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THE SUCCESSIVE CONTRACTION METHOD FOR FIXED POINTS OF
PSEUDO-CONTRACTIVE MAPPINGS
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Abstract. In this paper, a new general iterative method is proposed for finding a fixed point of a Lips-
chitz continuous pseudo-contractive mapping defined on a closed convex subset of a real Hilbert space.
Since each iteration of our method can be reduced to finding the fixed point of a strict contraction, our
iterative method is called the successive contraction method. We give exact and inexact versions of the
successive contraction method and prove their weak convergence, respectively. The main advantage of
our method is that its convergence does not require the compactness assumption on the operators under
consideration, which is quite different from the existing algorithms such as the Ishikawa iterative method.
This superiority is also demonstrated by comparing the numerical performances of our method and the
Ishikawa iteration process.
Keywords. Successive contraction method; Pseudo-contractive mapping; Fixed point; Lipschitz contin-
uous; Weak convergence.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product 〈·, ·〉 and induced norm ‖ · ‖. Given a
nonempty closed convex set C ⊂H and a mapping T : C→C, T is said to be

(i) monotone if

〈T (x)−T (y),x− y〉 ≥ 0, ∀x,y ∈C; (1.1)

(ii) pseudo-contractive if

‖T (x−T (y)‖2 ≤ ‖x− y‖2 +‖(I−T )(x)− (I−T )(y)‖2, ∀x,y ∈C; (1.2)

(iii) L-Lipschitz continuous if there exists a constant L > 0 such that

‖T (x)−T (y)‖ ≤ L‖x− y‖, ∀x,y ∈C;

(iv) nonexpansive if

‖T (x)−T (y)‖ ≤ ‖x− y‖, ∀x,y ∈C. (1.3)
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Notice that (1.2) can be rewritten as

〈x− y,T (x)−T (y)〉 ≤ ‖x− y‖2, ∀x,y ∈C. (1.4)

Comparing (1.3) with (1.4), it is easy to see that the nonexpansive mapping class is a true
subclass of the pseudocontractive mapping class. We use Fix(T ) := {x ∈C |T x = x} to denote
the fixed point set of T .

Because many nonlinear problems, such as, convex optimization problems, can be finalized to
zero point problems of monotone operators, the research on the iterative algorithms for finding
zero points of monotone operators has attracted much attention; see, e.g., [2, 3] and the refer-
ences therein. From (1.4), we know that T is pseudo-contractive if and only if its complement
operator I−T is monotone. Based on this fact, it is not difficult to see that zero point prob-
lems of monotone operators are equivalent to fixed point problems of pseudo-contractive map-
pings. For this reason, many authors focused on iterative methods for fixed points of pseudo-
contractive mappings during the past decade, see, for example, [1, 4, 5, 6, 13, 17, 19] and the
references therein. Especially, great attention has been paid to nonexpansive mappings (a spe-
cial kind of pseudo-contractive mappings) because many nonlinear problems can be reduced to
fixed point problems of nonexpansive mappings, see, for example, [8, 9, 10, 11, 12, 15, 16] and
the references therein. Among these iterative methods, the Mann iteration method is the most
favour fixed point algorithm for nonexpansive mappings since many algorithms can be reduced
to Mann iteration [2]. Recall that Mann’s iteration process [15] is defined as follows:{

x0 ∈C chosen arbitrarily,
xn+1 = αnxn +(1−αn)T xn, n≥ 0,

(1.5)

where {αn}∞
n=0 is in [0,1]. One of the fundamental convergence results on the Mann iterative

method is the following.

Theorem 1.1. ([2, Theorem 5.14]) Let C be a nonempty closed convex subset of a real Hilbert
space H and let T : C→C be a nonexpansive mapping such that Fix(T ) 6= /0. Let {αn}∞

n=0 be
a sequence in [0,1] such that

+∞

∑
n=0

αn(1−αn) = ∞. (1.6)

Then {xn}∞
n=0 generated by (1.5) converges weakly to a fixed point of T .

In 1974, to find a fixed point of a Lipschitz continuous pseudo-contractive mapping T : C→
C, Ishikawa [13] introduced the following iteration process:

x0 ∈C chosen arbitrarily,
yn = (1−αn)xn +αnT xn, n≥ 0,
xn+1 = (1−βn)xn +βnTyn, n≥ 0,

(1.7)

where {αn}∞
n=0 and {βn}∞

n=0 are real sequences in [0,1]. In some sense, (1.7) is more general
than the Mann iteration process, which is now referred to as Ishikawa iterative method. Ishikawa
proved the following convergence result.

Theorem 1.2. [13] Let C be a compact convex subset of a real Hilbert space H and let T :
C→C be a Lipschitz continuous pseudocontractive mapping such that Fix(T ) 6= /0. If {αn}∞

n=0
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and {βn}∞
n=0 satisfy the conditions:

(i) 0≤ βn ≤ αn ≤ 1; (ii) lim
n→∞

αn = 0; (iii)
∞

∑
n=0

αnβn = ∞,

then the sequence {xn}∞
n=0 generated by scheme (1.7) converges strongly to a fixed point of T .

The Ishikawa iterative method (1.7) has been studied extensively by many authors, see [7,
19, 20]. However it remains an open question whether or not this method can be employed
to approximate fixed points of Lipschitz pseudocontractive mappings without the compactness
assumption on C or T .

In this paper, a new general iterative method is proposed for finding a fixed point of a Lips-
chitz continuous pseudo-contractive mapping T : C→C. Since each iteration of our algorithm
is reduced to finding the fixed point of a strict contraction, it is called the successive contraction
method. We give exact and inexact versions of the successive contraction method and prove
their weak convergence respectively. The main advantage of our method is that its convergence
does not require the compactness assumption on C or T , which is quite different from the ex-
isting algorithms such as the Ishikawa iterative method. This superiority is also demonstrated
by comparing the numerical performances of our method and the Ishikawa iteration process in
solving an example.

2. PRELIMINARIES

In this section, we recall some basic concepts and conclusions that will be used in this paper.
In the rest of this paper, we always use H to indicate a real Hilbert space and use I to denote
the identity operator on H . Also, we will use the following notations:

(i) → denotes strong convergence.
(ii) ⇀ denotes weak convergence.

(iii) ωw(xn) = {x | ∃{xnk}∞
k=1 ⊂ {xn}∞

n=1 such that xnk ⇀ x} denotes the weak ω-lim set of
{xn}∞

n=1.

The following conclusion can be easily verified.

Lemma 2.1. Let C ⊂H be a nonempty closed convex set and let T : C→ C be a mapping.
Then the following statements are equivalent.

(i) T is pseudo-contractive;
(ii) 〈x− y,T (x)−T (y)〉 ≤ ‖x− y‖2, ∀ x,y ∈C;

(iii) I−T is monotone.

Lemma 2.2. [16] Let T : C→C be a nonexpansive mapping. Then I−T is demiclosed at 0 in
the sense that if {xn}∞

n=0 is a sequence in C such that xn ⇀ x and ‖xn−T xn‖ → 0, as n→ ∞,
then x−T x = 0, i.e., x ∈ Fix(T ).

Lemma 2.3. [18] Assume that {an}∞
n=0, {λn}∞

n=0 and {σn}∞
n=0 are three sequences of nonneg-

ative real numbers such that

an+1 ≤ (1+λn)an +σn, ∀n≥ 0.

If ∑
∞
n=0 λn <+∞ and ∑

∞
n=0 σn <+∞, then limn→∞ an exists.
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Lemma 2.4. [14] Assume that {an}∞
n=0 is a sequence of nonnegative real numbers such that

an+1 ≤ (1−λn)an +λnδn, n≥ 0,

where {λn}∞
n=0 is a sequence in (0,1) and {δn}∞

n=0 is a real sequence such that

(i) ∑
∞
n=0 λn = ∞;

(ii) limsupn→∞ δn ≤ 0 or ∑
∞
n=0 |λnδn|< ∞.

Then limn→∞ an = 0.

Recall that a function ϕ : C → R is said to be lower semi-continuous (lsc) at u ∈ C if
{un}∞

n=0 ⊂C satisfying un→ u implies

ϕ(u)≤ liminf
n→∞

ϕ(un).

Recall that ϕ : C→R is said to be weakly lower semi-continuous (w-lsc) at u∈C if {un}∞
n=0 ⊂

C satisfying un ⇀ u implies

ϕ(u)≤ liminf
n→∞

ϕ(un).

It is well known that if H is finite dimensional, then the lower semi-continuity is consistent
with the weaker lower semi-continuity.

3. THE EXACT SUCCESSIVE CONTRACTION METHOD

Let C be a nonempty closed convex subset of H and let T : C→C be a L-Lipschitz continu-
ous pseudo-contractive mapping with a nonempty fixed point set, i.e., Fix(T ) := {x∈C |T (x) =
x} 6= /0. In this section, we propose the exact successive contraction method to find an element
in Fix(T ). Each iteration of our algorithm simply boils down to calculating the unique fixed
point of a strict contraction.

Algorithm 3.1. (The exact successive contraction method)
Step 1: Choose x0 ∈C arbitrarily and set n := 0.
Step 2: For the current xn, choose αn such that 0 < αn < min{1, 1

L},
set Tn : C→C by

Tn(x) := (1−αn)xn +αnT (x), ∀x ∈C, (3.1)

and find x̄n+1 such that

x̄n+1 = Tnx̄n+1. (3.2)

Step 3: Set

xn+1 = x̄n+1, (3.3)

n := n+1 and return to Step 2.

Remark 3.1. For each n ≥ 0, due to 0 < αn <
1
L , it is easy to see that Tn is a strict contraction

with the coefficient γn = αnL. Hence each iteration of Algorithm 3.1 simply boils down to cal-
culating the unique fixed point of a strict contraction. This is why Algorithm 3.1 is called the
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successive contraction method. The subproblem (3.2) is easy to solve. In fact, Banach contrac-
tion mapping principle suggests that the unique fixed point x̄n+1 of Tn can be approximated by
the sequence {xn+1

m }∞
m=0 generated by the scheme:{

xn+1
0 ∈C chosen arbitrarily,

xn+1
m+1 = Tn(xn+1

m ), m≥ 0.
(3.4)

Also, there exists the error estimate

‖xn+1
m − x̄n+1‖ ≤ γm

n
1− γn

‖xn+1
1 − xn+1

0 ‖, m≥ 1. (3.5)

Theorem 3.1. Let C be a nonempty closed convex subset of H and let T : C → C be a L-
Lipschitz continuous pseudo-contractive mapping. If ‖ · −T (·)‖ : C → R1 is a weakly lower
semi-continuous function, and {αn}∞

n=0⊂ (0,min{1, 1
L}) satisfies the condition limn→∞ infαn >

0, then the sequence {xn}∞
n=0 generated by Algorithm 3.1 converges weakly to a fixed point of

T .

Proof. For each n≥ 0, we have from (3.1)–(3.3) that

xn+1 = (1−αn)xn +αnT (xn+1). (3.6)

Consequently,

xn− xn+1 =
αn

1−αn
(xn+1−T (xn+1)). (3.7)

For an arbitrary x∗ ∈ Fix(T ), using (3.7), we get

‖xn+1− x∗‖2 =‖xn− x∗− αn

1−αn
(xn+1−T (xn+1))‖2

=‖xn− x∗‖2 +
α2

n
(1−αn)2‖x

n+1−T (xn+1)‖2

+
2αn

1−αn
〈x∗− xn,xn+1−T (xn+1)〉.

(3.8)

From Lemma 2.1, we have that I−T is monotone. Hence,

〈x∗− xn+1,xn+1−T (xn+1)〉 ≤ 〈x∗− xn+1,x∗−T (x∗)〉= 0. (3.9)

Using (3.7) again yields that

〈xn+1− xn,xn+1−T (xn+1)〉=− αn

1−αn
‖xn+1−T (xn+1)‖2. (3.10)

The combination of (3.8)–(3.10) leads to

‖xn+1− x∗‖2 ≤ ‖xn− x∗‖2− α2
n

(1−αn)2‖x
n+1−T (xn+1)‖2. (3.11)

Thus we obtain from (3.11) that {‖xn−x∗‖2}∞
n=0 is nonincreasing, limn→∞ ‖xn−x∗‖2 exists, and

{xn}∞
n=0 is bounded. From limn→∞ infαn > 0, we also get from (3.11) that ‖xn−T (xn)‖→ 0 as

n→ ∞.



342 C. YANG, S. HE

Since {xn}∞
n=0 is bounded, we have ωw(xn) 6= /0. Now we prove ωw(xn) ⊂ Fix(T ). For an

arbitrary x̂ ∈ω(xn), there exists a subsequence {xnk}∞
k=0 ⊂ {xn}∞

n=0 such that xnk ⇀ x̂ as k→∞.
Because ‖x−T (x)‖ is a weakly lower semi-continuous function on C, we conclude that

‖x̂−T (x̂)‖ ≤ lim
k→∞
‖xnk−T (xnk)‖= 0.

This means that x̂ ∈ Fix(T ). In order to complete the proof, all we need to do is to verify that
ωw(xn) is a singleton. Indeed, for any x̂, x̄ ∈ωw(xn), there exist {xnk}∞

k=0 and {xn j}∞
j=0 such that

xnk ⇀ x̂ and xn j ⇀ x̄, respectively. Since limn→∞ ‖xn− x̂‖2 and limn→∞ ‖xn− x̄‖2 exist, we have

lim
n→∞
‖xn− x̂‖2 = lim

n→∞
‖xn− x̄+ x̄− x̂‖2

= lim
j→∞
{‖xn j − x̄‖2 +2〈xn j − x̄, x̄− x̂〉+‖x̄− x̂‖2}

= lim
j→∞
‖xn j − x̄‖2 +‖x̄− x̂‖2

= lim
n→∞
‖xn− x̄‖2 +‖x̄− x̂‖2.

(3.12)

In the same way, we can obtain

lim
n→∞
‖xn− x̄‖2 = lim

n→∞
‖xn− x̂‖2 +‖x̄− x̂‖2. (3.13)

Combining (3.12) and (3.13), we assert ‖x̂− x̄‖= 0. Hence x̂ = x̄. �

Remark 3.2. Theorem 3.1 shows that the convergence of Algorithm 3.1 does not need the
compactness assumption on C or T , which is different from that of the Ishikawa iterative method
(1.7).

Corollary 3.1. Let C be a nonempty closed convex subset of H and let T : C→C be a non-
expansive mapping. If {αn}∞

n=0 ⊂ (0,1) satisfies the condition limn→∞ infαn > 0, then the se-
quence {xn}∞

n=0 generated by Algorithm 3.1 converges weakly to a fixed point of T .

Proof. From Lemma 2.1, we assert that T is a pseudo-contractive mapping. Using Lemma
2.2, we have that ‖x−T (x)‖ is a weakly lower semi-continuous function on C. Therefore, the
desired result follows from Theorem 3.1 immediately. �

Corollary 3.2. Let C be a nonempty closed convex subset of H and let T : C → C be a
L−Lipschitz continuous pseudo-contractive mapping. If H is finite dimensional and {αn}∞

n=0⊂
(0,min{1, 1

L}) such that limn→∞ infαn > 0, then the sequence {xn}∞
n=0 generated by Algorithm

3.1 converges to a fixed point of T .

Proof. Because T is Lipschitz continuous, it is obvious that ‖x−T (x)‖ is continuous on C and
hence is also lower semi-continuous. On the other hand, since H is finite dimensional, we
see that ‖x−T (x)‖ is weaker semi-continuous. From Theorem 3.1, we can complete the proof
immediately. �

4. THE INEXACT SUCCESSIVE CONTRACTION METHOD

In this section, we turn to considering the inexact successive contraction method. In Algo-
rithm 3.1, to solve subproblem (3.2) (i.e., to get x̄n+1), we need to use scheme (3.4). However,
the actual calculation does not allow us to proceed the iteration process (3.4) infinitely. There-
fore, we need to specify the iteration termination rule for iteration process (3.4) to ensure the
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convergence of the algorithm. To this end, we use a positive real control sequence {εn}∞
n=0 such

that ∑
∞
n=0 εn <+∞.

Algorithm 4.1. (The inexact successive contraction method)
Step 1: Choose x0 ∈C arbitrarily and set n := 0.
Step 2: For the current xn, set xn+1

0 = xn, choose αn such that
0 < αn < min{1, 1

L}, and calculate

xn+1
m = Tn(xn+1

m−1), m = 1, ...,mn, (4.1)

where Tn is given by (3.1) and mn is the smallest positive integer such that

αnγ
mn
n ‖xn−T xn‖ ≤ εn, (4.2)

where γn := αnL.
Step 3: Set

xn+1 = xn+1
mn

, (4.3)

n := n+1 and return to Step 2.

Theorem 4.1. Assume that the conditions of Theorem 3.1 are all satisfied. If ∑
∞
n=0 εn < ∞, then

the sequence {xn}∞
n=0 generated by Algorithm 4.1 converges weakly to a fixed point of T .

Proof. From (4.1), we get
xn+1

mn
= (1−αn)xn +αnT xn+1

mn−1, (4.4)

and consequently,

xn+1
mn

= xn− αn

1−αn
(xn+1

mn
−T xn+1

mn−1). (4.5)

For any x∗ ∈ Fix(T ), we have from (4.5) that

‖xn+1
mn
− x∗‖2 = ‖xn− x∗− αn

1−αn
(xn+1

mn
−T xn+1

mn−1)‖
2

= ‖xn− x∗‖2 +
α2

n
(1−αn)2‖x

n+1
mn
−T xn+1

mn−1‖
2

+
2αn

1−αn
〈x∗− xn,xn+1

mn
−T xn+1

mn−1〉.

(4.6)

It is obvious that

〈x∗− xn,xn+1
mn
−T xn+1

mn−1〉

=〈x∗− xn+1
mn

,xn+1
mn
−T xn+1

mn
〉+ 〈x∗− xn+1

mn
,T xn+1

mn
−T xn+1

mn−1〉

+ 〈xn+1
mn
− xn,xn+1

mn
−T xn+1

mn−1〉.

(4.7)

The monotonicity of I−T leads to

〈x∗− xn+1
mn

,xn+1
mn
−T xn+1

mn
〉 ≤ 〈x∗− xn+1

mn
,x∗−T x∗〉= 0. (4.8)

Using (4.5), we have

〈xn+1
mn
− xn,xn+1

mn
−T xn+1

mn−1〉=−
αn

(1−αn)
‖xn+1

mn
−T xn+1

mn−1‖
2. (4.9)
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Note that T is L-Lipschitz continuous, Tn is a strict contraction with the coefficient γn = αnL,
and xn+1

0 = xn, we have

〈x∗− xn+1
mn

,T xn+1
mn
−T xn+1

mn−1〉 ≤ ‖x
∗− xn+1

mn
‖‖T xn+1

mn
−T xn+1

mn−1‖

≤ L‖x∗− xn+1
mn
‖‖xn+1

mn
− xn+1

mn−1‖

≤ Lγ
mn−1
n ‖x∗− xn+1

mn
‖‖xn+1

1 − xn+1
0 ‖

= γ
mn
n ‖x∗− xn+1

mn
‖‖xn−T xn‖.

(4.10)

Using (4.6)–(4.10), we obtain

‖xn+1
mn
− x∗‖2 ≤ ‖xn− x∗‖2− α2

n
(1−αn)2‖x

n+1
mn
−T xn+1

mn−1‖
2

+
2αnγmn

n
1−αn

‖x∗− xn+1
mn
‖‖xn−T xn‖.

(4.11)

On the other hand, we deduce

‖xn+1
mn
−T xn+1

mn−1‖= ‖x
n+1
mn
−T xn+1

mn
+T xn+1

mn
−T xn+1

mn−1‖

≥ |‖xn+1
mn
−T xn+1

mn
‖−‖T xn+1

mn
−T xn+1

mn−1‖|,
and

−‖xn+1
mn
−T xn+1

mn−1‖
2 ≤−‖xn+1

mn
−T xn+1

mn
‖2−‖T xn+1

mn
−T xn+1

mn−1‖
2

+2‖xn+1
mn
−T xn+1

mn
‖‖T xn+1

mn
−T xn+1

mn−1‖

≤ −‖xn+1
mn
−T xn+1

mn
‖2−‖T xn+1

mn
−T xn+1

mn−1‖
2

+
1
4
‖xn+1

mn
−T xn+1

mn
‖2 +4‖T xn+1

mn
−T xn+1

mn−1‖
2

≤−3
4
‖xn+1

mn
−T xn+1

mn
‖2 +3‖T xn+1

mn
−T xn+1

mn−1‖
2.

(4.12)

It follows from (4.11) and (4.12) that

‖xn+1
mn
− x∗‖2

≤‖xn− x∗‖2− 3α2
n

4(1−αn)2‖x
n+1
mn
−T xn+1

mn
‖2 +

3α2
n

(1−αn)2‖T xn+1
mn
−T xn+1

mn−1‖
2

+
2αnγmn

n
1−αn

‖x∗− xn+1
mn
‖‖xn−T xn‖

≤‖xn− x∗‖2− 3α2
n

4(1−αn)2‖x
n+1
mn
−T xn+1

mn
‖2 +

3α2
n γ2mn

n
(1−αn)2‖x

n−T xn‖2

+αnγ
mn
n ‖x∗− xn+1

mn
‖2‖xn−T xn‖+ αnγmn

n
(1−αn)2‖x

n−T xn‖.

(4.13)

Setting σn = αnγmn
n ‖xn−T xn‖ and using xn+1 = xn+1

mn
, we have that (4.13) can be rewritten as

the following form

‖xn+1− x∗‖2 ≤(1+ σn

1−σn
)‖xn− x∗‖2− 3α2

n
4(1−σn)(1−αn)2‖x

n+1−T xn+1‖2

+
(3σn +1)σn

(1−αn)2(1−σn)
.

(4.14)



THE SUCCESSIVE CONTRACTION METHOD 345

From (4.2) and the condition ∑
∞
n=0 εn <+∞, it is easy to see that

∞

∑
n=0

σn

1−σn
<+∞

and
∞

∑
n=0

(3σn +1)σn

(1−αn)2(1−σn)
<+∞.

By applying Lemma 2.3 to (4.14), we assert that limn→∞ ‖xn− x∗‖2 exists. Hence, {xn}∞
n=0 is

bounded. This together with (4.14) implies that ‖xn+1−T (xn+1)‖→ 0 as n→∞. Furthermore,
by repeating the argument of the final part of the proof of Theorem 3.1, we also have that
ωw(xn)⊂ Fix(T ) and the sequence {xn}∞

n=0 converges weakly to a fixed point of T . �

Similar to Corollary 3.1 and Corollary 3.2, the following conclusions can be easily obtained
and hence their proofs are omitted.

Corollary 4.1. Let C be a nonempty closed convex subset of H and let T : C→C be a nonex-
pansive mapping. If {αn}∞

n=0 ⊂ (0,1) and {εn}∞
n=0 satisfy limn→∞ infαn > 0 and ∑

∞
n=0 εn < ∞,

respectively, then the sequence {xn}∞
n=0 generated by Algorithm 4.1 converges weakly to a fixed

point of T .

Corollary 4.2. Let C be a nonempty closed convex subset of a finite dimensional Hilbert space
H and let T : C→C be a L−Lipschitz continuous pseudo-contractive mapping. If {αn}∞

n=0 ⊂
(0,min{1, 1

L}) and {εn}∞
n=0 satisfy limn→∞ infαn > 0 and ∑

∞
n=0 εn < ∞, respectively, , then the

sequence {xn}∞
n=0 generated by Algorithm 4.1 converges to a fixed point of T .

At the end of this section, we compare the effectiveness of Algorithm 4.1 and Ishikawa iter-
ation process (1.7) by analyzing a simple example as follows.

Example 4.1. Let H = R2 and let T : R2→ R2 be a bounded linear operator defined by the
formula:

T
(

ξ

η

)
=

(
1 −1
1 1

)(
ξ

η

)
, ∀

(
ξ

η

)
∈ R2. (4.15)

Obviously, (0,0)> is the unique fixed point of T . From (4.15), we have 〈x,T x〉= ‖x‖2 holds
for any x∈R2. With the help of Lemma 2.1, this implies that T is a pseudo-contractive mapping.
Since ‖T x‖=

√
2‖x‖, ∀x ∈ R2, we have ‖T‖=

√
2.

In Ishikawa iteration process (1.7), the parameter sequence {αn}∞
n=0 and {βn}∞

n=0 are set to
be αn = βn =

1√
n+1

for all n ≥ 0 according to Theorem 1.2. However, it is worth pointing out
that the convergence of the Ishikawa iterative process can not be guaranteed because Theorem
1.2 is invalid for this example. Indeed, T cannot be regarded as a self-mapping defined on
any bounded closed convex set C ⊂ R2 (unless C is set to be C = {(0,0)>}), because, for any
non-zero vector u ∈ R2, ‖T n(u)‖= (

√
2)n‖u‖→ ∞ as n→ ∞. In other words, the compactness

condition on the domain of T in Theorem 1.2 is not satisfied.
It is easy to see that this example can be easily solved by using Algorithm 4.1. In fact, the

sequence {xn}∞
n=0 generated by Algorithm 4.1 converges to the unique fixed point (0,0)> of T

as long as the conditions on {αn}∞
n=0 and {εn}∞

n=0 in Corollary 4.2 are satisfied. In Algorithm
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4.1, the parameter sequence {αn}∞
n=0 and the control sequence {εn}∞

n=0 are set to be αn = 0.6
and εn =

1
2n+1 for all n≥ 0, respectively.

We use En = ‖xn‖ to measure the error of the n-th step iteration. The stopping criteria is that
En ≤ ε , where ε is the given required precision. The numerical results are list in Table I below.
In Table 1, Iter.(n) denotes the number of iterations and CPU(s) denotes the computing time in
seconds. From Table 1, it concludes that Algorithm 4.1 is more effective than Ishikawa iterative
method (1.7).

Table 1: Comparison of Algorithm 4.1 and Ishikawa iterative method (1.7).

ε
Algorithm 4.1 Ishikawa iteration

Iter.(n) mn CPU (s) Iter.(n) CPU (s)
10−3 11 1 1.7378 29637 0.1707
10−5 19 4 3.0746 2979276 10.7221
10−7 24 1 3.6133 · · · · · · · · · · · ·
10−9 32 1 4.7684 · · · · · · · · · · · ·
10−11 39 5 6.2492 · · · · · · · · · · · ·
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