In [21], Tang and Liu proposed simultaneous and cyclic iterative algorithms for solving a split common
fixed point problem and applied their main results to the multiple-sets split feasibility problem. Up to
our knowledge, many weak convergence theorems of solutions were established in Hilbert spaces and
Banach spaces. In many subjects, strong convergence is more applicable.

Motivated by the above related results in this field, we propose two hybrid iterative method for solving
the multiple-set split feasibility problem and establish two strong convergence theorems. Our solution
also uniquely solve some monotone variational inequality. The rest of the paper is organized as follows.
In Section 2, we give some basic definitions, propositions and lemmas. In Section 3, we presents our
hybrid iterative methods to solve the MSSFP and obtain strong convergence theorems of solutions.

2. PRELIMINARIES

Throughout the paper, let H; and H; be an infinite dimensional real Hilbert space with inner product
and norm denoted by (-,-) and || - ||. — and — denote the strong convergence and weak convergence,
respectively. In addition, F(T) and @, (x,) denote the fixed point set of 7 and the weak ®-limit set of
the sequence {x, }, respectively, that is, F(T) = {x: Tx = x} and @, (x,) = {u : 3x,; — u}. Below we
gather some basic definitions and results which are needed in the subsequent section.

Recall that a mapping 7 : H — H is said to be p-Lipschitzian with p > 0 if

ITx =Tyl <pllx=yl, VxycH.

If 0 < p < 1,then T is a p-contraction. If p = 1, then T is a nonexpansive mapping.
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Given a nonlinear mapping F : C — H. Recall that F is said to be monotone if
(x—y,Fx—Fy)>0, Vx,yeC.
B is said to be a-strongly monotone if there exists & > 0 such that
(x—y,Fx—Fy) > a|x—y|]>, Vx,yeC.
B is said to be o-inverse strongly monotone (for short, &-ism) if there exists &« > 0 such that
(x—y,Fx—Fy) > a||[Fx—Fy|*>, Vx,yeC.

We can easily see that

(i) if F is nonexpansive, then I — F is monotone;
(ii) if F is an o-inverse-strongly monotone mapping, then it must be é—Lipschitz. Moreover, I —rF
is nonexpansive when 0 < r < 2a.

Recall that P¢ is the metric projection from H into C. Then for each point x € H, the unique point
Fcx € C satisfies the property:

— Pex|| = inf ||x — y|| =: d(x,C).
= Fexi| = inf lx =] =: d(x.C)

Lemma 2.1. ([22]) For a given x € H, we have
(i) z= Pexifand only if (x—z,z—y) > 0,Vy € C;
(ii) 2= Pex if and only if |x —z|* < [lx—y||* = |y -z
(iii) (Pex—Pey,x—y) > ||Pex— Pey||*,Vx,y € H.

2.

It is obvious that Pr is nonexpansive and monotone.

Lemma 2.2. (Demiclosedness principle, [23]) Let T : C — C be a nonexpansive mapping with Fix(T) #
0. If {xn} is a sequence in C that converges weakly to x and {(I — T)x, } converges strongly to y, then
(I —T)x =y. In particular, if y = 0, then x € Fix(T).

Lemma 2.3. ([24]) Let C be a nonempty closed convex subset of a strictly convex Banach space X. Let
S1 and S be two nonexpansivemappings from C into itself with a common fixed point. Define a mapping
S:C—Cby

Sx=081x+ (1—906)Sx, Vx € C,

where O is a constant in (0,1). Then S is nonexpansive and F(S) = F(S1) N F(S2).
Recall that T : H — H is said to be firmly nonexpansive if 27 — I is nonexpansive, or equivalently,
<X—y,T)C—Ty>ZHTX—TyH2, x7y€H-

Alternatively, T is firmly nonexpansive if and only if 7 can be expressed as

_I+S

T
2 )

where S : H — H is nonexpansive.
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Definition 2.1. A mapping T : H — H is said to be an averaged mapping if it can be written as the
average of the identity / and a nonexpansive mapping, that is,

T=(1-a)l+as, 2.1

where o € (0,1) and S : H — H is nonexpansive. More precisely, if (2.1) holds, we say that T is a-
averaged (for short, a-av).

Clearly, a firmly nonexpansive mapping (in particular, a projection) is %—averaged.

Proposition 2.1. (Basic properties of averaged mappings, [3]) Let S,T and V be mappings on H. Then
(i) fT=(1—o)S+aV, where o € (0,1), S is averaged and V is nonexpansive, then T is averaged;
(ii) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive;
(iii) If T = (1 —a)S+ aV, where a € (0,1), S is firmly nonexpansive and V is nonexpansive, then T
is averaged;
(iv) the composite of finitely many averaged mappings is averaged. That is, if each of the mappings
{Tl}f\; | is averaged, then so is the composite Ty ... Ty. In particular, if Ty is oy-averaged and
T, is ap-averaged, where i, € (0,1), then the composite TiT, is o-averaged, where o =
o1+ 0 — 0 0,
(v) if {T:}Y., are averaged and have a common fixed point, then N\, Fix(T;) = Fix(Ty ... Ty);
(vi) if T is a-averaged, then

11—«
| Tx—z||* < [lx—2||> - THTx—xHZ, x€H, z€ Fix(T).

The following proposition summarizes some results on the relations between averaged mappings and
inverse strongly monotone operators.

Proposition 2.2. ([3]) Let T : H — H be a mapping. Then
(i) T is nonexpansive if and only if the complement [ — T is %—ism;
(ii) if T is v-ism, then for y >0, ¥T is %-ism;
(iii) T is averaged if and only if the complement I — T is v-ism for some v > % Indeed, for o € (0,1),
T is a-averaged if and only if I — T is ﬁ-ism.

Lemma 2.4. ([25]) Let H) and Hy be two real Hilbert spaces. Let A : Hy — H, be a bounded linear

operator, and let A* be the adjoint of A. Let C be a nonempty closed convex subset of Hp, and let

G : H, — H; be a firmly nonexpansive mapping. Then A*(I — G)A is a W-ism, that is,
1

TAEM (- QAr—A (- GAY* < (r—y A" = G)Ax—A"(I = G)y)

forall x,y € H.
Lemma 2.5. ([26]) If h: H — R has an L-Lipschitz continuous gradient Vh, then Vh is %-ism.

We know that a linear bounded operator A : H — H is said to be strongly positive if and only if there
exists 7 > 0 such that (Ax,x) > 7||x||* for all x € H. We call such A a strongly positive operator with
coefficient .

Lemma 2.6. ([27]) Let H be a Hilbert space and let A be a strongly positive bounded linear operator
on H with coefficient 7> 0. If0 < § < ||A|| ™", then || — A| < 1—67.
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Lemma 2.7. ([28]) Let H be a Hilbert space. Let f : H — H be a p-Lipschitzian mapping and let
A : H — H be a strongly positive bounded linear operator with coefficient 8 > 0. If ué > np, then

(A —nf)x— (LA=nf)y,x—y) > (U8 —np)x—yI*, xy€H,
that is, UA — N f is strongly monotone with coefficient L& — np.
Lemma 2.8. ([29]) The following inequality holds in a Hilbert space H
e +17 < [Ixl? +2(nx+y),  VxyEH.

Lemma 2.9. ([31]) Let {a,} be a sequence of non-negative real numbers such that there exists a subse-
quence {ay, } of {an} with ay; < a1 for all j € N. Then, there exists a nondecreasing sequence {my} of
N such that limy_,. my = oo, and the following properties are satisfied by all (sufficiently large) number
keN:

Ay, < A1 and ag < Q11
Indeed, my is the largest number 7 in the set {1,2,--- ,k} such that a, < a,+1.
Lemma 2.10. ([32]) Assume that {a,} is a sequence of nonnegative real numbers such that
anp1 < (1 —=by)a, +cp,

where b, is a sequence in (0,1) and {c,} is a sequence such that

(i) Xom1bn =00
(ii) limsup,, ., 3* <0 or Yo [cp| <ee.

Then lim,_.a, = 0.

3. MAIN RESULTS

Lemma 3.1. Let H be a Hilbert space. Let f : H— H be a p-Lipschitzian mapping and let B: H — H
be a strongly positive bounded linear operator with coefficient & > 0. Let C be nonempty, closed and
convex subsets of H. If N0 > yp, then the following variational inequality

(nB—1vf)%,8—x) <0, VxeC. 3.1
has a unique solution. Equivalently, X = Pc(I —NB+ yf)%.

Proof. We show it by contradiction. Suppose that £ € C and ¥ € C are two solution of (3.1) with £ # X.
Then

(nB—vf)%2-%) <0
and
(NB—yf)%5—%) <0.
It follows that
(nB—vf)%—(MB—vf)%,2—%) <0.
From 1 > yp and Lemma 2.7, we obtain

(B—7vf)i—(MB—yf)5,2—%) > (08 —yp)|&—|* > 0.
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This leads to a contradiction. Hence, variational inequality (3.1) has a unique solution and denote it by
x € C. Since

(MB=7f)t,f—x) <0 (- —nB+7yf)f£—x) <0, VxeC,
we can obtain from Lemma 2.1 that £ = Po(I — B+ yf)%. g

Theorem 3.1. Let H, and H, be two real Hilbert space. Let C; and Q; be nonempty, closed and convex
subsets of Hy and H,, respectively, for each 1 <i < N. Let A : Hl — Hj be a bounded linear operator
and let A* : Hy — Hj be the adjoint of A. Suppose that MSSFP (1.1) has a nonempty solution set . Let
f: Hi — Hy be a Lipschitzian mapping with coefficient p > 0. Let B : Hi — H be a strongly positive
bounded linear operator with coefficient & > 0. Let {x,} be a sequence defined as follows:

X1 € Hl,
Yn = Zi\;l NmiPCi (xn - &iA* (1 - PQi )Axn)7 (3.2)
Xn4+1 = an’}/f(xn) + (I_ aﬂnB)yn'

Assume that the following conditions are satisfied:

(i) N6 > vp;
(i) 0 < & < W Vie{l,---,N};
(iii) {a,} C (0,1), limy e, =0, Y5 | 0ty = oo;

(lV) Zi\/:] .u’n,i - 1’ Z::OZ?/:] "ul’l,i _.u’(nfl),i‘ < oo and .un,i > O,fOI" i€ {17 o 7N}

Then {x,} converges strongly to a point x* € I, which is the unique solution of the following variational

inequality
(MB—yf)x*,x*—x) <0, VxeT. (3.3)
Equivalently, x* = Pr(I — B+ yf)x".

Proof. The proof is split into five steps.
Step 1. We show that {x, } is bounded.
Lety, = Zﬁ\’: | M iSixn = Tyx,, where

Si = PCi(I_ éiA*(I_PQi)A)'

Fornay p € I', we have S;p = p, Vi€ {1,--- ,N} and T,,p = p. Since Py, is firmly nonexpansive, we have
from Lemma 2.4 that A*(I — Pp,)A is W—ism. From 0 < §; < W, we have that  — §A*(I — Py,)A is
nonexpansive. Then §; is nonexpansive. Obviously, 7, is also nonexpansive. Then

lyn = Pl = |Toxn — Tup|| < |Ix2 — p|-
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From the condition lim,_,. &, = 0, we may assume that, without loss of generality, ¢, < —L for all n.

n[B|
It follows from Lemma 2.6 that

%211 = pll = [0 Yf (xa) + (I — M B)yn — p|
= [l (7f (x0) —nBp) + (I — &y B) (ya — p)|
< & ||vf(xn) = MBpl| + |11 — 0 Bl|[y, — p|
= ou[|vf (xn) = v (p) +vf(p) —nBp| + 11 — unB| ||y — ||
< o ¥pllxn — pll + ol vf(p) = Bpl| + (1 — 0 ) [[x, — P
= [1 — (N —yp)]llx. — pll + aull¥f (p) —MBp||

(3.4)
|vf(p) —nBpl||
=[1—-o0,(nd— X, — pll +oa(nd — LLLALL e mi e
[ (16 —p)lllxn — pll + 0tu(n S — 7p) 6 —7p
lvf(p) —nBpl|
<maxi||x, —p|, —F———
< {lxn —pll 16 —1p }
lvf(p) —nBpl|
< maxq|xo—p|, —=——— |-
< {llxo = p|l 16 —7p }

Therefore, {x,} is bounded. {y,}, {f(xn)}, {Sixn}, {Tuxn} and {BT,x, } are also bounded.
Step 2. We show that ||x,, — T,x,|| — 0 as n — eo.
Observe that

%41 = Toxn || = O ||V (xn) = NBTux|| — O (as n — o).

So, we only need to prove ||x,+1 — x,|| — 0. Indeed,

%1 = %all = ([0 Vf (%n) + (I — €N B)yn — Cu—1 Y (xn—1) — (I = Ou— 1M B)yn—1]|
= [0 ¥f (xn) = 0¥ (xn—1) + OV (6n—1) — Q1 ¥ (Xn—1) + (I = 0N B) Ty
—(I=onB)T,1xy 1+ (I — 0BTy 1%, 1 — (I — 01N B) T, 1%, 1|
< Y| f (xn) = f o1 + [0 = 1 [ |7 (xn—1)
+ || — 0 B||| Tixn — Th—1Xn—1]| + |0 — Ctu—1 ||| NBT—1X0—1]]
< 0 YP |xn — Xn—1 || + |0 — 1 [[| 7 (1)
+ (1= aund)||Tuxn — Ty—1Xn—1 || + [0ty — Ctu—1 |[|N BT, - 1% —1 |
< 0 YP [l — Xn—1 || + |G — 1 [[| 7 (1)
+ (1= 0n8) (I Twxn — Toxn—1 || + (| Toxn—1 — Tu-1%0-11])
+ |0t — O || N BT 101 |
< 0 YP [0 — Xn—1 || + |0 — Otur |||V (1)

N
+ (1= 0 8) (lxn =t | + 11 X i iSitn—1 = Y M) iSixn—1]])

N
=1

i=1 i

+ |an — O ‘ ”nBTnflxnfl ”
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< 04 YP|lxn — X1 || + [0 — et [[| 7 (xn—1)
N
+ (1= 0 &) (|Pon = xa—1 | + X [Hni — Hgn1) il 11 [])

i=1

+ |0ty — 01 |[[N BT 11|
=[1—= (N6 —yP)]llxn — 01|l + 06 — 1| (| (1) [| + [N BT - 1X0-1]])

N
+ (1= 0y 8) Y [tni — b1y il [ Sixn1 |
~

1

< [1=0(n8 = yp)]llxn = xn-1l[ 4|06 = G [([| VS Cen-1) | + [N BT 10601 1)

N
+ Y i — Hgue) il ISixn—1 |-
i=1

Let
My = sup{||vf (xn—1) || + [MBTo—1 -1 ||, [[Sidtn—1 ]|}

n,i

It follows that

N

Fene1 = xall < [1 = 00(18 = yp)] ltw — xu—1 |+ (ot — Gt [+ Y [ i — a1y DM

i=1
From the conditions Yo 0t = oo, ¥ [0 — Gy—1| < oo and Yoo o ¥V |Mni — fy—1),| < o0 and Lemma
2.10, we obtain

|Xnc1 —Xa]| = 0 (as n — o).

Therefore, ||x, — T,x,|| — 0, as n — eo.

Step 3. We show that @y (x,) CT.

To see this, we take g € @ (x,) and assume that x,, — g as [ — oo for some subsequence {x,, } of {x,}.
We know that 7, = 25\121 Mn,;Si. From the conditions t,; > 0 and Zfil Mni=1,forVie {1,--- N}, we
may assume, with no loss of generality, that

Moy i — M (as 1 —o0), VI <i<N.
It is obvious that each u; > 0 and Zﬁ\’: | 4 = 1. And we also have
Tyx—Tx, VxeH, (asl — o0),

where

M=

T = [,L,'S,'.

i=1
By using Lemma 2.3, we have that T is nonexpansive and F(T) = (Y, F(S;) = I. It follows that

Hxnl - Txﬂz H < ||xnl - Tnlxnz H + HT;UXnI - Txn/ H

N

< me - Tn['xnl H + Z ‘,un[,i - :ui‘ HSixfll H
i=1

—0 (Il = o0).

It follows from Lemma 2.3 that g € F(T) =T, that is, @y (x,) CT.
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Step 4. We show that
limsup((nB — yf)x",x* —x,) <O0.

n—yoo
where x* is the unique solution of variational inequality (3.1).
Indeed, take a subsequence {x;, } of {x,} such that

limsup((nB —yf)x", " —xu) = lim (0B — yf)x",x" =),

n—sco

Since {x,} is bounded, without loss of generality, we may assume that x,, — % € I". Then

limsup((1B8— 7£)x" 5" —x,) = (NB—yf)x".x' — %) < 0.

n—oo

Step 5. We show that x,, — x* (n — o).
From Lemma 2.6 and Lemma 2.8, we have

s = x| = oty (xn) + (I — 0, B)yn —x*|?

= |06 (¥ (%) =M BxX") + (I = & B) (yu —x) ||

< ||(I = 0, B) (yn — ) |* + 20 (¥ (xn) = NBX* X011 —x°)

< (1= 0, 8)?[lyn —x* |1 + 206 (¥ () — NBX", X0 1 — x*)

= (1= 06,1 8)?|lyn = x> + 204, (¥ (%) — ¥/ (x*), X1 —x7)
+200,(yf(x") = MBx", xp 1 —x7)

< (1= 061 8)?[[y = x*|1* 4+ 206,70 [l — 7| [Pn 1 — x|
+200, (Y (x") = MBx", Xy 1 —x7)

< (1= 061 8)? [0 = x*1* + 0 ¥p ([0 = *|1* 4 |1 — (1)
+20,(vf(x*) —NBx*, X1 — X7).

Thus

(1= 0 yp) et — 2|1 < [(1 = 0 8)* + 0 ¥p] [0 — | 4+ 206, (7 (") — NBX",xp1 —x°).
Since N > yp and

1 1
o<, < — < —

nlB|l = nd’
we have 1 —a,,yp > 1 — 16 > 0. Hence
1- on 5)2 + o, Yp 2an
o<l el 20 o -
2041 —x"[|* < 1—ap [0, — x> + l—oc,,ypm/f(x) NBx* X1 — x*)
20,(né —yp) 12 20, . . )
SR Lt LA 20, B -
[ 1= ayp [ — x| +1_anyp<}/f(x) NBx* x,11 —x*)
al% 252 .
L, =
nYP
20,,(n6 —yp .
[N
nYP

N 20,,(n6 —yp) ( (Yf(x*) = mBx*, X1 —X¥)
1—oy,yp né —vyp

+ OCnMg).

143

(3.5)
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where M is a constant satisfying

My = sup{ L2, — x|}
h = ——— || —x .
>0 2(né—yp) "
From the condition ) 0, = oo, lim,, . 04, = 0 and (3.5), we have
o 20,(N6 —7p) _ v
20 MO=TP) . ¥ 20, (05 —1p) = o
ng;) 1 — o, yp n;) "
and
*\ B k _ X
limsup( <7f('x ) n X5 Xn+1 X > +(XnM2) S 0
n—es né —vyp
From Lemma 2.10, we can obtain that ||x, —x*|| — 0 as n — eo. O

Next, we give the other strong convergence theorem in Hilbert spaces.

Theorem 3.2. Let H, and H be two real Hilbert space. Let C; and Q; be nonempty, closed and convex
subsets of Hy and H,, respectively, for each 1 <i < N. Let A : H — Hj be a bounded linear operator
and A* : Hy — H| be the adjoint of A. Suppose that MSSFP (1.1) has a nonempty solution set I'. Let
f: Hy — H, be a Lipschitzian mapping with coefficient p > 0. Let B : H| — H) be a strongly positive
bounded linear operator with coefficient & > 0. Let {x,} be a sequence defined as follows

x| € Hy,
Yp = PC["] (xn — é[n]A* (I— PQ["] )Ax,), (3.6)
Xnt+l = O‘n}/f(xn> + (1— annB)yn~

where [n] = n (mod N) are the mod functions taking values in {1,--- ,N}. Assume that the following
conditions are satisfied:
(i) 16 > yp;
(ii) 0< & < W,forw e{l,---,N};
(iii) {a,} C (0,1), lim, e 0, =0, ¥, 04, = 0.

Then {x,} converges strongly to a point x* € I, which solves variational inequality (3.1).

Proof. First, we show that sequence {x,} is bounded. Let y, = Tjy)xn, where
Ty = Fcy, (I = &A™ (I - P O JA.

Picking any p € T', we have T}, p = p. Since Py, is firmly nonexpansive, it follows from Lemma 2.4
that A*(I — Pp,, )A is W—ism. From 0 < §,;) < W, we have that 7 — §;,)A* (I — P, )A is nonexpansive.
Then T}, is also nonexpansive. It follows that

lyn = Pl = [Ty — Ty pll < X0 — pI-

Using (3.4), we get that {x, } is bounded. Hence {y,}, {f(x.)} and {7}, x,} are also bounded.
Next, we show that ||x, —x*|| — 0 as n — oo, where x* is the unique solution of variational inequality
(3.1). Since A*(I — Py, )A is W—ism, it follows from Proposition 2.1 and Proposition 2.2 that &, A* (I —

i i * . EullAlR
Py, JAis m—lsm, 1= &A™ (1— Py, )A is 2 ]2 -av and

Ty = Pe,, (I = EA™ (I — Pg,, )A
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2+,

. 1A
18 7 -av. Then

[y =261 = || T — "7

o 2+€[11]HA”2
A WHTM% — X2
Tl
a2 EmllAl?
= ||xn — ||2—W||T[n}xn—xn”2.
n

Observe that
et =12 = oty () + (7 = o B)yn —x"
= |low (¥ (x) = NBx") + (I — 0un B) (v —x") |
= 0|7 (xa) — B> +[|(I — 061 B) (v — ) ||?
+200, (VS (xn) =M BX", (I = €M B) (yn — x7))
< 0|7 () = B |* + (1 = 061 8)? [y — 2"
+200, (1 — 0, )|V (%) — M BX"[[[yn — x7]|
2-&llAl?

< ol o) =B P+ (1= ) U = = 52

1T} — xa?)

+204,(1 — aun &) || 7f (x0) — N Bx*[|[Jxn — x7.
Then

22 - g[n] HAH2

1—o,né) ——————
(= end) e TAlP

1T =2l < (1= 0u118) o — "> = [l — "]

+ 053 [[ 7/ (%) — nBx*|) + 200, (1 — 1 &)

X |17 (%n) — nBx" ||| (0 — x7)| (3.7)
< ot =X = [ = x> + 01> 8|l — x|

+ 05317 (%) = nBx*|1 + 20, (1 — ,m 8)

|17 (n) = Bx" || — x|

Next, we analyze inequality (3.7) by considering the following two cases.
Case 1. Assume that there exists ng large enough such that ||x,+1 — x*||? < |jx, —x*||* for all n > ny.

Since ||x, —x*||* is bounded, we have that lim,, .. ||x, —x*||? exists. Since lim, ;e &, = 0,0 < & < ﬁ
for Vn > 1, {x,} and {f(x,)} are bounded, we can obtain
HT[,,]x,, —Xu|] = 0 (n — o).
Since
[ +1 — T[n]an = [|%n11 = Ynll = Q|| Vf (Xn) = NByu|| = 0 (n — o)
we have
|Xn+1 — xn|| = O (n — o). (3.8)

Next, we show that g (x,) CT". To see this, we take ¢ € @ (x,) and assume that x,,, — g as [ — o for
some subsequence {x,, } of {x,}. We may further assume n; = k(modN) for all I. From (3.8), we have
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Xp4j — g for all j > 0. Then

H'xnl+j - T[k-&-j]xnz+jH = ||xn1+j - T[n;-&-j]xnﬁer —0 (as [ — oo)

By Lemma 2.2, we can obtain g € F (T, )) for all j. Hence, g € T, that is, 0y (x,) C I'. The remaining of
the proof is the same as that of Theorem 3.1, we omit it. Therefore, we can obtain that x, — x* (n — o).

Case 2. Assume that there exists a subsequence { [[x,; —x*[|*} of {||x, —x*||*} such that ||x,, —x*[|* <
%41 — x*||? for all j € N. It follows from Lemma 2.9 that there exists a nondecreasing sequence {my}
of N such that limy_,.. m; = oo, and the following inequalities hold for all k € N:

o, =112 < (1 =717 andl [l =12 < 1 =7 (3.9)

Similarly, we can get
HT[mk]xmk 7xm1<|| —0 (n - °°)'

Following an argument similar to that in Case 1, we have @y (x,,, ) C I". Also, we have

limsup((nB — yf)x",x" —xmm,) <0

N
and 20, (15 )
%12 Oy \T1O — ¥P *(12
_ <[1—ZMAt= 77 _
o1 = 1P < [0~ S, |
2O‘mk(775 B yp) ( <}/f(X*) - nBX*axkarl —X*> + amkMZ)-
1— o4, Yp né —vyp
where M is a constant satisfying
252
M = sup{ 5o, — x|},

=0 2(n6 —7p)
By the same argument as in Case 1, we obtain that ||x,, —x*|| — 0 as k — . Using (3.9), we get
||k — x*|| < ||xm, —x*||, Vk € N. Therefore, x; — x* as k — co. This ends the proof. O
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