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Abstract. In this survey paper, we give a detailed introduction to some of the recent developments in the
field of vector variational inequalities and related problems. By giving several examples and presenting
the necessary mathematical background and theories, the survey attempts to draw a broad audience and
is accessible to students in mathematics and engineering. In doing this, we will study several scalariza-
tion methods for vector variational inequalities, which are necessary, sufficient, or both, for the original
problem. We further analyze topological and algebraical properties of the solution set. In particular, the
existence of solutions is discussed by presenting several existence results. For this purpose, coercivity
conditions ensuring, in a certain sense, the boundedness of the data of the vector variational inequal-
ity are required. We will further give a precise overview about existence results and techniques, which
are known in the literature. Besides that, we analyze a regularization method for non-coercive vector
variational inequalities, which consists of approximating solutions of non-coercive problems by a family
of regularized vector variational inequalities. After that, we will study relations between vector vari-
ational inequalities and multi-objective optimization problems. Motivated by the duality principle in
optimization, we also investigate two inverse vector variational inequalities. Furthermore, we consider
gap functions for vector variational inequalities, which enable us to study equivalent optimization prob-
lems instead. A completely different approach consists of replacing the vector variational inequality by a
parametric system or intersection problem. The idea of image space analysis is to study the vector prob-
lem in the image space, using one of the previous reformulations. Since vector variational inequalities
are ill-posed in general, in the sense that they may either have no solution or multiple solutions, we study
stability and sensitivity analysis results. Especially continuity properties of the corresponding solution
mapping are investigated. Finally, we give a brief analysis of stochastic vector variational inequalities,
generalized problems and numerical methods.
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1. INTRODUCTION

In 1959, A. Signorini posed a contact problem in linear elasticity, which he called ”problem with
ambiguous boundary conditions”. Some years later, in 1963, his student and friend G. Fichera gave a
complete proof of the existence and uniqueness of a solution by formulating it as a variational inequality;
see [91]. To honor his teacher, Fichera named the problem, proposed by Signorini, ”Signorini problem”.
In addition to that, Fichera used in [91] the term ”variational inequality” for the first time. One year
later, the first cornerstone for the theory of variational inequalities was posed by G. Stampacchia [181]
in order to study the regularity problem for partial differential equations, compare also [103, 144] for
some of the main contributions of Stampacchia in the field of variational inequalities. Within the last
years, variational problems have turned out to be a powerful tool in many fields of applied and industrial
mathematics. Some prolific applications can be found, for example, in structural mechanics, physics,
economics, optimization, and many other fields; see [69, 103, 113, 144, 171, 199] and the references
therein. For this reason, the mathematical literature dedicated to variational inequalities is extensive, and
the progress made in the past decades is impressive.

Later, in 1980, F. Giannessi [96] extended the notion of variational inequalities to the one of finite-
dimensional vector variational inequalities. He further provided some applications to alternative theo-
rems, quadratic programms and complementary problems. Within the last 40 years, vector variational
inequalities have turned out to be a powerful tool for studying numerous mathematical models in applied
and industrial mathematics, for example, in multiobjective optimization and related fields which consist
of the simultaneous investigation of contrary tasks; see [12, 73, 99, 108]. Compare also [200] for further
references.

Motivating example. Let us investigate the following prominent problem: given a non-empty, closed
and convex subset of R2 and a point a1 ∈ R2 \C, we are looking for the best approximation of a1 (to the
set C w.r.t. the Euclidean norm ‖ · ‖2), i.e. we consider the following optimization problem: find x ∈C
with

‖x−a1‖2 ≤ ‖y−a1‖2, for every y ∈C.

C

y

xx
a1

FIGURE 1. Geometric interpretation of a variational inequality

Figure 1 indicates that the best approximation of a1 is characterized by the following observation:
x ∈C is the best approximation of a1 if and only if for all y ∈C, the angle between x− a1 and x− y is
greater than 90◦, or equivalently,

](x−a1,x− y) =
〈x−a1,x− y〉
‖x−a1‖2‖x− y‖2

≤ 0, for every y ∈C.
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Therefore, finding the best approximation of a1 is equivalent to solving the following variational in-
equality: find x ∈C such that

〈x−a1,y− x〉 ≥ 0, for every y ∈C.

Let a2 ∈C be another point. We are now looking for all points x ∈C such that the Euclidean distance
between x−a1 and x−a2 is minimal simultaneously. Here, minimization is understood in the sense that
it is impossible to decrease the distance to a1 (or a2, respectively) without increasing the distance to a2

(or a1, respectively) at the same time. As illustrated in Figure 2, the element x̃ is non-minimal since
one can shift it upwards which would cause a decrease of the distance between x̃ to the points a1 and a2

simultaneously. As we can see in the figure below, an element x ∈ C is optimal if for every y ∈ C the
angles x−a1 and x− y as well as x−a2 and x− y are not bigger than 90◦ at the same time, that is, either
](x− a1,x− y) ≤ 0 or ](x− a2,x− y) ≤ 0 for every y ∈C. However, this is equivalent to saying that
x ∈C is a solution of the following vector variational inequality: find x ∈C such that(

〈x−a1,y− x〉
〈x−a2,y− x〉

)
/∈ − intR2

≥, for every y ∈C.

It should be noted that the solution set of the vector variational inequality is given by the line segment
[a1,a2]∩C; compare Figure 2.

C
a1

a2

x̃

y

FIGURE 2. Geometric interpretation of a vector variational inequality

To be precise, let X and Y be real Banach spaces, let C be a non-empty, closed and convex subset of
X and denote by K a proper, closed, convex and solid cone in Y ; compare Section 2 for basic notations
and useful definitions, which we will use in this paper. Given a mapping F : X → L(X ,Y ), which maps
into the space of linear and bounded operators from X to Y , the vector variational inequality, which will
be studied in this survey, consists of finding an element x ∈C such that

〈Fx,y− x〉Y /∈ − intK, for every y ∈C. (1.1)

In the above, 〈Fx,y− x〉Y := (Fx)(y− x) denotes the evaluation of the mapping Fx at y− x. Clearly, if
we let X := Rl , Y := Rk and K := Rk

≥, and use the identification L(Rl,Rk) = Matk×l(R), problem (1.1)
recovers the following finite-dimensional vector variational inequality: find an element x ∈C such that 〈F1x,y− x〉

...
〈Fkx,y− x〉

 /∈ − intRk
≥, for every y ∈C. (1.2)

Clearly, F = (F1, . . . ,Fk)
> is a mapping from Rl to Matk×l(R). Further, 〈·, ·〉 denotes the scalar product

in Rl and Rk
≥ denotes the Pareto cone in Rk. However, by letting Y := R and K := R≥ in the vector
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variational inequality (1.1), where R≥ denotes the set of non-negative real numbers, the mapping F
becomes an operator from X to L(X ,R) = X∗. Thus, problem (1.1) recovers the following variational
inequality as special case: find an element x ∈C such that

〈Fx,y− x〉X∗,X ≥ 0, for every y ∈C. (1.3)

Here, 〈·, ·〉X∗,X denotes the duality pairing between X and X∗.
In Section 2 of this paper, we are going to recall very basic definitions and results from the field of

convex analysis, linear and non-linear functional analysis and multi-objective optimization, which will
be frequently used in this paper. We will further investigate some fundamental properties of the vector
variational inequality (1.1); see Section 2.4.

Section 3 is devoted to the study of scalarization methods and related techniques for problem (1.1)
and (1.2), respectively. By introducing a scalarization function

ψ : Y → R,

one of the most powerful methods for vector variational inequalities is to study so-called scalar varia-
tional inequalities. In this setting, the variational inequality, depending on the scalarization function ψ ,
consists of finding an element x = x(ψ) ∈C such that

ψ
(
〈Fx,y− x〉Y

)
≥ 0, for every y ∈C.

Two types of scalarization functions have turned out to be very useful for vector variational inequalities:

1. Linear scalarization: if ψ = s∈Y ∗ is a linear and continuous functional from Y to R, the resulting
scalar variational inequality becomes: find an element x = x(s) ∈C such that

〈s◦Fx,y− x〉X∗,X ≥ 0, for every y ∈C. (1.4)

It should be noted that s◦F maps from X to X∗. If in addition, s belongs to the dual cone of K,
then problem (1.4) is necessary for the vector variational inequality (1.1).

2. Non-linear scalarization: for ψ = ϕK,e, where ϕK,e denotes the Tammer-Weidner function, the
resulting scalar variational inequality becomes: find an element x ∈C such that

ϕ
K,e(〈Fx,y− x〉Y

)
≥ 0, for every y ∈C. (1.5)

In contrast to linear scalarization, it will turn out that problem (1.5) is equivalent to the vector
variational inequality (1.1).

In Section 4, we are going to investigate several topological and algebraical properties of the solution
set of problem (1.1) and (1.2), respectively. Some of them are compactness, convexity, connectedness
and semi-algebraicness. These properties will be frequently used within the following sections.

In Section 5, we will be concerned with existence results for vector variational inequality (1.1). Within
the last years, many researchers have proposed several existence results for problem (1.1) and general-
izations. However, a careful study shows that only a handful of different techniques are used. In order
to guarantee that vector variational inequality (1.1) has a solution, a so-called coercivity condition is
needed, that is, the data of problem (1.1) have to be regular in a certain sense. Some frequently used
coercivity conditions for vector variational inequality are the following:

1. The constraining set C is bounded.
2. F is v-coercive, that is, there exists a non-empty and compact subset B of X and an element

y0 ∈ B∩C such that

〈Fy,y0− y〉Y ∈ intK, for every y ∈C \B.
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3. C is unbounded and F is weakly coercive, that is, there exists an element x0 ∈C and a functional
s in the quasi-interior of K∗ such that

lim
‖x‖X→+∞

x∈C

〈s◦Fx− s◦Fx0,x− x0〉X∗,X
‖x− x0‖X

=+∞.

Hence, in case that problem (1.1) is non-coercive, one cannot apply the existence results, which are
known in the literature. For this purpose, we will study a regularization method instead. To be precise,
let a mapping R : X → L(X ,Y ) and a sequence {εn} ⊆ R> of non-negative parameters be given. In-
stead of problem (1.1), we are going to consider the following family of regularized vector variational
inequalities: find an element xn ∈C such that

〈Fxn + εnRxn,y− xn〉Y /∈ − intK, for every y ∈C. (1.6)

Due to the nice features of R, which will be specified later, the mapping F + εnR has significantly better
properties than F and every regularized problem (1.6) has a solution xn. This allows us to study the
sequence {xn} of regularized solutions, which, under some boundedness conditions, has a weakly or
strongly convergent subsequence and any limit point is a solution of problem (1.1). By this, we can
ensure the existence of solutions of non-coercive vector variational inequalities.

In Section 6, we are going to study applications of vector variational inequalities in the field of multi-
objective optimization. To be precise, a multi-objective optimization problem consists of finding an
element x ∈C such that

ψ(y)−ψ(x) /∈ − intK, for every y ∈C. (1.7)

However, if the objective mapping ψ : X → Y is K-convex and Gâteaux-differentiable with Gâteaux-
derivative DGψ : X→ L(X ,Y ), then x ∈C solves problem (1.7) if and only if it is a solution of the vector
variational inequality (1.1) with F = DGψ .

Section 7 is devoted to the study of inverse vector variational inequalities for problem (1.1). This
technique is closely related to the duality approach in (multi-objective) optimization and allows to embed
problem (1.1) into two inverse vector variational inequalities. This approach enables us to give necessary
and sufficient conditions. Denoting the generalized indicator mapping of the constraining set C by χC,
that is, χC(x) = 0 for x ∈ C and χC(x) = +∞Y else, the first inverse vector variational inequality of
problem (1.1) consists of finding an operator U ∈ D(F−) such that

〈V −U,−F−U〉Y 641
intK χ

∗
C(U)−χ

∗
C(V ), for every V ∈ L(X ,Y ) with χ

∗
C(V ) 6= /0. (1.8)

In a similar way, the second inverse vector variational inequality reads as follows: find an operator
U ∈ D(F−) such that

〈V −U,−F−U〉Y 642
intK χ

∗
C(U)−χ

∗
C(V ), for every V ∈ L(X ,Y ). (1.9)

In the above, F− : L(X ,Y )→ X denotes the so-called adjoint mapping of F while χ∗C denotes the weak
conjugate of χC. We will show that, under suitable conditions, any solution of problem (1.9) generates
one of the vector variational inequality (1.1), and any solution of problem (1.1) generates a solution of
(1.8).

Section 8 deals with gap functions for vector variational inequality (1.1). By means of a single-
valued gap function g : X → R∪{+∞} it is possible to convert problem (1.1) into an equivalent scalar
optimization problem. In other words, an element x ∈C is a solution of the vector variational inequality
(1.1) if and only if

g(x) = min
y∈C

g(y).

Such a transformation is highly useful since it allows to apply powerful methods and algorithms from the
field of optimization to find solutions of the vector variational inequality (1.1). Besides that, gap functions



SURVEY OF VECTOR VARIATIONAL INEQUALITIES 237

play a fundamental role for deriving error bounds. Such error bounds provide an upper estimate of the
distance of an arbitrary feasible point to the solution set of the underlying problem, that is,

dist
(
x,Sol (VVI)

)
≤ c
√

g(x), for every x ∈C,

where Sol (VVI) denotes the solution set of problem (1.1) and c > 0 is a constant.
Section 9 is devoted to the investigation of image space analysis for the following finite-dimensional

vector variational inequality: find an element x ∈C such that

〈Fx, f (y)− f (x)〉Rk /∈ − intRk
≥, for every y ∈C. (1.10)

In the above, F : Rl →Matk×l(R) and f : Rl → Rl are given mappings. The non-empty constraining
set C is defined by C := {x ∈ Rl | g(x) ∈ Rm

≥}, where g : Rl → Rm is a mapping with g[Rl]∩Rm
≥ 6= /0.

The basic idea of image space analysis is quite analogous to that, which led from Riemann integral to
Lebesgue one: instead of performing the analysis in the space, where problem (1.10) is given, image
space analysis does it in the space, where the images of the functions involved in problem (1.10) run.
Evidently, an element x ∈ C is a solution of problem (1.10) if and only if the following system in the
unknown y is impossible:

u = 〈Fx, f (x)− f (y)〉Rk ∈ intRk
≥, v = g(y) ∈ Rm

≥, y ∈ Rl. (1.11)

The space Rk×Rm, where the new variable (u,v) runs, is called the image space associated with problem
(1.10). By introducing the sets

H := intRk
≥×Rm

≥ and K (x) :=
{
(u,v) ∈ Rk×Rm | u = 〈Fx, f (x)− f (y)〉Rk , v = g(y), y ∈ Rl},

we can claim that x ∈C is a solution of vector variational inequality (1.10) if and only if

H ∩K (x) = /0. (1.12)

To perform image space analysis, we can indifferently begin with system (1.11) or (1.12). The formula-
tion (1.12) corresponds to adopt an algebraic and geometric language, which will lead us to use separation
theorems, while (1.11) leads to adopt so-called theorems of the alternatives. By using (1.12), we intro-
duce the following equivalent image problem: given x ∈ Rl , find an element (ũ, ṽ) ∈K (x)∩ (Rk×Rm

≥)
such that

u 6≥intRk
≥

ũ, for every (u,v) ∈H ∩ (Rk×Rm
≥).

As we can see, in the image space we define an optimization problem also when in the initial space we
are dealing with a variational problem. This is because problem (1.10) is equivalent to the impossibility
of the system (1.11). It should be further noted that image space analysis may be applied to any kind of
problem, which can be expressed under the form of the inconsistency of a parametric system.

In Section 10, we present stability and sensitivity analysis results for a finite-dimensional vector vari-
ational inequality of type (1.2). It is well-known that variational problems are ill-posed in general, that
is, they may either have no solution or multiple solutions, and, most importantly, small errors in data
could lead to uncontrollable errors in its solution(s). Due to this, numerous authors considered prob-
lem (1.2) with respect to contaminated/perturbed data, depending on some parameters signifying the
level of error in a certain sense. To be precise, let U and V be Banach spaces, the so-called param-
eter spaces, let E : U ⇒ Rl be a set-valued mapping with non-empty, closed and convex values, and
let F : V ×Rl →Matk×l(R) be a given mapping. Given parameters ρ ∈U and η ∈ V , the perturbed
finite-dimensional vector variational inequality consists of finding an element x = x(ρ,η) ∈ E(ρ) such
that

〈F (η ,x),y− x〉Rk /∈ − intRk
≥, for every y ∈ E(ρ). (1.13)
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The corresponding solution mapping associated to problem (1.13) is the set-valued mapping Sol : U ×
V ⇒ Rl , where for every (ρ,η) ∈U ×V , Sol(ρ,η) denotes the solution set of problem (1.13). In the
context of vector variational inequalities, numerous researchers have focused on continuity properties
for the set-valued mapping Sol. Besides such stability analysis results, a second research focus is the
sensitivity analysis of problem (1.13), that is, the quantitative analysis of the solution mapping. Such an
analysis includes, for example, derivative results for the set-valued solution mapping Sol, which can be
used to derive necessary optimality conditions for problem (1.13).

In Section 11, we give a brief review of stochastic vector variational inequalities, generalizations
of problem (1.1) and numerical methods. Until now, mainly all of the research has been done in the
deterministic setting without any uncertainty in the problem’s data. In order to cover the cases where
imperfect or unknown information is given, so-called finite-dimensional vector variational inequalities
have been studied in the last years. To be precise, let F : Rl×R→Matk×l(R) be a given mapping and
let C be a non-empty, closed and convex subset of Rl . Further, let (Ω,A ,P) be a probability space and
let ξ : Ω→R be a random variable. Then, the finite-dimensional stochastic vector variational inequality
consists of finding an element x ∈C such that almost surely

〈F(x,ξ (ω)),y− x〉Rk /∈ − intRk
≥, for every y ∈C,

or equivalently, P
(
ω ∈ Ω | 〈F(x,ξ (ω)),y− x〉Rk /∈ − intRk

≥, for every y ∈ C
)
= 1. In the second part

of Section 11, we will consider two generalizations of problem (1.1). The first generalization is moti-
vated by the concept of variable domination structure, which has turned out to be powerful and useful;
especially in the field of multi-objective optimization. Roughly spoken, instead of comparing all aris-
ing element in problem (1.1) by using the fixed cone K only, one compares elements using a set-valued
mapping K : X ⇒ Y . K has the property that for all x ∈ X , the set K (x) is a proper, closed, convex
and solid cone in Y . By this, the vector variational inequality with respect to the variable domination
structure K consists of finding an element x ∈C such that

〈Fx,y− x〉Y /∈ − intK (x), for every y ∈C. (1.14)

Evidently, if K is constant, then problem (1.14) recovers (1.1). Besides that, as a second generalization,
we will consider so-called vector quasi-variational inequalities. Roughly spoken, such problems arise
from the vector variational inequality (1.1) by attaching it a set-valued fixed-point problem. To be precise,
let E : C⇒ E be a set-valued mapping with non-empty, closed and convex values. Then, the vector quasi-
variational inequality consists of finding an element x ∈C such that

x ∈ E(x) and 〈Fx,y− x〉Y /∈ − intK, for every y ∈ E(x). (1.15)

Clearly, if E is a constant mapping, say E(x) =C for every x∈C, then problem (1.15) recovers the vector
variational inequality (1.1).

2. PRELIMINARIES

In this section, we provide the mathematical background as it will be used in this paper. Throughout
this paper, we denote by N= {1,2,3, . . .}, R, R≥ := {x ∈ R | x ≥ 0} and R> := {x ∈ R | x > 0} the set
of positive integers, real numbers, non-negative and positive real numbers, respectively.

2.1. Linear functional analysis. The purpose of this section is to provided basic results from linear
functional analysis. We will assume that the reader is familiar with some elementary notions such as
topological spaces, linear spaces, Banach spaces, and topological properties. The proof of the results,
presented in this section, can be found, for example, in the standard textbooks [4, 90, 148, 180, 198, 199].

In what follows, unless otherwise indicated, X and Y denote real normed spaces with corresponding
norms ‖ · ‖X and ‖ · ‖Y , respectively.
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Definition 2.1 ([90, Chapter 6]). Let A : X → Y be an operator. A is said to be
(i) linear if A satisfies

A(αx+βy) = αAx+βAy, for every x,y ∈ X , α,β ∈ R.

(ii) continuous at the point x ∈ X iff for each sequence {xn} in X ,

xn→ x implies Axn→ Ax.

A is called continuous if it is continuous at each point x ∈ X .
(iii) bounded if there is a constant c > 0 such that

‖Ax‖Y ≤ c‖x‖X , for every x ∈ X .

(iv) compact if A is continuous, and A maps bounded sets into relatively compact sets.

Proposition 2.1 ([90, Proposition 6.4]). A linear operator A : X → Y is continuous if and only if it is
bounded.

Definition 2.2 ([90, Definition 6.5]). We denote the space of linear and continuous operators from X to
Y by L(X ,Y ), that is,

L(X ,Y ) :=
{

A : X → Y | A is linear and bounded
}
.

For A ∈ L(X ,Y ), the operator norm ‖A‖L(X ,Y ) is defined by

‖A‖L(X ,Y ) := sup
‖x‖X≤1

‖Ax‖Y .

Proposition 2.2 ([90, Proposition 6.6]). The operator norm ‖ · ‖L(X ,Y ) is a norm. Let in addition Y be a
real Banach space. Then, L(X ,Y ) is a Banach space.

Definition 2.3 ([30, Definition 2.15]). A linear and continuous functional on X is a linear and continuous
operator

f : X → R.

The set of all linear and continuous functionals on X is called the dual space of X and will be denoted
by X∗, that is, we define X∗ := L(X ,R). For the image of x ∈ X under the functional f , we write

〈 f ,x〉X∗,X := f (x),

and 〈·, ·〉X∗,X is called the duality pairing between X and X∗. We further define X∗∗ := (X∗)∗, which is
called the bidual space of X and which consists of all linear continuous functionals from X∗ to R.

Corollary 2.1. The dual space X∗ of any normed space X is a Banach space.

Proposition 2.3 ([30, Proposition 2.20]). Let X be a normed linear space. The operator J : X → X∗∗,
defined by

J(x)( f ) := 〈 f ,x〉X∗,X , for every x ∈ X , f ∈ X∗,

has the following properties:

(i) J is linear and ‖J(x)‖X∗∗ = ‖x‖X for all x ∈ X.
(ii) J(X) is a closed subspace of X∗∗ if and only if X is a Banach space.

Definition 2.4 ([90, Definition 6.26]). The operator J : X → X∗∗, given in Proposition 2.3, is called
the canonical embedding of X and X∗∗. We say that the normed space X is reflexive if the canonical
embedding J : X → X∗∗ is surjective.

Remark 2.1. Any finite-dimensional Banach space is reflexive; see [90, Proposition 6.27].
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Theorem 2.1 (Riesz’ Lemma, [30, Theorem 2.26]). Let X be a normed space. Then, the closed unit ball
in X is compact if and only if X is finite-dimensional.

Definition 2.5 ([30, Definition 2.27]). Let X be a Banach space. A sequence {xn} in X is called weakly
convergent in X to an element x ∈ X if

〈 f ,xn〉X∗,X → 〈 f ,x〉X∗,X , for every f ∈ X∗.

The weak convergence is denoted by xn ⇀ x.

Remark 2.2. Note that, in contrast to the weak convergence, we call the usual convergence with respect
to the norm sometimes strong convergence. The following theorem provides a compactness result with
respect to the weak topology introduced by the weak convergence.

Theorem 2.2 (Eberlein-Smulian Theorem, [198, Theorem 21.D]). Let X be a reflexive Banach space.
Then, each bounded sequence in X has a weakly convergent subsequence.

Let us recall the following proposition, which will be used frequently. A proof can be found in [108,
Lemma 3.9.1] and [198, Proposition 21.23].

Proposition 2.4 (Properties of weak and strong convergence). Suppose that X and Y are real Banach
spaces and let {xn} ⊆ X, { fn} ⊆ X∗ and {Tn} ⊆ L(X ,Y ) be given sequences. Then it holds:

(i) The strong convergence xn→ x implies the weak convergence xn ⇀ x.
(ii) If dimX <+∞, then the weak convergence xn ⇀ x implies the strong convergence xn→ x.

(iii) If xn ⇀ x, then {xn} is bounded and

‖x‖X ≤ liminf
n→+∞

‖xn‖X ,

that is, ‖ · ‖X is weak sequentially lower semicontinuous.
(iv) It follows from xn ⇀ x and fn→ f that

〈 fn,xn〉X∗,X → 〈 f ,x〉X∗,X .

(v) If X is reflexive in addition, fn ⇀ f and xn→ x, then it follows that

〈 fn,xn〉X∗,X → 〈 f ,x〉X∗,X .

(vi) It follows from xn→ x and Tn→ T that

〈Tn,xn〉Y → 〈T,x〉Y .

2.2. Functional analysis over cones. In this section, we recall some preliminary results from the field
of functional analysis of cones. The proof of the results presented in this section can be found, for
example, in the standard textbooks [12, 70, 108, 126, 129].

In what follows the topological interior, the closure and the boundary of a set A in a topological space
will be denoted by intA, clA and bdA, respectively.

Definition 2.6 ([126, Definition 1.2]). Suppose that Y is a real linear space and let A and B be non-empty
subsets. Then, the Minkowski sum and Minowski difference of A and B will be denoted by

A+B := {a+b | a ∈ A and b ∈ B} and A−B := {a−b | a ∈ A and b ∈ B},

respectively, where the multiplication by a scalar λ ∈ R with A is denoted by λA := {λa | a ∈ A}. We
further define y+A :=A+y :=A+{y} for any y∈Y . For empty sets, we are going to use the conventions
A± /0 := /0±A := /0 and λ /0 := /0, respectively.

In order to compare elements of abstract spaces, it is convenient to recall the notion of a cone and
corresponding cone properties.
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Definition 2.7 ([129, Definition 2.1.9]). Let Y be a real topological linear space. A non-empty set K ⊆Y
is a cone if λK ⊆ K for every λ ≥ 0. The cone K is called

(i) convex if K +K ⊆ K,
(ii) proper (or non-trivial) if K 6= {0} and K 6= Y ,

(iii) closed if C is a closed subset of Y ,
(iv) pointed if K∩ (−K) = {0},
(v) reproducing if K−K = Y ,

(vi) solid if intK 6= /0.

Remark 2.3. (i) Clearly, if K is a cone, then 0 ∈ K.
(ii) Obviously, the cone K satisfies condition (i) if and only if K is a convex set; see [126, Lemma 1.11].
The cone further satisfies K ⊆ K +{0} ⊆ K +K. Therefore, K is convex if and only if K +K = K.
(iii) A typical example of a cone, which occurs in multi-objective optimization and in the field of vector
variational inequalities, is in Rk, the non-negative orthant or Pareto cone

Rk
≥ :=

{
y ∈ Rk | y j ≥ 0 for j = 1, . . . ,k

}
.

(iv) Evidently, the cone Rk
≥ satisfies all the conditions of Definition 2.7.

Another important class of subsets in a real linear space is introduced in the following definition.

Definition 2.8 ([12, Definition 1.7], [126, Definition 1.10 (d)]). Let Y be a real linear space, A ⊆ Y a
non-empty set and K a proper cone in Y . A non-empty convex subset B ⊆ Y is called a base for K, if
each y ∈ K \{0} has a unique representation of the form y = λb for some λ > 0 and b ∈ B. The cone

cone(A) :=
{

y ∈ Y | y = λa for some λ ≥ 0 and some a ∈ A
}

is called the cone generated by A.

Remark 2.4. (i) Note that, if B is a convex base of a proper convex cone, then 0 /∈ B, because otherwise
the representation of elements in B is non-unique; see [12, Remark 1.9].
(ii) It is an important property of a base B of a cone K that cone(B) = K.
(iii) If 0 ∈ intA for a non-empty subset A of a real topological linear space Y , then cone(A) = Y . This
implies in particular that it holds

0 /∈ intK

for every proper cone K in Y . This fact will be used frequently in the next sections.

Definition 2.9 ([126, Definition 1.23]). Let Y be a real linear space with a convex cone K ⊆ Y .
(i) The cone K∗ :=

{
y∗ ∈ Y ∗ | 〈y∗,y〉 ≥ 0 for every y ∈ K

}
is called the dual cone for K.

(ii) The set qiK∗ := {y∗ ∈ Y ∗ | 〈y∗,y〉 > 0 for every y ∈ K \ {0}} is called the quasi-interior of the
dual cone for K.

Remark 2.5. Note that K∗ is indeed a convex cone, that is, the previous definition makes sense. For
K = {0} and K = Y one obtains K∗ = Y ∗ and K∗ = {0}, respectively.

Example 2.1. It holds (Rl
≥)
∗ =Rl

≥ and qi(Rl
≥)
∗ = int(Rl

≥)
∗ =Rl

>. Many non-trivial examples of cones
can be found in [12, 126].

Lemma 2.1 ([126, Lemma 1.27, Corollary 3.19, Lemma 3.21]). Let K be a convex cone in the real linear
space Y . Then we have:

(i) If qiK∗ is non-empty, then K is pointed.
(ii) If in addition Y is a real locally convex space and K has a base, then the quasi-interior qiK∗ of

the dual cone for K is non-empty.
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(iii) If Y is locally convex and separated where the topology gives Y as the topological dual space of
Y and K is closed and solid, then we have intK∗ = qiK∗.

(iv) If K is closed, then K = {y ∈ Y | 〈y∗,y〉 ≥ 0 for every y∗ ∈ K∗}.
(v) If K is solid, then it holds intK = {y ∈ Y | 〈y∗,y〉> 0 for every y∗ ∈ K∗ \{0}}.

The following result is known as Krein-Rutman theorem and can be found for example in [126, The-
orem 3.38].

Theorem 2.3. In a real separable normed space Y with a closed, convex and pointed cone K the quasi-
interior qiK∗ of the dual cone is non-empty.

Definition 2.10 ([12, Section 2.1]). Let K be a convex and solid cone in the linear space Y and let a,b∈Y
be given elements. We define binary relations in the following way:

a≤K b :⇐⇒ b−a ∈ K,

a 6≤K b :⇐⇒ b−a 6∈ K,

a≤intK b :⇐⇒ b−a ∈ intK,

a 6≤intK b :⇐⇒ b−a 6∈ intK.

The next proposition collects important properties of the binary relations, introduced in the previous
definition.

Proposition 2.5 ([12, Proposition 2.5, Lemma 2.2, Lemma 2.3]). Let K be a cone in the linear space Y .
The binary relations defined in the previous definition have the following properties:

(i) The relation ≤K is a partial ordering, that is, ≤K is reflexive, transitive and antisymmetric, if
and only if K is a proper, convex and pointed cone.

(ii) The relation ≤K is compatible with scalar multiplication and addition, that is, for all a,b,c ∈ Y
and λ ≥ 0, it holds that a≤K b implies λa≤K λb and a≤K b implies a+ c≤K b+ c.

(iii) Let in addition K be solid. The relation 6≤intK is compatible with addition, that is, for all a,b,c∈
Y and λ ≥ 0, it holds that a 6≤intK b implies a+ c 6≤intK b+ c.

(iv) If in addition K is convex and solid, then for all a,b,∈ Y it holds that a ≤K b and a 6≤intK 0
implies b 6≤intK 0.

(v) If in addition K is solid, then for all a ∈ Y and λ ≥ 0, it holds that λa 6≥intK 0 implies a 6≥intK 0.

Definition 2.11 ([73, Section 1]). Let K be a convex and solid cone in the linear space Y . For non-empty
sets A and B in Y , we introduce the following weak binary set relations:

A41
intK B :⇐⇒ ∃a ∈ A, ∀b ∈ B : a≤intK b,

A 641
intK B :⇐⇒ ∀a ∈ A, ∃b ∈ B : a 6≤intK b,

A42
intK B :⇐⇒ ∀a ∈ A, ∃b ∈ B : a≤intK b,

A 642
intK B :⇐⇒ ∃a ∈ A, ∀b ∈ B : a 6≤intK b.

If A = {a} or B = {b} is a singleton, then we write a 41
intK B and A 41

intK b instead of {a} 41
intK B and

A 41
intK {b}, respectively. The same convention holds for the other set relations. We further use the

convention A 642
intK /0 for every non-empty subset A of Y .

Remark 2.6. (i) For non-empty subset A and B of Y , it holds A42
intK B if and only if A⊆ B− intK.

(ii) Relation 42
intK is known in the literature as upper set less order relation, see [129].
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(D) A 642
intR2

≥
B

FIGURE 3. Illustration of the set relations.

2.3. Multi-objective optimization. Many real-world problems require the minimization of different
conflicting objectives; see, for example, [70, 72, 126]. Such problems can get formulated as multi-
objective optimization problem (vector optimization problem), where the values of the objective mapping
lie in a real topological linear space, which is ordered by a given cone.

The solution concept for multi-objective optimization problems is given in the next definition.

Definition 2.12 ([129, Section 2.4]). Let X and Y be real topological linear spaces, let K be a proper and
solid cone in Y and let ψ : X → Y be a given mapping.

(i) An element ψ(x) ∈ Y , where x ∈ X , is said to be a weakly minimal element of ψ if ψ(y) 6≤intK

ψ(x) for every y ∈ Y .
(ii) The set of weakly minimal elements of ψ will be denoted by WMin(ψ[X ],K).

(iii) Using the previous notation, the set

WEff(ψ[X ],K) :=
{

x ∈ X | ψ(x) ∈WMin(ψ[X ],K)
}
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is said to be the set of weakly efficient elements.

ψ[R2]

ψ(x)− intR2
≥ψ(x)− intR2
≥

ψ(x)ψ(x)

(A) ψ(x) is a weakly minimal
element of ψ

ψ[R2]

ψ(x)− intR2
≥ψ(x)− intR2
≥

ψ(x)ψ(x)

(B) ψ(x) is not a weakly
minimal element of ψ

FIGURE 4. Illustration of the solution concept.

Definition 2.13 ([129, Section 2.4]). Let X and Y be real topological linear spaces, let K be a proper and
solid cone in Y and let ψ : X → Y be a given mapping.

(i) An element ψ(x) ∈ Y , where x ∈ X , is said to be a weakly maximal element of ψ if ψ(x) 6≤intK

ψ(y) for every y ∈ Y .
(ii) The set of weakly minimal elements of ψ will be denoted by WMax(ψ[X ],K).

In the following, we recall a prominent non-linear scalarizing function, which has been used frequently
in the field of multi-objective optimization.

Definition 2.14 ([108, Section 2.3]). Let Y be a real topological space, let K be a proper, closed, convex
and solid cone in Y and let e ∈ intK. The function

ϕ
K,e : Y → R∪{±∞}, ϕ

K,e(y) := inf
{

t ∈ R | y ∈ te−K
}
,

for every y ∈ Y , is called Tammer-Weidner function.

Theorem 2.4 ([108, Corollary 2.3.5]). Let Y be a real topological space, let K be a proper, closed,
convex and solid cone in Y and let e ∈ intK. Then, the Tammer-Weidner function ϕK,e is well-defined,
finite-valued, continuous, sublinear and for every λ ∈ R,

{
y ∈ Y | ϕK,e(y)≤ λ

}
= λe−K,

{
y ∈ Y | ϕK,e(y)< λ

}
= λe− intK.

Moreover, ϕK,e is strictly intK-monotone.



SURVEY OF VECTOR VARIATIONAL INEQUALITIES 245

kk

t0e−R2
≥t0e−R2
≥

te

y

t0e

FIGURE 5. Visualization of the Tammer-Weidner function.

2.4. Vector variational inequalities. The purpose of this section is to introduce the notion of vector
variational inequalities. We will restrict our attention to one of the simplest formulations, which can be
found in the literature, because one can extend nearly all notions and results to generalized problems.
To be precise, let X and Y be real Banach spaces, let C be a non-empty, closed and convex subset of X ,
and let K be a proper, closed, convex and solid cone in Y . If F : X → L(X ,Y ) is a given mapping, which
maps into the space L(X ,Y ) of linear and bounded operators from X and Y , then the vector variational
inequality consists of finding an element x ∈C such that

〈Fx,y− x〉Y /∈ − intK, for every y ∈C. (2.1)

The set C is frequently called constraining set. It should be noted that, in order to ensure that (2.1) is
well-defined, one has to assume that the cone is proper and solid. If X and Y are finite-dimensional
spaces, say X = Rl and Y = Rk, and K = Rk

≥ is the Pareto cone in Rk, then problem (2.1) becomes the
following finite-dimensional vector variational inequality: find an element x ∈C such that 〈F1x,y− x〉

...
〈Fkx,y− x〉

 /∈ − intRk
≥, for every y ∈C. (2.2)

Here, F = (F1, . . . ,Fk)
> is a mapping from Rl to Matk×l(R). In the above, 〈·, ·〉 denotes the scalar product

in Rl . From the representation of intRk
≥ follows that, if there exists at least one index j ∈ {1, . . . ,k} such

that x ∈C satisfies the variational inequality

〈Fjx,y− x〉 ≥ 0, for every y ∈C,

then x ∈C is necessary a solution of problem (2.2). Further, the solution set of problem (2.1) and (2.2)
will be denoted by Sol (VVI) and Sol (VVI′), respectively.

In what follows, we will use the following assumptions, which we abbreviate to (A):

(A1) X is a real reflexive Banach space. Y is a real Banach space.
(A2) The constraining set C is a non-empty, closed and convex subset of X .
(A3) K is a proper, closed, convex, and solid cone in Y .
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Remark 2.7. Problem (2.1) is frequently called monotone vector variational inequality if the mapping
F is monotone in a certain sense; see [195, Definition 4]. Similar, a polynomial vector variational
inequality is a vector variational inequality of the type (2.1), where F is a polynomial.

The following example will serve as prototype example in this paper.

Example 2.2. Let a1, . . . ,ak be different elements in Rk. We consider the following finite-dimensional
vector variational inequality: find an element x ∈ Rl such that 〈x−a1,y− x〉

...
〈x−ak,y− x〉

 /∈ − intRk
≥, for every y ∈ Rl. (2.3)

In the above, the constraining set C is equal to Rl , while the objective mapping F : Rl →Matk×l(R) is
given by

Fx :=

 x−a1

...
x−ak

 , for every x ∈ Rl. (2.4)

We denote the solution set of problem (2.3) by S. Let j ∈ {1, . . . ,k} be arbitrarily chosen and consider
the variational inequality of finding an element x ∈ Rl such that

〈x−a j,y− x〉 ≥ 0, for every y ∈ Rl.

Let us show that a j is the unique solution of the above variational inequality. Clearly, by inserting a j, we
see that a j solves the variational inequality. Now, assume to the contrary that there is a second solution
ã j. This is impossible, since this would imply

‖ã j−a j‖2 = 〈ã j−a j,a j− ã j〉 ≤ 0,

and consequently, a j = ã j. Therefore, by the representation of intRk
≥, we have{

a1, . . . ,ak} ⊆ S .

The examples in the following sections of this paper will show that it even holds S = conv
{

a1, . . . ,ak
}

.

3. SCALARIZATION

The purpose of this section is to investigate scalarization methods for vector variational inequality
(2.1). Similar to the field of multi-objective optimization, one of the most powerful and most used
approaches for vector variational inequalities is to apply a scalarization technique; see, for example,
[35, 40, 53, 55, 57, 58, 60, 82, 105, 111, 115, 146, 140, 141, 177, 182, 193] and the references therein.
These methods are very important from the theoretical as well as computational point of view. Indeed,
both necessary and sufficient optimality conditions and even equivalent formulations for problem (2.1)
can be derived. To be precise, assume that assumption (A) holds and let F : X → L(X ,Y ). Further, let

ψ : Y → R

be given. Then, the scalar variational inequality with respect to the scalarization function ψ reads: find
an element x = x(ψ) ∈C such that

ψ
(
〈Fx,y− x〉Y

)
≥ 0, for every y ∈C.

In the context of vector variational inequalities, two types of scalarizing functions have turned out to be
of great use:

1. Linear functionals: ψ : Y → R is a linear and continuous function.
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2. Non-linear functions: ψ : Y → R is non-linear and continuous but enjoys the representability
condition {y ∈ Y | ψ(y)< 0}=− intK.

Since scalar variational inequalities are widely developed, scalarization turns out to be of great im-
portance because one can use several methods and techniques from this field in order to study vector
variational inequalities.

3.1. Linear scalarization. This section is devoted to the study of linear scalarization techniques for
problem (2.1). Let us therefore assume again that assumption (A) holds and let F : X → L(X ,Y ) be a
given mapping. Let s ∈ Y ∗ be a scalarizing functional, that is,

s : Y → R

is a linear and continuous function. In what follows, it will turn out that taking the zero functional does
not make sense; we therefore claim s 6= 0. Note that for every x ∈ X , the composition s◦Fx belongs to
X∗, that is, s ◦F defines an operator from X to X∗. Thus, the scalar variational inequality with respect
to the scalarizing functional s ∈ Y ∗ \{0} consists of finding an element x = x(s) ∈C such that

〈s◦Fx,y− x〉X∗,X ≥ 0, for every y ∈C. (3.1)

Recall that 〈·, ·〉X∗,X denotes the duality pairing between X and X∗. In what follows, the solution set of
problem (3.1) with respect to s ∈ Y ∗ \{0} will be denoted by Sol(VIs), that is, we define

Sol(VIs) :=
{

x ∈C | 〈s◦Fx,y− x〉X∗,X ≥ 0 for every y ∈C
}
.

In a similar manner, if X and Y are finite-dimensional real Euclidean spaces, say X = Rl and Y = Rk,
and the cone is given by K =Rk

≥, the finite-dimensional scalar variational inequality with respect to the
vector s = (s1, . . . ,sk)

> ∈ Rk \{0} consists of finding an element x = x(s) ∈C such that

〈
k

∑
j=1

s jFjx,y− x〉 ≥ 0, for every y ∈C. (3.2)

Recall that in this setting (Rk)∗ = Rk and 〈·, ·〉 denotes the Euclidean scalar product in Rl . The solution
set of problem (3.2) with respect to s ∈Rk \{0} will be denoted by Sol (VI′s). For j = 1, . . . ,k we denote
the jth unit vector in Rk by e j. Evidently, by putting s = e j, the scalar problem (3.2) becomes: find an
element x = x(e j) such that

〈Fjx,y− x〉 ≥ 0, for every y ∈C.

We therefore have
k⋃

j=1

Sol (VI′e j
) ⊆ Sol (VVI′),

compare the comments in Section 2.4. Motivated by the finite-dimensional case above, some obvious
questions are as follows:

1. Is it possible to find s ∈ Y ∗ \{0} such that Sol(VIs)⊆ Sol (VVI)?
2. Conversely, is it possible to find s ∈ Y ∗ \{0} such that Sol (VVI)⊆ Sol(VIs)?

The next result gives a positive answer to the previous two questions.

Proposition 3.1 ([140, Proposition 2.1]). Besides assumption (A), let F : X → L(X ,Y ) be a given map-
ping and assume that the quasi-interior of K∗ is non-empty. Then it holds⋃

s∈qiK∗
Sol(VIs) ⊆ Sol (VVI) =

⋃
s∈K∗\{0}

Sol(VIs).
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Proof. (I). Assume there is s ∈ qiK∗ such that Sol(VIs) 6= /0 but Sol(VIs) 6⊆ Sol (VVI). In other words,
there is an element x ∈ Sol(VIs) such that 〈Fx,y− x〉Y ∈ − intK for some y ∈ C. Thus, 〈Fx,y− x〉Y ∈
−K \{0}. However, since s ∈ qiK∗, the previous relation shows

〈s◦Fx,y− x〉X∗,X < 0,

contradicting the fact that x ∈ Sol(VIs). We therefore have⋃
s∈qiK∗

Sol(VIs)⊆ Sol (VVI).

(II). By using similar arguments, it is easily seen that

Sol (VVI)⊇
⋃

s∈K∗\{0}
Sol(VIs).

In order to show the reverse inclusion, let x ∈C be a solution of problem (2.1). This obviously implies

〈Fx,x〉Y /∈ 〈Fx,C〉Y + intK, (3.3)

where we define the convex set 〈Fx,C〉Y := {〈Fx,y〉Y | y ∈ C}. Note that the right-hand side of (3.3)
is a convex set with non-empty interior. By a separation theorem for convex sets [126], we can find a
functional s ∈ Y ∗ \{0} such that

s(〈Fx,x〉Y )≤ s(z)+ s(k), for every z ∈ 〈Fx,C〉Y , k ∈ intK.

Since s is continuous and the closure of intK is equal to K, see Remark 1.6 in [12], it holds

〈s◦Fx,x〉X∗,X ≤ 〈s◦Fx,y〉X∗,X + 〈s,k〉Y ∗,Y , for every y ∈C, k ∈ K.

The previous inequality shows that s belongs to the dual cone of K, which implies that x is a solution of
problem (3.1) with respect to the functional s. The proof is complete. �

Remark 3.1. (i) In [140], the authors replace qiK∗ by intK∗. However, the sets coincide provided Y
enjoys additional properties; see Lemma 2.1.
(ii) Proposition 3.1 shows that vector variational inequality (2.1) can be completely characterized by
scalar problems (3.1). It further states necessary and sufficient conditions for problem (2.1).
(iii) Let us consider the finite-dimensional case, where X =Rl , Y =Rk, and the cone is given by K =Rk

≥.
It holds Sol(VIs) = Sol(VIλ s) for every λ > 0 and s∈Rk

≥ \{0}, which can be checked easily. Therefore,
Proposition 3.1 may be stated as⋃

s∈intS

Sol(VI′s) ⊆ Sol (VVI′) =
⋃
s∈S

Sol(VI′s), (3.4)

where we define S := {s ∈ Rk
≥ | ‖s‖ = 1} and ‖ · ‖ denotes any norm in Rk, compare Theorem 2.1 in

[141].
(iv) If in addition to the setting of (ii), the set C⊆Rl is polyhedral, that is, C is the intersection of finitely
many closed half-spaces of Rl , then the first inclusion in (3.4) holds as equality; see [156, Theorem 2.1].

Example 3.1. We proceed with Example 2.2. In this example, we are going to study the scalar problems
of (2.3) and apply Proposition 3.1 to characterize the solution set of problem (2.3). Let us study the
corresponding scalar variational inequalities (3.2) first. For this purpose let s ∈ Rk

≥ \ {0}. Thus, the
scalar variational inequality with respect to s consists of finding an element x ∈ Rl such that

〈
k

∑
j=1

s j(x−a j),y− x〉 ≥ 0, for every y ∈ Rl. (3.5)
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It is not hard to check that the element

x =
∑

k
j=1 s ja j

∑
k
j=1 s j

=
k

∑
j=1

s j

∑
k
i=1 si

a j (3.6)

is the unique solution of the scalar problem (3.5) with respect to s ∈ Rk
≥ \{0}. Indeed, this follows from

the fact that x 7→∑
k
j=1 s j(x−a j) is a strictly monotone mapping from Rl to Rl . Recall that we denote the

solution set of problem (2.3) by S. In what follows, we are going to show that it holds

S = conv
{

a1, . . . ,ak}. (3.7)

(I). Let us show S ⊆ conv{a1, . . . ,ak} first. Denoting the solution set of problem (3.5) with respect to
s ∈ Rk

≥ \{0} by S(s), it is easily seen from (3.6) that we have

S(s) ⊆ conv

{{
a1, . . . ,ak}\ k⋃

j=1

A j(s)

}
(3.8)

where we define for 1≤ j ≤ k

A j(s) :=
{

a j} if s j = 0 and A j(s) := /0 else.

Applying Proposition 3.1, we obtain

S =
⋃

s∈Rk
≥\{0}

S(s) ⊆
⋃

s∈Rk
≥\{0}

conv

{{
a1, . . . ,ak}\ k⋃

j=1

A j(s)

}
⊆ conv

{
a1, . . . ,ak}.

(II). Let us show the converse inclusion S ⊇ conv{a1, . . . ,ak}. Therefore let x be an arbitrarily chosen
element in the convex hull of a1, . . . ,ak. Thus, we can find real numbers λ1, . . . ,λk with λ j ≥ 0 for
j = 1, . . . ,k and ∑

k
j=1 λ j = 1 such that

x =
k

∑
j=1

λ ja j.

Without any loss of generality, let λ j 6= 0 for j = 1, . . . ,k. Assuming by contradiction that x does not
solve problem (2.3), there exists an element y ∈ Rl such that

〈x−a j,y− x〉< 0, for j = 1, . . . ,k.

However, by multiplying every inequality with λ j and summing up the resulting inequalities, we obtain

0 <
k

∑
j=1

λ j〈x−a j,y− x〉=
k

∑
j=1

λ j〈x,y− x〉−
k

∑
j=1

λ j〈a j,y− x〉= 〈x,y− x〉−〈x,y− x〉= 0,

which is impossible. This shows (3.7).
We have already seen that every scalar variational inequality (3.5) has a unique solution. In other

words, for every s ∈ Rk
≥ \ {0}, the set S(s) is a singleton. In what follows, we will characterize certain

unions of solution sets to get a better understanding of the scalar problems. Relation (3.8) already
indicates that the solution of problem (3.5) depends on the number and position of entries of s∈Rk

≥\{0},
which are non-zero. We therefore define

I(s) :=
{

j ∈ {1, . . . ,k} | s j 6= 0
}

and κ(s) := #I(s).

Namely, the set and number of non-zero entries of s, respectively. Let us further define

Z(s) :=
{

s̃ ∈ Rk
≥ | I(s) = I(s̃) and κ(s) = κ(s̃)

}
.
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In the following, we denote the non-zero entries of s by j1(s), . . . , jκ(s)(s). Note that it holds κ(s) ∈
{1, . . . ,k} for every s ∈ Rk

≥ \{0} and Z(s) = intRk
≥ provided κ(s) = k. Using relation (3.8), it is easily

seen that for every s ∈ Rk
≥ \{0} it holds⋃

s̃∈Z(s)

S(s̃) = conv
{

a j1(s), . . . ,a jκ(s)(s)
}
. (3.9)

Therefore, using the above representation and Proposition 3.1, we obtain

S =
⋃

s∈Rk
≥\{0}

S(s) =
⋃

s∈Rk
≥\{0}

⋃
s̃∈Z(s)

S(s̃)

=
⋃

s∈Rk
≥\{0}

conv
{

a j1(s), . . . ,a jκ(s)(s)
}
= conv

{
a1, . . . ,ak},

which confirms (3.7) once again. Note, that if l = 2 and k = 5, for instance, then (3.9) recovers the
following representation of unions of scalar variational inequalities:

1. For s ∈ R5
≥ \{0} with κ(s) = 1, we have⋃

s̃∈Z(s)

S(s̃) =
⋃

s̃ j1(s)
∈R>

S(s̃) =
{

a j1(s)
}
.

2. For s ∈ R5
≥ \{0} with κ(s) = 2, we have⋃

s̃∈Z(s)

S(s̃) =
⋃

s̃ j1(s)
,s̃ j2(s)

∈R>

S(s̃) =
{

a j1(s),a j2(s)
}
.

3. For s ∈ R5
≥ \{0} with κ(s) = 3, we have⋃

s̃∈Z(s)

S(s̃) =
⋃

s̃ j1(s)
,s̃ j2(s)

,s̃ j3(s)
∈R>

S(s̃) =
{

a j1(s),a j2(s),a j3(s)
}
.

4. For s ∈ R5
≥ \{0} with κ(s) = 4, we have⋃

s̃∈Z(s)

S(s̃) =
⋃

s̃ j1(s)
,s̃ j2(s)

,s̃ j3(s)
,s̃ j4(s)

∈R>

S(s̃) =
{

a j1(s),a j2(s),a j3(s),a j4(s)
}
.

5. For s ∈ R5
≥ \{0} with κ(s) = 5, we have⋃

s̃∈Z(s)

S(s̃) =
⋃

s̃1,s̃2,s̃3,s̃4,s̃5∈R>

S(s̃) =
{

a1,a2,a3,a4,a5} .
Remark 3.2. The previous example shows that we need to calculate the solution set of all scalar problems
in order to cover the complete solution set of problem (2.3).

3.2. Non-linear scalarization. This section is intended as an attempt at motivating the power of non-
linear scalarizing functions. Indeed, Proposition 3.1 and Example 3.1 lead us to assume that, by using
only one linear and continuous scalarizing functional, one is not able to cover the whole solution set of
problem (2.1). In general, we have

Sol(VIs) ( Sol (VI)

where s ∈ K∗ \ {0}; compare Example 3.1. It is even possible that the solution set Sol(VIs) is empty
such that the previous inclusion becomes trivial. However, it turns out that by using a certain non-linear
scalarizing function, the resulting scalar problem is equivalent to problem (2.1) in the sense that their
solution sets coincide, provided the representability condition is satisfied. Therefore, by solving only
one scalar problem, using a non-linear scalarizing function, we cover the whole solution set of problem
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(2.1). To be precise, assume again that assumption (A) holds and let e ∈ intK be arbitrarily chosen.
Denote by

ϕ
K,e : Y → R

the non-linear Tammer-Weidner function, introduced in Definition 2.14, and recall that ϕK,e enjoys the
representability condition {

y ∈ Y | ϕK,e(y)< 0
}
= − intK;

compare Theorem 2.4. Therefore, the following scalar variational inequality with respect to the non-
linear Tammer-Weidner function ϕK,e is equivalent to problem (2.1): find an element x = x(ϕK,e) ∈ C
such that

ϕ
K,e(〈Fx,y− x〉Y

)
≥ 0, for every y ∈C. (3.10)

The above formulation has been frequently used in the literature to derive existence results for (gener-
alized) vector variational inequalities; compare Section 5 and the references [40, 53]. Note that in [55],
the authors use a modified non-linear scalarization function for quasi-vector equilibrium problems.

Remark 3.3. Over the years, several scalarizing functions have been introduced and employed in func-
tional analysis, risk theory, and many others. In a recent paper, Bouza et al. give a unified point of view
to the known scalarizing functions in optimization; see [26]. In their paper, the authors consider three
different classes: the class of separating functionals with uniform level sets (Tammer-Weidner functions),
the class of Hiriart-Urruty functions and the class of Drummond-Svaiter functions.

Example 3.2. We proceed with Example 3.1. Let e ∈ intRk
≥ be arbitrarily chosen. Note that for every

x,y ∈ Rl , it holds

ϕ
Rk
≥,e
(
〈Fx,y− x〉Rk

≥

)
= min

t ∈ R |

 〈x−a1,y− x〉
...

〈x−ak,y− x〉

 ∈ t

 e1
...

ek

−Rk
≥


= min

{
t ∈ R | 〈x−a j,y− x〉

e j
≤ t for j = 1, . . . ,k

}
= max

j=1,...,k
〈x−a j,y− x〉.

Thus, the non-linear scalar variational inequality (3.10) becomes: find an element x ∈ Rl such that

max
j=1,...,k

〈x−a j,y− x〉 ≥ 0, for every y ∈ Rl. (3.11)

Note that problem (3.11) does not depend upon the element e. In what follows, we are going to denote the
solution set of problem (3.11) by S̃. Evidently, by the representability condition of the Tammer-Weidner
function and Example 3.1, the solution of (3.11) is equivalent to the convex hull of a1, . . . ,ak. However,
let us again verify, using the above non-linear scalar variational inequality, that (3.7) holds. Clearly, it is
enough to prove

S̃ = conv
{

a1, . . . ,ak}. (3.12)

(I). Let us show S̃ ⊆ conv{a1, . . . ,ak} first. Indeed, let x ∈ S̃ be arbitrarily chosen. Then we can find a
non-empty set P⊆ {1, . . . ,k}, depending on the element x, such that

〈x−a j,y− x〉 ≥ 0, for every j ∈ P, y ∈ Rl.
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Without any loss of generality, we may assume that P = {1, . . . , p} for some p ∈ {1, . . . ,k}. Now let
λ1, . . . ,λp be arbitrarily chosen numbers with λ j ≥ 0 for j = 1, . . . , p and ∑

p
j=1 λ j = 1. Multiplying every

inequality by λ j and summing them up, we obtain

0 ≤
p

∑
j=1

λ j〈x−a j,y− x〉 = 〈x−
p

∑
j=1

λ ja j,y− x〉, for every y ∈ Rl.

However, similar to the previous example, the unique solution of the above variational inequality is given
by

x =
p

∑
j=1

λ ja j ∈ conv
{

a1, . . . ,ap} ⊆ conv
{

a1, . . . ,ak}.
(II). Let us show S̃⊇ conv{a1, . . . ,ak}. Indeed, let x∈ conv{a1, . . . ,ak} be arbitrarily chosen. Then there
are real numbers λ1, . . . ,λk with λ j ≥ 0 for j = 1, . . . ,k and ∑

k
j=1 λ j = 1 such that x = ∑

k
j=1 λ ja j. Assume

by contradiction that x /∈ S̃. Then there is y ∈ Rl such that

〈x−a j,y− x〉< 0, for j = 1, . . . ,k.

This is impossible, compare Example 3.1, which shows (3.12). The previous calculations again verify, by
solving the scalar problem (3.11) only, that the solution set of problem (2.3) is given by conv{a1, . . . ,ak}.

3.3. Pareto reducibility. The present section is devoted to the notion of Pareto reducibility of the
finite-dimensional vector variational inequality (2.2), which has recently been introduced by Popovici
an Rocca; see [177]. It should be noted that the concept of Pareto reducibility has also been introduced
in [178] for multi-objective optimization problems. Let us recall that the finite-dimensional vector vari-
ational inequality (2.2) consists of finding an element x ∈C such that

〈Fx,y− x〉Rk /∈ − intRk
≥, for every y ∈C,

where C is a non-empty, closed and convex subset of Rl and F : Rl →Matk×l(R) is a given mapping.
Roughly spoken, the key idea in [177] is to replace (2.2) by a finite family of subproblems. For this pur-
pose, we introduce the following strong finite-dimensional vector variational inequality: find an element
x ∈C such that

〈Fx,y− x〉Rk /∈ −Rk
≥ \{0}, for every y ∈C. (3.13)

In order to introduce the subproblems of (3.13), define the index set

Jk := {1, . . . ,k}.

For any subset J = { j1, . . . jm} ⊆ Jk, where 1≤ m≤ k, for any x ∈ Rl and y ∈ Rk, we define

〈Fx,y〉J := (〈Fj1x,y〉, . . . ,〈Fjmx,y〉) ∈ Rm,

where 〈·, ·〉 denotes the Euclidean scalar product in Rl . Note that 〈Fx,y〉Jk = 〈Fx,y〉Rk . Thus, using the
above notion, the subproblem of (3.13) with respect to J = { j1, . . . jm} consists of finding an element
x ∈C such that

〈Fx,y− x〉J /∈ −Rm
≥ \{0}, for every y ∈C. (3.14)

In what follows, we denote the solution set of problem (3.14) by Sol(SVVI′J), that is,

Sol(SVVI′J) :=
{

x ∈C | 〈Fx,y− x〉J /∈ −Rm
≥ \{0} for every y ∈ Rl

}
.

Note, that if J = { j} is a singleton for some j ∈ {1, . . . ,k}, then we have

Sol(SVVI′J) = Sol(VI′e j
).

Here, e j denotes the jth unit vector in Rk.
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The next result shows that the solution set of problem (2.2) can be decomposed using subproblems.

Theorem 3.1 ([177, Theorem 1]). Besides assumption (A), let F : Rl→Matk×l(R) be a given mapping.
Then, it holds

Sol(VVI′) =
⋃

/06=J⊆Jk

Sol(SVVI′J). (3.15)

Proof. Let us show the inclusion ⊆ in (3.15) first. We therefore have to find a non-empty subset J̃ of Jk
such that Sol(VVI′) ⊆ Sol(SVVI′J̃). Let x ∈ Sol(VVI′) be arbitrarily chosen. By Proposition 3.1, there
exists a vector s ∈ Rk

≥ \{0} such that

〈
k

∑
j=1

s jFjx,y− x〉 ≥ 0, for every y ∈C.

In what follows, we will consider the non-empty set J̃ := { j ∈ Jk | s j > 0}. Without any loss of generality
assume that J̃ = { j1, . . . , jp} for some 1≤ p≤ k. By defining the vector s̃ ∈ intRp

≥ by s̃ j = s j for every
j ∈ { j1, . . . , jp}, the above scalar problem may be written as

〈
p

∑
r=1

s̃ jr Fjr x,y− x〉 ≥ 0, for every y ∈C.

Let us define Sol(VIJ̃,s) := {x∈C | 〈∑p
r=1 s jr Fjr x,y−x〉 ≥ 0, for every y∈C} for any vector s∈Rk

≥\{0}.
Then, Proposition 3.1 implies

Sol(VIJ̃,s̃) ⊆
⋃

s∈intRk
≥

Sol(VIJ̃,s) ⊆ Sol(SVVI′J̃).

The above line shows that the inclusion⊆ in (3.15) holds. However, the reverse inclusion⊇ in (3.15) can
be shown by using similar arguments. The main tool is again Proposition 3.1. The proof is complete. �

Example 3.3. We proceed with Example 3.2. Recall that the finite-dimensional vector variational in-
equality (2.3) consists of finding an element x ∈ Rl such that 〈x−a1,y− x〉

...
〈x−ak,y− x〉

 /∈ − intRk
≥, for every y ∈ Rl.

In what follows, we are again going to show that the solution set S of problem (2.3) is equivalent to the
convex hull of a1, . . . ,ak, using Theorem 3.1. Therefore, let J = { j1, . . . , jm} ⊆ Jk be arbitrarily chosen
and consider the following subproblem: find an element x ∈ Rl such that 〈x−a j1 ,y− x〉

...
〈x−a jm ,y− x〉

 /∈ −Rm
≥ \{0}, for every y ∈ Rl.

Let us denote the solution set of the above subproblem by S(J). In the following, we are going to show
that it holds

S(J) = conv
{

a j1 , . . . ,a jm
}
. (3.16)

(I). We first show S(J) ⊆ conv{a j1 , . . . ,a jm}. Indeed, let x ∈ Rl be a solution of the subproblem with
respect to J = { j1, . . . , jm}. Thus, we can find disjoint subsets P,N ⊆ J with P∪N = J such that

〈x−a j,y− x〉 ≥ 0, for every y ∈ Rl, j ∈ P

〈x−a j,y− x〉< 0, for every y ∈ Rl, j ∈ N.
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Let us put P= {i1, . . . , ip} for some p∈{1, . . . ,m}. Now let λi1 , . . . ,λip be positive reals with ∑
p
r=1 λir = 1.

Multiplying every positive inequality by λir and summing them up yields

0≤
p

∑
r=1

λir〈x−air ,y− x〉= 〈x−
p

∑
r=1

λir a
ir ,y− x〉, for every y ∈ Rl.

Similar to the previous examples, the unique solution of the above variational inequality is given by

x =
p

∑
r=1

λir a
ir ∈ conv

{
ai1 , . . . ,aip

}
⊆ conv

{
a j1 , . . . ,a jm

}
,

which shows S(J)⊆ conv{a j1 , . . . ,a jm}.
(II). Let us show S(J) ⊇ conv{a j1 , . . . ,a jm}. Indeed, let x ∈ conv{a j1 , . . . ,a jm} be arbitrarily chosen. If
x /∈ S(J), then we can find some element y ∈ Rl such that 〈x−a j1 ,y− x〉

...
〈x−a jm ,y− x〉

 ∈ −Rm
≥ \{0}.

However, by adapting the arguments in part (II) of Example 3.1, this is impossible. This shows (3.16).
Thus, applying Theorem 3.1, we obtain again

S =
⋃

/06=J⊆Jk

S(J) = conv
{

a1, . . . ,ak}.
Let us again consider the special case where we let l = 2 and k = 5. Thus, there are five types of
subproblems:

1. For J = { j}, where 1≤ j ≤ 5, the subproblem becomes: find an element x ∈ R2 such that

〈Fx,y− x〉J = 〈Fjx,y− x〉 ≥ 0, for every y ∈ R2. (3.17)

The solution set is given by S(J) = {a j}.
2. For J = { j1, j2}, where 1≤ j1 < j2 ≤ 5, the subproblem becomes: find an element x ∈ R2 such

that

〈Fx,y− x〉J =
(
〈Fj1x,y− x〉
〈Fj2x,y− x〉

)
/∈ −R2

≥ \{0}, for every y ∈ R2. (3.18)

The solution set is given by S(J) = conv{a j1 ,a j2}.
3. For J = { j1, j2, j3}, where 1 ≤ j1 < j2 < j3 ≤ 5, the subproblem becomes: find an element

x ∈ R2 such that

〈Fx,y− x〉J =

 〈Fj1x,y− x〉
〈Fj2x,y− x〉
〈Fj3x,y− x〉

 /∈ −R3
≥ \{0}, for every y ∈ R2. (3.19)

The solution set is given by S(J) = conv{a j1 ,a j2 ,a j3}.
4. For J = { j1, j2, j3, j4}, where 1 ≤ j1 < j2 < j3 < j4 ≤ 5, the subproblem becomes: find an

element x ∈ R2 such that

〈Fx,y− x〉J =


〈Fj1x,y− x〉
〈Fj2x,y− x〉
〈Fj3x,y− x〉
〈Fj4x,y− x〉

 /∈ −R4
≥ \{0}, for every y ∈ R2. (3.20)

The solution set is given by S(J) = conv{a j1 ,a j2 ,a j3 ,a j4}.
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5. For J = J5, the subproblem becomes: find an element x ∈ R2 such that

〈Fx,y− x〉J =


〈F1x,y− x〉
〈F2x,y− x〉
〈F3x,y− x〉
〈F4x,y− x〉
〈F5x,y− x〉

 /∈ −R5
≥ \{0}, for every y ∈ R2. (3.21)

The solution set is given by S(J) = conv{a1,a2,a3,a4,a5}.
In this case, the solution set of the finite-dimensional vector variational inequality (2.3) is given by

S =
⋃

/06=J⊆J5

S(J) =
5⋃

j=1

⋃
J⊆J5
#J= j

S(J)

=
⋃

1≤ j≤5

{
a j}∪ ⋃

1≤ j1< j2≤5

conv
{

a j1 ,a j2
}
∪

⋃
1≤ j1< j2< j3≤5

conv
{

a j1 ,a j2 ,a j3
}

∪
⋃

1≤ j1< j2< j3< j4≤5

conv
{

a j1 ,a j2 ,a j3 ,a j4
}
∪ conv

{
a1, . . . ,a5}

= conv
{

a1, . . . ,a5}.
The next figure shows the solution set of all subproblems for the special case l = 2 and k = 5. The figures
(A) and (B) show the solution set of all subproblems (3.17) and (3.18), respectively. The figures (C) -
(L) show the solution sets of all subproblems (3.19). The figures (M) and (N) show the solution set of all
subproblems (3.20) while figure (O) shows the solution set of subproblem (3.21).

a1

a2 a3

a4

a5

(A) (B) (C)

(D) (E) (F)
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(G) (H) (I)

(J) (K) (L)

(M) (N) (O)

FIGURE 6. Several solution sets of subproblems.

4. TOPOLOGICAL AND ALGEBRAIC PROPERTIES OF THE SOLUTION SET

The purpose of this section is to investigate several topological and algebraical properties of the so-
lution set of vector variational inequalities (2.1) and (2.2), respectively. We will discuss under which
conditions of the data, the corresponding solution set is closed, bounded, compact, connected and semi-
algebraic since properties of this kind will be used frequently in the following sections. However, condi-
tions, which ensure that the solution set is non-empty, will be studied in Section 5.

4.1. Boundedness, closedness and compactness. In what follows, we are going to study the closed-
ness, boundedness and compactness of the solution set of the problems (2.1) and (2.2), respectively.
Therefore, the following definitions will be needed, which can be found, for example, in [12].

Definition 4.1. Besides assumption (A), let F : X → L(X ,Y ) be a given mapping. F is called
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(i) K-monotone if for every x,y ∈ X it holds

〈Fx−Fy,x− y〉Y ∈ K;

(ii) K-pseudomonotone if for every x,y∈ X it holds that 〈Fx,y−x〉Y /∈− intK implies 〈Fy,y−x〉Y /∈
− intK;

(iii) v-hemicontinuous if for every x,y,z ∈ X the mapping R→ Y , given by t 7→ 〈F(x+ ty),z〉Y , is
continuous at 0+;

(iv) continuous at x ∈ X if for every sequence {xn} ⊆ X with xn→ x it holds Fxn→ Fx;
(v) continuous if F is continuous at every point in X .

Remark 4.1. (i) Using Proposition 2.5 (iv), it is easily seen that any K-monotone mapping is K-
pseudomonotone.
(ii) Any continuous mapping F : X→ L(X ,Y ) is v-hemicontinuous. However, the converse does not hold
in general.
(iii) If we let Y = R and K = R≥, then the above notions recover the notions of hemicontinuous and
monotone operators from X to L(X ,R) = X∗; see [199]. An operator A : X → X∗ is called monotone if
for every x,y ∈ X it holds that 〈Ax−Ay,x−y〉X∗,X ≥ 0. A is called strictly monotone if for every x,y ∈ X ,
x 6= y, it holds that 〈Ax−Ay,x−y〉X∗,X > 0. A is said to be hemicontinuous if the mapping R→R, given
by t 7→ 〈A(x+ ty),z〉X∗,X , is continuous at 0+.

Example 4.1. Let us show that the mapping F : Rl →Matk×l(R), given by (2.4), is Rk
≥-monotone and

v-hemicontinuous. Indeed, let x,y,z ∈ Rl be arbitrarily chosen and define ϕ(t) := 〈F(x+ ty),z〉Rk for
t ∈ R. Then we have

〈Fx−Fy,x− y〉Rk =

 〈x−a1− y+a1,x− y〉
...

〈x−ak− y+ak,x− y〉

 =

 ‖x− y‖2
2

...
‖x− y‖2

2

 ∈ Rk
≥,

which shows that F is Rk
≥-monotone. Note further that ϕ(0) = 〈Fx,z〉Rk . Hence, we have for every t ∈R

‖ϕ(t)−ϕ(0)‖2 =

∥∥∥∥∥∥∥
 〈ty,z〉...
〈ty,z〉


∥∥∥∥∥∥∥

2

= |t|
√

k |〈y,z〉|,

and consequently ϕ(t)→ ϕ(0) for t ↓ 0. This shows the v-hemicontinuity of F .

The next lemma is known as Minty lemma or Linearization lemma. It states an equivalent formulation
for problem (2.1), which will turn out to be very useful in the next sections.

Lemma 4.1 (Minty, [53, 98]). Besides assumption (A), let F : X → L(X ,Y ) be a K-monotone and v-
hemicontinuous mapping. Then, an element x ∈C is a solution of the vector variational inequality (2.1),
that is, satisfies

〈Fx,y− x〉Y /∈ − intK, for every y ∈C,

if and only if it satisfies

〈Fy,y− x〉Y /∈ − intK, for every y ∈C. (4.1)

Proof. Let x ∈C be a solution of problem (2.1). Since F is K-monotone, we have

〈Fx−Fy,x− y〉Y ∈ K, for every y ∈C. (4.2)

By adding the relations (2.1) and (4.2), we conclude that x is a solution of problem (4.1); see Proposition
2.5 (iv).
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Conversely, let x ∈C be a solution of problem (4.1). Inserting the element x+ t(z− x) ∈C, where z ∈C
and 0 < t < 1 is sufficient small, we obtain

t〈F(x+ t(z− x)),z− x〉Y /∈ − intK.

Multiplying the above inequality by t−1 and passing to the limit t ↓ 0 shows that x ∈C solves problem
(2.1); compare Proposition 2.5 (v). The proof is complete. �

Remark 4.2. (i) Under the assumptions of Lemma 4.1, it holds that

Sol (VVI) =
{

x ∈C | 〈Fy,x− y〉Y 6∈ − intK, for every y ∈C
}
. (4.3)

This relation will turn out to be very useful in the next sections. See, for example, Theorem 5.1 and
Theorem 5.15 in this paper.
(ii) Problem (4.1) is frequently called Minty vector variational inequality; see [98]. Further, Lemma 4.1
is the vector analogue of Lemma 1.5 in [144, Chapter III]. For a kind of symmetry, problem (4.1) is
frequently called Stampacchia vector variational inequality; see, for example, [12].

Example 4.2. As a consequence of Lemma 4.1 and Example 4.1, the vector variational inequality (2.3)
is equivalent to the following problem: find an element x ∈ Rl such that 〈y−a1,y− x〉

...
〈y−ak,y− x〉

 /∈ − intRk
≥, for every y ∈ Rl.

The following proposition gives necessary conditions for the closedness and compactness of the solu-
tion set of the vector variational inequality (2.1).

Proposition 4.1. Besides assumption (A), let F : X → L(X ,Y ) be a given mapping.

(i) Assume that F is K-monotone and v-hemicontinuous. Then, the solution set of problem (2.1) is
closed. If C is compact in addition, then the solution set of problem (2.1) is compact.

(ii) Assume that F is continuous. Then, the solution set of problem (2.1) is closed. If C is compact
in addition, then the solution set of problem (2.1) is compact.

Proof. (i). Let {xn} be a sequence in Sol (VVI) with xn→ x. By (4.3), it follows that

〈Fy,xn− y〉Y /∈ − intK, for every y ∈C.

Passing to the limit and using the fact that the set Y \(− intK) is closed in Y , we deduce x∈ Sol (VVI). In
other words, the solution set of problem (2.1) is closed. Since Sol (VVI)⊆C, the solution set is compact
provided that C is compact.
(ii). Let {xn} be a sequence in Sol (VVI) with xn→ x. Note that for every y ∈ X

〈Fxn,y− xn〉Y → 〈Fx,y− x〉Y ;

see Proposition 2.4 (vi). Since Y \ (− intK) is a closed subset of Y , we conclude x ∈ Sol (VVI). The
second part follows similar to the previous step. The proof is complete. �

Remark 4.3. (i) In [79], Hu and Fang investigate conditions for the non-emptyness and compactness of
the solution set of pseudomonotone vector variational inequalities by using the concept of asymptotical
cones. The authors in [84] use linear scalarization to characterize the compactness of the solution set of
generalized vector variational inequalities.
(ii) It should be noted that the solution set of problem (2.3) is compact, although the constraining set is
unbounded.
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Since intK ⊆ K \{0}, it is clear that we have{
x ∈C | 〈Fx,y− x〉Y /∈ −K \{0}

}
⊆ Sol (VVI),

but the converse inclusion does not hold in general; see, [155, Counterexample]. However, under ad-
ditional assumptions for C and F , a positive answer can be given for the finite-dimensional case. We
therefore need the following definition.

Definition 4.2 ([155, Definition 3]). A non-empty subset E ⊆ Rl is said to be a strictly convex body if
intE 6= /0 and for every x,y ∈ E with x 6= y, it holds that {tx+(1− t)y | t ∈ (0,1)} ⊆ intE.

Yen and Lee [155] provide the following answer for the finite-dimensional case.

Theorem 4.1 ([155, Theorem 2]). Besides assumption (A), let C ⊆ Rl be a strictly convex body and
assume that for every x ∈C, the mapping 〈Fx, ·〉Rk : Rl → Rk is surjective. Then it holds

Sol (VVI′) =
{

x ∈C | 〈Fx,y− x〉Rk /∈ −Rk
≥ \{0}

}
. (4.4)

Proof. Suppose to the contrary that (4.4) does not hold. Then we can find an element x∈ Sol (VVI′) such
that x /∈

{
x ∈C | 〈Fx,y− x〉Rk /∈ −Rk

≥ \{0}
}

. Consequently, there is an element y ∈C such that

〈Fx,y− x〉Rk ∈ −Rk
≥ \{0}.

Let us define xt := (1− t)x+ ty for t ∈ (0,1). Note that xt ∈ intC. Multiplying the above inequality by t,
we conclude

〈Fx,xt − x〉Rk ∈ −Rk
≥ \{0}. (4.5)

Now let ε > 0 be such that B(xt ,ε)⊆C, where B(xt ,ε) denotes the closed ball centered at xt with radius
ε . Since by assumption 〈Fx, ·〉Rk is linear and surjective, Banach’s open mapping theorem yields that the
mapping is open; see [27, Theorem 2.6]. Consequently, the image 〈Fx,B(xt ,ε)−x〉Rk := {〈Fx,y−x〉Rk |
y ∈ B(xt ,ε)} must be a neighborhood of zt := 〈Fx,xt − x〉Rk . Now let ρ > 0 be, such that B(zt ,ρ) ⊆
〈Fx,B(xt ,ε)− x〉Rk . Consequently, we deduce from (4.5) that it holds B(zt ,ρ)∩ (− intRk \ {0}) 6= /0;
compare [179, Corollary 6.3.2]. But this implies that we can find an element ỹ ∈ B(xt ,ε)⊆C with

〈Fx, ỹ− x〉Rk ∈ − intRk,

which is impossible. The proof is complete. �

4.2. Connectedness and semi-algebraicness. In this subsection, results ensuring that the solution set
of the finite-dimensional vector variational inequality (2.2) is connected and semi-algebraic will be in-
vestigated. To proceed furthermore with our discussion, the following definition is needed.

Definition 4.3 ([184, Definition 2.5.2]). A subset E of Rl is said to be connected if there are no two
open, disjoint sets O1 and O2 in Rl with O1∪O2 = E beside E and /0.

Remark 4.4. Convex sets are connected; see Proposition 2.5.8 in [184].

The next theorem is based on the following result.

Proposition 4.2 ([118, Theorem 3.1, Theorem 3.2]). Let H : Rk⇒ Rl be an upper semicontinuous set-
valued mapping and let S ⊆ Rk be a connected set. If for every s ∈ S, the set H(s) is non-empty and
connected, then the image

H(S) :=
⋃
s∈S

H(s)

is connected.
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Remark 4.5. A set-valued mapping H : Rk⇒Rl is said to be upper semicontinuous at x ∈Rk if for any
open set V in Rl containing H(x), there exists an open neighborhood U of x in Rk such that H(z) ⊆ V
for all z ∈U . H is said to be upper semicontinuous if it is upper semicontinuous at every point in Rk.
Continuity results for set-valued mappings will we investigated in detail in Section 10. However, a handy
characterization of upper semicontinuity is as follows; compare Lemma 10.1: Let H : Rk⇒ Rk be a set-
valued mapping such that there exists a compact subset B of Rl with H(x) ⊆ B for every x ∈ Rk. Then,
H is upper semicontinuous at x ∈ Rk if and only if for any sequence {xn} ⊆ Rk, xn → x and for any
y ∈ H(x), there is a sequence {yn} such that yn ∈ H(xn) and yn→ y.

The next theorem can be found in [35, Theorem 2.3] and [57, Theorem 1].

Theorem 4.2. Besides assumption (A), let F : Rl → Matk×l(R) be a Rk
≥-monotone and continuous

mapping. If C is bounded in addition, then the solution set of the finite-dimensional vector variational
inequality (2.2) is connected.

Proof. The proof of this theorem is based on Proposition 4.2. We therefore define a set-valued mapping
H : Rk⇒ Rl by

H(s) := Sol(VI′s), for every s ∈ Rk. (4.6)

Recall that Sol(VI′s) denotes the solution set of the scalar problem (3.1) with respect to s. Note further
that we have

Sol (VVI′) =
⋃
s∈S

H(s),

where S := {s ∈ Rk
≥ | ‖s‖ = 1}; see Proposition 3.1 and Remark 3.1. Since F is Rk

≥-monotone and
continuous and C is non-empty, closed and compact, the set H(s) is non-empty for every s ∈ S; see, for
example, [144, Theorem 3.1]. It remains to show that H is an upper semicontinuous set-valued mapping
with connected values. The values of H are trivially connected since they are convex; see Remark 4.4.
Indeed, note that problem (3.1) with respect to s ∈Rk is equivalent to finding an element x ∈C such that

〈
k

∑
j=1

s jFjy,y− x〉 ≥ 0, for every y ∈C;

compare Lemma 4.1 and Remark 4.2. Thus, the convexity of H(s) follows. Now assume to the contrary
that H is not upper semicontinuous at a point s ∈ S. Then we can find an open set V in Rl with H(s)⊆V
such that for any open neighborhood U of s, it holds H(s̃) ⊆ V for all s̃ ∈ U . This implies that there
exists a sequence {sn} in S with sn→ s such that for each index n, we can find xn ∈ H(sn) with xn /∈ V .
Consequently, since xn solves the scalar problem (3.1) with respect to sn, we have xn ∈C and

〈
k

∑
j=1

sn
j Fjxn,y− xn〉 ≥ 0, for every y ∈C,

where sn = (sn
1, . . . ,s

n
k)
>. Since {xn} lies in the compact set C, there is a subsequence, again denoted by

{xn}, such that xn→ x. Now passing in the above inequality to the limit, we conclude

〈
k

∑
j=1

s jFjx,y− x〉 ≥ 0, for every y ∈C.

In other words, x ∈ H(s). However, this is impossible since x /∈ V but H(s) ⊆ V . Therefore, H is upper
semicontinuous, which completes the proof. �

Remark 4.6. The set-valued mapping H : Rk ⇒ Rl , given by relation (4.6), is frequently called base
multifunction associated to problem (2.2); see Section 2 in [120].
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Definition 4.4 ([24, Definition 2.1.4]). A subset E of Rl is called semi-algebraic if it is of the form

E =
s⋃

i=1

ri⋂
j=1

{x ∈ Rl | fi j(x)∼i j 0},

where s,r1, . . . ,rs ∈ N, fi j ∈P(Rl) and ∼i j∈ {<,=} for i = 1, . . . ,s and j = 1, . . . ,ri. Here, P(Rl)
denotes the ring of real polynomials in l variables.

Remark 4.7. (i) It should be noted that semi-algebraic subsets of Rl form the smallest family of subsets
containing all sets of the form {x ∈ Rl | f (x) > 0}, where f ∈P(Rl), and closed under taking finite
intersections, finite unions and complements; see Section 2 in [24].
(ii) Open balls, closed balls and spheres in Rl , where Rl is equipped with the Euclidean topology, are
semi-algebraic sets. Numerous examples and properties of semi-algebraic sets can be found in [21, 24]
and Example 4.3 of this paper.

The following theorem states that the solution set of so-called polynomial vector variational inequali-
ties [125] is semi-algebraic.

Theorem 4.3 ([125, Theorem 3.1]). Besides assumption (A), let F :Rl→Matk×l(R) be a given mapping
and assume that the following conditions hold:

(i) All components of F are polynomials.
(ii) The constraining set C is a polyhedral set, that is, there are p ∈ N, A ∈Matp×l(R) and b ∈ Rp

such that C =
{

x ∈ Rl | b−Ax ∈ Rp
≥
}

.
Then it holds that the solution set of the finite-dimensional variational inequality (2.2) is a semi-algebraic
subset of Rl .

Proof. Let Jp := {1, . . . , p} and define for every J ⊆ Jp the so-called pseudo-face

CJ :=

{
x ∈ Rl |

l

∑
j=1

ai jx j = bi, for every i ∈ J,
l

∑
j=1

ai jx j < bi, for every i /∈ J

}
of C. It is easily seen that C =

⋃
J⊆Jp

CJ . Thus, we can rewrite the solution set of problem (2.2) as

Sol (VVI′) =
⋃

J⊆Jp

Sol (VVI′)∩CJ.

Since a finite union of semi-algebraic sets remains semi-algebraic, the proof is completed if we show
that every set Sol (VVI′)∩CJ , where J ⊆ Jp, is semi-algebraic; compare [21]. However, the main idea is
to use the reformulation Sol (VVI′)∩CJ = Proj(ΩJ), where Proj : Rl×Rk→ Rl is the natural projection
on the space of the first l components and ΩJ ⊆ Rl ×Rk is a semi-algebraic set, which is constructed
using Farka’s lemma. Since Proj preserves semi-algebraicness, see Theorem 2.2.1 in [24], the semi-
algebraicness of Sol (VVI′) follows. The proof is complete. �

Remark 4.8. In [119], Hieu studies the connectedness and boundedness structure of the solution set of
a finite-dimensional vector variational inequality by using the famous Tarski-Seidenberg Theorem in the
second form; see Theorem 2.2.1 in [24]. In [93, Section 3], Yu et al. investigate the connectedness of
the solution set of vector variational inequalities. Similar results, using linear scalarization methods, can
be found in [35, 57, 78]. The authors in [155] study the path-connectedness and connectedness of finite-
dimensional vector variational inequalities with lipschitz continuous and strongly monotone mappings.
Scalarization methods and several properties of semi-algebraic sets are also used in [125] to prove that
polynomial vector variational inequalities have finitely many connected components. Consequences of
such results in the field of multi-objective optimization are discussed as well. In [120], Hieu establishes
several upper and lower estimates for the maximal number of the connected components of the solution
set of a monotone affine vector variational inequality.
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Example 4.3. Let us come back to Example 2.2. Evidently, the assumptions of Theorem 4.3 hold, that
is, the solution set S of problem (2.3) is a semi-algebraic set. Note that the whole space Rl is trivially a
polyhedral set. In the previous section, we have shown that S is equivalent to the convex hull of a1, . . . ,ak.
In what follows, we again confirm that S is semi-algebraic, where we let l = 2 and k = 5. In order to
show that S = conv{a1, . . . ,a5} is a semi-algebraic set in R2, consider the following list of sets:

A11 = {x ∈ R2 | x1−a1
1 > 0}, A12 = {x ∈ R2 | a4

1− x1 > 0}, A13 = {x ∈ R2 | x2−a1
2 > 0},

A14 = {x ∈ R2 | a2
2− x2 > 0},

A21 = {x ∈ R2 | x1−a1
1 = 0}, A22 = {x ∈ R2 | x2−a1

2 > 0}, A23 = {x ∈ R2 | a2
2− x2 > 0},

A31 = {x ∈ R2 | x2−a2
2 = 0}, A32 = {x ∈ R2 | x1−a2

1 > 0}, A33 = {x ∈ R2 | a3
1− x1 > 0},

A41 = {x ∈ R2 | x1−a3
1 = 0}, A42 = {x ∈ R2 | x2−a3

2 > 0}, A43 = {x ∈ R2 | a4
2− x2 > 0},

A51 = {x ∈ R2 | x2−a1
2 = 0}, A52 = {x ∈ R2 | x1−a1

1 > 0}, A53 = {x ∈ R2 | a4
1− x1 > 0},

A61 = {x ∈ R2 | x1−a1
1 = 0}, A62 = {x ∈ R2 | x2−a1

2 = 0},
A71 = {x ∈ R2 | x1−a2

1 = 0}, A72 = {x ∈ R2 | x2−a2
2 = 0},

A81 = {x ∈ R2 | x1−a3
1 = 0}, A82 = {x ∈ R2 | x2−a3

2 = 0},
A91 = {x ∈ R2 | x1−a4

1 = 0}, A92 = {x ∈ R2 | x2−a4
2 = 0}.

Then it holds

S = conv
{

a1, . . . ,a5} =
9⋃

i=1

ri⋂
j=1

Ai j,

where r1 = 4, r2 = . . . = r5 = 3 and r6 = . . . = r9 = 2, which again confirms that the solution set of
problem (2.3) is semi-algebraic.

(A)
⋂4

j=1 A1 j (B)
⋃5

i=2
⋂3

j=1 Ai j

a1

a2 a3

a4

a5

(C)
⋃9

i=6
⋂2

j=1 Ai j

FIGURE 7. Illustration of certain unions and intersections of sets Ai j.

It should be notated that, although the constraining set in problem (2.3) is unbounded, its solution set
is convex and therefore connected.

5. EXISTENCE RESULTS

This section is devoted to the study of existence results for vector variational inequality (2.1). Within
the last decades, several existence results for vector variational inequalities of type (2.1) and extensions
of it have been published in the literature. However, a careful study of all results shows that only a
handful of different techniques are used; compare, for example, [7, 8, 12, 13, 31, 40, 53, 81, 82, 101,
111, 115, 133, 136, 138, 140, 141, 146, 163, 165, 176, 186, 193, 194] and the references therein. We
will therefore focus on the basic vector variational inequality (2.1) only since all results and methods for
generalized vector variational inequalities are based on the results for problem (2.1). In order to ensure
the existence of solutions, a so-called coercivity (or boundedness) condition of the data of the vector
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variational inequality is required – in this setting, either for the mapping F or for the constraining set C.
In general, this condition is crucial because otherwise, the existence of solutions cannot be guaranteed.
However, in absence of coercivity conditions, one can replace problem (2.1) by a family of so-called
regularized vector variational inequalities. Even though the data of (2.1) do not enjoy any coercivity
condition, one can show that the regularized problems attain a solution. It turns out that the limit point
of any sequence of regularized solutions solves problem (2.1). The regularization therefore allows one
to derive existence results for non-coercive vector variational inequalities. In what follows, the main
tools for deriving existing results for problem (2.1) are the Fan-KKM lemma, the Hartmann-Stampacchia
theorem, Browder’s fixed-point theorem, Fan’s section lemma and Brouwer’s fixed-point theorem, which
we will recall in this section.

5.1. Existence results with monotonicity. This section is devoted to existence results for problem (2.1),
where the mapping F : X→ L(X ,Y ) is assumed to be K-monotone; compare Definition 4.1. Let us recall
the famous Fan-KKM lemma by Fan, Knaster, Kuratowski and Mazurkiewicz, which will turn out to be
a crucial tool in the following.

Lemma 5.1 ([76, Lemma 1], Fan-KKM). Let C be a non-empty subset of the topological vector space
X and let G : C⇒ X be a set-valued mapping with non-empty values. Then it holds⋂

y∈C

G(y) 6= /0,

provided that G satisfies the following properties:

(i) For any k ∈N and any finite subset {x1, . . . ,xk} ⊆C it holds that conv{x1, . . . ,xk} ⊆
⋃k

j=1 G(x j).
(ii) For every y ∈C, G(y) is closed in X.

(iii) G(y0) is compact in X for some y0 ∈C.

Remark 5.1. (i) An excellent overview about applications of the Fan-KKM lemma in the field of set-
valued fixed-point results, minimax equalities and inequalities and variational inequalities can be found
in [152, 173].
(ii) A set-valued mapping, satisfying condition (i) in Lemma 5.1, is said to be a KKM-mapping, see [12,
Definition 1.48].
(iii) It is easily seen that the set-valued mapping G : C⇒ X is a KKM-mapping if it holds y ∈ G(y) and
X \G−1(y) is convex for every y ∈C.

The next theorem provides a first existence result for the vector variational inequality (2.1). It will
turn out that the technique which is used, will also be applied in several other existence results.

Theorem 5.1 ([53, Theorem 2.1]). Besides assumption (A), let F : X → L(X ,Y ) be a K-monotone and
v-hemicontinuous mapping. If C is bounded in addition, then the vector variational inequality (2.1) has
a solution.

Proof. The proof of this theorem is based on the Fan-KKM lemma. We therefore introduce set-valued
mappings G,G′ : C⇒ X by

G(y) :=
{

x ∈C | 〈Fx,y− x〉Y /∈ − intK
}

and G′(y) :=
{

x ∈C | 〈Fy,y− x〉Y /∈ − intK
}
,

for every y ∈C. Note that the values of G and G′ are non-empty since y ∈ G(y) and y ∈ G′(y) for every
y ∈C. Since the mapping F is assumed to be K-monotone and v-hemicontinuous, it is easily seen that it
holds that ⋂

y∈C

G(y) = Sol (VVI) =
⋂
y∈C

G′(y), (5.1)
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see Remark 4.2. Consequently, the proof is complete by showing that one of the intersections in (5.1) is
non-empty. Let us show that the assumptions of Lemma 5.1 are satisfied.
(I). Let us show that G is a KKM-mapping. Indeed, let k ∈ N and {x1, . . . ,xk} ⊆ C. Suppose to the
contrary that

conv{x1, . . . ,xk} 6⊆
k⋃

j=1

G(x j).

Then there are real numbers λ1, . . . ,λk with ∑
k
j=1 λ j = 1 and λ j ≥ 0 for j = 1, . . . ,k such that

k

∑
j=1

λ jx j /∈
k⋃

j=1

G(x j).

In other words, it holds

〈Fx̄,x j− x̄〉Y ∈ − intK, for j = 1, . . . ,k,

where we define x̄ := ∑
k
j=1 λ jx j. Thus, multiplying every relation by λ j and summing them up, we have

k

∑
j=1

λ j〈Fx̄,x j〉Y ∈ 〈Fx̄, x̄〉Y − intK.

However, the left-hand side of this relation is equivalent to 〈Fx̄, x̄〉Y . The previous relation consequently
states 0 ∈ intK. This is impossible since the cone K is assumed to be proper; compare Remark 2.4. This
shows that G is a KKM-mapping.
(II). Let us show that G′ is a KKM-mapping. Indeed, by the K-monotonicity of F , we have for every
y ∈C

G(y)⊆ G′(y),

compare the proof of Lemma 4.1. Consequently, G′ is also a KKM-mapping.
(III). Let us show that G′ has closed values. For this purpose, let y∈C and let {xn}⊆G′(y) be a sequence
such that xn→ x. Consequently,

〈Fy,xn− y〉Y /∈ − intK.

Using Proposition 2.4 and the fact that the set Y \ (− intK) is closed, passing in the above relation to
the limit yields 〈Fy,x− y〉Y /∈ − intK. We have therefore shown that x ∈ G′(y). Since y ∈C was chosen
arbitrarily, G′ has closed values.
(IV). We now equip X with the weak topology. Then C, as a closed, convex and bounded set in the
reflexive Banach space X , is weakly compact. Therefore, for every y ∈C, G′(y) is weakly compact as a
weakly closed subset of C. We have finally shown that G′ : C⇒ X is a KKM-mapping with closed and
compact values with respect to the weak topology of X . Thus, by Lemma 5.1, we obtain⋂

y∈C

G′(y) 6= /0,

that is, (5.1) is non-empty. In other words, the solution set of problem (2.1) is non-empty. The proof is
complete. �

Remark 5.2. (i) Evidently, the requirements for the constraining set C in Theorem 5.1 can be replaced in
the following way: C is non-empty, convex and weakly compact; compare [146, Theorem 3.1]. Further,
if the set C is assumed to be compact, then the reflexivity of X can be dropped.
(ii) It should be noted that part (I) in the proof of Theorem 5.1, that is, the proof that G : C⇒ X is a
KKM-mapping does not use any properties of F and C.
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(iii) The Fan-KKM Lemma 5.1 cannot be applied to the establishment of the existence of vector varia-
tional inequalities of the following type: find an element x ∈C such that

〈Fx,y− x〉Y /∈ −K \{0}, for every y ∈C.

This is due to the fact that the corresponding set-valued mappings G and G′, compare the previous proof,
do not have closed values in general.
(iv) Several other existence results for problem (2.1) and generalizations of it, based on the Fan-KKM
lemma, can be found, for example, in [3, 14, 59, 80, 82, 93, 112, 123, 133, 135, 136, 138, 139, 145, 165,
176, 186, 188, 194].

In the following theorem, the K-monotonicity of F is replaced by a so-called L-condition. See [12,
Chapter 5] for several other existence results based on the L-condition.

Theorem 5.2 ([189, Proposition 1]). Besides assumption (A), let F : X→L(X ,Y ) be a v-hemicontinuous
mapping, which satisfies the following L-condition: for any k ∈ N, for any finite subset {x1, . . . ,xk} ⊆C
and for all λ1, . . . ,λk with λ j ≥ 0 for j = 1, . . . ,k and ∑

k
j=1 λ j = 1 it holds

k

∑
j=1

λ j〈Fx j,x j〉Y −
k

∑
j=1

λ j〈Fx j, x̄〉Y ∈ K, (5.2)

where x̄ := ∑
k
j=1 λ jx j. If in addition, C is bounded, then the vector variational inequality (2.1) has a

solution.

Proof. This proof is again based on the Fan-KKM lemma. Recall that in the proof of Theorem 5.1, the
set-valued mapping G′ : C⇒ X was defined by

G′(y) :=
{

x ∈C | 〈Fy,y− x〉Y /∈ − intK
}
, for every y ∈C.

Evidently, any element in the intersection ⋂
y∈C

G′(y) (5.3)

is a solution of the Minty vector variational inequality (4.1). Further, since F is assumed to be v-
hemicontinuous, any solution of problem (4.1) is one of (2.1), see Lemma 4.1. It therefore remains
to show that the requirements of Lemma 5.1 are satisfies in order to ensure that (5.3) is non-empty. A
careful study of the proof of Theorem 5.1 shows that we have to adapt step (II) only; compare also the
previous remark.
(I). Let us show that G′ is a KKM-mapping. Indeed, let k ∈ N and {x1, . . . ,xk} ⊆ C. Suppose to the
contrary that conv{x1, . . . ,xk} is not contained in

⋃k
j=1 G′(x j). Then there are λ1, . . . ,λk with ∑

k
j=1 λ j = 1

and λ j ≥ 0 for j = 1, . . . ,k such that

k

∑
j=1

λ jx j /∈
k⋃

j=1

G′(x j).

In other words, it holds

〈Fx j,x j− x̄〉Y ∈ − intK, for j = 1, . . . ,k,

where we again define x̄ := ∑
k
j=1 λ jx j. Consequently, by multiplying every relation by λ j and summing

them up, we obtain
k

∑
j=1

λ j〈Fx j, x̄〉Y −
k

∑
j=1

λ j〈Fx j,x j〉Y ∈ intK, (5.4)
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Since K is a convex and solid cone, it holds K + intK = intK; see [12, Proposition 2.7]. From (5.2) and
(5.4), we therefore conclude that 0 ∈ intK. This is impossible; compare again Remark 2.4. Thus, G′ is a
KKM-mapping.
(II). Similar to the proof of Theorem 5.1, see part (III) and (IV), follows that the values of G′ are non-
empty, closed and compact with respect to the weak topology of X . Therefore, by applying Lemma
5.1, the intersection (5.3) is non-empty. In other words, the Minty vector variational inequality (4.1)
has a solution. Since F is v-hemicontinuous, it follows that the vector variational inequality (2.1) has a
solution; see Lemma 4.1. The proof is complete. �

In what follows, we will need the following definition, which can be found in [189].

Definition 5.1. Besides assumption (A), let F : X → L(X ,Y ) be a given mapping. F is said to be v-
coercive if there exists a non-empty and compact subset B⊆ X and an element y0 ∈ B∩C such that

〈Fy,y0− y〉Y ∈ intK, for every y ∈C \B. (5.5)

Remark 5.3. (i) It is easily seen that F is v-coercive with B =C provided that C is a compact set.
(ii) See [12, Definition 5.7] for several other v-coercivity conditions, which are related to the previous
definition.

In the next result, the boundedness of C in Theorem 5.1 is replaced by the v-coercivity of F .

Theorem 5.3 ([189, Theorem 1]). Besides assumption (A), let F : X → L(X ,Y ) be a K-monotone, v-
hemicontinuous and v-coercive mapping. Then, the vector variational inequality (2.1) has a solution.

Proof. We follow the proof of Theorem 5.1. In the previous proof, using the K-monotonicity and v-
hemicontinuity of F , we have shown that the set-valued mapping G′ : C⇒ X , defined by

G′(y) :=
{

x ∈C | 〈Fy,y− x〉Y /∈ − intK
}
,

for every y ∈C, is a KKM-mapping with non-empty and closed values; compare the steps (I), (II) and
(III). In order to apply Lemma 5.1 and to prove that (5.1) is non-empty, it remains to show that there
is an element y0 ∈ C such that G′(y0) is compact in X . Indeed, by the v-coercivity of F , there exists a
non-empty and compact subset B⊆ X and an element y0 ∈ B∩C such that (5.5) holds. We consequently
obtain

G′(y0)⊆ B,

implying that G′(y0) is compact as a closed subset of the compact set B. Note that in this setting X is
endowed with the usual norm topology. Finally, the Fan-KKM Lemma 5.1 ensures that the intersection
in (5.1) is non-empty, implying that the vector variational inequality (2.1) has a solution. �

Remark 5.4. (i) The reflexivity of X can be dropped in Theorem 5.3.
(ii) In comparison to Theorem 5.1, the v-coercivity condition ensures the compactness of the set G′(y0)
only, while the boundedness of C implies the weak compactness of all sets G′(y), y ∈C.
(iii) The results in [13, 138, 140, 165, 186] use a similar technique as proposed in the previous theorem.

Recall that for x0 ∈ X and r > 0, B(x0,r) := {x∈ X | ‖x−x0‖X ≤ r} denotes the closed ball with center
x0 and radius r > 0 in X , while bdB(x0,r) denotes its boundary.

The following result uses a truncating argument.

Theorem 5.4 ([146, Theorem 3.3]). Besides assumption (A), let F : X → L(X ,Y ) be a K-monotone and
v-hemicontinuous mapping. If it holds that 0 ∈C and there exists an element y0 ∈C and a number d > 0
such that

〈Fx,y0− x〉Y ∈ − intK, (5.6)

for every x ∈C such that ‖y0− x‖X > d, then the vector variational inequality (2.1) has a solution.
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Proof. We define Cr :=C∩B(0,r) for every r > 0. Since Cr is a non-empty, closed, convex and bounded
subset of X and F is a K-monotone and v-hemicontinuous mapping, Theorem 5.1 implies that the fol-
lowing truncated vector variational inequality has a solution: find an element xr ∈Cr such that

〈Fxr,y− xr〉Y /∈ − intK, for every y ∈Cr. (5.7)

The proof is complete if we can show that (5.7) holds for all elements in C.
(I). Let us show that the corresponding sequence {xr} of solutions is bounded. Indeed, if not, then we
can find an index r > 0 large enough so that ‖y0‖X ≤ r and ‖y0− xr‖X > d, where y0 ∈C and d > 0 are
given by the coercivity assumption of this theorem. By (5.6), it follows

〈Fxr,y0− xr〉Y ∈ − intK,

which contradicts (5.7). This shows that the sequence of solutions is bounded.
(II). Let us show that (5.7) holds for all elements in C. By step (I), there exists some r > 0 such that
‖xr‖X < r. Inserting the element (1− t)xr + tw ∈ Cr in (5.7), where w ∈ C and t > 0 is chosen small
enough, we have

t〈Fxr,w− xr〉Y /∈ − intK.

Recall that w ∈ C was chosen arbitrarily. By applying Proposition 2.5 (v), we have finally shown that
xr ∈C satisfies

〈Fxr,w− xr〉Y /∈ − intK, for every w ∈C.

In other words, xr ∈C is a solution of problem (2.1). The proof is complete. �

Remark 5.5. (i) A similar method is used in [93, Theorem 2.2.3].
(ii) Note that the coercivity condition (5.6) can be equivalently stated as: there exists an element y0 ∈C
and a number d > 0 such that

〈Fy,y0− y〉Y ∈ − intK, for every y ∈C \B(y0,d).

Therefore, if X is a finite-dimensional Euclidean space, Theorem 5.3 recovers Theorem 5.4; see Theorem
2.1.

The next result can be found in [130, Theorem 3.2], for instance. The same coercivity condition is
also used in [31, 194].

Theorem 5.5. Besides assumption (A), let F : X → L(X ,Y ) be a K-monotone and v-hemicontinuous
mapping. If it holds that 0 ∈C and there is a number r > 0 such that

〈Fx,x〉Y ∈ intK, for every x ∈C∩bdB(0,r), (5.8)

then the vector variational inequality (2.1) has a solution.

Proof. The proof of this theorem follows similar to the one of Theorem 5.3. Let us define Cr := C∩
B(0,r), where r > 0 is given as in (5.8). Since Cr is a non-empty, closed, convex and bounded subset
of X and F is a K-monotone and v-hemicontinuous mapping, Theorem 5.1 implies that the following
truncated vector variational inequality has a solution: find an element xr ∈Cr such that

〈Fxr,y− xr〉Y /∈ − intK, for every y ∈Cr. (5.9)

By inserting the zero element in (5.9), we obtain

〈Fxr,xr〉Y /∈ intK.
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The coercivity condition implies that xr does not belong to C∩ bdB(0,r), that is, we have in particular
xr ∈ intB(0,r). Inserting the element (1− t)xr + tw ∈Cr in (5.7), where w ∈C and t > 0 is chosen small
enough, we have

t〈Fxr,w− xr〉Y /∈ − intK.

Similar to the proof of Theorem 5.3, the previous inequality show that xr ∈C is a solution of (2.1); see
Proposition 2.5 (v). The proof is complete. �

Until now, we have investigated existence results, which aim to solve the vector variational inequality
(2.1) in a direct way only. In contrast, the next existence result makes use of the fact that (scalar)
variational inequalities are necessary for problem (2.1), provided that s belongs the quasi-interior of K∗;
compare Proposition 3.1. Recall that given s ∈ Y ∗, the variational inequality (3.1) consists of finding an
element x ∈C such that

〈s◦Fx,y− x〉X∗,X ≥ 0, for every y ∈C.

In order to show that problem (3.1) has a solution, we recall the following well-known theorem by
Hartman and Stampacchia, which can be found in [144, Corollary 1.8].

Theorem 5.6 (Hartman-Stampacchia). Let C be a non-empty, closed and convex subset of the real re-
flexive Banach space X. If A : X → X∗ is a monotone and hemicontinuous operator, which is coercive in
the sense that there is an element x0 ∈C such that

lim
‖x‖X→+∞

x∈C

〈Ax−Ax0,x− x0〉X∗,X
‖x− x0‖X

=+∞,

then the following variational inequality has a solution: find an element x ∈C such that

〈Ax,y− x〉X∗,X ≥ 0, for every y ∈C.

Remark 5.6. (i) It should be noted that the coercivity condition in Theorem 5.6 can be dropped provided
the set C is bounded in addition; see [144, Theorem 1.4].
(ii) If A : X → X∗ is strictly monotone, then the solution of the above variational inequality is unique.

In order to formulate the next existence result, we need the following definition.

Definition 5.2 ([53, Section 2]). Besides assumption (A), assume that the quasi-interior of K∗ is non-
empty and let F : X → L(X ,Y ) be a given mapping. F is said to be weakly coercive if there exist an
element x0 ∈C and a functional s ∈ qiK∗ such that

lim
‖x‖X→+∞

x∈C

〈s◦Fx− s◦Fx0,x− x0〉X∗,X
‖x− x0‖X

=+∞. (5.10)

We have the following result, which is Theorem 2.1 in [53].

Theorem 5.7. Besides assumption (A), assume that the quasi-interior of K∗ is non-empty and let F : X→
L(X ,Y ) be a K-monotone, v-hemicontinuous and weakly coercive mapping. Then, the vector variational
inequality (2.1) has a solution.

Proof. The key idea of this proof is to show that the variational inequality (3.1) has a solution, where
s ∈ qiK∗ is given by the weak coercivity condition. Proposition 3.1 then implies that problem (2.1) has
a solution since

Sol (VIs) ⊆ Sol (VVI).

Indeed, the solvability of problem (3.1) follows immediately from Theorem 5.6. Since s : Y →R is linear
and continuous in particular, the operator s ◦F : X → X∗ is monotone and hemicontinuous. In addition
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to that, by (5.10), s ◦F is coercive in the sense of Theorem 5.6. Thus, Sol (VIs) 6= /0 and the proof is
complete. �

Remark 5.7. Some other existence results, which are based on a scalarization technique, can be found
in [82, 111, 146, 141, 193]. Further, an overview of linear scalarization for problem (3.2) can be found
in Chapter 6 of [12].

Example 5.1. Let us show, using Theorem 5.7, that problem (2.3) has a solution. Since we have already
shown in Example 4.1 that the mapping F : Rl → Matk×l(R), given by (2.4), is Rk

≥-monotone and v-
hemicontinuous, it remains to show that F is weakly coercive. Indeed, define x0 := 0 and let s ∈ intRk

≥
be arbitrarily chosen. An easy calculation shows that relation (5.10) becomes

lim
‖x‖2→+∞

〈s>Fx− s>Fx0,x− x0〉
‖x− x0‖2

= lim
‖x‖2→+∞

‖s‖1‖x‖2 =+∞.

5.2. Existence results without monotonicity. This section is devoted to the study of existence results
for problem (2.1), where, in comparison to the previous section, the K-monotonicity of F is dropped.

The next result uses a strong continuity assumption of F , which we describe in the following defini-
tion.

Definition 5.3 ([115, Definition 2.4]). Besides assumption (A), let F : X → L(X ,Y ) be a given mapping.
F is said to be strongly continuous if xn ⇀ x in X implies Fxn→ Fx in L(X ,Y ).

Remark 5.8. (i) Strongly continuous mappings are sometimes called completely continuous; see [41,
Definition 3.13].
(ii) Clearly, if X and Y are finite-dimensional Euclidean spaces, then the notion of completely continuous
and continuous mappings coincide; compare Proposition 2.4 (ii).

In order to formulate the next result, we need the following coercivity condition, which has been
introduced in [115].

Definition 5.4. Besides assumption (A), let F : X → L(X ,Y ) be a given mapping. F is said to be κ-
coercive if there exists a mapping κ : X → R≥ and a functional s ∈ K∗ \{0} such that

〈s◦Fx,x〉X∗,X ≥ ‖s‖Y ∗ κ(x), for every x ∈C,

lim
‖x‖X→+∞

x∈C

κ(x)
‖x‖X

=+∞.

Theorem 5.8 ([115, Theorem 6]). Besides assumption (A), let F : X→ L(X ,Y ) be a strongly continuous
and κ-coercive mapping. If it holds that 0∈C, then the vector variational inequality (2.1) has a solution.

Proof. The key idea of this proof is to show that the scalar variational inequality (3.1) has a solution,
where s ∈ K∗ \{0} is given by the κ-coercivity condition, since every solution of problem (3.1) is one of
(2.1); see Proposition 3.1. For this purpose, let us define the set-valued mapping Gs : C⇒ X by

Gs(y) :=
{

x ∈C | 〈s◦Fx,y− x〉 ≥ 0
}
, for every y ∈C.

Note that for every y ∈ C, it holds that y ∈ Gs(y), that is, Gs has non-empty values. Evidently, every
element belonging to the intersection ⋂

y∈C

Gs(y) (5.11)

is a solution of (3.1). In order to prove that (5.11) is non-empty, we are going to show that the require-
ments of Lemma 5.1 are satisfied.
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(I). Let us show that Gs is a KKM-mapping. Indeed, arguing by contradiction, let k∈N and {x1, . . . ,xk}⊆
C and suppose to the contrary that

conv{x1, . . . ,xk} 6⊆
k⋃

j=1

Gs(x j).

Then there are real numbers λ1, . . . ,λk with ∑
k
j=1 λ j = 1 and λ j ≥ 0 for j = 1, . . . ,k such that x̄ /∈⋃k

j=1 Gs(x j), where x̄ := ∑
k
j=1 λ jx j. In other words, we have

〈s◦Fx̄,x j− x̄〉X∗,X < 0, for j = 1, . . . ,k.

By multiplying every inequality by λ j and summing them up, we derive the contradiction

〈s◦Fx̄, x̄〉X∗,X = 〈s◦Fx̄,
k

∑
j=1

λ jx j〉X∗,X <
k

∑
j=1

λ j〈s◦Fx̄, x̄〉X∗,X = 〈s◦Fx̄, x̄〉X∗,X ,

showing that Gs is a KKM-mapping.
(II). Let us show that Gs has weakly closed values. Indeed, let y ∈C be arbitrarily chosen and consider
a sequence {xn} in Gs(y) with xn ⇀ x. Since F is strongly continuous, we have Fxn → Fx in L(X ,Y )
which implies

〈s◦Fxn,y− xn〉X∗,X → 〈s◦Fx,y− x〉X∗,X ;

see Proposition 2.4. Note that we have x ∈ C since the set is assumed to be closed and convex. This
shows x ∈ Gs(y) and consequently Gs has weakly closed values.
(III). Let us show that Gs(0) is weakly compact. Since we have already shown that Gs(0) is weakly
closed, it remains to show that Gs(0) is bounded. Assume by contradiction that Gs(0) is unbounded.
Then, we can find a sequence {xn} in Gs(0) such that

‖xn‖X →+∞.

Consequently, using the κ-coercivity of F and the fact that the sequence {xn} lies in Gs(0), it follows
that

‖s‖Y ∗
κ(xn)

‖xn‖X
≤ 〈s◦Fxn,xn〉X∗,X

‖xn‖X
≤ 0.

The above inequality leads to a contradiction when passing to the limit. Since X is assumed to be
reflexive, we have shown that Gs(0) is weakly compact.
(IV). Finally, we are in position to apply Lemma 5.1, ensuring that the intersection (5.11) is non-empty.
Consequently,

/0 6=
⋂
y∈C

Gs(y) = Sol(VIs) ⊆ Sol (VVI),

see Proposition 3.1. We therefore have shown that the vector variational inequality (2.1) has a solution.
The proof is complete. �

The next example is Example 3.7 in [115].

Example 5.2. Let us come back to problem (2.3). In what follows, we will use Theorem 5.8 to show
that the vector variational inequality (2.3) has a solution. Let us assume without any loss of generality
that a1 = 0 is the zero vector. Since the mapping F , given by (2.4), is obviously continuous, it remains
to show that F is κ-coercive. Indeed, let s = e1 and define κ(x) = ‖x‖2

2 for x ∈ Rl . Then it holds

〈s>Fx,x〉 = 〈x,x〉 = ‖x‖2
2 = ‖s‖2κ(x), for every x ∈ Rl,
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and

lim
‖x‖2→+∞

κ(x)
‖x‖2

= lim
‖x‖2→+∞

‖x‖2 = +∞.

Thus, F is κ-coercive, that is, by applying Theorem 5.8, we deduce that problem (2.3) has a solution.

The next result shows that the K-monotonicity and v-hemicontinuity of F in Theorem 5.1 can be
replaced by the continuity of F . Again, the key idea of the proof in [53] is to make use of the Fan-KKM
lemma.

Theorem 5.9 ([53, Theorem 2.2]). Besides assumption (A), let F : X → L(X ,Y ) be a continuous map-
ping. If C is bounded in addition, then the vector variational inequality (2.1) has a solution.

Proof. We follow the proof of Theorem 5.1. Recall that the set-valued mapping G : C⇒ X was defined
by

G(y) :=
{

x ∈C | 〈Fx,y− x〉Y /∈ − intK
}
, for every y ∈C.

Since it holds

Sol (VVI) =
⋂
y∈C

G(y), (5.12)

we are going to show that the intersection in (5.12) is non-empty. In order to do so, we will use the
Fan-KKM Lemma 5.1. From part (I) in the proof of Theorem 5.1 follows that G is a KKM-mapping. It
remains to show that G has closed and compact values.
(I). Let us show that G has closed values. Indeed, let y ∈C be arbitrarily chosen and let {xn} ⊆ G(y) be
a sequence such that xn→ x. Since Fxn→ Fx in L(X ,Y ), Proposition 2.4 (vi) implies that we have

〈Fxn,xn− y〉Y → 〈Fx,y− x〉Y .
Since Y \ (− intK) is closed, x ∈ G(y). This shows that G has closed values.
(II). We now equip X with the weak topology. Then C, as a closed, convex and bounded set in the
reflexive Banach space X , is weakly compact. Therefore, for every y ∈ C, G(y) is weakly compact as
a weakly closed subset of C. The Fan-KKM lemma finally ensures that the intersection in (5.12) is
non-empty. The proof is complete. �

Definition 5.5. Let X be a topological space. A set-valued mapping T : X ⇒ X is said to have open
lower sections if the set T−1(y) := {x ∈ X | y ∈ T (x)} is open in X for every y ∈ X .

Let us recall the following useful fixed-point theorem for set-valued mappings.

Theorem 5.10 ([28], Browder). Let C be a non-empty, convex and compact subset of the Hausdorff
topological vector space X. If the set-valued mapping T : C⇒C has non-empty and convex values and
has open lower sections, then T attains a fixed-point, that is, there exists an element x ∈C such that

x ∈ T (x).

Recall that the non-linear Tammer-Weidner function ϕK,e : Y → R is defined by

ϕ
K,e(y) := inf

{
t ∈ R | y ∈ te−K

}
, for every y ∈ Y,

where e ∈ intK is a fixed element; compare Definition 2.14. While the proof of Theorem 5.7 made use
of a linear scalarization, the alternative proof of Theorem 5.9, which has been proposed in [42], uses the
equivalent formulation (3.10), which consists of finding an element x ∈C such that

ϕ
K,e(〈Fx,y− x〉Y

)
≥ 0, for every y ∈C.

Recall that, due to the representability condition of ϕK,e, the solution sets of (3.10) and (2.1) coincide.
In [42, Theorem 7], the following alternative proof for Theorem 5.9 is given:
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Proof. Let us define the mapping η : X ×X → Y by η(x,y) := 〈Fx,y− x〉Y for every (x,y) ∈ X ×X and
a family of set-valued mappings Tn : C⇒C by

Tn(x) :=
{

y ∈C | ϕK,e ◦η(x,y)−min
y′∈C

ϕ
K,e ◦η(x,y′)<

1
n

}
, for every x ∈C.

If we can ensure that every Tn admits a fixed point, that is, we can find xn ∈C such that

xn ∈ Tn(xn), (5.13)

then the proof is complete. Indeed, since C is compact, there is a subsequence, again denoted by {xn}
such that xn→ x and x ∈C. Therefore, passing in (5.13) to the limit yields

min
y′∈C

ϕ
K,e ◦η(x,y′)≥ 0,

or equivalently ϕK,e ◦ η(x,y′) ≥ 0 for every y′ ∈ C. This follows from the fact that F and ϕK,e are
continuous. Since ϕK,e is strictly intK-monotone; see Theorem 2.4, we conclude

η(x,y′) = 〈Fx,y′− x〉Y 6∈ − intK, for every y′ ∈C,

that is, the limit point x ∈C is a solution of problem (2.1). It therefore remains to show that every Tn has
a fixed-point. Thus, we are going to show that the conditions of Browder’s fixed-point Theorem 5.10 are
satisfied.
(I). Let us show that every Tn has non-empty and convex values. Let x ∈ C be arbitrarily chosen. Ev-
idently, the composition ϕK,e ◦η(x, ·) : X → R is continuous. Since C is compact, Tn(x) is non-empty.
For the convexity of Tn(x), let y1,y2 ∈C and 0 < t < 1. We define

d j :=
1
n
−ϕ

K,e ◦η(x,y j)+min
y′∈C

ϕ
K,e ◦η(x,y′)> 0, for j = 1,2.

and λ := ϕK,e ◦η(x,y1)+
2
n , where we assume without loss of generality that d1 < d2. Thus,

y j ∈ levϕK,e◦η(x,·)(λ ) := {y ∈C | ϕK,e ◦η(x,y)≤ λ}

for j = 1,2. Since ϕK,e ◦ η(x, ·) is convex, the level set levϕK,e◦η(x,·)(λ ) is convex as well; see, for
example, [108, 126]. This implies

ϕ
K,e ◦η(x, ty1 +(1− t)y2)−min

y′∈C
ϕ

K,e ◦η(x,y′)≤ 1
n
,

which shows that Tn(x) is convex.
(II). Let us show that every Tn has open lower sections. Assume that there is some m ∈ N such that Tm

does not have open lower sections. In other words, we can find x,y ∈C with x ∈ T−1
m (y) and a sequence

{xn} ⊆C with xn /∈ T−1
m (y) such that xn→ x. Since it holds

T−1
m (y) = {x ∈C | y ∈ Tm(x)} =

{
x ∈C | ϕ ◦η(x,y)−min

y′∈C
ϕ ◦η(x,y′)<

1
m

}
,

we conclude that

ϕ
K,e ◦η(xn,y)−min

y′∈C
ϕ

K,e ◦η(xn,y′)≥
1
m
.

Since (x,y) 7→ ϕK,e ◦η(x,y) is continuous and C is compact, we conclude

lim
n→+∞

[
ϕ

K,e ◦η(xn,y)−min
y′∈C

ϕ
K,e ◦η(xn,y′)

]
= ϕ

K,e ◦η(x,y)−min
y′∈C

ϕ
K,e ◦η(x,y′)≥ 1

m
,

which contradicts the fact that x ∈ T−1
m (y). Hence, all set-valued mappings Tn have open lower sections.

(III). We have finally shown that every Tn satisfies the assumptions of Theorem 5.10 such that (5.13)
holds. The proof is complete. �
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Similar to the previous results, one can replace the boundedness (or compactness) condition for C by
a strong v-coercivity condition of F .

Definition 5.6. Besides assumption (A), let F : X→ L(X ,Y ) be a given mapping. F is said to be strongly
v-coercive if there exists a non-empty and compact subset B⊆ X and an element y0 ∈ B∩C such that

〈Fy0,y0− y〉Y ∈ intK, for every y ∈C \B.

Theorem 5.11 ([189, Theorem 1]). Besides assumption (A), let F : X → L(X ,Y ) be a continuous and
strongly v-coercive mapping. Then, the vector variational inequality (2.1) has a solution.

Proof. We follow the proof of Theorem 5.9. In order to prove that (2.1) has a solution, it is enough to
show that the intersection (5.12) is non-empty, where the set-valued mapping G : C⇒ X is again defined
as

G(y) :=
{

x ∈C | 〈Fx,y− x〉Y /∈ − intK
}
, for every y ∈C.

We have already shown that G is a KKM-mapping with non-empty and closed values; compare the proof
of Theorem 5.9. It remains to show that there is an element y0 ∈C such that G(y0) is compact. Indeed,
we have

G(y0)⊆ B,

where y0 ∈ B∩C and B ⊆ X are given by the coercivity condition of this theorem. Thus, as a closed
subset of the compact set B, G(y0) is compact in X . Consequently, the set-valued mapping G : C⇒ X
satisfies the assumptions of Lemma 5.1, which ensures that the intersection (5.12) is non-empty. The
proof is complete. �

Remark 5.9. Similar to the previous section, the strong v-coercivity of F ensures the compactness of
the set G(y0) only, while the boundedness of C implies the weak compactness of all sets G(y), y ∈C.

As a consequence of Browder’s fixed-point Theorem 5.10, we have the following result by Fan.

Lemma 5.2 ([77], Fan section lemma). Let C be a non-empty subset of the Hausdorff topological vector
space X. Let A be a non-empty subset of X×X. Assume further that the following conditions hold:

(i) For each x ∈C, we have (x,x) ∈ A.
(ii) For each y ∈C, the set A(y) := {x ∈C | (x,y) ∈ A} is closed in C.

(iii) For each x ∈C, the set B(x) := {y ∈C | (x,y) /∈ A} is convex or empty.
(iv) There exists a non-empty, convex and compact subset B⊆X such that {x∈C | (x,y)∈A for every y∈

B} is compact in C.

Then, there exists an element x ∈C such that {x}×C ⊆ A.

Remark 5.10. (i) Lemma 5.2 can be proven by using the Fan-KKM Lemma 5.1; compare Theorem 2.1
in [166].
(ii) Condition (iv) of Lemma 5.2 can be dropped if the set C is assumed to be compact; see [64].

By using the Fan section lemma, we have the following alternative proof for Theorem 5.11, which can
be found in [151, Theorem 2.2]:

Proof. Let us define the non-empty set

A :=
{
(x,y) ∈C×C | 〈Fx,y− x〉Y /∈ − intK

}
⊆ X×X .

Evidently, any element x ∈C satisfying

{x}×C ⊆ A (5.14)
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is a solution of problem (2.1). In order to ensure the existence of such an element, we are going to show
that all requirements of Lemma 5.2 are fulfilled, where

A(y) :=
{

x ∈C | (x,y) ∈ A
}

and B(x) :=
{

y ∈C | (x,y) /∈ A
}
,

for every x,y∈C. Condition (i) of this lemma follows from the properness of the cone K; see Remark 2.4.
For (ii), let y ∈C and consider a sequence {xn} in A(y) with xn→ x. Since F is continuous and the sets
C and Y \ (− intK) are closed, 〈Fxn,y− xn〉Y → 〈Fx,y− x〉Y and x ∈C. We further have 〈Fx,y− x〉Y /∈
− intK. Thus, A(y) is closed. Condition (iii) follows from the fact that for fixed x ∈ X , the mapping
〈Fx, ·−x〉Y : X → Y is K-convex. For (iv), we consider the set M := {x ∈C | (x,y) ∈ A for every y ∈ B},
where B⊆ X is a non-empty compact set, given by the v-coercivity condition. Let us show

M ⊆ B.

For this purpose, let x ∈ C \B. Then by the v-coercivity, there exists an element y0 ∈ B∩C such that
〈Fx,y0− x〉Y ∈ intK, that is, (x,y0) /∈ A and therefore x /∈M. Since M =

⋂
y∈C A(y) is the intersection of

closed sets and therefore closed, M is compact as a closed subset of B. By Lemma 5.2, there exists x ∈C
such that (5.14) holds. The proof is complete. �

Remark 5.11. Note that in [7, 8], the authors use Fan section Lemma 5.2 to prove the existence of
solutions for vector variational inequalities with respect to a variable domination structure; compare also
Section 11.2 of this paper.

The next existence result for the vector variational inequality (2.1) is based on Brouwer’s famous
fixed-point theorem, which we recall here.

Theorem 5.12 (Brouwer, [197, Proposition 2.6]). Every continuous mapping T : B→ B from a non-
empty, convex and compact subset of a finite-dimensional Euclidean space into itself has a fixed-point,
that is, there exists an element x ∈ B such that

T (x) = x.

Note that, in the following theorem, the mapping F is neither assumed to be K-monotone nor contin-
uous.

Theorem 5.13 ([130, Theorem 4.1]). Besides assumption (A), let F : X → L(X ,Y ) be a given mapping.
If C is compact and for every y ∈C, the set

H(y) :=
{

x ∈C | 〈Fx,y− x〉Y ∈ − intK
}

is open in X, then the vector variational inequality (2.1) has a solution.

Proof. Assume by contradiction that problem (2.1) has no solution, that is, for every x ∈C, there exists
an element y ∈C such that 〈Fx,y−x〉Y ∈− intK. Thus, H(y) is a non-empty subset of C for every y ∈C.
We therefore have

⋃
y∈C H(y) ⊆ C and the reverse inclusion C ⊆

⋃
y∈C H(y) follows from the claim of

contradiction. Consequently,

C =
⋃
y∈C

H(y).

In other words, we have shown that {H(y) | y ∈ C} is an open cover for C. Since C is compact, there
exists k ∈ N and a finite subcover {y1, . . . ,yk} ⊆C such that

C =
k⋃

j=1

H(y j).
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Let {g1, . . . ,gk} be a partition of unity [197] subordinate to this cover. Recall that for j = 1, . . . ,k the
function g j : C→ [0,1] is continuous and enjoys the properties

g j(x) = 0, for every x ∈ X \H(y j),

k

∑
j=1

g j(x) = 1, for every x ∈ X .

Let B := conv{y1, . . . ,yk} and define a mapping g : B→ X by

g(x) :=
k

∑
j=1

g j(x)y j, for every x ∈ B.

It is easily seen that g maps B into B. Since g : B→ B is continuous and B ⊆ lin{y1, . . . ,yk} is a non-
empty, convex and compact subset of a finite-dimensional space, Brouwer’s fixed-point theorem implies
the existence of a fixed point x ∈ B, that is,

g(x) = x. (5.15)

Let us show that (5.15) is impossible. Indeed, using the fact that ∑
k
j=1 g j(x)x = x, we deduce from (5.15)

that

0 = 〈Fx,g(x)− x〉Y = 〈Fx,
k

∑
j=1

g j(x)y j− x〉Y =
k

∑
j=1

g j(x)〈Fx,y j− x〉Y .

Since we have in particular x ∈ H(y j) for j = 1, . . . ,k, the right-hand side of the above equation lies in
− intK. We have therefore shown that 0 ∈ intK, which is impossible since the cone K is assumed to be
proper; see Remark 2.4. This shows that the vector variational inequality (2.1) has a solution. The proof
is complete. �

Remark 5.12. Some other results using similar arguments can be found in [81, Theorem 2.1] and [176,
Theorem 4.1].

5.3. Regularization. The previous sections have extensively shown that coercivity conditions of the
data of problem (2.1) are crucial to ensure the existence of solutions of it. However, the solvability
of problem (2.1) can be still studied, even though the data of the problem do not satisfy any coercivity
condition. For this purpose, the authors in [115] have proposed an extension of the well-known Browder-
Tikhonov regularization method [144], which has been used extensively for scalar (quasi) variational
inequalities; see, for example, [2, 18, 144] and the references therein. To be precise, assume again that
vector variational inequality (2.1) is non-coercive and let a mapping R : X → L(X ,Y ) and a sequence
{εn} ⊆ R> of parameters be given. Instead of problem (2.1), we consider the family of regularized
vector variational inequalities of finding an element xn ∈C such that

〈Fxn + εnRxn,y− xn〉Y /∈ − intK, for every y ∈C. (5.16)

Any solution of (5.16) is said to be a regularized solution. In the above, R is the regularizing mapping
and εn is the regularization parameter to problem (5.16). Note that this family of problems evolves from
the vector variational inequality (2.1) if one replaces F by the perturbed mapping

F + εnR : X → L(X ,Y ).

Due to the nice features of R, which will be specified shortly, the mapping F + εnR has significantly
better properties than F and every regularized problem (5.16) has a solution xn. This allows us to study
the sequence {xn} of regularized solutions, which, under some boundedness conditions, has a weakly
or strongly convergent subsequence and any limit point is a solution of the vector variational inequality
(2.1). By this, we can ensure the existence of solutions of non-coercive vector variational problems.
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The following example is based on the one in [115]. It presents a finite-dimensional vector variational
inequality of the type (2.2), which has a solution although the data of the problem do not satisfy any
coercivity condition of the previous section.

Example 5.3 ([115, Example 2]). Consider the finite-dimensional vector variational inequality (2.2) with
l = k = 2 and C = R2

≥. Assume that the mapping F : R2→Mat2×2(R) is given by

Fx :=
(

f (x1) 0
0 g(x2)

)
, for every x ∈ R2,

where the monotone and continuous mappings f ,g : R→ R enjoy the following properties:

f (x) = 0 for x≥ 0, g(0) = 0 and lim
x→±∞

g(x)<+∞.

By this special choice of the data, problem (2.2) simplifies to: find an element x ∈ R2
≥ such that(

f (x1)(y1− x1)

g(x2)(y2− x2)

)
/∈ − intR2

≥, for every y ∈ R2
≥. (5.17)

It is easily seen that the mapping F : R2→Mat2×2(R) is R2
≥-monotone and v-hemicontinuous. However,

one can show, compare [115, Example 2], that none of the coercivity conditions of the previous sections
are satisfied. We are therefore unable to apply any of these existence results. But nevertheless, it is easy
to check that the zero vector (0,0)> solves problem (5.17).

The next theorem ensures, that every regularized problem (5.16) has a solution, even if one does not
assume that the mapping F enjoys any coercivity condition.

Theorem 5.14 ([115, Theorem 7]). Besides assumption (A), let F,R : X → L(X ,Y ) be given mappings.

(i) Assume that F and R are K-monotone and v-hemicontinuous. If either R is weakly coercive or
C is bounded, then the regularized vector variational inequality (5.16) has a solution.

(ii) Assume that F and R are strongly continuous. If R is κ-coercive with respect to the functional
s ∈ K∗ \{0} and it holds that

〈s◦Fx,x〉X∗,X ≥ 0, for every x ∈C,

then the regularized vector variational inequality (5.16) has a solution.

Proof. (i). It is easily seen that the mapping F + εnR is K-monotone and v-hemicontinuous as a sum
of two. If C is bounded in addition, then (5.16) has a solution; see Theorem 5.1. Now, letting C be
unbounded but R weakly coercive, there are x0 ∈C and s ∈ qiK∗ such that (5.10) holds. Finally, using
the fact that s◦F : X → X∗ is monotone, it follows for every x ∈C

〈s◦Fx− s◦Fx0,x− x0〉X∗,X + εn〈s◦Rx− s◦Rx0,x− x0〉X∗,X
≥ εn〈s◦Rx− s◦Rx0,x− x0〉X∗,X ,

implying that F +εnR is weakly coercive. Consequently, Theorem 5.7 ensures the existence of solutions
of problem (5.16).
(ii). The key idea is to apply Theorem 5.8. Since F + εnR is strongly continuous, it remains to show that
F + εnR is κ-coercive with respect to s ∈ K∗ \{0}. Indeed, it holds

〈s◦Fx,x〉X∗,X + εn〈s◦Rx,x〉X∗,X ≥ εn〈s◦Rx,x〉X∗,X ≥ εn‖s‖Y ∗ κ(x),

for every x ∈C, implying that (5.16) has a solution. �

The next result shows that the strong limit point of any sequence of regularized solutions is a solution
of the vector variational inequality (2.1).
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Theorem 5.15 ([115, Theorem 8]). Besides assumption (A), let F,R : X → L(X ,Y ) be given mappings.
Then, the following statements hold:

(i) Assume that F and R are K-monotone and v-hemicontinuous and R is weakly coercive. If there
is a strongly convergent sequence of regularized solutions, then the vector variational inequality
(2.1) has a solution.

(ii) Assume that F and R are strongly continuous, R is κ-coercive with respect to the functional
s ∈ K∗ \{0} and it holds that

〈s◦Fx,x〉X∗,X ≥ 0, for every x ∈C.

If there is a strongly convergent sequence of regularized solutions, then the vector variational
inequality (2.1) has a solution.

Proof. Let us denote the sequence of regularized solutions by {xn}. Note that in both cases (i) and (ii),
the sequence is well-defined in the sense that every problem (5.16) has a solution; compare Theorem
5.14.
(i). By definition, we have xn ∈C and

〈Fxn + εnRxn,y− xn〉Y /∈ − intK, for every y ∈C. (5.18)

From the K-monotonicity and v-hemicontinuity of F + εnR follows that xn satisfies equivalently

〈Fy+ εnRy,y− xn〉Y /∈ − intK, for every y ∈C,

see Lemma 4.1. Let us denote the strong limit point of {xn} by x. Since εn ↓ 0 and xn→ x, it is easy to
check that for fixed y ∈C it holds that

〈Fy+ εnRy,y− xn〉Y → 〈Fy,y− x〉Y in Y,

compare Proposition 2.4 (vi). Since 〈Fy+εnRy,y−xn〉Y ∈Y \(− intK) and the set Y \(− intK) is closed,
we conclude 〈Fy,y− x〉Y /∈ − intK. Finally, applying Lemma 4.1 once again, we conclude that x ∈C is
a solution of the vector variational inequality (2.1).
(ii). Denote the strong limit point of {xn} by x, that is, xn→ x. Due to the strong continuity of F + εnR,
it holds that Fxn + εnRxn→ Fx in L(X ,Y ). Therefore, we can pass in (5.18) to the limit, that is, we have

〈Fxn + εnRxn,y− xn〉Y → 〈Fx,y− x〉Y in Y.

Thus, x ∈C solves the vector variational inequality (2.1). The proof is complete. �

Remark 5.13. (i) The above proof shows that the strong limit point of any convergent sequence of
regularized solutions solves the vector variational inequality (2.1).
(ii) A similar technique for finite-dimensional vector variational inequalities has also been proposed
in [167]. In this paper, Luong proposes to consider a family of so-called penalized finite-dimensional
vector variational inequalities. Note that the results in [167] still require the coercivity of F , which make
a penalization approach superfluous. Luong shows that every penalized problem has a solution and that
the sequence of penalized solutions converges to a solution of the original problem (2.2), where the set
C is given by

C :=
{

x ∈ Rl | g j(x)≤ 0 for j = 1, . . . ,k
}
,

with continuous functions g j : Rl → R for j = 1, . . . ,k. Due to this special choice of the data, Luong
defined a penalization mapping R : Rl →Matk×l(R) by R := (∇P, . . . ,∇P)>, where ∇P ∈Rl denotes the
Fréchet-derivative of P : Rl → R, given by

P(x) :=
k

∑
j=1

[max{0,g j(x)}]2 , for every x ∈ Rl.
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Therefore, the proofs in [167] extensively use the fact that the convex and Fréchet differentiable mapping
P enjoys the property of a penalty mapping for C, namely

P(x) = 0 for x ∈C and P(x)> 0 else.

Example 5.4. We consider again the setting of Example 5.3. Let us show that the vector variational in-
equality (5.17) has a solution. For this purpose, we introduce a regularizing mapping R :R2→Mat2×2(R)
by

Rx :=
(

x1 0
0 x2

)
, for every x ∈ R2.

Further, let {εn} ⊆ R> be a sequence such that εn ↓ 0. It is easily seen that the regularizer R is R2
≥-

monotone and v-hemicontinuous. If we let s := (1,1)> and x0 := (0,0)>, then it holds that

〈s>Rx− s>Rx0,x− x0〉
‖x− x0‖2

= ‖x‖2, for every x ∈ R2.

Thus, R is weakly coercive. Taking into account Theorem 5.14, the following family of regularized
vector variational inequalities has a solution: find an element xn ∈ R2

≥ such that((
f (xn

1)+ εnxn
1

)
(y1− xn

1)(
g(xn

2)+ εnxn
2

)
(y2− xn

2)

)
/∈ − intR2

≥, for every y ∈ R2
≥.

Indeed, a solution is given by xn = (0,ε2
n )
> and it holds that

(0,ε2
n )
> → (0,0)>.

Therefore, in view of Theorem 5.15, the limit point (0,0)> is a solution of problem (5.17).

6. APPLICATIONS IN MULTI-OBJECTIVE OPTIMIZATION

In this section, we are going to show that vector variational inequalities can be used to study multi-
objective optimization problems. Such relations are very useful since one can transfer techniques and
ideas from one field to the other; see, for example, [73, 105]. Within the last years, several authors
have tried to show that vector variational inequalities can be used to solve vector equilibrium problems.
However, one has to be very careful since there are some incorrect results in this research area; compare
the Sections 3 and 4 in the survey paper [71].

For further use, we need the following two definitions.

Definition 6.1 ([126, Definition 2.4]). Let X and Y be real linear spaces and let K be a convex cone in Y .
A mapping ψ : X → Y is said to be K-convex if for all x,y ∈ X and every λ ∈ [0,1]

λψ(x)+(1−λ )ψ(y)−ψ
(
λx+(1−λ )y

)
∈ K.

Remark 6.1. (i) Using the ordering relation ≤K , see Definition 2.10, the above equation becomes
λψ(x)+(1−λ )ψ(y)≤K ψ(λx+(1−λ )y) for all x,y ∈ X and λ ∈ [0,1].
(ii) A mapping ψ : Rl → Rk is Rk

≥-convex if and only if all components are convex functions from Rl to
R.

Definition 6.2 ([126, Definition 2.12]). Let X and Y be real normed spaces and let ψ : X →Y be a given
mapping. The directional derivative of ψ at x ∈ X in the direction h ∈ X is given by

δψ(x;h) := lim
t→0

ψ(x+ th)−ψ(x)
t

,
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provided this limit exists. If δψ(x;h) exists for every h∈ X , and if the mapping DGψ(x) : X→Y defined
by

〈DGψ(x),h〉Y := DGψ(x)h := δψ(x;h)

is linear and continuous, then we say that ψ is Gâteaux-differentiable at x, and we call DGψ(x) the
Gâteaux-derivative of ψ at x. If ψ is Gâteaux-differentiable at every point x ∈ X , then we say that ψ

is Gâteaux-differentiable. Similar, we define the right- and left-handed Gâteaux-derivative of ψ at x,
which will be denoted by D+

Gψ(x) and D−Gψ(x), respectively.

The following result shows that solving a smooth multi-objective optimization problem is equivalent
to solving a vector variational inequality.

Theorem 6.1 ([41, Proposition 3.3]). Besides assumption (A), let ψ : X → Y be a given mapping.
(i) If ψ is right-handed Gâteaux-differentiable at x ∈C with derivative D+

Gψ(x) and

x ∈WEff(ψ[C],K) (6.1)

is a weakly efficient element, then x ∈C satisfies the vector variational inequality

〈D+
Gψ(x),y− x〉Y /∈ − intK, for every y ∈C. (6.2)

(ii) Conversely, if x ∈C solves the vector variational inequality (6.2) and ψ is K-convex in addition,
then x satisfies (6.1).

Proof. (i). Let x ∈WEff(ψ[C],K). Since C is convex, we deduce
1
t

[
ψ(x+ t(y− x))−ψ(x)

]
/∈ − intK,

for every y ∈C and t ∈ (0,1). Passing to the limit t ↓ 0 yields 〈D+
Gψ(x),y−x〉Y /∈− intK for every y ∈C.

(ii). Conversely, let x ∈C solve the vector variational inequality (6.2). Due to the K-convexity of ψ , it
holds in particular

ψ(y)−ψ(x)− 1
t

[
ψ(x+ t(y− x))−ψ(x)

]
∈ intK,

for every y ∈ C. Passing to the limit t ↓ 0 and combining the resulting inequality with (6.2) implies
ψ(x)−ψ(y) /∈ intK. The proof is complete. �

Remark 6.2. (i) Theorem 6.1 is known as Fermat’s rule for multi-objective optimization problems; see
Section 2 in [195].
(ii) The previous theorem stats that a multi-objective optimization problem with a smooth, that is,
Gâteaux-differentiable and K-convex objective mapping, is equivalent to a vector variational inequal-
ity of the type (2.1).
(iii) Investigations of relations between vector variational inequalities and (set-valued) multi-objective
problems can also be found in [12, 13, 61, 92, 107, 150, 153, 154, 172, 182, 192, 190].

The following example is based on Example 3.7 in [115].

Example 6.1. Let a1, . . . ,ak be different elements in Rk. In this example, we are going to calculate the
set of weak efficient points

WEff
(
ψ[Rl],Rk

≥
)
, (6.3)

where the objective mapping ψ : Rl → Rk is given by

ψ(x) :=


1
2‖x−a1‖2

2
...

1
2‖x−ak‖2

2

 , for every x ∈ Rl.
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As always, ‖ · ‖2 denotes the Euclidean norm in Rl . In order to calculate (6.3), we will use Theorem 6.1
and study an equivalent vector variational inequality. Let us therefore show that the objective mapping ψ

is Rk
≥-convex and Gâteaux-differentiable. Indeed, since all components of ψ are convex functions from

Rl to R, the Rk
≥-convexity of ψ follows; see Remark 6.1. Note that it holds

ψ j(x+ th)−ψ j(x) = ‖x+ th−a j‖2
2−‖x−a j‖2

2 = t〈x−a j,h〉+ 1
2

t2‖h‖2
2

for every x,y ∈ Rl , t ∈ R, j ∈ {1, . . . ,k}. Thus,

δψ(x;h) = lim
t→0

ψ(x+ th)−ψ(x)
t

=

 〈x−a1,h〉
...

〈x−ak,h〉

 and DGψ(x) =

 x−a1

...
x−ak


Consequently, Theorem 6.1 states that problem (6.3) is equivalent to the following finite-dimensional
vector variational inequality: find an element x ∈ Rl

≥ such that

〈DGψ(x),y− x〉Rk =

 〈x−a1,y− x〉
...

〈x−ak,y− x〉

 /∈ − intRk
≥, for every y ∈ Rl.

But this is problem (2.3). Consequently,

WEff
(
ψ[Rl],Rk

≥
)
= S = conv

{
a1, . . . ,ak}.

Remark 6.3. The multi-objective optimization problem (6.3) is known in the literature as location prob-
lem and has various real-life applications; see [108, Chapter 4]. For instance, if l = 2, then we can
interpret problem (6.3), for example, in the following way: a1, . . . ,ak are the locations of hospitals in a
certain area. In order to build a new main office, we are looking for an appropriate location such that the
air-line distance between the unknown location and all hospitals a1, . . . ,ak is minimal simultaneously.

7. INVERSE VECTOR VARIATIONAL INEQUALITIES

This section is devoted to the study of inverse vector variational inequalities for vector variational
inequality (2.1). The fundamental idea goes back to the work of Mosco [169], who introduced in 1972
a dual variational inequality for the variational inequality (1.3), using the Fenchel conjugate for convex
functions. For this purpose, Mosco used the term dual in order to point out similarities to the duality
principle in optimization; see [25, 95, 106, 108] and the references therein. However, it should be
mentioned that the concept of duality has not been defined for a variational inequality yet, which is why
one should call them inverse variational problems instead; see [73, 102]. In the last years, Mosco’s idea
has been adapted by several authors [41, 46, 73, 138, 189, 191] in order to derive inverse results for
vector variational inequalities of the type (2.1) and related problems. Let us recall some of the main
reasons to study inverse vector variational inequalities:

1. It has a tremendous aesthetic appeal.
2. It deepens the theoretical understanding of vector variational inequalities.
3. It provides the insight for devising effective computational methods and algorithms.

In what follows, we are going to introduce two inverse vector variational inequalities for problem (2.1).
For this purpose, suppose that assumption (A) holds and denote by χC : X →Y ∪{+∞Y} the generalized
indicator mapping of the set C. Recall that χC(x) := 0 for x ∈C and χC(x) := +∞Y else. Evidently, we
may rewrite problem (2.1) in the following way: find an element x ∈ X such that

〈Fx,y− x〉Y 6≤intK χC(x)−χC(y), for every y ∈ X .
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See [25, 73] for an introduction and useful conventions of the extended space Y ∪{±∞Y}. Let in addition
F : X→L(X ,Y ) be injective. Then, the so-called adjoint mapping of F is the mapping F− : L(X ,Y )→X ,
defined by

F−U := F−1(−U), for every U ∈ D(F−).

Here, with some abuse of the notation, F−1 denotes the inverse mapping of the bijection F : X → R(F).
Note that the above definition of the adjoint mapping differs slightly from that in [189, Section 4].

In what follows, the next two definitions are crucial.

Definition 7.1 ([73, Definition 3.7]). Besides assumption (A), let ψ : X → Y ∪{+∞Y} be a K-convex
mapping. An operator U ∈ L(X ,Y ) is called a weak subgradient of ψ at x ∈ X if ψ(x) 6=+∞Y and

ψ(y)−ψ(x)−〈U,y− x〉Y 6≤intK 0, for every y ∈ X .

The set of weak subgradients of ψ at x ∈ X will be denoted by ∂ψ(x). If ∂ψ(x) is non-empty, then ψ

is said to be weakly subdifferentiable at x. If ψ is weakly subdifferentiable at every point of its effective
domain, then ψ is said to be weakly subdifferentiable.

Definition 7.2 ([73, Definition 3.9]). Besides assumption (A), let ψ : X → Y ∪{+∞Y} be a K-convex
mapping. The set-valued mapping ψ∗ : L(X ,Y )⇒ Y , defined by

ψ
∗(U) := WMax

(
{〈U,x〉Y −ψ(x) | x ∈ dom(ψ)} ,K

)
for every U ∈ L(X ,Y ),

is called the weak conjugate of ψ , where dom(ψ) := {x∈ X |ψ(x) 6=+∞Y} denotes the effective domain
of ψ .

Remark 7.1. (i) It is easily seen that the generalized indicator mapping χC : X→Y ∪{+∞Y} is K-convex
and weakly subdifferentiable on C.
(ii) The above definition recovers the well-known notion of Fenchel conjugate for functions ψ : X →
R∪{+∞}, compare [25, Definition 2.3.1], if we define Y := R and K := R≥. Recall that the Fenchel
conjugate of ψ is the function ψ∗ : X∗→ R∪{+∞}, defined by

ψ
∗(x∗) := sup

x∈X
{〈x∗,x〉−ψ(x)}= sup

x∈dom(ψ)

{〈x∗,x〉−ψ(x)} , for every x∗ ∈ X∗,

where dom(ψ) := {x ∈ X | ψ(x) 6=+∞} denotes the effective domain of ψ .

We are now in position to state the two inverse vector variational inequalities, which have been pro-
posed in [73]. The first inverse vector variational inequality of (2.1) consists of finding an operator
U ∈ D(F−) such that

〈V −U,−F−U〉Y 641
intK χ

∗
C(U)−χ

∗
C(V ), for every V ∈ L(X ,Y ) with χ

∗
C(V ) 6= /0. (7.1)

In a similar way, the second inverse vector variational inequality consists of finding an operator U ∈
D(F−) such that

〈V −U,−F−U〉Y 642
intK χ

∗
C(U)−χ

∗
C(V ), for every V ∈ L(X ,Y ). (7.2)

Here, the right-hand side of problem (7.1) and (7.2) is the Minkowski difference of the weak conjugates
of the generalized indicator mapping χC. Recall that the set relations 641

intK and 642
intK are defined for

non-empty subset A and B of Y in the following way: A 641
intK B if and only if for all a ∈ A, there is b ∈ B

such that a 6≤intK b; A 642
intK B if and only if there is a ∈ A, such that for all b ∈ B it holds a 6≤intK b;

compare Section 2. We further use the convention A 642
intK /0 for every non-empty subset A of Y . To the

best of our knowledge, the first attempt to extend Mosco’s idea to the vector case has been proposed in
[189]. However, the main result in the paper of Yang, see Theorem 3 in [189], contains some certain
errors. Consequently, the results in [41, 46, 138, 191], which copied the errors, are incorrect as well.
Nevertheless, the ideas of [189] have been adapted in [73], where Elster et al. introduced the inverse
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vector variational inequalities (7.1) and (7.2). The basic idea is to embed the vector variational inequality
(2.1) into the two inverse problems in the sense, that, under suitable assumptions, every solution of
problem (7.1) generates one of (2.1), and every solution of problem (2.1) generates a solution of problem
(7.2).

First inverse vector
variational inequality
(7.1)

Vector variational
inequality (2.1)

Second inverse vector
variational inequality
(7.2)

Definition 7.3 ([73, Definition 3.14]). Besides assumption (A), let A and B be non-empty subsets of
Y ∪{±∞Y}. We say that A and B satisfy the weak (A,B)-domination property with respect to the cone K
if for every b ∈ B\{+∞Y} there exists y0 ∈WMax(A,K) such that y0 ≥K b.

The following result is a special case of [73, Theorem 4.3].

Theorem 7.1. Besides assumption (A), let F : X→ L(X ,Y ) be an injective mapping. Then, the following
statements hold:

(i) If x ∈C is a solution of the vector variational inequality (2.1), then the operator −Fx ∈ D(F−)
solves the first inverse vector variational inequality (7.1).

(ii) Conversely, suppose that the operator U ∈ D(F−) is a solution of the second inverse vector
variational inequality (7.2) and define x = F−U. If x ∈C and the sets

A(x) :=
{
〈−Fx,y〉Y −χC(y) | y ∈ X

}
and B(x) :=

{
−〈Fx,x〉Y −χC(x)

}
satisfy the weak (A(x),B(x))-domination property, then x is a solution of the vector variational
inequality (2.1).

Proof. (i). Let x ∈C be a solution of problem (2.1), that is, we have

−〈Fx,x〉Y −χC(x) ∈ χ
∗
C(−Fx).

Assuming to the contrary that −Fx is not a solution of problem (7.1), we can find an operator V0 ∈
L(X ,Y ) such that

〈V0 +Fx,−x〉41
intK χ

∗
C(−Fx)−χ

∗
C(V0)

and χ∗C(V0) 6= /0. Evidently, we have

χC(x)−〈V0,x〉Y 41
intK −v0, for every v0 ∈ χ

∗
C(V0).

However, the above inequality implies χC(x0)−〈V0,x0〉Y−χC(x)+〈V0,x〉Y ∈ intK for some x0 ∈C which
contradicts the fact that 〈V0,x0〉Y −χC(x0)∈ χ∗C(V0), showing that the operator−Fx solves problem (7.1).
(ii). Let U ∈ D(F−) be a solution of problem (7.2). Since x = F−U , we have U =−Fx and it holds

−〈V +Fx,x〉Y 642
intK χ

∗
C(−Fx)− v, for every v ∈ χ

∗
C(V ), V ∈ L(X ,Y ).

Let V0 ∈ ∂ χC(x), or equivalently, 〈V0,x〉Y − χC(x) ∈ χ∗C(V0). Inserting these elements in the above in-
equality yields

−〈Fx,x〉Y −χC(x) /∈ χ
∗
C(−Fx)− intK.

Finally, the domination property implies −〈Fx,x〉Y − χC(x) ∈ χ∗C(−Fx). Consequently, x ∈C is a solu-
tion of problem (2.1); compare the first part of this proof. The proof is complete. �

Remark 7.2. Some applications of the above inverse results for problem (2.1) can be found in [73,
Section 5].
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Example 7.1. Let us consider Example 2.2 once again. It is easily seen that the mapping F : Rl →
Matk×l(R), given by relation (2.4), is injective. Thus, the adjoint mapping F− : Matk×l(R)→ Rl is
defined by F−U = F−1(−U), for every U ∈ D(F−), where

D(F−) =
{

U ∈Matk×l(R) | there is x ∈ Rl such that U = (a1− x, . . . ,ak− x)>
}
.

Therefore, the first inverse vector variational inequality for problem (2.3) consists of finding a matrix
U = (a1− x, . . . ,ak− x)> ∈ D(F−), where x ∈ Rl , such that

〈V −U,−x〉Y 641
intRk

≥
χ
∗
Rl (U)−χ

∗
Rl (V ), for every V ∈Matk×l(R) with χ

∗
Rl (V ) 6= /0. (7.3)

Note that χRl ≡ 0 is the zero mapping. An easy calculation shows that it holds χ∗Rl (U) = Rl if and only
if U ∈Matk×l(R) has a zero-row and χ∗Rl (U) = /0 else. Therefore, problem (7.3) may be written as: find
a matrix U = (a1− x, . . . ,ak− x)> ∈ D(F−), where x ∈ Rl , such that

〈V −U,−x〉Y 641
intRk

≥
Rl for every V ∈Matk×l(R) with zero-row.

Recall that the solution set S of problem (2.3) is equivalent to the convex hull of a1, . . . ,ak; compare, for
instance, Example 3.1. Consequently, by Theorem 7.1 (i), any matrix U = (a1−x, . . . ,ak−x)> ∈D(F−),
where x ∈ conv{a1, . . . ,ak}, is a solution of problem (7.3), which can easily be confirmed.
In a similar way, the second inverse vector variational inequality for problem (2.3) consists of finding a
matrix U = (a1− x, . . . ,ak− x)> ∈ D(F−), where x ∈ Rl , such that

〈V −U,−x〉Y 642
intRk

≥
χ
∗
Rl (U)−χ

∗
Rl (V ), for every V ∈Matk×l(R). (7.4)

Let us define the set

conv◦
{

a1, . . . ,ak} := conv
{

a1, . . . ,ak}\{a1, . . . ,ak}.
It is easily seen that the sets A(x) := {−〈Fx,y〉Rk | y ∈ Rl} and B(x) := {−〈Fx,x〉Rk} satisfy the dom-
ination property, provided x ∈ conv◦{a1, . . . ,ak}. By using the conventions /0−A := /0 and A 642

intRk
≥

/0

for every subset A of Rk, see Section 2, it follows that any matrix (a1− x, . . . ,ak− x)> ∈ D(F−), where
x ∈ conv◦{a1, . . . ,ak}, is a solution of problem (7.4). Finally, Theorem 7.1 (ii) implies that any point in
conv◦{a1, . . . ,ak} is a solution of the vector variational inequality (2.3). In other words, we have shown
that it holds

conv
{

a1, . . . ,ak}\{a1, . . . ,ak} ⊆ S;

compare the next figure.

FIGURE 8. Illustration of conv
{

a1, . . . ,ak} \ {a1, . . . ,ak} for the special case
l = 2, k = 5 using the data of Example 3.1.
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8. GAP FUNCTIONS

This section is devoted to the study of single-valued and set-valued gap functions for vector variational
inequality (2.1). The concept of gap functions has been first introduced in the context of optimization
and variational problems [16] and subsequently extended among other things to the field of vector varia-
tional inequalities. To the best of our knowledge, the introduction of gap functions for vector variational
inequalities has been first proposed in [39, 54]. Since then, there has been a considerable research effort
in the study of gap functions for generalized vector variational inequalities and related problems; see,
for example, [5, 33, 46, 48, 114, 158, 159, 160] and the references therein. By means of a single-valued
gap function it is possible to convert vector variational inequality (2.1) into an equivalent optimization
problem. To be precise, if g : X →R∪{+∞} is a single-valued gap function for problem (2.1), compare
Definition 8.1, then x ∈C is a solution of the vector variational inequality (2.1) if and only if

g(x) = min
y∈C

g(y).

From the computational point of view, such a transformation allows one to apply powerful optimization
methods and algorithms for finding solutions of the vector variational inequality. Besides that, gap
functions play a fundamental role for developing error bounds for vector variational inequalities. Error
bounds provide an upper estimate of the distance of an arbitrary feasible point to the solution set of the
underlying problem, that is,

dist
(
x,Sol (VVI)

)
≤ c
√

g(x), for every x ∈C,

where Sol (VVI) denotes the solution set of problem (2.1) and c > 0 is a constant that depends upon
the data of problem (2.1). Some error bounds obtained in the literature, using mainly the projection
operator or image space analysis, can be found in [33, 122, 157, 159, 160]. Thus, in a natural way, the
gap functions provides a measure of the violation of the underlying problem, here a vector variational
inequality, at any point of the feasible set C. Besides that, Fang et al. use the concept of gap functions
to investigate convergence results for the vector variational inequality (2.1) in the sense of Painleve-
Kuratowski; compare Section 4 in [87].

Before any further advancement, we give the definition of single-valued and set-valued gap functions
for the vector variational inequality (2.1).

Definition 8.1 ([5, Definition 3.1]). Let assumption (A) hold. A function g : X → R∪{+∞} is said to
be a single-valued gap function for problem (2.1), if it satisfies the following conditions:

(i) g is non-negative on C, that is, g(x)≥ 0 for every x ∈C.
(ii) It holds g(x) = 0 if and only if x ∈C solves problem (2.1).

Definition 8.2 ([39, Definition 5]). Let assumption (A) hold. A set-valued mapping G : X ⇒Y is said to
be a set-valued gap function for problem (2.1), if it satisfies the following conditions:

(i) For every x ∈C it holds G(x) 6⊆ − intK.
(ii) It holds 0 ∈ G(x) if and only if x ∈C is a solution of problem (2.1).

Remark 8.1. (i) Gap functions are sometimes called merit functions in the literature.
(ii) Single-valued and set-valued gap functions for the finite-dimensional vector variational inequality
(2.2) are defined in a similar way to the Definitions 8.1 and 8.2; see [33, 106].
(iii) If a function g : X → R∪{+∞} satisfies condition (i) in Definition 8.1 and

(ii’) It holds g(x) = 0 implies that x ∈C solves problem (2.1).

then g is called a weak single-valued gap function for problem (2.1). Examples and applications of weak
gap functions can be found, for example, in [164].
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Definition 8.3 ([116, Section 2]). Let A be a non-empty subset of the Banach space Y with A 6= Y . The
function ∆A : Y → R∪{±∞}, defined by

∆A(y) := inf
y′∈A
‖y− y′‖Y − inf

y′∈Y\A
‖y− y′‖Y , for every y ∈ Y,

is called the oriented distance function (or Hiriart-Urruty function).

The oriented distance functions enjoys several useful properties, which we recall in the following.

Proposition 8.1 ([117]). Let A be a non-empty subset of the Banach space Y with intA 6= /0 and A 6= Y .
Then it holds:

(i) ∆A is real-valued and Lipschitz-continuous.
(ii) ∆A(y)< 0 for every y ∈ intA.

(iii) ∆A(y) = 0 for every y ∈ bdA.
(iv) ∆A(y)> 0 for every y ∈ Y \ intA.
(v) If A is a proper, closed, convex and solid cone in Y , then y− x ∈ A implies ∆A(y)≤ ∆A(x).

The following result is Theorem 3.1 in [5] and provides a set-valued gap function for problem (2.1).

Theorem 8.1. Let assumption (A) hold and define the set B∗ := {s ∈ K∗ | ‖s‖Y ∗ = 1}. Then, g : X →
R∪{+∞}, defined by

g(x) := sup
y∈C

inf
s∈B∗
〈s◦Fx,x− y〉, for every x ∈ X ,

is a single-valued gap function for the vector variational inequality (2.1).

Proof. Let x ∈C be arbitrarily chosen. The non-negativity of g follows from the estimate

g(x) = sup
y∈C

inf
s∈B∗
〈s◦Fx,x− y〉 ≥ inf

s∈B∗
〈s◦Fx,x− x〉= 0.

In order to show the remaining part, note that we have for every x ∈ X

g(x) =− inf
y∈C

∆K
(
〈Fx,x− y〉Y

)
;

compare Section 3 in [5]. Recall that ∆K enjoys the representability condition ∆K(y) < 0 for y ∈ intK;
compare Proposition 8.1. Thus, for x ∈C with g(x)< 0 there is some y ∈C such that

∆K
(
〈Fx,x− y〉Y

)
< 0,

or equivalently, 〈Fx,y− x〉Y ∈ − intK. The proof is complete. �

The following theorem provides a set-valued gap function for problem (2.1). Note that in [48] the
authors discuss differential and sensitivity properties of the set-valued gap function G below. Under
suitable conditions, Li et al. derive expressions for the contingent derivative of G; see [48, Sections 3-5].

Theorem 8.2 ([39, Theorem 1]). Let assumption (A) hold. Then, G : X ⇒ Y defined by

G(x) := WMax

(⋃
y∈C

{〈Fx,x− y〉Y},K

)
, for every x ∈ X ,

is a set-valued gap function for the vector variational inequality (2.1).

Proof. Let x ∈ C and z ∈ G(x). Thus, we have z 6≤intK 〈Fx,x− y〉Y for every y ∈ C. In particular,
z /∈ − intK. For the second part let x ∈C such that 0 ∈ G(x). This is equivalent to 〈Fx,x− y〉Y 6≥intK 0
for every y ∈C, that is, x ∈ Sol (VVI). Conversely, assume that x ∈C is a solution of problem (2.1). We
then have

〈Fx,x− y〉Y 6≥intK 〈Fx,x− x〉Y
for every y ∈C, or equivalently 0 ∈ G(x). The proof is complete. �
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Example 8.1. Let us consider Example 2.2 again. Thus, the set-valued mapping G :Rl⇒Rk in Theorem
8.2 reads

G(x) := WMax

( ⋃
y∈Rk

{
〈Fx,x− y〉Rk

}
,Rk
≥

)
, for every x ∈ Rk.

It should be noted that solving the problem

x ∈ Rl : 0 ∈ G(x)

is equally difficult as solving the vector variational inequality (2.2), since we have 0 ∈ G(x) if and only
if x ∈ Rl satisfies

〈Fx,x− y〉 6≥intRk
≥

0, for every y ∈ Rl.

The following result provides a gap function for problem (2.2) and can also be found in [35]. Note
that, in contrast to Theorem 8.1, the gap function below does not involve any scalarization vector.

Theorem 8.3 ([33, Theorem 3.1]). Let assumption (A) hold. The function g : Rl → R∪{+∞}, defined
by

g(x) := sup
y∈C

min
1≤ j≤k

〈Fjx,x− y〉, for every x ∈ Rl,

is a single-valued gap function for the finite-dimensional vector variational inequality (2.2).

Proof. It is easily seen that g is non-negative on C since we have for every x ∈C

g(x) = sup
y∈C

min
1≤ j≤k

〈Fjx,x− y〉 ≥ min
1≤ j≤k

〈Fjx,x− x〉= 0.

Now let x ∈C such that g(x) = 0. Then there exists an index j ∈ {1, . . . ,n} such that 〈Fjx,x− y〉 ≤ 0 for
every y ∈C. Consequently, x solves problem (2.2). Conversely, let x ∈C be a solution of problem (2.2).
Then, we can find an index j ∈ {1, . . . ,n} such that 〈Fjx,y− x〉 ≥ 0 for every y ∈C, implying

min
1≤ j≤k

〈Fjx,x− y〉 ≤ 0, for every y ∈C.

Thus, g(x)≤ 0, and the non-negativity of g implies g(x) = 0. The proof is complete. �

Example 8.2. Let us again come back to Example 2.2. The gap function for problem (2.3), proposed in
Theorem 8.3, then becomes

g(x) = sup
y∈Rl

min
1≤ j≤k

〈x−a j,x− y〉, for every x ∈ Rl.

It is not hard to check that it holds g(x) = 0 if and only if x∈ conv{a1, . . . ,ak}. This result again confirms
that the solution set S of problem (2.3) is given by the convex hull of a1, . . . ,ak; compare, for example,
Example 3.1. Evidently, since the constraining set in problem (2.3) is the whole space Rl , we have
g = χS, where χS denotes the indicator mapping of the set S.
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FIGURE 9. Illustration of the single-valued gap function g : Rl → R∪ {+∞}
(bold lines) for l = 2 and k = 5.

The following theorem provides an error bound result for problem (2.2). We therefore define for λ > 0
the function gλ : Rl → R∪{+∞} by

gλ (x) := sup
y∈C

{
min

1≤ j≤k
〈Fjx,x− y〉− λ

2
‖x− y‖2

2

}
, for every x ∈ Rl.

It is easy to check that gλ is a single-valued gap function for (2.2), which is finite on C, compare Section
4 in [35]. In what follows, dist(x,A) := infa∈A ‖x−a‖2 denotes the distance between the non-empty set
A⊆ Rl and the point x ∈ Rl with respect to the Euclidean norm ‖ · ‖2.

Theorem 8.4 ([33, Theorem 3.3]). Besides assumption (A), assume that the components of F are
strongly monotone with the modulus µ j > 0, that is, for j = 1, . . . ,k it holds that

〈Fjx−Fjy,x− y〉 ≥ µ j‖x− y‖2
2, for every x,y ∈C.

If the intersection
⋂k

j=1 Sol(VI′e j
) is non-empty and it holds µ− λ

2 > 0, where µ := min1≤ j≤k µ j, then

dist
(
x,Sol (VVI′)

)
≤ 1√

µ− λ

2

√
gλ (x), for every x ∈C.

Proof. Let x ∈C and x̃ ∈
⋂k

j=1 Sol(VI′e j
) be arbitrarily chosen. Then it holds

gλ (x) ≥ min
1≤ j≤k

〈Fjx,x− x̃〉− λ

2
‖x− x̃‖2

2,

and consequently, using the fact that the components of F are strongly monotone,

gλ (x) ≥ 〈Fkx̃,x− x̃〉−
(

µ− λ

2

)
‖x− x̃‖2

2,

where we assume without loss of generality that 〈Fkx,x− x̃〉= min1≤ j≤k〈Fjx,x− x̃〉. Since x̃ ∈ Sol(VI′ek
)

in particular, it finally follows

gλ (x) ≥
(

µ− λ

2

)
‖x− x̃‖2

2.

Rearranging the previous inequality and passing to the infimum completes the proof. �
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Remark 8.2. Since the assumption

k⋂
j=1

Sol(VI′e j
) 6= /0

in the previous theorem is very strong, Charitha et al. replaced it by some geometrical conditions; see
Theorem 4.4 in [35].

9. IMAGE SPACE ANALYSIS

This section is devoted to the introduction of image space analysis for the following finite-dimensional
vector variational inequality: find an element x ∈C such that

〈Fx, f (y)− f (x)〉Rk /∈ − intRk
≥, for every y ∈C. (9.1)

In the above, F : Rl →Matk×l(R) and f : Rl → Rl are given mappings. The non-empty constraining
set C is defined by C := {x ∈ Rl | g(x) ∈ Rm

≥}, where g : Rl → Rm is a mapping with g[Rl]∩Rm
≥ 6= /0.

The development of image space analysis has a very long history, while traces of the idea of studying
the images of functions involved in optimization problems go back to the work of Carathéodory; see
[29]. The basic idea of image space analysis, which has been proposed in [100] for the first time, is quite
analogous to that, which led from Riemann integral to Lebesgue one: instead of performing the analysis
in the space, where problem (9.1) is given, image space analysis does it in the space, where the images
of the functions involved in problem (9.1) run. Evidently, an element x ∈C is a solution of problem (9.1)
if and only if there exists no y ∈ Rl such that

〈Fx, f (y)− f (x)〉Rk ∈ − intRk
≥, g(y) ∈ Rm

≥.

In other words, the following system in the unknown y is impossible:

u = 〈Fx, f (x)− f (y)〉Rk ∈ intRk
≥, v = g(y) ∈ Rm

≥, y ∈ Rl. (9.2)

The space Rk×Rm, where the new variable (u,v) runs, is called the image space associated with problem
(9.1). By introducing the sets

H := intRk
≥×Rm

≥ and K (x) :=
{
(u,v) ∈ Rk×Rm | u = 〈Fx, f (x)− f (y)〉Rk , v = g(y), y ∈ Rl},

we can claim that x ∈C is a solution of the vector variational inequality (9.1) if and only if

H ∩K (x) = /0; (9.3)

compare [100, 104]. To perform image space analysis, we can indifferently begin with system (9.2)
or (9.3). The formulation (9.3) corresponds to adopt an algebraic and geometric language, which will
lead us to use separation theorems, while (9.2) leads to adopt so-called theorems of the alternatives.
By using (9.3), we introduce the following equivalent image problem: given x ∈ Rl , find an element
(ũ, ṽ) ∈K (x)∩ (Rk×Rm

≥) such that

u 6≥intRk
≥

ũ, for every (u,v) ∈H ∩ (Rk×Rm
≥).

As we can see, in the image space we define an optimization problem also when in the initial space
we are dealing with a vector variational inequality. This is because problem (9.1) is equivalent to the
impossibility of the system (9.2). It should be further noted that image space analysis may be applied to
any kind of problem, which can be expressed under the form of the inconsistency of a parametric system;
see [100]. These may include, for example, constrained optimization problems, variational inequalities,
equilibrium problems, and numerous others; see [43, 44, 50, 100, 168, 187] and the references therein.
In the context of vector variational inequalities, theorems of the alternative and seperation results have
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turned out to be a powerful tool for deriving necessary and sufficient optimality conditions; see [50].
Therefore, the authors in [44] proposed to study

M (x) ∩N (x) = /0 (9.4)

instead of (9.3), where

M (x) :=
(
Rl \C (x)

)
×Rm

≥×Rm
≥,

N (x) :=
{
(u,v,w) ∈ Rl+2m | u = f (y)− f (x), v = g(y), w = g(x), y ∈ Rl},

and C (x) := {z∈Rl | 〈Fx,z〉Rk /∈− intRk
≥}, for every x∈Rl . Evidently, (9.4) holds if and only if x∈C is

a solution of problem (9.1). This reformulation allows to relate the vector variational inequality (9.1) to
a multi-objective optimization problem [44, Section 3.1] and to derive efficient tools for solving problem
(9.1).

Remark 9.1. (i) Vector variational inequalities of the form (9.1) are frequently called inverse vector
variational inequalities; see, for example, [43, 44]. However, it should be noted that the structure of
problem (9.1) is different from that of the problems (7.1) and (7.2), respectively.
(ii) By introducing the set Ω :=

{
f (x) | x ∈ Rl, g(x) ∈ Rm

≥
}

, problem (9.1) is frequently stated in the
following [44] equivalent way: find an element x ∈ Rl such that

f (x) ∈Ω and 〈Fx, fΩ− f (x)〉Rk 6≤intRk
≥

0, for every fΩ ∈Ω.

(iii) Evidently, if f : Rl → Rl is the identity mapping, then problem (9.1) recovers the vector variational
inequality (2.1).

9.1. Optimality conditions. The aim of this section is to give necessary and sufficient optimality condi-
tions for problem (9.1). In what follows, we will consider the multi-objective-like optimization problem

Eff( f [C],C (·)). (9.5)

Here we say that x ∈C is an efficient solution of problem (9.5) if and only if f (y)− f (x) /∈ −C (x)\{0}
for all y ∈C.

The next lemma shows that problem (9.5) is necessary for the vector variational inequality (9.1).

Lemma 9.1. Any solution x ∈C of problem (9.5) with C (x)∪ (−C (x)) = Rl is a solution of the vector
variational inequality (9.1).

Proof. Let x ∈C be a solution of problem (9.5). Since it holds C (x)∪ (−C (x)) =Rl , we deduce f (y)−
f (x) ∈ C (x) for every y ∈ C. Hence, x ∈ C solves the vector variational inequality (9.1). The proof is
complete. �

Remark 9.2. A proper cone K in Rl with K ∪ (−K) = Rl is frequently called connected; see [189,
Section 4].

Proposition 9.1 ([44, Proposition 3.1]). Let x ∈C be a solution of problem (9.5) with C (x)∪(−C (x)) =
Rl . Then it holds

sup
y∈C

∆C (x)
(

f (y)− f (x)
)
= 0. (9.6)

Proof. Let x ∈C be a solution of problem (9.5) such with C (x)∪ (−C (x)) = Rl . Thus, f (y)− f (x) ∈
C (x) for every y ∈C; see Lemma 9.1. Therefore, in view of Proposition 8.1 (ii) and (iii), we have

sup
y∈C

∆C (x)
(

f (y)− f (x)
)
≤ 0.
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However, equality holds due to 0 ∈ bdC (x) and the estimate

sup
y∈C

∆C (x)
(

f (y)− f (x)
)
≥ ∆C (x)

(
f (x)− f (x)

)
= ∆C (x)(0) = 0;

compare again Proposition 8.1 (iii). The proof is complete. �

Theorem 9.1 ([44, Theorem 3.1]). An element x ∈ C is a solution of the vector variational inequality
(9.1) if and only if relation (9.6) holds.

Proof. Let x ∈C be a solution of problem (9.1). In other words, it holds f (y)− f (x) ∈ C (x) for every
y ∈ C. Following the proof of Proposition 9.1, we conclude that (9.6) holds. Conversely, assume that
(9.6) holds. Then we have

∆C (x)
(

f (y)− f (x)
)
≤ 0, for every y ∈C,

in particular. This together with Proposition 8.1 (ii) and (iii) yields f (y)− f (x) ∈ C (x) for every y ∈C.
Consequently, x ∈C is a solution of the vector variational inequality (9.1) and the proof is complete. �

9.2. Separation functions. The purpose of this section is to recall the concept of separation functions
for problem (9.1). As already mentioned, an element x ∈ C is a solution of the vector variational in-
equality (9.1) if and only if relation (9.4) holds. Evidently, this is equivalent to saying that the following
system in the unknown y is impossible:

f (y)− f (x) ∈ Rl \C (x), g(x) ∈ Rm
≥, g(y) ∈ Rm

≥, y ∈ Rl. (9.7)

It should be noted that, using the above concept, the image space associated with the finite-dimensional
vector variational inequality (9.1) is Rl×Rm×Rm = Rl+2m.

In what follows, we give the definitions of weak and regular separation functions. Recall that the
level sets lev> ψ and lev≥ψ of a mapping ψ : Rl+2m→R∪{±∞} are defined by lev> ψ := {x ∈Rl+2m |
ψ(x)> 0} and lev≥ψ := {x ∈ Rl+2m | ψ(x)≥ 0}, respectively.

Definition 9.1 ([50, Definition 2.1]). Let x ∈ Rl and let Λ be a non-empty subset of R. A class of
functions ω : Rl+2m×Λ→ R∪{±∞}, such that

(i) lev≥ω( · ,λ )⊇M (x), for every λ ∈ Λ,
(ii)

⋂
λ∈Λ lev> ω( · ,λ )⊆M (x),

is called the class of weak separation functions and is denoted by W(x,Λ).

Definition 9.2 ([50, Definition 2.2]). Let x ∈ Rl and let Λ be a non-empty subset of R. A class of
functions ω : Rl+2m×Λ→ R∪{±∞}, such that⋂

λ∈Λ

lev> ω( · ;λ ) = M (x),

is called the class of regular weak separation functions and is denoted by RW(x,Λ).

In what follows, we are going to construct a class of weak and regular weak separation functions,
respectively; see [44, Section 3.2]. For this purpose, we denote by Proj : R2m → R2m the orthogonal
projection onto R2m

≥ = Rm
≥×Rm

≥, satisfying

‖(v,z)−Proj(v,z)‖2 = inf
(ṽ,z̃)∈R2m

≥

‖(v,z)− (ṽ, z̃)‖2 , for every (v,z) ∈ R2m
≥ .

Thus, given x ∈ Rl , we consider a family of non-linear functions ω : Rl+2m×R→ R∪{±∞} given by

ω(u,v,z,λ ) :=−λ∆Rl\C (x)(u)−‖(v,z)−Proj(v,z)‖2, for every (u,v,z,λ ) ∈ Rl+2m×R≥; (9.8)

compare [44]. Evidently, for every λ ∈R≥, ω(·,λ ) is lipschitz continuous in Rl+2m. Further, since C (x)
is non-empty, ω(·,λ ) is finite-valued.
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The next proposition shows that (9.8) defines a family of weak and regular separation functions,
respectively.

Proposition 9.2 ([44, Proposition 3.2]). Let x ∈ Rl be arbitrarily chosen and assume that the class of
functions ω :Rl+2m×R→R∪{±∞} is given by (9.8). Then it holds ω ∈W(x,R≥) and ω ∈RW(x,R>).

Proof. Let x ∈Rl . We show ω ∈W(x,R≥) only since the second assertion of this proposition follows in
a similar fashion. In order to show

lev≥ω( · ,λ )⊇M (x), for every λ ∈ R≥, (9.9)

let (u,v,z) ∈M (x) and λ ∈ R≥. Let us show that it holds ω(u,v,z,λ ) ≥ 0. Since C (x) is a closed
cone, we have Rl \ C (x) = int(Rl \ C (x)). In view of Proposition 8.1 (ii), we consequently have
−λ∆Rl\C (x)(u)> 0. Further, it trivially holds ‖(v,z)−Proj(v,z)‖2 = 0 since (v,z) ∈ R2m

≥ . This implies

ω(u,v,z,λ ) = −λ∆Rl\C (x)(u)−‖(v,z)−Proj(v,z)‖2 = −λ∆Rl\C (x)(u) > 0,

which shows (9.9). Evidently, we have

ω(u,v,z,0) = −‖(v,z)−Proj(v,z)‖2 ≤ 0, for every (u,v,z) ∈ Rl+2m,

and therefore lev≥ω(·,0) = /0. Consequently, it trivially holds

/0 =
⋂

λ∈R≥

lev> ω( · ,λ ) ⊆ M (x).

This shows ω ∈W(x,R≥), which completes the proof. �

We now come to the first theorem of the alternative, which is Theorem 3.3 in [44].

Theorem 9.2. Let x ∈ Rl be arbitrarily chosen. Then, problem (9.7) in the unknown y and the system

there is λ ∈ R≥ such that ω
(

f (y)− f (x),g(y),g(x),λ
)
< 0, for every y ∈ Rl, (9.10)

where ω is given by (9.8), are not simultaneously possible.

Proof. Assume first that problem (9.7) is possible. Then we can find y∈Rl such that f (y)− f (x) /∈C (x),
g(x) ∈ Rm

≥ and g(y) ∈ Rm
≥. Moreover, we have(

f (y)− f (x),g(y),g(x)
)
∈M (x),

and Proposition 9.2, compare relation (9.9), implies

ω( f (y)− f (x),g(y),g(x),λ )≥ 0, for every λ ∈ R≥.

In other words, system (9.10) is impossible. Conversely, assume that system (9.10) is possible. Then we
can find λ ∈ R≥ such that

N (x) ∩
{
(u,v,z) ∈ Rl+2m | ω(u,v,z,λ )≥ 0

}
= /0.

Since M (x)⊆ lev≥ω( · ,λ ), we further have(
f (y)− f (x),g(y),g(x)

)
∈M (x), for every y ∈ Rl.

In other words, system (9.7) is impossible. The proof is complete. �
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10. STABILITY AND SENSITIVITY ANALYSIS

The purpose of this section is to present some stability and sensitivity results for the finite-dimensional
vector variational inequality (2.2). It is well-known that variational problems are ill-posed in general,
that is, they may either have no solution or multiple solutions, and, most importantly, small errors in data
could lead to uncontrollable errors in its solution(s); see [75, 97, 99, 108, 113, 144] and the references
therein. In addition to that, the solution of vector variational inequalities is non-unique in general; com-
pare, for instance, Example 2.2. On the other hand, from a practical point of view, one cannot expect
that the data of the vector variational inequality (2.2), here the constraining set C ⊆ Rl and the mapping
F : Rl →Matk×l(R), are known. Due to this incompleteness, many authors have studied problem (2.2)
with respect to contaminated/perturbed data, depending on some parameters signifying the level of error
in a certain sense; see [6, 49, 52, 58, 85, 89, 124, 162] and the references therein. To be precise, let U
and V be Banach spaces, the so-called parameter spaces, let E : U ⇒ Rl be a set-valued mapping with
non-empty, closed and convex values, and let F : V ×Rl→Matk×l(R) be a mapping. Given parameters
ρ ∈U and η ∈ V , the perturbed finite-dimensional vector variational inequality consists of finding an
element x = x(ρ,η) ∈ E(ρ) such that

〈F (η ,x),y− x〉Rk /∈ − intRk
≥, for every y ∈ E(ρ). (10.1)

Note that problem (10.1) recovers the vector variational inequality (2.2) if E is constant and F does not
depend on the parameter η . In what follows, we are going to denote the solution set of problem (10.1),
depending on the parameters ρ ∈U and η ∈ V , by Sol(ρ,η). When the parameters ρ and η vary in U
and V , this defines a set-valued mapping Sol : U×V ⇒ Rl by

Sol(ρ,η) :=
{

x ∈ E(ρ) | 〈F (η ,x),y− x〉Rk /∈ − intRk
≥, for every y ∈ E(ρ)

}
.

Within the last years, several authors have investigated the stability analysis of problem (2.2), that is, the
qualitative analysis of several properties of the solution mapping Sol : U ×V ⇒ Rl . These include, for
example, the upper semicontinuity, the lower semicontinuity, the (lipschitz) continuity and the Robin-
son’s metric regularity property of Sol; see [1, 49, 52, 58, 86, 89, 124]. In this research area, scalarization
techniques [52, 85, 141] and gap functions [47] have proven to be powerful tools. In contrast, the sen-
sitivity analysis of problem (2.2) means the quantitative analysis of the solution mapping. Note that Sol
can be formulated [86] as a particular parametric variational system, that is,

Sol(ρ,η) =
{

x ∈ E(ρ) | q(η ,x) ∈ Q(ρ,η ,x)
}
,

where we use the notation q(η ,x) := 〈F (η ,x),x〉Rk and Q(ρ,η ,x) := WMin(〈F (η ,x),E(ρ)〉Rk ,Rk
≥).

Here, one main research focus is the study of derivatives of Sol in terms of derivatives of q and Q; see
[86, Section 4]. Such properties are crucial to derive necessary optimality conditions for problem (2.2).
See [56] for globally proper efficiency results and optimality conditions for generalized vector variational
inequalities involving the generalized contingent epiderivative. Besides stability and sensitivity analysis,
the well-posedness of problem (2.2) and related problems has been investigated in [83, 143]. Generally
speaking, it deals with the behavior of the solution with respect to the problem’s data pertubations. Note
that an initial concept of well-posedness for scalar optimization problems has been introduced in [183]
for the first time, known as Tykhonov well-posedness. In addition to the previous research areas related
to stability and sensitivity analysis, the Painlevé-Kuratowski upper and lower convergence of perturbed
vector variational inequalities has been investigated in [6, 87].

Before any further advancement, we recall continuity notions for set-valued mappings.

Definition 10.1 ([15, 23]). Let X and Y be Banach spaces. A set-valued mapping S : X ⇒Y is said to be

(i) upper semicontinuous at x ∈ X if for any open set V in Y containing S(x), there exists an open
neighborhood U of x in X such that S(z)⊆V for all z ∈U ;
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(ii) lower semicontinuous at x ∈ X if for any open set V in Y such that S(x)∩V 6= /0, there exists an
open neighborhood U of x in X such that S(z)∩V 6= /0 for all z ∈U ;

(iii) upper semicontinuous (respectively, lower semicontinuous) on X if it is upper semicontinuous
(respectively, lower semicontinuous) at every point in X ;

(iv) continuous on X if it is upper semicontinuous and lower semicontinuous;
(v) compact if there exists a compact set B⊆ Y such that S(x)⊆ B for every x ∈ X .

Remark 10.1. (i) If the set S(x) is singleton in a neighborhood of x ∈ X , then the upper semicontinuity
and lower semicontinuity of S at x are equivalent; see [12, Remark 1.21].
(ii) It should be noted that a set-valued mapping with compact values does not have to be compact in
general. For example, consider X = Y = R and S(x) = [0,x2] for x ∈ R.

The next two lemma give handy characterizations of upper and lower semicontinuity.

Lemma 10.1 ([23, Chapter 6, Corollary]). Let X and Y be Banach spaces. A compact set-valued mapping
S : X ⇒ Y is upper semicontinuous if and only if the graph of S is a closed subset of X×Y .

Lemma 10.2 ([15, 23]). Let X and Y be Banach spaces. A set-valued mapping S : X ⇒ Y is lower
semicontinuous at x ∈ X if and only if for any sequence {xn} ⊆ X, xn→ x and for any y ∈ S(x), there is
a sequence {yn} such that yn ∈ S(xn) and yn→ y.

Slightly modifying the proof in [85, Theorem 2.2], we have the following result.

Theorem 10.1. Let F : V ×Rl→Matk×l(R) be a given mapping and suppose that the following condi-
tions are satisfied:

(i) The set-valued mapping E : U ⇒ Rl has non-empty, closed and convex values. Further, E is
compact and has a closed graph.

(ii) For every x ∈ Rl , the mapping F (·,x) : V →Matk×l(R) is continuous.
(iii) For every η ∈V , the mapping F (η , ·) :Rl→Matk×l(R) is v-hemicontinuous and Rk

≥-monotone.

Then, the solution mapping Sol : U×V ⇒ Rl of problem (10.1) is upper semicontinuous on U×V .

Proof. By assumption (i), we can find a compact set B ⊆ Rl such that E(ρ) ⊆ B for every ρ ∈ U .
Evidently, Sol is compact, since it holds Sol(ρ,η)⊆ E(ρ) for every ρ ∈U and η ∈V . Note further that
the values of Sol are non-empty; see Theorem 5.1. In order to show that Sol is upper semicontinuous, we
are going to use Lemma 10.1. For this purpose, let {xn} ⊆Rl and {(ρn,ηn)} ⊆U×V be sequences with
xn ∈ Sol(ρn,ηn), xn→ x, ρn→ ρ and ηn→ η . In the following, we are going to show that x ∈ Sol(ρ,η).
Since xn ∈ Sol(ρn,ηn), it holds xn ∈ E(ρn) and

〈F (ηn,xn),y− xn〉Rk /∈ − intRk
≥, for every y ∈ E(ρn),

Consequently x∈E(ρ) since E has a closed graph. By assumption (iii), the above inequality is equivalent
to

〈F (ηn,y),y− xn〉Rk /∈ − intRk
≥, for every y ∈ E(ρn);

see Lemma 4.1. Since F is assumed to be continuous in the first component, passing in the above
inequality to the limit yields

〈F (ηn,y),y− xn〉Rk → 〈F(η ,y),y− x〉Rk ,

for every y ∈ E(ρ). Applying Lemma 4.1 once again, we have finally shown that x ∈ E(ρ) satisfies

〈F (η ,x),y− x〉Rk /∈ − intRk
≥, for every y ∈ E(ρ),

or equivalently, x ∈ Sol(ρ,η). Thus, we have shown that Sol is upper semicontinuous on U ×V , which
completes the proof. �
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In general, the proof of lower semicontinuity is more challenging [58] than the one of upper semi-
continuity. For the sake of simplicity, we therefore consider the following perturbed finite-dimensional
vector variational inequality only: given a parameter η ∈V , find an element x = x(η) ∈C such that

〈F (η ,x),y− x〉Rk /∈ − intRk
≥, for every y ∈C. (10.2)

In the above, C is a non-empty, closed and convex subset of Rl . We again denote the corresponding
solution mapping of problem (10.2) by Sol. Note that problem (10.2) is obtained by letting E(x) = C,
for every x ∈U , in problem (10.1).

The proof of the following result is based on Theorem 3.1 in [58].

Theorem 10.2. Let F : V ×Rl→Matk×l(R) be a given mapping and suppose that the following condi-
tions are satisfied:

(i) C is a non-empty, convex and compact subset of Rl .
(ii) F is continuous.

(iii) For every η ∈V , the mapping F (η , ·) : Rl →Matk×l(R) is Rk
≥-monotone. Further, there exists

an index j ∈ {1, . . . ,k} such that for every η ∈V , the jth component F j(η , ·) :Rl→Rl is strictly
monotone.

Then, the solution mapping Sol : V ⇒ Rl of problem (10.2) is lower semicontinuous on V .

Proof. Let s∈Rk
≥ \{0}. Given a parameter η ∈V , we consider the scalar parametric variational inequal-

ity of finding an element x ∈C such that

〈
k

∑
j=1

s jF j(η ,x),y− x〉 ≥ 0, for every y ∈C. (10.3)

Let us denote the solution set of problem (10.3), depending on s and η , by Sols(η). Evidently, Sols(η) is
non-empty for every η ∈V since F is continuous and C is non-empty, convex and compact; see Theorem
5.9. As a consequence of assumption (iii), the mapping ∑

k
j=1 s jF j(η , ·) : Rl → Rl is strictly monotone.

Thus, problem (10.3) has a unique solution, that is, Sols(η) is a singleton for every s ∈ Rk
≥ \ {0} and

every η ∈V . Let us show that for fixed s ∈ Rk
≥ \{0}, the solution mapping Sols : V → Rl is continuous.

Indeed, let s ∈ Rk
≥ \ {0} and η ∈ V be arbitrarily chosen and let {ηn} ⊆ V be a sequence such that

ηn→ η . Denote by xn the corresponding unique solution of problem (10.3) with respect to s and ηn, that
is, xn := Sols(ηn). Since C is compact and {xn} ⊆C, we can find a subsequence, again denoted by {xn},
such that xn→ x. We further have

〈
k

∑
j=1

s jF j(ηn,xn),y− xn〉 ≥ 0, for every y ∈C.

Due to the continuity of F , we can pass in the above inequality to the limit. Thus, x ∈C is the unique
solution of problem (10.3), which shows the continuity of Sols.
In order to prove that the solution mapping Sol : V ⇒ Rl of problem (10.1) is lower semicontinuous on
V , we are going to use Lemma 10.2. For this purpose let {ηn} ⊆V be a sequence such that ηn→ η and
let x ∈ Sol(η). Similar to Proposition 3.1, it is easy to show that for every η ∈V it holds that

Sol(η) =
⋃

s∈Rk
≥\{0}

Sols(η).

Consequently, there is some ŝ ∈Rk
≥ \{0} such that x is the unique solution of problem (10.3), depending

on ŝ and η . In other words, x = Solŝ(η). Let us define a sequence {xn} in Rl by

xn := Solŝ(ηn).
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Note that we have xn ∈ Sol(ηn) in particular. Since Solŝ : V → Rl is continuous, we finally have xn→ x.
Thus, the lower semicontinuity of Sol : V ⇒ Rl follows and the proof is complete. �

Example 10.1. This example is a slight modification of our prototype example; see Example 2.2. How-
ever, let C be a non-empty, convex and compact subset of Rl , which intersects conv{a1, . . . ,ak}, and
define V := Rl . In what follows, we are going to investigate the following perturbed problem: given a
point η ∈V , find an element x = x(η) ∈C such that 〈x− (a1 +η),y− x〉

...
〈x−ak,y− x〉

 /∈ − intRk
≥, for every y ∈C. (10.4)

In the above, the objective mapping F : V ×Rl →Matk×l(R) can be identified by

F (η ,x) :=

 x− (a1 +η)
...

x−ak

 , for every x ∈ Rl.

We see at once that the assumptions of Theorem 10.1 and Theorem 10.2 are satisfied. Thus, the solution
mapping S : V ⇒Rl of problem (10.4) is upper semicontinuous and lower semicontinuous, and therefore
continuous.

a1

a2 a3

a4

a5a5

(A) S(η) for η = 0.

a1

a2 a3

a4

a5a5

a1 +η

(B) S(η) for some η ∈U(a1).

FIGURE 10. Illustration of the solution mapping S : V ⇒Rl for the special case
l = 2 and k = 5.

11. FURTHER RELATED TOPICS

11.1. Stochastic vector variational inequalities. We have seen that vector variational inequalities have
several applications. However, mainly all of the research has been done in the deterministic setting
without any uncertainty in the problem’s data only. Recently, the authors in [122, 164, 175] have started
to extend the notion of finite-dimensional vector variational inequalities to the one of finite-dimensional
stochastic (random) vector variational inequalities. To be precise, let F : Rl ×R→ Matk×l(R) be a
given mapping and let C be a non-empty, closed and convex subset of Rl . Further, let (Ω,A ,P) be a
probability space and let ξ : Ω→R be a random variable. Then, the finite-dimensional stochastic vector
variational inequality consists of finding an element x ∈C such that almost surely

〈F(x,ξ (ω)),y− x〉Rk /∈ − intRk
≥, for every y ∈C. (11.1)
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Evidently, one can state problem (11.1) in the following way: find an element x ∈C such that

P
(
ω ∈Ω | 〈F(x,ξ (ω)),y− x〉Rk /∈ − intRk

≥, for every y ∈C
)
= 1.

In general, one cannot expect that problem (11.1) has a common solution for almost every ω ∈ Ω. In
order to get a reasonable solution in some sense, the authors in [122, 164, 175] have considered a deter-
ministic model instead. Therefore, the authors introduce a family of weak single-valued gap functions
{gs(·,ξ (·))} for problem (11.1); compare Remark 8.1. Under some measurability and integrability as-
sumptions, they consider the following so-called robust weighted expected residual method (ERM) for
problem (11.1):

min
x∈C

max
s∈S

E[gs(x,ξ )] = min
x∈C

max
s∈S

∫
Ω

gs(x,ξ (ω)) P(dω). (11.2)

In the above, one defines S := {s ∈Rk | s ∈Rk
≥ and ‖s‖1 = 1} and E[gs(x,ξ )] denotes the expected value

of gs(x,ξ (·)) : Ω→ R, where x ∈C and s ∈ S are fixed. Zhao et al. [164] investigate the properties of
a related problem, the so-called expected residual minimization problem, and derive a comprehensive
convergence analysis for their approach. In [122, 175], the authors approximate problem (11.2) by a
family of deterministic problems and investigate their convergence analysis. Ma et al. [122] consider
a slight modification of the stochastic vector variational inequality (11.1), where they assume that the
components of F : Rl ×Ω → Matk×l(R) are given by F j(x,ω) := M j(ω)x + Q j(ω) for x ∈ C and
ω ∈ Ω, where M j : Ω→ Matl×l(R) and Q j : Ω→ Rl are square integrable functions for j = 1, . . . ,k.
They show that a family of deterministic models can be used to approximate the ERM reformulation;
see [122, Theorem 16]. A similar idea is used in the paper [164]. Zhao et al. further study the level sets
of the objective function in ERM and discuss the convergence of stationary points; compare Section 4 in
[164].

11.2. Generalized problems. Within the last years, several generalizations of the vector variational in-
equality (2.1) have been studied; see, for example, [12, 36, 99, 137] and the references therein. However,
in what follows, we are going to consider two generalizations of problem (2.1) only: vector variational
inequalities with respect to a variable domination structure and vector quasi-variational inequalities.

The first generalization is motivated by the concept of variable domination structure (or variable order-
ing structure, or moving domination structure), which has been introduced by Yu; see [196]. Such a
concept has been frequently used in the field of multi-objective optimization [72] and has been trans-
fered to vector variational inequalities. Recall that, given a proper, closed, convex and solid cone K in
Y , all appearing elements in problem (2.1) are compared in the following way: x 6≤intK y if and only if
y− x 6∈ intK. However, from a practical point of view, it is crucial to model different preferences of
a decision-maker in an adequate way. Unfortunately, ordering relations using a fixed cone are limited
to describe variable preferences which is why variable orderings should be used. A main contribution,
pointing out the limitations of ordering relations with respect to a fixed cone, can be found in the work
by Engau; see [74]. The above limitation led to the notion of variable domination structure. Now let
K : X ⇒ Y be a mapping such that for every x ∈ X , the set K (x) is a proper, closed, convex and solid
cone in Y . We say that K defines a variable ordering structure if elements in Y are compared using K ;
see [73, Definition 3.1]. Using the previous notation, the vector variational inequality with respect to the
variable domination structure K consists of finding an element x ∈C such that

〈Fx,y− x〉Y /∈ − intK (x), for every y ∈C. (11.3)

Evidently, if K is constant, say K (x) = K for every x ∈ X , where K is a proper, closed, convex and
solid cone in Y , then problem (11.3) recovers (2.1). It should be noted that most of the literature in this
field is dedicated to existence results for problem (11.3). For example, some existence results, based
on the Fan-KKM Lemma 5.1, can be found in [11, 31, 32, 34, 36, 63, 73, 128, 149, 163]. Here, a key
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assumption is that the set-valued mapping Y \ (− intK (·)) is weakly closed. Note further that Elster et
al. [73, Section 5.2] apply problem (11.3) to study a beam intensity optimization problem in radiotherapy
treatment.

As a second prototype of generalizations of problem (2.1) we are going to consider a vector quasi-
variational inequality. Roughly spoken, this generalization consists of solving a set-valued fixed-point
problem and a vector variational inequality at the same time. To be precise, suppose that assumption (A)
holds and let a set-valued mapping E : C⇒C with non-empty, closed and convex values be given. Then,
the vector quasi-variational inequality consists of finding an element x ∈C such that

x ∈ E(x) and 〈Fx,y− x〉Y /∈ − intK, for every y ∈ E(x). (11.4)

Notice that in problem (11.4), the constraining set E(x) depends upon the unknown element x. In fact, due
to this dependence, the existence of solutions of problem (11.4) are challenging. In this context, the most
common approach for deriving existence results is to find so-called minimal elements or equilibrium
choices [67] of a certain mapping. Some existence results, which are using such a technique, can be
found in [9, 45, 94, 109, 121, 131, 137, 142, 174, 185]. Therefore, the boundedness of the underlying
set C is crucial. An approach, based on so-called generalized solutions, to derive existence results for
problem (11.4) and related problems has recently proposed by Hebestreit et al. [19]. Note that the
authors in [65, 88, 115] use linear and non-linear scalarization techniques to derive existence results
for problem (11.4). Gap functions based on scalarization schema can be found in [110, 121]. Further,
approximate solutions and well-posedness conditions of problem (11.4) are discussed in [161]. Systems
of vector quasi-variational inequalities have been studied in [10, 66, 68] and applications of problem
(11.4) have been proposed in [38, 115, 134]. However, if we define Y := R and K := R≥, then problem
(11.4) recovers the well-known quasi-variational inequality, which has been introduced by Bensoussan
and Lions [22] in connection with a problem of impulse control. It should be noted that, within the
last years, the theory of quasi-variational inequalities emerged as on of the most promising branches of
pure and applied mathematics. Several applications of it can be found, for example, in economic growth
models, energy production management, equilibrium problems, mechanics, physics, optimization, and
numerous others; see [17, 20, 62, 127, 147, 170] and the references therein.

11.3. Numerical methods and algorithms. To the best of our knowledge, there are only a handful of
papers, which are dealing with numerical methods or algorithms for vector variational inequalities. In
[37, 51], the authors present a proximal-type method for problem (2.2), which is based on a linear scalar-
ization technique. An active-set method for affine finite-dimensional vector variational inequalities has
been proposed in [105, Section 4]. In [105], Goh and Yang transfer the problem to a multi-objective opti-
mization problem and use methods from this field to derive an algorithm for the affine vector variational
inequalities.
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[43] J. W. Chen, E. Köbis, M. A. Köbis, J.-C. Yao, Optimality conditions for solutions of constrained inverse
vector variational inequality by means of nonlinear scalarization, J. Nonlin. Var. Anal. 1 (2017), 145-158.
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[127] A. Kadoya, N. Kenmochi, M. Niezgódka, Quasi-variational inequalities in economic growth models with

technological development, Adv. Math. Sci. Appl. 24 (2014), 185-214.
[128] S. A. Khan, F. Suhel, Existence of solutions of mixed vector variational-like inequalities, Bull. Math. Anal.

Appl. 3 (2011), 102-109.
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