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A HYBRID ITERATIVE ALGORITHM FOR A SPLIT MIXED EQUILIBRIUM PROBLEM
AND A HIERARCHICAL FIXED POINT PROBLEM
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Abstract. In this paper, we suggest and analyze a hybrid algorithm for finding a common solution of a split mixed equilibrium
problem and a hierarcchical fixed point problem for a finite family of nonexpansive mappings. We prove the strong convergence
of the iterative method under some mild conditions and derive some applications. Finally, we give a numerical example to justify
the main results.
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1. INTRODUCTION

Let H; and H, be real Hilbert spaces and their inner products and induced norms be denoted by (., .)

and ||.

, respectively. Let C C H, and Q C H; be nonempty, closed and convex sets. A mapping S:C — C
is called nonexpansive if

182 = Syll < flx=yll, Vx,yeC.
We denote the set of fixed points of S by Fix(S), i.e., Fix(S) := {x € C: Sx = x}.
Let U : C — H be a nonexpansive mapping. The following problem is called a hierarchical fixed point
problem: find x* € F(T') such that

(x* —=Ux*,x—x")>0, VxeF(T).

For solving a convex minimization problem, hybrid iterative methods are in the spotlight of optimization
theory; see [1, 10, 11, 12, 13, 14, 16, 19, 20] and the references therein. In 2001, Yamada [23] considered
the following hybrid steepest-descent iterative method:

Xmt1 = SxXm — UAn T (Sxim),

where T is a [-Lipschitzian continuous and 1-strongly monotone operator with / > 0, n > 0 and 0 <
u< 21—’27 Under some appropriate conditions, he proved that the sequence {x,,} defined by the descent
method converges strongly to the unique solution of the variational inequality

(T(x"),x—x") >0, Vxe&Fix(S).
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In 2014, Zhang and Yang [24] proposed an explicit iterative algorithm based on the viscosity method
for finding a solution for a class of variational inequalities over the common fixed point set of a finite
family of nonexpansive mappings.

Theorem 1.1. Let H be a real Hilbert space and let T : H — H be [-Lipschitzian continuous and 1-
strongly monotone mapping with 1 >0 and n > 0. Let {S J}IJ"I: | be M-nonexpansive mappings such that
5= ﬂljwzl Fix(S;) # 0 and let V be p-Lipschitzian continuous with p > 0. For any point xo € H, define

a sequence {x,} as:
Xmt1 = O YV (xm) + (I — Ot T)SypSyy—1 - - - ST Xm, Y m >0,

where 0 < yp < Twith T = (21 — ul?), 0 < u < 20, 8" = (1— @)+ @3S for j=1,2,...,M and
@, € (81,8) for some £1,8 € (0,1). If limy, yeo Oy = 0, Yoo 0y = o0 and limy_., |@% — @k =0,
Vm =1,2,-N, then the sequence {x,,} converges strongly to the unique solution x* € E of the variational
inequality:

M

(UT — YV )x*,x—x") >0, Vx € ﬂ Fix(S;).
j=1
Now we consider the following hierarchical fixed point problem (HFPP) for a finite family of nonex-

pansive mappings {S J}ZJ"’: |+ C — C with ﬂ’j‘-”: | Fix(S;) # 0 with respect to another nonexpansive nonself
mapping U : C — H;: Find x* € ﬂl}’[:] Fix(S;) such that

M
(x* —Ux*,x* —x) <0, Vx € (| Fix(S)). (1.1)
j=1

The solution set of the HFPP (1.1) is denoted by ®.

If we set §; = S for j = 1,2,...,M, a self nonexpansive mapping on C, then the HFPP (1.1) reduces
to the following HFPP which is considered and studied by Moudafi and Maingé [17]: Find x* € Fix(S)
such that

(x*—=Ux*,x"—x) <0, VxeFix(S). (1.2)
In 1994, Blum and Oettli [3] introduced and studied the equilibrium problem (EP), which is to find

x € C such that
F(x,y) >0, VyeC. (1.3)
where F : C x C — R is a bifunction. The solution set of problem (1.3) is denoted by Sol(EP). Problem
(1.1) contains many problems, such as, Nash Equilibria problems, complementarity problems, fixed point

problems and variational inequality problems as special cases [1, 2, 6, 7, 8, 12, 14, 19, 20].
Now, we introduce the following split mixed equilibrium problem (SMEP): Find x* € C such that

F(x*,x)+ (fx",x—x") >0, VxeC, (1.4)
and
y* = Ax* € Q which solves G(y*,y) +(gy",y—y") >0, VyeQ, (1.5)

where F': C xC — R and G : O x Q — R are two bifunctions, A : H] — H, is a bounded linear operator
and f: Hy — H; and g : H, — H, be two nonlinear mappings.
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The solution set of mixed equilibrium problem (1.4) is denoted by Sol(MEP) and the solution set of
the SMEP (1.4)-(1.5) is denoted by Q. If f = g = 0 in the SMEP (1.4)-(1.5), then it is reduced to the
following split equilibrium problem (SEP): Find x* € C such that

F(x*,x) >0, VxeC, (1.6)

and
y* =Ax" € Q which solves G(y*,y) >0, Vy€ Q. (1.7)
The SEP (1.6)-(1.7) was initially given by Moudafi [18] and further studied by Kazmi and Rizvi [15].
The solution set of SEP (1.6)-(1.7) is denoted by €2;.
If F =G =0, then SMEP (1.4)-(1.5) is reduced to the split variational inequality problem (SVIP):
Find x* € C such that
(fx*,x—x")>0, VxeC, (1.8)
and
y* =Ax" € Q which solves (gy*,y—y*) >0, Vye€ Q. (1.9)
The SVIP (1.8)-(1.9) was introduced and studied by Censor, Gibali and Reich [5]. The solution set of
SVIP(1.8)-(1.9) is denoted by €.
Recently, Moudafi [18] considered the following split monotone variational inclusion problem (SMVIP):
Find x* € H; such that
0€ f(x")+N(x"), (1.10)
and
y* = Ax* € H, which solves 0 € g(y*) + P(y"), (1.11)

where N : Hy — 21 and P : H, — 2" are multi-valued maximal monotone mappings. The solution set
of SMVIP (1.10)-(1.11) is denoted by 3.
We observe that the problems the SMEP (1.4)-(1.5), the SEP (1.6)-(1.7) and the SVIP (1.8)-(1.9) can
be deduced from the SMVIP (1.10)-(1.11).
If f =g =0, then the SMVIP (1.10)-(1.11) is reduced to the following split null point problem (SNPP):
Find x* € H; such that
0eN(x"), (1.12)

and
y* = Ax" € H, which solves 0 € P(y"). (1.13)

Byrne, Gibali and Reich [4] studied the weak and strong convergence theorems of some iterative
methods for the SNPP (1.12)-(1.13).

In 2017, Kazmi, Ali and Furkan [14] analyzed a Krasnoselski-Mann type iterative method to approx-
imate a solution of a hierarchical fixed point problem (1.2) for nonexpansive mappings and split mixed
equilibrium problem (1.4)-(1.5). They proved weak convergence theorems and also proposed a hybrid
iterative method for split monotone variational inclusion problem (1.10)-(1.11) and hierarchical fixed
point problem (1.1). They proved that the sequences generated by their proposed hybrid iterative method
is strongly convergent in real Hilbert spaces. The weak and strong convergence are different in infinite
dimensional Hilbert spaces and the strong convergence is usually more desirable than the weak conver-
gence. To prove strong convergence of algorithms for the SMEP (1.4)-(1.5) and the HFPP (1.1) is a more
general and interesting problem which motivates our work.
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In this paper, we introduce a hybrid iterative method for finding a common solution of split mixed
equilibrium problem the SMEP (1.4)-(1.5) and hierarchical fixed point problem (1.1)) for a finite family
of nonexpansive mappings. We prove a strong convergence theorem for the proposed iterative algorithm.
We give some applications of the convergence results. We also have given a numerical example. The
results and methods discussed in this paper extend and unify various known results in this field.

2. PRELIMINARIES

We recall some important concepts and results, which will be used later. Let the symbols — and —
denote strong and weak convergence, respectively.
For every point x € Hj, there exists a unique nearest point in C denoted by Fcx such that

[lx = Pex|| < flx—yll, VyeC.
The mapping Fc is called the metric projection of H; onto C. It is known that Pr is nonexpansive and
satisfies

(x—y,Pcx—Pcy) > ||[Pex—Peyl|®, ¥V x € Hy.

Further, Pcx is characterized by the fact Pcx € C and

(x—Pex,y—Pex) <0, VyeC,
which implies that

e —=y[1> = [lx = Pex|® + |y = Pex||, VxeHy, yeC.
Lemma 2.1. For all x,y € Hy, there holds the inequality
bey17 < flell® + 20,0+ ).

Definition 2.1. A mapping f : H; — H; is said to be
(i) monotone if
<fx_fyax_y>205 an}’GHl;
(ii) a-inverse strongly monotone if there exists a constant & > 0 such that
(fx—frx=y) > alfx—fy|>, VxyeH:;

(iif) B-Lipschitz continuous if there exists a constant § > 0 such that

[ fx= syl <Bllx=yll, ¥xyeH.

(iv) ®@-averaged if there exists @ € (0,1) such that S = (1 — @) + @U, where I : H — H, is the
identity mapping and U : H; — H\ is nonexpansive.

If f is a-inverse strongly monotone mapping, then f is monotone and é—Lipschitz continuous.

Lemma 2.2. [9] Let S be a nonexpansive mapping on Hy. Then S is demiclosed at the origin, that is,
{xm} converges weakly to x € Hy and {x,, — Sx,,} converges strongly to 0, then x € Fix(S).

Lemma 2.3. [2] Let C C H| be a nonempty, closed and convex set and let S : C — Hj be a nonexpansive

mapping. Then Fix(S) is closed and convex.

Assumpion 2.1. The bifunction F : C x C — R satisfies the following conditions
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(i) F(x,x)=0, VYxeC;

(&i) F is monotone, i.e., F(x,y)+F(y,x) <0, VxeC;

(iii) For each x,y,z € C, limsup,_,oF(tz+ (1 —1)x,y) < F(x,y);

(iv) Foreachx € C, y — F(x,y) is convex and lower semicontinuous.

Lemma 2.4. [8] Let C be a nonempty closed convex subset of Hy. Assume that F : C x C — R satisfying
Assumption 2.1. Then, for all r > 0 and for all x € Hy, define the resolvent operator S, : Hy — C by

1
Sr(x) = {ZEC:F(z,y)+r<y—z,z—x> >0, VyEC}

Then the following holds:
(i) for each x € Hy, Sy(x) # 0;
(i) S, is single-valued;
(iii) S, is firmly nonexpansive, i.e.,
Her_ SryH2 < <er_ Sryax_Y>a Vx,y € Hy;
(iv) Fix(S,) = Sol(EP);

(v) Fix(S,) is closed and convex.

Lemma 2.5. Let F} : C x C — R be a bifunction with Assumption 2.1 and let S, be defined as in Lemma
2.4. Let x,y € Hy and ry,ry > 0. Then

rn
187, (¥) = Sk ()| < [ly = + n () =yl

Lemma 2.6. [23] Suppose that A € (0,1) and i > 0. Let T : C — C be a I-Lipschitzian continuous and
n-strongly monotone mapping with [ > 0 and 1 > 0. Define a mapping St C—H, by

Stx=Sx—AuT(Sx), VxeC,
where S is a nonexpansive mapping on C. Then S* is a contraction provided u < 12 , Le.,

IS*x = *yl| < (1= A7) [lx =], Vx,y €C,

where T=1—/1—u(2n — pi2).

Lemma 2.7. [21] Let {x,} and {ym} be bounded sequences in a Hilbert space H and let {B,} be a
sequence in [0,1] with 0 < liminf,, . By < limsup,,_,., B < 1. Suppose xu1 = Buxm + (1 — By)ym for
all integers m > 0 and limsup,, .. (||[ym+1 — Y|l — |Xm+1 —xm||) < 0. Then limy_seo ||y — xm|| = O.

Lemma 2.8. [22] Assume that {8,,} is a sequence of nonnegative real numbers such that
5m+l S (1 - ym)sm + O
where {Y} is a sequence in (0,1) and o, is a sequence such that

(1) Loet Yn = oo
(i) limsup,, ., 5 <0 or Yoy O] < .

Then lim,;,_ye0 0, = 0.

Lemma 2.9. Ler {S J}ZJ"I: | be averaged mappings with common fixed points. Then ﬂ]}il Fix(S;) =
Fix(Sy...Sy).
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3. MAIN RESULTS
We prove a strong convergence theorem for the SMEP (1.3)-(1.4) and the HFPP (1.1) in this section.

Theorem 3.1. Let H| and Hy be two real Hilbert spaces and let C C H| and Q C H, be nonempty,
closed and convex subsets. Let A : Hl — Hy be a bounded linear operator with its adjoint operator
A*. Let F :CxC — R and G: Q x Q — R be bifunctions satisfying Assumption 2.1 and let G be
upper semicontinuous. Let mappings f : C — H; and g : Q — H, be 0,-inverse strongly monotone
and 6-inverse strongly monotone, respectively. Let S; : C — C be a nonexpansive mapping for each
j=12,....,M. LetV : C — C be a l-lipschitzian continuous and 1n-strongly monotone mapping with
[ >0andn >0andlet U :C — C be a t-lipschitzian continuous mapping with T > 0. Let 0 < u < 21—’27
and 0 < pt < {, where { = 1 —\/1—pu(2n — ul?). Assume that T = Q@ # 0. Let the iterative

sequences {z, } and {x,,} be generated via the hybrid iterative algorithm:

x0 €C;

Ym =X (X ); Wi =Y (Aym);

Zm = Ym + VA" (Wi — Aym);

X1 = 0uPU (Xm) + BnXm + [(1 = B )] — Qo bV ISy Shy_ 1 -+ - ST'zm, Vm > 0

3.1

where ST = (1 — w;L)Ier,{;Sj, X =58 (I—ruf),Y =S¢ (I—rng) and y € <O,|Alz> @y € (€1,8)
for some &,& € (0,1), {o,} and {B,} are two real sequences in (0,1) and {r,} C (0,c), where
o =2min{ 6y, 6,}, satisfy the conditions:
(i) limy e Oy =0 and Y,»_ ;| Oy = oo.
(ii) 0 <liminfy,_ e By < limsup,, .., Bn < 1.
(iii) limy, e infr, > 0.
(iv) liMyse [@) | — @ = O for j=1,2,...,M.

Then the sequence {x,,} converges strongly to p € T..
Proof. We divide the proof into five steps.
Step 1. Since f : C — H| is 6;-inverse strongly monotone, we have
(= rnf)x—= (= 1 f )y 1Ge=y) = rn(fx— f3)II?

< Hx_yHZ_rM(ZGI _rm)fo_fyH2
< =yl

which shows that (I — r,,,f) is nonexpansive. Similarly, we can show that (I — r,,g) is nonexpansive too.
Hence X = S (I —ruf),Y =S¢ (I — ryg) are nonexpansive. Since I' # 0, it follows from Lemma 2.3
that Fix(SE (I —r,f)) and Fix(SS (I — ryg)) are closed and convex sets. So, Q is closed and convex.
Since ® = ﬂl}/[:] Fix(S;) # 0, we have hat ® is closed and convex. Thus, I" is nonempty, closed and
convex. Let p € " then p € Q. Then Sf:n (I —rmf)p=pand Sffn (I —rmg)Ap = Ap. From (3.1), we have

lym =PI < G = p) = fm = fp)

< ”xm—sz_rm(zel—”m)fom_pr2
< |xm—pl? (3.2)
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Wi —Ap|> < ||(Aym —Ap) — rm(gAym — gAp) |

< N Aym —Ap||* = ru(26; — )| gAym — gAP|1?
< [|Aym —Apl*. (33)
From (3.1) and (3.2), we evaluate
lzm=pI> = lym— PP+ 1YA* (Wi — Aym) | + 2V (m — P A* (Wi — Ay))
< ym=pIP +PIA P Wi — Aym)?
+2Y(Am = P) + (W — AVm) — (Wi — AVm), Win — AVm)
= |lym =2l + VNA P Wi — Ay
71w = API+ 1w — Ayl = A = Ap|: = 2w — Ay
< ym = pIIP = (1= YA Wi — Ay >
< o = plI* = (1= HIA|1?) [ Wi — Ay >
< = pl* (3.4)
Using Lemma 2.6, we get
[mir=pll = llm(pU(xm) — £V () + Bn(xm — p) + [(1 = Bu)l — 0t V]SyySp—1 - - - STzm
—[(1=Bu)l — nptV]SySap—1 --- ST Pl

IN

IN

IN N IA

IN

IN

IN

O [PU () = BV (D) + Brnllxm = pII - I[[(1 = Bn)l = 06nlt VIS Shg—1 - - ST'2m
—[(1 = Bu)l = ot V1S3 Sy - ST pl|

O LV
<1 mk > mem Sz

A |pU (Xm) — LV (P) || + Bunl[%m — Pl + (1 = Br) 1 —B,

__<1_;?fg;> ﬁ»ﬂln.STpH
U i)~ WV P+ Bl I+ (1 o) (1= 25 Y e
GullpU (5n) — 1V () Bl — I+ (1~ B — )l |

@ U (5n) U )+ @l pU (p) — 1V ()| + (1~ 00—
i — Pl + 0U (1)~ 0 (9) (1~ ) i~

(1=t E P |+ @l U (p) — 2V ()]

(1= (€~ p0)lbin — pl + (¢ — pr) LU= EVD]

—pt
‘HPUQﬁ—HVUﬂH}
’ §—pr '

max{uxm—m

By induction on m, we have

U(p)—uv(p)ll }7,,1: 1,2,....

P
- < 2 ’
Pl < max{ . ZXEL L

Therefore, {x,,} is bounded and further it follows that {y,, }, {w} and {z,,} are also bounded.
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lim me-H _-me =0, lim ||xm_)’mH =0,
nm—ro0 m—roo

lim me_ZmH =0, lim ||xm_Wm|| =0.
m—yoo m—eo

Setting X,u+1 = Buxm + (1 — Bu) Wi, Vm > 1, we have

Wm41 — Wm

It follows

O+ 1 n
s = winll = s =l < = U o) |+ IV (S S ST 2

Xm+2 — ﬂm-‘rlxm-i-l _ Xm+1 — ﬁmxm

1 _Bm—H 1— ﬁm
O 10U (X 1) + (1= B 1) = Ot V) Si SiE L ST 2
l_ﬁerl
0P U (xim) 4 (1 = Bu)] — V) S3 Sy - - ST'2m
1= B

Q,
U (1) — V(S ST )|
1_Bm+l

(Xm m om m
1- B [‘LLV( MSM—1---S1'Zm) _pU<XWl)}

+1 gm+1 +1
(smrtgmtl gmbly L smem ST,

Q
_ YmAl |:pU(xm+1) _ uv(sﬁ-&-lsﬁtll B 'ST+1Zm+1):|
1 _Bm+1

O m Qm m
+ [IJV( MSv—1---S1Zm) —pU(xm)}

+

1—Bn
m+1 gm+1 m—+1 m—+1 om+1 m—+1
m—+1 om+1 m+1 m om m

n l_ﬁm—i—l
am m Qm n
e WV (S SHy STz |+ P U G
1—Bn
IS5 S ST = SHShy ST
iz = znll = i1 =l

From the definition of S’}’, we have

185'ST zm —SE"_ISQ"_]ZmII

< (IS5 2 — SEST | 4 (S5 2 — Sy S 2|
<187z — ST 2 || 4 (| SH ST g — ST |
< (A=) zm+ BES1zm — (1 = @)z — @ Siza
(1= @) ST 2+ @S2 ST 2
(1 =@y )ST 2 — @ 15287 2|
< @ — @ (2l + 1S12]])

@ — @ [T 2l + 15287 2]

(3.5)

(3.6)
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From (3.6), we have

R R e

<SS — STSE ST e+ 1STSE ST a5 SE ST

<SS — ST a4 (1 - @)SE ST+ @ S585 ST
(=@ )88 = @S5S

< 1@~ @l + 1S1nl) + 02— G2 [(IS7 2l + 1527 )

@ — @y (1S3 7S |+ (153857 ST 2 )-
By induction on M, we have
1S53 1S — Sy S ST
< @y~ @yl + 1512 l1) + |05 — @5y [ (ST 2l + 118257 2]
+ot @ =@, (1SS
+1SpSml S ). (3.7)

Since limy,—c |GF,{1+1 — @} =0for j=1,2,....Mand {z}, {Szm}, {S1zm} and || S zm|| are all bounded,
we get from condition (iv) that

Tim S35 - Mm — S ism—t sz, = 0. (3.8)
Further, we evaluate
zmet =zmll = [Yms1 + VA (Wit — A1) — Yim — YA" (Win — Aym) |
< ymer = ymll + VIAN U W1 = winll = A1 — Ayml])- (3.9)
It follows that
ymrt =ymll? = X (1) = X Com) |12

= HSin(I—rmf)me _Sfm(l_rmf)mez

< G = %m) = (fXmr — o) I
< Xt = XanlI* = (260 = 1) | f X1 — S|
< g1 = x|l (3.10)
and
W1 =wmll> = [[Y (Aymi1) =Y (Ayw)|>
= IS¢ (I - rwg)Ayms1 — S (I — ring) Ay

I”?

< Ayt — Ayml* — 1 (262 — 1) || gAY 1 — gAY (3.11)

From (3.3), we have

IN

rn(262 = )]~ (|Aym — Apl[* = [lwam — Apl[*)
rn (262 = 1)) (| Ay — Apl| + Wi — AP |Aym — wi
< 20rn(262 — )] " |Al 1y — Pl |AYm — Wil

| gAym — gAp|*

IN

[
[
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From (3.4), we get

A

YA =AW —Ayml> < [bom =PI = llzm — P
< lxm = zml[(llxm = pIl + |z — pII)
< Rluxm_zm”-

where Ry := sup,, {[|x» — p[| + [|zm — p||}. Note that
1% = zm | < [1%m = Y| + [y — 2z (3.12)
Hence
lzm =PI = [lym~+YA* (Wi —Aym) — p|I?
= (Ym+ YA (Wi —Aym) — P,Zm —p)
= S11Om—p)+ 1A v — Ay
+YA* (Wi — Ay ||°]

12+ llzm =PI = 1 n — )

1
= 5 lllym =PI+ llzm = pIP +17A" (win — Aym) |

+2’}/<Aym —Ap,Wp _AYm> - || (Zm _ym) + YA*(Wm _AYm) ||2]

IN

1 \

E[Hym — I+ llzm — PII* + | YA (Wi — Ay ||P

+271|Aym — AP Wi — Ayml| — l|zm — yml|* = | YA (win — Avm) ||
_2'}/<Zm _ymaA*(Wm _Aym))]

1ym =PI = llzm = Yyl * + 21| Aym — Ap|| | Win — Av|

IN

+2V/zm = ym [ A" [ Wi — Ay

IN

1y = PI> = llzm = Y lI> + 2w — Ay | (|| Ay — Ap||
+1A* [ lzm = ymll)

Using (3.2) and (3.4), we get

VAN

lzm = ymll> < lym =PI = llzm =PI + 27| Ay — Apll W — Ay
+2Vl1zm = yul[[|A*[[[[Win — Ay |

< = I = llzm =PI +271|Aym — APl Wi — Ayin
+2Vllzm = yul[[|A*[[[Win — Ay

< 2VlAym = Ap|[[[wm — Ayml + 2¥lzm = ym [ A" [ [ Wi — Ayl
< 2Vllwm — Ayml|([|Aym = Ap || + 1A [ llzm — ym]])
< 2701w — Ayl (3.13)

where Q1 = sup,,{||Aym —Ap|| + ||A*||||zn — Ym||). Further, from (3.4), we have

A

Y= YIA" ) Wi = Ayl < = pI* = llzm = pII?
< Jw = plP = Il — pII> = 0.



A HYBRID ITERATIVE ALGORITHM 159

Therefore,
lim ||wy, — Aym|| = 0. (3.14)
m—soo
Hence from (3.13), we get
lim ||z, — ym|| = 0. (3.15)
m—yoo
Next, we estimate
lym=pI? = 11X(n)—pl?

= HSI;(I—rmf)xm—Sin(I—rmf)sz
< <(I_rmf)xm_(I_rmf)paym_p>

1
= ST =ruf)xm = (= ruf)pIP + llym—pI?

_me —Ym _rm(fxm _fp)HZ]

< 2l 1P+ = I~ =
+20m 05 = Y o = £) = 1| fxm = fpI?]
< 2l pIP =PI~ =
200l =yl P ]
<t I = I =yl + 2l — vl 50— (.16)

From (3.2) and (3.16), we get
[[%m _ym”2 < o — PH2 = [[ym _pH2 + 271X — Y| | f2m — f Pl
< 2rmlxXm = ymllll foxm — £
Further, we have
me*ymH S2”m”fxm*fp|| (3-17)
From (3.2), we get
rn(2600 = )| fom = £P1* < [Pem = pII* = lym — pII?

Therefore, we have limy,_e || fXn — fp|| = 0. From (3.17), we get

lim ||x; — ym|| = 0. (3.18)

m—yoo
Suttituting (3.15) and (3.18) into (3.12), we get

lim ||x,, — zm|| = 0. (3.19)

M—yoo
From (3.7), we get

lim {|gAy+1 — 8Aym|| = 0.
Mm—yoo
From (3.9) and (3.11), we get ||zu+1 — Zm|| < [|[Ym+1 — Ymll and [[Wig1 — win|| < ||Ayims1 — Ayp|. From
(3.10), we get ||zm+1 — zZm|| < ||*m+1 — Xm|| From (3.5), (3.8) and using conditions (i-ii), we get
tim sup (i1 = woll = o1 =20 ) < 0.
m—yoo

Using Lemma 2.7, we have

lim ||wy, — x| = 0.
Mm—roo
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Further using condition (ii), we have

lHm ||x41 — x| = Hm (1= By)||wm — x| = 0. (3.20)
Mm—soo Mm—soo
Step 3. We show that
: _ Qgmgm m —
,}ggonm mSh—1---S1%m| = 0.
From (3.1), we get
[ = SppShg—1 - ST%mll < [ — Xt |4+ 11 — ShrShz—1 - - ST
< v — X1 || 4 [[ 0P U (xm) + BrnXim

+[(1 = Bu)l — amltV]ISyShs—1 - --S1'2m

—SySp—1 -+ - S1%m||

< U=t |+ 0l () = 1V (S5eShiy STz )|
+Bullxn =SSy - Sz
ISt - STz =SSy - ST

< V=1 + Ol (i) — 1V (S5iShiy STz )|
Bl Xm =SSy - SV 2|+ }2m =5

Next, we estimate
o = S4rStt Szl < [ = St |+ o — SHSHh—1 - STz

< =Sl 0P (5) + Bt
(1 = Bu)l — GV 1S5S - STz
—SHSh 1 STz

< =Sl Gl pU (5n) = 1V (S - Sz

+Bmem_ W Irlnfl—l-“STZmH
Further, we have

1
ot — SRSy 1+ Szl < e — ]
1—Bn

o
+1 7"& 1PU (xm) — 1V (SpSpg—1 -+ STzm) |
m
Using condition (i-ii), we have
lim ||x,, —SySy—1---ST'zm|| = 0. (3.21)

m—soo

From (3.19), (3.20), (3.21) and using condition (i-ii), we have
lim ||x,, — SySiy—1 ---STxml|| = 0. (3.22)
m—yoo

Step 4. We show that p €T
First, we show that p € Q. Since y,, = X (xn) =S¥ (I — 1, f)Xm, We have

T'm

1
F(ym,q)+<fxm,q—ym>+7<q—ym,ym—xm> >0, VgeC.

m
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Since F is monotone, we have

1
(fXmsq — Ym) + 7<q—ym,ym —Xm) > F(q,ym), VqeC. (3.23)

m

Hence replacing m with m,, in (3.23), we have

1
<fxmvaq *ymv> + ri<q*YmvaYmv *xmv> > F(Q»)’m‘,) VgeC. (3.24)

my,
Lety; =iy+ (1 —i)p € Cwith0 < i< 1. So, from (3.24) we have
Vi =Yms fy0) = Vi =Yy Y1) — Oi = Ymo» [Xm,)
, — Xm,
_<yl — Ym,» ymlm> +F(yi7ym,,)
T,
= Vi = Ymys i = [Ym,) + Vi = Ymys [Ym, — [Xm,)

,— Xm,
_<Yi —ymv,ym‘rm> +F (YisYm,) (3.25)

my
Since the sequences {x; },{ym},{zm} and {w,, } have the same behaviour, so there exists subsequences

{vm, } of {ym}, {zm,} of {zm}, {wm,} of {wn} and {xy,} of {xu} such that z,, — p,wm, = p, X, — p
and y,,, — p. Since lim,_,e ||ym, — X, || = 0 and f is lipschitz continuous, we have

lim || fym, — fxm,|| = 0.
V—soo

Further since liminf,_,. r,,, > 0, there exists a number r > 0 such that liminf, .., = r. It follows that

lim Y, = Xm, | < limy oo ||y, — Xim, |
v—yoo T'im, - lim, ;e inf7yy,
1 .
= 7llm ||ymvi'xmv‘| :O'
7 v—oo

From the monotonicity of f and lower semicontinuity of F', we have from (3.25) that

i =P: fyi) 2 F(yi, p) as v — oo

and
0 < F(iw)
< iF(yig) + (1 =0)F (i, p)
< iF(yig) + (1=0){yi— P, fyi)
= iF(yi,q)+(1—0)ilg—p,fyi)
Hence,

0<F(yig)+(1—i){qg— P, fyi)
Letting i — 0., we have
F(p.q)+{a—p.fp) =0, VqeC.

This implies that p solves problem (1.3). Since A is bounded linear operator, we have Ay,, — Ap.
Now setting wy,, = Ay, — YAyp,, it follows from (3.14) that lim,_,ce Wy, = 0 and Ay,,, — Wi, = YAy, .
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Therefore from Lemma 2.4, we have

G(Aymv - Wmv’ r) + <gAymv7 r— (Aymv - Wmv)>
1 (3.26)
+ r<r— (Aym, — Wi, ), AVm, — Wm, —Aymv> >0, Vreo.

m,

Note that G is upper semicontinuous in the first argument. Taking limsup in (3.26) as v — oo and using

liminf, . 7y, > 0, we get
G(Ap,r)+(r—Ap,fAp) >0, VreQ.

which implies that § = Ap solves problem (1.4) which shows that p € Q and thus p € T".
Next we show that p € ®. Since {®@} is bounded for j = 1,2,..., M, we assume that @;, — @, as
t — oo, where 0 < @/ < 1for j=1,2,...,M. Let ST = (1 — @)+ ®LS;, for j=1,2,...,M. Then

Fix(S7) = Fix(S;) for j =1,2,...,M.
Since
17 p=S5pl = (0—a))p+@]S;p—(1-0L)p—@LS;p||
@] —aL|(l|lp]+1S;pl),

IN

we get
lim sup |8 p— ST p|| =0, (3.27)
t*}waD

where D is an arbitrary bounded subset of H;. Since S7 is . -averaged for j =1,2,...,M, we have from

Lemma 2.9 that ﬂl}il Fix(S7) = Fix(STS5 ... Sy). Since {x,} is bounded, there exists a subsequence

{xm, } of {x;n} such that x,,, — y as t — co. Further, we have

mez_S;o/IS;I—l-“STxml” S H‘xm/_Slnl;lItST/]t—l "'Sqnt'xth

Sy S, = SErSEr 1 S}t

IS5 ST 1Sy, — S5SFa 1 ST |

1Xm, — Sy iy -+ - ST %m, ||

1180 Spi—1 -+ ST %m, — SypSaz—1 - - S1" Xom |

87" %m, — ST, |

[, — STESTE ST |

IN

IN

iy

+sup |[Sy p—Sypll + sup [IS7'p— ST, (3.28)
pED’ pED//
where D' is a bounded subset including {S7"x,, } and D" is a bounded subset including {x,, }. From
(3.22) and (3.27), we get

lim ||x,, —SySi—1 -+ - ST%m, || = 0.
m—yoo

From Lemma 2.2, we have y € Fix(S3;S5_; ---S7)-
Step 5. Finally, we claim that
lim sup((1V — pY)p, p —xm) < 0.

m—oo
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‘We have

lim sup((uV —pU)p,p—xn) = lim (uV —pU)p, p—xn,)
0.

IN

Next, we show that x,,, — p as m — oo,

i1 =7 = lm(pU () = 1V (7)) + Bunim — ) + [(1 = B — 06 ptVIS3i STy - ST'2m
—[(1= Bl — tuptVISy Sy - STBI

1B (i — 1) + [(1 = B )T — ot VISTESTE 1. ST 2

—[(1 = Bo)I — V1S3 .. ST I

+20(pU (xin) — 1V (), Xm+1— P)

7] OCmuV m Qm m

2
o UV
—(1— mt >51"41'\"4—1-~S'1"15

IN

IN

1—Bn
+20p (U (xm) = U(4), Xmi1 — P) + 20 (pU (P) — UV (D), Xm+1 — P)

(Bl g1+ (1 o) (125 )uzmpn)z

IN

1= Bn
1204 [ — Pl |1 — Pl + 206 (PU (5) — 1V (5), X1 — )
(Bulbem = Bl + (1 = B = 06 &) 2w = B + Cmp & (|6 — P> + 1 — BII*)
+204,(pU (p) — UV (D) Xm+1 — P)
= [(1=0w&)* + 0w ]|xm — pII* + Cnp S X1 — B
+20,(pU (D) — UV (D), Xm+1 — P)
=[O

1—oy,po

IN

IN

i (1_23,’:,1,)0) (PU(P) — BV (P), i1 — )

_ <1_2<C—fw>%>||x,,,—p||2+<°‘%2> o — AP

1—oupo 1—aupo

Z(X,%lgz —112 2am _ _ _
+<1—ampa>||xm_p” + <1_amp6> (PU(P) = LV (D) Xmi1— P)

<1_2(C_p")0‘m) e — 52 + <2otm(C—p6)){2(amCz .

l—a,po l—a,po T—pO)

H(os ) (PUP -0V -1 ) |

= (1= 2m)llxm *ﬁH2 + XmOm,

IN
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2 -po)au,

T=opo and

where M| = sup{||x, — p||*|m > 0}, xm =

an’ 1 _ _ _
On=——"-7"M 7< U(p)—uT(p), — >
"= 2T o) T T po \P (P) —MUT (D), Xm+1 — P
Since Y — 0,3, _g Xm = o and limsup,, ., 6, < 0. By applying Lemma 2.8, we get x,, — p as m —
oo, O

Now we give some results from Theorem 3.1. First, we give an iterative method to find the common
solution of the HFPP (1.1) and the SEP (1.5)-(1.6).

Corollary 3.1. Let H; and H, be two real Hilbert spaces. Let C C Hy and Q C H, be nonempty, closed
and convex subsets. Let A : H) — Hy be a bounded linear operator with its adjoint operator A*. Let F :
CxC—RandG:QxQ — R be bifunction satisfying Assumption 2.1 and let G be upper semicontinuous
and let S; : C — C be a nonexpansive mapping for each j=1,2,... .M. LetV : C — C be a l-lipschitzian
continuous and M-strongly monotone mapping with [ >0 and 1 > 0 and let U : C — C be a t-lipschitzian
continuous mapping with T > 0. Let 0 < p < 21—? and 0 < pt <, where { =1 —+/1—p(2n — ul?).
Assume that Ty = Q) (@ # 0. Let the iterative sequences {z,, } and {x,,} be generated by hybrid iterative
algorithm:

xo € C;
Zm = SE (xm +YA*(SS —1)Ax);
X1 = P U (x) + B + [(1 = B )T — 0tV S5y Shy 1 - - ST 2m, Vm > 0

where 87 = (1 — (D',{;)I—}— Gf,{,Sj, VAS (0, |A1|2>, o € (&1,&) for some &1,E, € (0,1), {0y, } and { By} are
two real sequences in (0,1) and {ry,} C (0,0) satisfy the conditions:

(1) limy 00y =0and Y| @y = oo.
(2) 0 <liminf, e By < limsup,, ., Bn < 1.

(3) limy_einfr, > 0.

(4 —@)|=0forj=1,2,....M.

) limyseo [@)

Then the sequence {x,} converges strongly to p € T'}.
Proof. Setting f = g = 0in Theorem 3.1, we have the conclusion immediately. O
Next, we give an iterative method to find a common solution of HFPP (1.1) and the SVIP (1.7)-(1.8).

Corollary 3.2. Let Hy and Hy be two real Hilbert spaces. Let C C Hy and Q C Hy be nonempty,
closed and convex subsets. Let A : Hl — Hy be a bounded linear operator with its adjoint opera-
tor A*. Let mapping f : HA — H, and g : Hy — H, be 0i-inverse strongly monotone and 6,-inverse
strongly monotone, respectively. Let S; : C — C be a nonexpansive mapping for each j=1,2,... M. Let
V :C — C be a l-lipschitzian continuous and M-strongly monotone mapping with [ > 0 and n1 > 0 and let
U : C — C be a t-lipschitzian continuous mapping with T > 0. Let 0 < u < 21—2 and 0 < pt < §, where
¢ =1—+/1—pu2n — uk?). Assume that Ty = Qo (D # 0. Let the iterative sequences {z,,} and {x,}
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be generated by hybrid iterative algorithm:
x0 €C;
Y =X (Xm)swim =Y (Ayn);
Zm = Ym + VA" (Wi — Aym);
Xmt1 = CPU (X)) + B + [(1 = B) I — 0tV |SH ST (.. ST 2, Ym > 0

where ST = (1 — o) + ai,{;Sj, X =Pc(I—rnf),Y =Po(I—rng), Y€ <O, |Alz> @i, € (E1,&) for
some &1,& € (0,1), {a,} and {Bn} are two real sequences in (0,1) and {r,} C (0,a), where ot =
2min{ 6y, 6}, satisfy the conditions:

(1) limy e 0y =0and Y7 Oy = oo.

(2) 0 < liminfy, e B < limsup,,_,., B < 1.

(3) limy_einfr, > 0.

(4) limy e |@) | — @4 =0for j=1,2,....M.
Then the sequence {x,,} converges strongly to p € I',.

Proof. Setting F = G =0, we get an = Pc and Sf; = Pp in Theorem 3.1. O

Further, we give an iterative method to find a common solution of the HFPP (1.1) and the SMVIP
(1.9)-(1.10).

Corollary 3.3. Let H; and H, be two real Hilbert spaces. Let C C Hy and Q C Hy be nonempty, closed
and convex subsets. Let A : Hl — H, be a bounded linear operator with its adjoint operator A*. Let
N :Hy — 2" and P : Hy — 2™ be the multi-valued maximal monotone mappings. Let mappings f : C —
Hy and g : Q — H; be 0-inverse strongly monotone and 6,-inverse strongly monotone, respectively.
Let S; : C — C be a nonexpansive mapping for each j=1,2,... .M. LetV : C — C be a l-lipschitzian
continuous and M-strongly monotone mapping with [ >0 and 1 > 0 and let U : C — C be a t-lipschitzian
continuous mapping with T > 0. Let 0 < u < 21—? and 0 < pt <, where { =1 —+/1—p(2n — ul?).
Assume that I's = Q3 (@ # 0. Let the iterative sequences {z,, } and {x,,} be generated by hybrid iterative
algorithm:

xo € C,
Ym = X(xm);wm = Y(Aym)§
Zm = Ym + YA (Wi — Aym);
X1 = P U (x) + B + [(1 = B) I — otV SHShy 1 - . ST'2m, Y > 0
where ST = (1 — )+ @hS;, X = INI=Af),Y =J2(I—Ag), y€ (O, Al|2>,0)',£ € (&1,&) for some
&1, €(0,1), {ay, } and { B} are two real sequences in (0,1) and {1} C (0, ), where o« =2min{ 6y, 6, },
satisfy the conditions:
(1) limy e @y =0and Y, _ | Oy = oo.
(2) 0 <liminfy, e B < limsup,, . Bn < 1.
(3) limy e |@;,, | — @ =0 for j=1,2,...,M.
Then the sequence {x,,} converges strongly to p € T'3.
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Last, we give an iterative method to find a common solution of the HFPP (1.1) and the SNPP (1.11)-
(1.12).

Corollary 3.4. Let H| and Hj be two real Hilbert spaces. Let C C Hy and Q C H, be nonempty, closed
and convex subsets. Let A : Hl — H, be a bounded linear operator with its adjoint operator A*. Let
N :H; — 2" and P : Hy — 2™ be the multi-valued maximal monotone mappings and let S i:C—=C
be a nonexpansive mapping for each j=1,2,....M. LetV : C — C be a l-lipschitzian continuous and
n-strongly monotone mapping with 1l > 0 and n1 > 0 and let U : C — C be a t-lipschitzian continuous
mapping with T > 0. Let 0 < u < 21—’27 and 0 < pt < §, where { = 1 — /1 —pu(2n — wi?). Assume that
[y = Q4P # 0. Let the iterative sequences {z, } and {x,,} be generated by hybrid iterative algorithm:

xo € C;
Zm = Jiv(xm + }/A*(Jf —D)Axp);
X1 = P U (x) + Bnxon + [(1 — B )] — 0tV S5 Shy 1 - - ST 2m, V. > 0

where S = (1 — w;ﬁ)l+w,!;sj, ye <0, |A1|2> @3 € (£1,8) for some E1,& € (0,1), {04} and { B} are
two real sequences in (0,1) and {A} C (0, @), where o =2min{ 0y, 6}, satisfy the conditions:

(1) limy e @y =0and Y, Oy = oo.

(2) 0 < liminfy_ e By < limsup,, ... Bm < 1.
(3) limy e |@;,, | — @| =0 for j=1,2,...,M.
Then the sequence {x,,} converges strongly to p € I'y.

4. A NUMERICAL EXAMPLE

Now we give a numerical example which illustrate Theorem 3.1.

Let H; = H, = R, the set of all real numbers with the inner product defined by (x,y) = xy, Vx,y € R
and standard norm |.|. Let C = [0, +),0 = (—o0,0] and let F : Cx C — R and G: Q x Q — R be defined
by

F(x,y) = x2+y2—3xy, Vx,y€eC,
G(u,v) = 2u*—=3*+5uw, Yu,veQ.

flx) = x+2, VxeH,
glu) = Su, Yué€H,,

respectively. Let the mapping A : H; — H> be defined by A(x) =2x,Vx€ HyandS;:C—-C,V:C—C
and U : C — C are defined by S;x =0 for j=1,2,...,M,V(x) =2xand U(x) = 5 + 1, Vx € C. It is easy
toseethatw:%,n:lzl HenceO</.L<21—2:1.PutuzlwegetC:1—\/1—;1(217—;112):1.
From 0 < pt < {, we have 0 < p <2, i.e., p € (0,2). Without loss of generality, we put p = 1. Let

1 2m—1 1 |
:W,ﬁm: :*andwr{l:*

O 3z M3 3
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TABLE 1. Results for different initial values

No. of iterations | x,, Xm Xm
xo=—15x=1|x=2
m=1 -1.2540 0.5318 | 1.0637
m=5 -0.6937 0.2370 | 0.4741
m=10 -0.3556 0.1245 | 0.2489
m=15 -0.1867 0.0583 | 0.1165
m=20 -0.0874 0.0312 | 0.0623
m=25 -0.0467 0.0148 | 0.0295
m=30 -0.0222 0.0080 | 0.0159
m=35 -0.0119 0.0038 | 0.0076
m=40 -0.0057 0.0021 | 0.0041
m=45 -0.0031 0.0010 | 0.0020
m=50 -0.0015 0.0005 | 0.0011
m=55 -0.0009 0.0003 | 0.0005
m=60 -0.0004 0.0001 | 0.0003
m=65 -0.0002 0.0000 | 0.0001
m=70 -0.0000 0.0000 | 0.0000
=
——r2 ||

L L L
40 &0 B0

No. of lterations

7a

FIGURE 1. The convergence of x,, with three initial values

for each j = 1,2,...,M. The sequences {@y}, {Bn}, {rm} and {@}} satisfy conditions (i)-(iv). Since
Six=0for j=1,2,...,M and Ax = 2x for every x € R, we have

M
() Fix(s;) = {0}
j=1

and A is a bounded linear operator with A* = A and ||A|| = 2 and hence y € (0, ;). Therefore, we choose

y = 0.2. Further f,g both are 1 and % inverse strongly monotone mappings and hence {r,} C (0, ),
where & =2min{1,1} = %. So we take A = %, which yields that ® = sol(HF PP) = {0}.
All codes were written in Matlab. The values of {x,,} with different m are given in Table 1.



168 S. HUSAIN, N. SINGH

5. CONCLUSION

In this paper, we derived an iterative algorithm for finding a common solution of a split mixed equilib-
rium problem and a hierarchical fixed point problem for a finite family of nonexpansive mappings. We
proved that the iterative algorithm converges strongly in Hilbert spaces. Finally, we presented a numer-
ical example to clarify our main result. The method and results presented in this paper generalize and

improve the corresponding results announced recently.
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