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Abstract. In this paper, we focus on an inverse problem of parameter identification in vector variational
and vector quasi-variational inequalities. Especially, we develop an abstract regularization approach that
permits a stable identification of the parameters in the considered variational problems. We give existence
results for the regularized output least-square-based optimization problem and provide an application of
our results to the Markowitz portfolio problem.
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1. INTRODUCTION

Several models in applied sciences lead to variational or quasi-variational inequalities depending on
variable coefficients. These coefficients are known, and they characterize properties of the underlying
model. The direct problem in this setting is to solve the variational or quasi-variational inequality. In
contrast, the inverse problem seeks the coefficient from an estimate of the solution of the associated
variational problem, see [4, 9, 17]. Recently, vector variational and vector quasi-variational inequalities
appeared as natural and essential generalizations of variational and quasi-variational inequalities, see
[7, 12, 14, 18, 20, 21, 22, 24, 25].

Motivated by the recent research in the fields of inverse problems and vector (quasi) variational prob-
lems, in this work, we study the inverse problem of identifying parameters in vector variational and
vector quasi-variational inequalities. Vector variational inequalities were introduced in 1980 by Gian-
nessi [8] in a finite-dimensional setting. Since then, several authors have studied and extended this class
of problem. Vector quasi-variational inequalities arise from the setting of vector variational problems
by attaching a set-valued fixed-point problem to it. In [12], Hebestreit et al. have shown that vector
quasi-variational problems can be used to study multi-objective optimization problems with respect to
forbidden areas. Compare also [11] for an extensive survey of recent developments in the field of vector
variational inequalities and related problems.
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In the following, we describe the general setting of the inverse problem which will be studied in this
paper. A similar framework has been used for scalar quasi-variational inequalities in [17]. The parameter
space in this work is denoted by B which is assumed to be a Banach space. The set of all admissible
coefficients is denoted by A. We assume that A is a non-empty, closed and convex subset of B. The
measured data will be taken in a Banach space Z. In order to introduce the vector variational and vector
quasi-variational inequality, let X be a reflexive Banach space and Y be a Banach space. The constraining
set C is assumed to be a non-empty, closed and convex subset of X . In order to compare elements in the
abstract space Y , we assume that K is a proper, closed, convex, pointed and solid cone in Y. Denoting the
set of linear and bounded operators from X to Y by L(X ,Y ), let F : B×X→ L(X ,Y ) be a given mapping.
The vector variational inequality, depending on the parameter a ∈ A, then reads: given a ∈ A, find an
element x = x(a) ∈C such that

〈F(a,x),y− x〉Y /∈ − intK, for every y ∈C. (1.1)

Here, 〈F(a,x),y− x〉Y denotes the evaluation of the linear and bounded operator Fx : X → Y at y− x.
However, if we let Y = R and K = R≥, then F is an operator from B×X to L(X ,R) = X∗ and (1.1)
recovers the following well-known [15] variational inequality: given a ∈ A, find an element x = x(a) ∈C
such that

〈F(a,x),y− x〉 ≥ 0, for every y ∈C.

In the above, 〈·, ·〉 denotes the duality pairing between X∗ and X . In addition to the setting of the vector
variational inequality (1.1), let E : C ⇒ C be a given set-valued mapping with non-empty, closed and
convex values. By replacing the fixed constraining set C by the set-valued mapping E, the vector quasi-
variational inequality, depending on the parameter a ∈ A, consists of finding an element x = x(a) ∈ C
such that x ∈ E(x) and

〈F(a,x),y− x〉Y /∈ − intK, for every y ∈ E(x). (1.2)

Here, the constraining set E(x) depends upon the unknown x. In fact, due to this dependence, the
solvability of (1.2) is a challenging problem and requires that a vector variational inequality and a set-
valued fixed-point problem should be solved simultaneously. Obviously, if the set-valued mapping E is
constant, say E(x) =C for every x ∈C, then (1.2) recovers (1.1) as special case. Clearly, if we let again
Y = R and K = R≥, then (1.2) recovers the following quasi-variational inequality: given a ∈ A, find an
element x ∈C such that x ∈ E(x) and

〈F(a,x),y− x〉 ≥ 0, for every y ∈ E(x).

The above problem was introduced by Bensoussan and Lions [2] in connection with a problem of impulse
control.

Vector variational inequality (1.1) and vector quasi-variational inequality (1.2) constitute the direct
problems in this paper. Our main focus however, is on identifying the parameter a ∈ A from a measure-
ment z of x(a) in these problems. In other words, we seek a ∈ A such that x(a) = z. Since the data might
not be regular enough, one can not expect to find such a coefficient and the most commonly adopted
approach is to minimize the cost functional

a 7→ min
x∈S (a)

1
2
‖x(a)− z‖2

Z,

where S (a) denotes either the solution set of (1.1) or (1.2), depending on the parameter a ∈ A, respec-
tively. Naturally, in order to ensure that the above functional is well-defined, S (a) must be non-empty
for every a ∈ A. However, it is well-known that inverse problems are highly ill-posed in general, that
is, they may either have no solution or multiple solutions, and, most importantly, small errors in data
could lead to uncontrollable errors in its solution(s). In addition to that, the solution of (1.1) and (1.2) is
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non-unique in general. In order to compensate the ill-posedness of the inverse problem, let B̂ be another
Banach space, let R : B̂→ R be a regularizing mapping and let κ > 0 be a regularization parameter.
The key is to chose κ small enough so that the regularizer R does not dominate the minimization pro-
cess, on the other hand large enough to reduce the ill-posed nature of the inverse problem. However,
the regularized framework will be specified shortly, see Section 3. In this paper, we study a regularized
output-least-square-based optimization problem, which consists of finding a minimizer of the regularized
cost functional

a 7→ Jκ(a) := min
x∈S (a)

1
2
‖x− z‖2

Z +κR(a), (1.3)

where κ > 0 is the regularization parameter and R is the regularizing mapping. The above method is
motivated by the work [17]. To the best of our knowledge, this is the first paper where the underlying
problem of (1.3) is not scalar but vector-valued.

It is well-known that vector variational problems of the type (1.1) are equivalent to smooth multi-
objective optimization problems, see [1]. A famous example is the Markowitz portfolio problem, where
the expected return of a portfolio should be maximized while at the same time the risk of the portfolio,
measured by the variance, should be minimized. However, if we denote by µ the expected return vector
and by Σ the covariance matrix of return, then the Markowitz portfolio problem becomes: given µ and
Σ, find an element x = x(µ,Σ) ∈C such that(

〈−µ,y− x〉
〈(Σ>+Σ)x,y− x〉

)
/∈ − intR2

≥, for every y ∈C,

where the constraining set is given by C = {x ∈ Rl | xi ≥ 0 for i = 1, . . . , l and ∑
l
i=1 xi = 1}. The above

vector variational inequality constitutes the direct problem. If z is a measurement of a solution in an
appropriate space, then the inverse problem is to identify the parameters µ and Σ such that x(µ,Σ) = z,
compare the last section of this paper.

2. NOTATIONS AND PRELIMINARIES

In order to make this paper self contained, we briefly set forth below some important notations, defi-
nitions and results which we use here.

2.1. Notations. In the following, let X be a Banach space, and let X∗ be its topological dual. The
norm in X and X∗ will be denoted by ‖ · ‖X and ‖ · ‖X∗ , respectively. The strong convergence, the weak
convergence and the duality pairing in any Banach space are specified by the symbols→, ⇀ and 〈·, ·〉,
respectively. If Y is another Banach space, we denote by L(X ,Y ) the space of all linear and bounded
operators from X to Y and ‖ · ‖L(X ,Y ) stands for the norm in L(X ,Y ). The evaluation of an operator
T ∈L(X ,Y ) at x∈X is denoted by the symbol 〈T,x〉Y . In the case that X and Y are real finite-dimensional
Euclidean spaces, say X = Rl and Y = Rk, we use the identification L(Rl,Rk) ∼= Matk×l(R). Further,
with some abuse of the notation, 〈·, ·〉 denotes the Euclidean scalar product.

We further denote the Minkowski sum and difference of two non-empty sets A,B ⊆ Y by A+B :=
{a+ b | a ∈ A, b ∈ B} and A−B := {a− b | a ∈ A, b ∈ B}. The multiplication of a scalar λ ∈ R with
the non-empty set A is defined by the rule λA := {λa | a ∈ A}. In particular, −A := (−1)A. Now, let K
be a non-empty subset of Y . We call K a cone if λK ⊆ K for every λ ≥ 0. The cone K is called convex
if K +K ⊆ K, proper if K 6= {0} and K 6= Y , pointed if K ∩ (−K) = {0} and solid if the topological
interior intK is non-empty. The cone K is said to be closed if K is a closed set in Y . See [13, 16] for more
details. In the Euclidean space Rk, the so-called Pareto cone and its interior are given by the formulas
Rk
≥ := {y ∈ Rk | yi ≥ 0 for i = 1, . . . ,k} and Rk

> := {y ∈ Rk | yi > 0 for i = 1, . . . ,k}.
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2.2. Preliminaries. Let us first recall the following proposition, which will be used frequently, see [10,
Lemma 3.9.1] and [26, Proposition 21.23].

Proposition 2.1 (Properties of weak and strong convergence). Let X be a Banach space. We have:
(i) It follows from xn ⇀ x in X and fn→ f in X∗ that 〈 fn,xn〉 → 〈 f ,x〉.

(ii) If X is reflexive in addition, then it follows from xn→ x in X and fn ⇀ f in X∗ that 〈 fn,xn〉 →
〈 f ,x〉.

(iii) Let Y be another Banach space. It follows from xn → x in X and Tn → T in L(X ,Y ) that
〈Tn,xn〉Y → 〈T,x〉Y .

We shall now collect some definitions and results for later use.

Definition 2.1 ([5]). Let X and Y be Banach spaces, let K be a proper cone in Y and let T : X→ L(X ,Y )
be a given mapping. The mapping T is called K-monotone, if for all x,y∈ X, we have 〈T x−Ty,x−y〉Y ∈
K. T is called v-hemicontinuous if, for every x,y,z ∈ X, the mapping R→ Y , t 7→ 〈T (x+ ty),z〉Y is
continuous at 0+.

Remark 2.1. (i) If we let Y =R and K =R≥, then the above notions recover the notions of hemicontin-
uous and monotone operators from X to X∗, see [27].
(ii) If T : X → L(X ,Y ) is continuous, then T is v-hemicontinuous. Indeed, define ϕ(t) := 〈T (x+ t(y−
x)),z〉Y for t ∈ R, where x,y,z ∈ X. Then, ‖ϕ(t)−ϕ(0)‖Y ≤ ‖T (x+ t(y− x))−T x‖L(X ,Y )‖z‖X and the
right-hand side converges to 0 for t→ 0+.

We next recall the vector analogue of the well-known Minty lemma, see [3, 15].

Lemma 2.1. Let X and Y be Banach spaces, C ⊆ X be a non-empty, closed and convex set, and K
be a proper, closed, convex, and solid cone in Y . Further, let T : X → L(X ,Y ) be a K-monotone and
v-hemicontinuous mapping. Then, x ∈C satisfies

〈T x,y− x〉Y 6∈ − intK, for every y ∈C,

if and only if it satisfies

〈Ty,y− x〉Y 6∈ − intK, for every y ∈C.

The next theorem ensures the existence of solutions of vector variational inequalities. The main tool
in the proof of Theorem 2.1 is the famous Fan-KKM lemma. See also Section 5 in [11] for an extensive
survey of existence results and solution techniques for vector variational inequalities.

Theorem 2.1 ([3, 25]). Let X and Y be Banach spaces, C ⊆ X be a non-empty, closed and convex set,
and K be a proper, closed, convex, and solid cone in Y . Further, let T : X→ L(X ,Y ) be a given mapping.
Assume that one of the following assumptions is fulfilled:

(i) T is K-monotone and v-hemicontinuous and the set C is compact.
(ii) T is continuous and the set C is compact.

Then, the following vector variational inequality has a solution: find an element x ∈C such that

〈T x,y− x〉Y 6∈ − intK, for every y ∈C.

We further have the following existence result for vector quasi-variational inequalities which is based
on a minimal element theorem, compare also [11, Section 11].

Theorem 2.2 ([19]). Let X and Y be Banach spaces, C ⊆ X be a non-empty, closed and convex set,
E : C ⇒ C be a set-valued mapping with non-empty, closed and convex values, and K be a proper,
closed, convex, and solid cone in Y . Further, let T : X → L(X ,Y ) be a given mapping. Assume that the
following assumptions are fulfilled:



INVERSE PROBLEMS 311

(i) T is continuous.
(ii) The set C is compact in addition.

(iii) The set-valued mapping E : C ⇒C is upper semicontinuous and has open lower sections.

Then, the following vector quasi-variational inequality has a solution: find an element x ∈C such that
x ∈ E(x) and

〈T x,y− x〉Y /∈ − intK, for every y ∈ E(x).

Remark 2.2. Recall that the set-valued mapping E : C ⇒ C is said to have open lower sections if
E−1(x) := {y ∈ C | x ∈ E(y)} is open for every x ∈ C. Since E is assumed to have compact values,
E is upper semicontinuous if for any sequence {xn} ⊆ E with xn→ x and for any sequence yn ∈ E(xn),
there is a subsequence of {yn}, again denoted by {yn}, such that yn→ y and y ∈ E(x).

3. EXISTENCE RESULTS FOR THE INVERSE PROBLEM

We now introduce the optimization framework to study the inverse problem of parameter identification
in the vector problems. To compensate the ill-posedness of the inverse problem (1.3), we have the
following regularized framework:

(R0) The set A of admissible coefficients is a non-empty, closed and convex subset of the Banach
space B. The observation space Z is a Banach space. z is a given measured data in Z.

(R1) B is continuously embedded in a Banach space L. There is another Banach space B̂ that is
compactly embedded in L. We further have A ⊆ B∩ B̂, A is closed and bounded in B and also
closed in L. X is continuously embedded into Z.

(R2) R : B̂→ R is a convex and lower-semicontinuous function with respect to ‖ · ‖L. Further, for
some positive constants c1 and c2 we have

R(a)≥ c1‖a‖B̂− c2, for every a ∈ A. (3.1)

Recall that, provided the solution set S (a) is non-empty for every a ∈ A, the regularized output-least-
square-based optimization problem consists of finding a minimizer of the regularized cost functional

a 7→ Jκ(a) := min
x∈S (a)

1
2
‖x− z‖2

Z +κR(a),

given by (1.3), where κ > 0 is the regularization parameter and R : B̂→ R is the regularizing mapping.

3.1. Identification in vector variational inequalities. This section presents two existence results for
the identification problem (1.3), where the constraining set S (a) is given by the solution set of the vector
variational inequality (1.1) w.r.t. the parameter a ∈ A. We will use the following assumption:

(A1) X is a reflexive Banach space and Y is a Banach space. C is a non-empty, closed and convex
subset of X . K is a proper, closed, convex, and solid cone in Y .

We now come to one of the main results of this section.

Theorem 3.1. Besides the assumptions (R0), (R1), (R2) and (A1), let F : B×X → L(X ,Y ) be a given
mapping such that for every a ∈ A, F(a, ·) : X → L(X ,Y ) is K-monotone and v-hemicontinuous. Assume
that the following conditions hold:

(i) For every y ∈ X and every sequence {an} ⊆ B such that an → ā w.r.t. ‖ · ‖L, it holds that
F(an,y)→ F(ā,y) in L(X ,Y ).

(ii) The set C is compact in addition.

Then, identification problem (1.3) for the vector variational inequality (1.1) has a solution.
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Proof. The proof of this theorem is based on Theorem 2.1 and the Minty trick, given in Lemma 2.1. We
divide the proof in three parts:
(I). For every a ∈ A, the solution set S (a) of the vector variational inequality (1.1) w.r.t. the parameter
a ∈ A is non-empty, compare Theorem 2.1 (i). First, let us show that the functional Jκ given in (1.3)
is well-defined. For this, we only need to show that minx∈S (a) I(x) is well-defined for a ∈ A, where
I(x) := 1

2‖x− z‖2
Z for every x ∈ X . The functional I is bounded from below since I ≥ 0. Therefore, there

is a minimizing sequence {xn} ⊆S (a) such that

lim
n→+∞

I(xn) = inf
x∈S (a)

I(x).

Consequently, it holds {xn}⊆C, and due to the compactness of C, there is a subsequence which we again
denote by {xn} such that xn→ x̄ w.r.t. ‖ ·‖X . Obviously, x̄ ∈C. Let us show that x̄ ∈S (a). Indeed, since
{xn} ⊆S (a), we have xn ∈C and

〈F(a,xn),y− xn〉Y /∈ − intK, for every y ∈C.

Since F(a, ·) is K-monotone and v-hemicontinuous, it holds equivalently

〈F(a,y),y− xn〉Y /∈ − intK, for every y ∈C,

compare Lemma 2.1. Passing in the above inequality to the limit, compare Proposition 2.1 (iii), and
using the fact that the set Y \ (− intK) is closed, we conclude that x̄ ∈C satisfies

〈F(a,y),y− x̄〉Y /∈ − intK, for every y ∈C.

Consequently, x̄ ∈S (a), compare again Lemma 2.1. Since X is continuously embedded into Z, it holds
xn→ x̄ w.r.t. ‖ · ‖Z in particular. This convergence and the continuity of I yield

inf
x∈S (a)

I(x)≤ I(x̄) = lim
n→+∞

I(xn) = inf
x∈S (a)

I(x),

implying

I(x̄) = min
x∈S (a)

I(x),

and finally ensuring that Jκ is well-defined.
(II). By virtue of the definition of Jκ given in (1.3) and (R2), we have for every a ∈ A

Jκ(a) = min
x∈S (a)

I(x)+κR(a)≥ κR(a)≥ κ(c1‖a‖B̂− c2)≥−κc2,

where c1 and c2 are given by (3.1). In other words, Jκ is bounded from below. Consequently, there exists
a minimizing sequence {an} ⊆ A for Jκ such that

lim
n→+∞

Jκ(an) = inf
b∈A

Jκ(b). (3.2)

Due to (3.2) and the estimate

κ(c1‖an‖B̂− c2)≤ κR(an)≤ Jκ(an),

the sequence {an} is bounded in the Banach space B̂. Since B̂ is compactly embedded in L, there exists a
subsequence, again denoted by {an}, that converges in L to an element, say ā. Using (R1), we conclude
ā ∈ A. Subsequently, let {xn} ⊆C be a sequence such that

xn ∈S (an) and I(xn) = min
x∈S (an)

I(x). (3.3)

Since the set C is assumed to be compact, we can find a subsequence of {xn}, again denoted by {xn},
such that xn→ x̄ w.r.t. ‖ · ‖X and x̄ ∈C. Due to the continuous embedding of X in the observation space
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Z, we conclude xn→ x̄ w.r.t. ‖ ·‖Z . Let us show that x̄ ∈S (ā). Since the mapping F is K-monotone and
v-hemicontinuous in the second argument, it follows similar to the first part of (3.3) that it holds

〈F(an,y),y− xn〉Y /∈ − intK, for every y ∈C,

compare again Lemma 2.1. By assumption (i) and Proposition 2.1 (iii), we have for every y ∈C

〈F(an,y),y− xn〉Y → 〈F(ā,y),y− x̄〉Y in Y.

Since the set Y \ (− intK) is closed, it follows consequently 〈F(ā,y),y− x̄〉Y /∈ − intK. Applying again
Lemma 2.1, we conclude that x̄ ∈C satisfies

〈F(ā, x̄),y− x̄〉Y /∈ − intK, for every y ∈C.

Thus, x̄ ∈S (ā).
(III). Let us finally show that ā ∈ A is a solution of (1.3). Since an→ ā w.r.t. ‖ · ‖L and R is assumed to
be lower-semicontinuous, it holds

R(ā)≤ liminf
n→+∞

R(an). (3.4)

Using the relations (3.2), (3.3) and (3.4), we finally deduce

inf
b∈A

Jκ(b)≤ Jκ(ā) = min
x∈S (ā)

I(x)+κR(ā)

≤ I(x̄)+κR(ā)

≤ lim
n→+∞

I(xn)+ liminf
n→+∞

κR(an)

≤ liminf
n→+∞

[I(xn)+κR(an)]

= liminf
n→+∞

[
min

x∈S (an)
I(x)+κR(an)

]
= liminf

n→+∞
Jκ(an)

= inf
b∈A

Jκ(b),

which implies that Jκ(ā) = minb∈A Jκ(b). This shows that ā is a solution of (1.3). The proof is complete.
�

Using the idea of the previous proof we have the following result. Here, we replace the K-monotonicity
assumption of F in the second argument by a continuity condition in both arguments.

Theorem 3.2. Besides the assumptions (R0), (R1), (R2) and (A1), let F : B×X → L(X ,Y ) be a given
mapping. Assume that the following conditions hold:

(i) F is continuous in the sense that an→ ā w.r.t. ‖ · ‖L and xn→ x̄ w.r.t. ‖ · ‖X implies F(an,xn)→
F(ā, x̄) in L(X ,Y ).

(ii) The set C is compact in addition.

Then, optimization problem (1.3) for the vector variational inequality (1.1) has a solution.

Proof. We follow the lines of the previous proof. In order to show that Jκ given in (1.3) is well-defined,
let a ∈ A and {xn} ⊆S (a) be a minimizing sequence for I, compare step (I) in the proof of Theorem
3.1. Note that S (a) is non-empty, see Theorem 2.1 (ii). It remains to show that the limit point x̄ of {xn}
belongs to S (a). Indeed, this follows from assumption (i) since

〈F(a,xn),y− xn〉Y → 〈F(a, x̄),y− x̄〉Y in Y.
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Due to the compactness and embedding assumptions, there are sequences {xn} ⊆C and {an} ⊆ A such
that xn ∈S (an), I(xn) = minx∈S (an) I(x), xn→ x̄ w.r.t. ‖ · ‖X and an→ ā w.r.t. ‖ · ‖L, where x̄ ∈C and
ā ∈ A. Using assumption (i), it is easily seen that it holds x̄ ∈S (ā). Indeed, we have

〈F(an,xn),y− xn〉Y → 〈F(ā, x̄),y− x̄〉Y in Y,

see Proposition 2.1 (iii). Since C and Y \ (− intK) are closed sets, we conclude that the limit point x̄ ∈C
satisfies

〈F(ā, x̄),y− x̄〉Y /∈ − intK, for every y ∈C.

The optimality of ā for (1.3) follows again from Theorem 3.1, compare step (III). The proof is complete.
�

3.2. Identification in vector quasi-variational inequalities. The purpose of this section is to present
an existence result for the identification problem (1.3), where the constraining set S (a), a ∈ A, is given
by the solution set of the vector quasi-variational inequality (1.2) with respect to the parameter a. Similar
to the previous section, we need the following assumption:

(A2) X is a reflexive Banach space and Y is a Banach space. C is a non-empty, closed and convex
subset of X . E : C ⇒C is a set-valued mapping with non-empty, closed and convex values. K is
a proper, closed, convex, and solid cone in Y .

Theorem 3.3. Besides the assumptions (R0), (R1), (R2) and (A2), let F : B×X → L(X ,Y ) be a given
mapping such that for every a ∈ A, F(a, ·) : X → L(X ,Y ) is K-monotone. Assume that the following
conditions hold:

(i) F is continuous in the sense that an→ ā w.r.t. ‖ · ‖L and xn→ x̄ w.r.t. ‖ · ‖X implies F(an,xn)→
F(ā, x̄) in L(X ,Y ).

(ii) The set C is compact in addition.
(iii) E :C ⇒C is upper semicontinuous and E−1(x) is open for every x∈C. Further, for any sequence
{xn} ⊆ C with xn → x, and for each z ∈ E(x), there exists {zn} ⊆ C such that zn ∈ E(xn) and
zn→ z.

Then, the identification problem (1.3) for the vector quasi-variational inequality (1.2) has a solution.

Proof. (I). Let us again show that the functional Jκ is well-defined. Indeed, Theorem 2.2 implies that the
solution set S (a) is non-empty for every a ∈ A. Let a ∈ A and denote by {xn} ⊆S (a) a minimizing
sequence for I such that

lim
n→+∞

I(xn) = inf
x∈S (a)

I(x),

where I(x) := 1
2‖x− z‖2

Z for every x ∈ X . The compactness of C implies that for an appropriate subse-
quence it holds xn→ x̄ w.r.t. ‖ · ‖X , where x̄ ∈C. We further have xn ∈ E(xn) and

〈F(a,xn),y− xn〉Y /∈ − intK, for every y ∈ E(xn).

Let us show that x̄ ∈S (a). Due to the upper semicontinuity of E, x̄ ∈ E(x̄). Let z ∈ E(x̄) be arbitrarily
chosen. By assumption (iii), there is a sequence {zn} ⊆C such that zn ∈ E(xn) and zn→ z w.r.t. ‖ · ‖X .
Inserting this sequence into the previous inequality and passing to the limit yields

〈F(a,xn),zn− xn〉Y → 〈F(a, x̄),z− x̄〉Y in Y,

compare Proposition 2.1 (iii). Since z ∈ E(x̄) was chosen arbitrarily and the set Y \ (− intK) is closed,
this implies that x̄ ∈ E(x̄) is a solution of the vector quasi-variational inequality (1.2) w.r.t. the parameter
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a∈A. In other words, we have shown that x̄∈S (a). Using similar arguments as in the proof of Theorem
3.1, we conclude that

I(x̄) = min
x∈S (a)

I(x),

implying that Jκ is well-defined.
(II). Let {an} ⊆ A be a minimizing sequence for Jκ . Again, the sequence is bounded in B̂ and conse-
quently an→ ā w.r.t. ‖ ·‖L, where ā ∈ A. Subsequently, denote by {xn} ⊆C a sequence of solutions such
that

xn ∈S (an) and I(xn) = min
x∈S (an)

I(x).

Using the fact that C is compact, it holds xn→ x̄ w.r.t. ‖ · ‖X . Let us show x̄ ∈S (ā). Similar arguments
as in part (I) of this proof show that x̄ ∈S (ā). Indeed, we have again x̄ ∈ E(x̄) and for z ∈ E(x̄), we can
find a sequence such that zn ∈ E(xn) and zn→ z w.r.t. ‖ · ‖X , compare assumption (iii). Consequently,

〈F(an,xn),zn− xn〉Y → 〈F(ā, x̄),z− x̄〉Y in Y.

Since z ∈ E(x̄) was chosen arbitrarily, x̄ ∈S (ā).
(III). The optimality of ā ∈ A follows similar as in Theorem 3.1. The proof is complete. �

4. APPLICATIONS TO THE MARKOWITZ PORTFOLIO PORTFOLIO PROBLEM

In this section, we are going to consider the famous bicriterial Markowitz portfolio problem, where
the expected return of the portfolio should be maximized and the risk of the portfolio, measured by the
variance, should be minimized at the same time, see [6, 22, 23]. In other words, the decision maker
(investor) wishes to find an optimal portfolio strategy. Since the return of the portfolio is compensated
based on the risk of the portfolio, the main task of the investor is to balance the risk-return trade-off for
his investments.

To be precise, we consider a market with l ≥ 2 different financial instruments and returns ri for i =
1, . . . , l. We assume that the random variables ri are normal distributed, say ri∼N (µi,σ

2
i ). The expected

value of the random vector r = (r1, . . . ,rl) is given by µ = (µ1, . . . ,µl) and the covariance of the random
variables ri and r j is given by σi j = E[(ri− µi)(r j− µ j)]. Further, Σ = (σi j)i j ∈Matl×l(R) denotes the
covariance matrix of r. The Markowitz portfolio problem then reads:

max
l

∑
i=1

µixi

min
l

∑
i=1

l

∑
j=1

σi jxix j

s.t.
l

∑
i=1

xi = 1 and xi ≥ 0 for i = 1, . . . , l.

(4.1)

Consequently, introducing the feasible set

C :=

{
x ∈ Rl | xi ≥ 0 for i = 1, . . . , l and

l

∑
i=1

xi = 1

}
,

we may rewrite (4.1) as the following multi-objective optimization problem: given µ and Σ, find an
element x = x(µ,Σ) ∈C such that(

−〈µ,y〉
y>Σy

)
−
(
−〈µ,x〉

x>Σx

)
/∈ − intR2

≥, for every y ∈C. (4.2)
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It is easy to check that the components of the objective mapping ψ((µ,Σ), ·) : Rl → R2, ψ((µ,Σ),x) :=(−〈µ,x〉
x>Σx

)
for x ∈ Rl , are convex and Gateaux-differentiable. Recall that the covariance matrix Σ is sym-

metric and positive semidefinite. This allows use to rewrite (4.2) as the following [1] vector variational
inequality: given µ and Σ, find an element x = x(µ,Σ) ∈C such that

〈F((µ,Σ),x),y− x〉R2 /∈ − intR2
≥, for every y ∈C. (4.3)

Here, the objective mapping F((µ,Σ), ·) : Rl →Mat2×l(R) is defined by

F((µ,Σ),x) := DGψ((µ,Σ),x) =
(

−µ

(Σ>+Σ)x

)
, for every x ∈ Rl,

and DG stands for the Gateaux-derivative. Recall that we have L(Rl,R2)'Mat2×l(R). However, since
any solution of (4.3) depends on the parameters µ ∈ Rl and Σ ∈ Matl×l(R), we are going to study
the associated identification problem for the vector variational inequality (4.3), using the framework of
Section 3.1. For this purpose, assume that there are numbers α,α,β ,β ∈ R and γ > 0, given by the
decision maker. Let B := Rl×Matl×l(R). We introduce the set of admissible parameters by

A :=
{
(µ,Σ) ∈ B | α ≤ µi ≤ α for i = 1, . . . , l,

β ≤ Σi j ≤ β for i, j = 1, . . . , l and x>Σx≥ γ for every x ∈ Rl}.
The measured data will be taken in Z := Rl . In order to introduce the identification problem, we further
let B̂ := L := Rl×Matl×l(R). A norm in B̂ is given by ‖(µ,Σ)‖B̂ = ‖µ‖+‖Σ‖, where ‖ · ‖ denotes any
norm in Rl and Matl×l(R), respectively. The identification problem then consist of finding a minimizer
of

(µ,Σ) 7→ Jκ(µ,Σ) := min
x∈S (µ,Σ)

1
2
‖x− z‖2 +‖µ‖+‖Σ‖, (4.4)

where S (µ,Σ) denotes the solution set of (4.3) with respect to the parameter (µ,Σ) ∈ A.
We have the following result.

Theorem 4.1. Using the previous notations, the identification problem (4.4) for the vector variational
inequality (4.3) has a solution.

Proof. Let us show that the assumptions of Theorem 3.2 are satisfies in this setting. Indeed, it is easily
seen that the abstract framework (R0), (R1) and (R2) holds. In particular, we may define the regularizer
R by R(µ,Σ) := ‖µ‖+ ‖Σ‖ for (µ,Σ) ∈ A. Obviously, C is a non-empty, convex and compact subset
of Rl . It remains to show that F is continuous. Indeed, let {(µn,Σn)} and {xn} be sequences such that
(µn,Σn)→ (µ̄,Σ) w.r.t. ‖ · ‖L and xn→ x̄ w.r.t. ‖ · ‖. We consequently have µn→ µ̄ in Rl and Σn→ Σ in
Matl×l(R), implying F((µn,Σn),xn)→ F((µ̄,Σ), x̄) in Mat2×l(R). The proof is complete. �

5. CONCLUSION

In this paper, we studied inverse problems for vector variational and vector quasi-variational inequali-
ties and gave existence results for the regularized output least-square-based optimization problem. How-
ever, it should be noted that our results require the compactness of the constraining set C. Therefore, in a
forthcoming paper, we wish to replace the compactness assumptions by adequate coercivity conditions.
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