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STRONG CONVERGENCE OF THE TSENG EXTRAGRADIENT METHOD FOR
SOLVING VARIATIONAL INEQUALITIES
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Abstract. In this paper, we propose a new iterative algorithm for finding a common element of the set of
solutions of the variational inequality problem involving monotone operators and the set of fixed points
problems involving quasi-nonexpansive mappings with a demiclosedness property in a Hilbert space. We
combine Tseng extragradient method with the Mann approximation method and Yamada’s algorithm.
The main advantages of our algorithm are that the construction of solutions and the knowledge of the
Lipschitz constant of the operators does not require to be known. We proved that the sequence generated
by the new algorithm is strongly convergent. Finally, we provide a numerical example to show the
effectiveness of the proposed algorithm.

Keywords. Fixed point problem; Tseng extragradient method; Self-adaptive method; Variational in-
equality problem; Yamada’s algorithm.

1. INTRODUCTION

Consider the following variational inequality problem (VIP) of finding a point x∗ ∈ C such
that

〈Ax∗,x− x∗〉 ≥ 0, ∀x ∈C, (1.1)

where A : H → H is a single-valued mapping and C is a nonempty closed convex subset of a
real Hilbert space H with inner product 〈·, ·〉 and norm ‖ · ‖. The solution set of VIP (1.1) is
denoted by V I(C,A).

Variational inequality problems play an important role in many fields, such as, mathematical
programming, engineering sciences, optimization, economics and so on. Because of its wide
applications, it has received much attentions from many authors and has been extensively stud-
ied in both finite dimensional spaces and infinite dimensional spaces. There are two general
approaches for solving the variational inequality problems: regularized methods and projection
methods. Projection methods, which play an important role, can solve the variational inequality
problems efficiently.

It is easy to know that x∗ ∈ C, x∗ solves VIP (1.1) if and only if x∗ satisfies the fixed point
equation:

x∗ = PC(I−λA)x∗, (1.2)
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where I is the identify operator, PC : H → C is the metric projection and λ is an arbitrary
positive constant. If operator A is η-strongly monotone and L-Lipschitz continuous (η , L are
two positive constants), then it is easy to verify that PC(I−λA) is a strict contraction with the
constant

√
1−λ (2η−λL2) for any λ ∈ (0,2η/L2). From Banach’s fixed point theorem, (1.2)

has a unique solution. The sequence {xn} generated by

xn+1 = PC(I−λA)xn,

converges strongly to the unique solution of VIP. This method was named as the gradient
method, which is the simplest projection method for solving the variational inequality problems.
However, the convergence of this method requires a slightly strong assumption on operator A,
which means that operator A is strongly monotone or inverse strongly monotone.

To avoid the strong assumption, Korpelevich [9] proposed the extragradient method for solv-
ing saddle points with the following manner:{

yn = PC(xn−λAxn),
xn+1 = PC(xn−λAyn).

Recently, this method was extended to the situation that operator A only needs to be monotone
and L-Lipschitz continuous in Hilbert spaces. If V I(C,A) 6= /0 and λ ∈ (0,1/L), then {xn}
converges weakly to an element of V I(C,A).

Regarding the extragradient method, we know this method requires to calculate two projec-
tions from H onto C per iteration. In fact, if set C is not ”simple”, it is difficult to calculate
PC, which might affect the computation complexity and effort. In order to avoid such situation,
many authors had improved it in various ways. The first extension of the extragradient method
is known as the Tseng extragradient method by Tseng [17]. For each n ∈ N, the sequence {xn}
is generated in the following form:{

yn = PC(xn−λAxn),
xn+1 = yn−λ (Ayn−Axn).

(1.3)

Compared with the extragradient method, Tseng’s extragradient method also requires to calcu-
late two steps, but it only keeps one step about the calculation of the projection. And operator A
is monotone and L-Lipschitz continuous. If V I(C,A) 6= /0 and λ ∈ (0,1/L), the sequence {xn}
generated by (1.3) converges weakly to an element of V I(C,A). Recently, this method has at-
tracted attentions by many authors, see, e.g., [2, 12, 15, 16, 18] and the references therein. The
second method for solving the variational inequality problems, the second projection onto the
feasible set C replaced by a projection onto a special constructible half-space, is the so-called
subgradient extragradient method by Censor, Gibali and Reich[3]. The algorithm is of the form:

yn = PC(xn−λAxn),
Tn = {w ∈ H | 〈xn−λAxn− yn,w− yn〉 ≤ 0},
xn+1 = PTn(xn−λAyn),

(1.4)

Compared with the extragradient method, the second step of the subgradient extragradient
method is easier to calculate. The conditions of operator A is monotone and L-Lipschitz contin-
uous. If V I(C,A) 6= /0 and λ ∈ (0,1/L), the sequence {xn} generated by (1.4) converges weakly
to an element of V I(C,A).
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From the extragradient method, Tseng’s extragradient method, subgradient extragradient
method, we find that they have something in common, that is, they all need to know the Lips-
chitz constant of operator A. However, in some cases, the Lipschitz constant of operator A is
unknown or difficult to determine. Keeping the conditions that the operator is still monotone and
Lipschitz continuous, many authors proposed related algorithms, see, e.g., [1, 7, 8, 14, 19] and
the references therein. In these algorithms, an adaptive method is essential. From these meth-
ods, one projection is still needed. Is there a way to avoid the calculation of projections and
can it also solve the variational inequality problems? Certainly, there is one method. In 2011,
Yamada [23] introduced an algorithm which was named the hybrid steepest descent method
with the following form:

xn+1 = (I−µαnF)T xn, ∀n ∈ N, (1.5)
where F : H → H is k-Lipschitz continuous, η-strongly monotone and T is a nonexpansive
mapping. Under the condition that Fix(T ) 6= /0, the sequence {xn} generated by (1.5) converges
strongly to a point x∗, which is a unique solution of the variational inequality 〈Fx∗,x− x∗〉 ≥
0, ∀x ∈ Fix(T ).

The so-called fixed point problem is to
find x∗ ∈ H such that T x∗ = x∗.

Now, many authors are interested in finding a common solution of the variational inequality
problems and the fixed point problems; see, e.g, [4, 11, 13, 20] for related iterative algorithms.

Motivated by the results above, we are concerned with Tseng’s extragradient method and
Yamada’s algorithm. We propose our new iterative algorithm for finding a common element
of the set of solutions of the variational inequality problem involving monotone operators and
the set of fixed points of a quasi-nonenpansive mapping with a demiclosedness property in a
Hilbert space. Our new iterative algorithm combines Tseng’s extragradient method, Mann’s
method and Yamada’s algorithm. Besides, it is worth noting that our algorithm does not require
the Lipschitz constant of operator A by using self-adaptive method.

The paper is organized as follows. In Section 2, we list some related definitions and lemmas
that will be used in our paper. In Section 3, we introduce our algorithm in detail and study its
strong convergence. In Section 4, a numerical example is presented to conclude the effective-
ness of our algorithm.

2. PRELIMINARIES

In this section, we list some definitions and lemmas which will be used in our paper. Assume
that H is a real Hilbert space and C is a nonempty closed convex subset of H.

For any x ∈ H, there is a unique point z ∈C such that ‖z− x‖ ≤ ‖y− x‖ for any y ∈C. The
vector z can be denoted by PCx, which means ‖PCx− x‖ ≤ ‖y− x‖, where PC : H → C is the
metric projection. On PC, it has following properties.

Lemma 2.1. [6] The metric projection PC has following properties:
(i) ‖PCx−PCy‖2 ≤ 〈x− y,PCx−PCy〉, ∀x,y ∈ H;
(ii) ‖x−PCx‖2 +‖y−PCx‖2 ≤ ‖x− y‖2, ∀x ∈ H,y ∈C;
(iii) ‖PCx−PCy‖ ≤ ‖x− y‖, ∀x,y ∈ H;
(iv) 〈x−PCx,y−PCx〉 ≤ 0, ∀x ∈ H,y ∈C.

Now, we give the definitions of the operator, which will be used in this paper, respectively.



22 M.Y. TONG, M. TIAN

Definition 2.1. Let A : H→ H be an operator. Then
(i) A is η-strongly monotone with η > 0 if

〈x− y,Ax−Ay〉 ≥ η‖x− y‖2, ∀x,y ∈ H;

(ii) A is monotone if
〈x− y,Ax−Ay〉 ≥ 0, ∀x,y ∈ H;

(iii) A is µ-inverse monotone (µ-ism) with µ > 0 if

〈x− y,Ax−Ay〉 ≥ µ‖Ax−Ay‖2, ∀x,y ∈ H;

(iv) A is L-Lipschitz continuous with L > 0 if

‖Ax−Ay‖ ≤ L‖x− y‖, ∀x,y ∈ H;

(v) A is nonexpansive if
‖Ax−Ay‖ ≤ ‖x− y‖, ∀x,y ∈ H;

(vi) A is quasi-nonexpansive if

‖Ax− p‖ ≤ ‖x− p‖, ∀x ∈ H, p ∈ Fix(A),

where Fix(A) 6= /0.

Remark 2.1. (i) PC is nonexpansive;
(ii) It is well that every nonexpansive mapping with a nonempty set of fixed points is a quasi-
nonexpansive mapping. However, a quasi-nonexpansive mapping may not be a nonexpansive
mapping.

We now give an example that a quasi-nonexpansive mapping is not a nonexpansive mapping.

Example 2.1. [5] Let C := {x ∈ l∞ : ‖x‖∞ ≤ 1}. Define T : C→C by T x := (0,x2
1,x

2
2,x

2
3, · · ·)

for x = (x1,x2,x3, · · ·) in C. It is clear that T is continuous. Moreover, T x∗ = x∗ if and only if
x∗ = 0. Furthermore, for all x ∈C,

‖T x− x∗‖∞ = ‖T x‖∞

= ‖(0,x2
1,x

2
2,x

2
3, · · ·)‖∞

≤ ‖(0,x1,x2,x3, · · ·)‖∞

= ‖x‖∞

= ‖x− x∗‖∞.

By Definition 2.1 (vi), we know that T is a quasi-nonexpansive mapping. However, for x =
(5

6 ,
5
6 ,

5
6 , · · ·) and y = (1

3 ,
1
3 ,

1
3 , · · ·), x,y ∈C,

‖x− y‖∞ = ‖(1
2
,
1
2
,
1
2
, · · ·)‖∞ =

1
2

and

‖T x−Ty‖∞ = ‖(0, 7
12

,
7

12
,

7
12

, · · ·)‖∞ =
7

12
>

1
2
= ‖x− y‖∞.

By Definition 2.1 (v), we know that T is not a nonexpansive mapping. Therefore, a quasi-
nonexpansive mapping may not be a nonexpansive mapping.



STRONG CONVERGENCE OF THE TSENG EXTRAGRADIENT METHOD 23

Lemma 2.2. [21] Let H be a real Hilbert space. For all x,y ∈ H and λ ∈ R, one has
(i) ‖x+ y‖2 = ‖x‖2 +‖y‖2 +2〈x,y〉;
(ii) ‖λx+(1−λ )y‖2 = λ‖x‖2 +(1−λ )‖y‖2−λ (1−λ )‖x− y‖2,
(iii) ‖x+ y‖2 = ‖x‖2 +2〈y,x+ y〉.
Lemma 2.3. [6] Let T : H → H be a nonexpansive mapping with Fix(T ) 6= /0. Then I−T is
demiclosed at zero, that is, xn ⇀ x and ‖xn−T xn‖ → 0 as n→ ∞, where {xn} is any sequence
in H, imply x ∈ Fix(T ).

Lemma 2.4. [10] Let {an} be a sequence of nonnegative real numbers such that there exists a
subsequence {an j} of {an} such that an j < an j+1 for all j∈N. Then there exists a nondecreasing
sequence {mk} of N such that limk→∞ mk = ∞ and the following properties are satisfied by all
(sufficiently large) number k ∈ N:

amk ≤ amk+1 and ak ≤ amk+1.
In fact, mk is the largest number of n in the set {1,2, · · · ,k} such that an < an+1.

Lemma 2.5. [22] Assume that {an}∞
n=0 is a nonnegative real sequence such that

an+1 ≤ (1−αn)an +αnbn, n≥ 0,

where {αn} is a sequence in (0,1) and {bn} is a sequence in R such that
(i) Σ∞

n=0αn = ∞;
(ii) limsupn→∞ bn ≤ 0.
Then limn→∞ an = 0.

In our paper, we also use the following notations:

• → denotes strong convergence.
• ⇀ denotes weak convergence.
• ωw(xn) := {x| there exists {xnk}∞

j=1⊂{xn}∞
n=1 such that xnk ⇀ x} denotes the weak clus-

ter point set of {xn}∞
n=1.

3. MAIN RESULTS

In this section, we propose a new iterative algorithm with self-adaptive techniques for find-
ing a common element of the set of solutions of the variational inequality problem involving
monotone operators and the set of fixed points of a quasi-nonexpansive mapping with a demi-
closedness property in a Hilbert space. In our new iterative algorithm, we combine Tseng’s
extragradient method, Mann’s method and Yamada’s method. The information of the Lipschitz
constant of operator A does not require to be known.

Throughout this paper, we assume that operator A : H → H is monotone and Lipschitz con-
tinuous, operator U : H → H is a quasi-nonexpansive mapping such that I−U is demiclosed
at zero, operator F : H → H is η-strongly monotone and k-Lipschitz continuous, where η > 0
and k > 0 and Fix(U)

⋂
V I(C,A) 6= /0.

Our new iterative algorithm is described as follows.

Algorithm 3.1.
Step 1: Given γ > 0, l ∈ (0,1), µ ∈ (0,1). Let x0 ∈ H be arbitrary.
Step 2: Compute

yn = PC(xn−λnAxn),
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where λn is chosen to be the largest λ ∈ {γ,γl,γl2, . . .} satisfying

λ‖Axn−Ayn‖ ≤ µ‖xn− yn‖. (3.1)

Step 3: Compute

tn = (1−βn)zn +βnUzn,

where

zn = yn−λn(Ayn−Axn).

Step 4: Compute

xn+1 = (1− ταnF)tn.

Set n := n+1 and return to Step 2.

Lemma 3.1. The sequence {λn} generated by Algorithm 3.1 is well defined and

min{γ, µl
L
} ≤ λn ≤ γ.

Proof. It is obvious that the sequence {λn} is well defined. In fact, since A is L-Lipschitz
continuous, we have

‖Axn−A(PC(xn−λAxn))‖ ≤ L‖xn−PC(xn−λAxn)‖,

which can be transformed into

µ

L
‖Axn−A(PC(xn−λAxn))‖ ≤ µ‖xn−PC(xn−λAxn)‖.

It implies that, for all λ ≤ µ

L , (3.1) is established. So {λn} is well defined. Because λn is chosen
to be the largest λ ∈ {γ,γl,γl2, . . .} satisfying

λ‖Axn−Ayn‖ ≤ µ‖xn− yn‖,

where γ > 0, l ∈ (0,1), we have λn ≤ γ . If λn = γ , then the lemma is proved. If λn < γ , for
all λ ≤ µ

L , (3.1) is established. For λn = γlp (p > 1), we have λnl−1 > µ

L . Hence we obtain
λn >

µl
L . Clearly,

min{γ, µl
L
} ≤ λn ≤ γ.

�

Lemma 3.2. Let {zn} be a sequence generated by Algorithm 3.1. Then, for all p ∈ V I(C,A),
we have

‖zn− p‖2 ≤ ‖xn− p‖2− (1−µ
2)‖xn− yn‖2. (3.2)



STRONG CONVERGENCE OF THE TSENG EXTRAGRADIENT METHOD 25

Proof. Let p ∈V I(C,A). It follows that

‖zn− p‖2 = ‖yn− p‖2 +λ
2
n ‖Ayn−Axn‖2−2λn〈Ayn−Axn,yn− p〉

= ‖(yn− xn)+(xn− p)‖2 +λ
2
n ‖Ayn−Axn‖2−2λn〈Ayn−Axn,yn− p〉

= ‖xn− yn‖2 +‖xn− p‖2 +2〈yn− xn,xn− p〉+λ
2
n ‖Ayn−Axn‖2

−2λn〈Ayn−Axn,yn− p〉
= ‖xn− yn‖2 +‖xn− p‖2 +2〈yn− xn,yn− p〉
−2〈yn− xn,yn− xn〉+λ

2
n ‖Ayn−Axn‖2−2λn〈Ayn−Axn,yn− p〉

= ‖xn− yn‖2 +‖xn− p‖2 +2〈yn− xn,yn− p〉−2‖xn− yn‖2

+λ
2
n ‖Ayn−Axn‖2−2λn〈Ayn−Axn,yn− p〉

= ‖xn− p‖2−‖xn− yn‖2 +2〈yn− xn,yn− p〉+λ
2
n ‖Ayn−Axn‖2

−2λn〈Ayn−Axn,yn− p〉. (3.3)

Since yn = PC(xn−λnAxn), by Lemma 2.1 (iv), we have

〈yn− xn +λnAxn,yn− p〉 ≤ 0,

which implies that
〈yn− xn,yn− p〉 ≤ −λn〈Axn,yn− p〉. (3.4)

From (3.3) and (3.4), we obtain

‖zn− p‖2 ≤ ‖xn− p‖2−‖xn− yn‖2−2λn〈Axn,yn− p〉+λ
2
n ‖Ayn−Axn‖2

−2λn〈Ayn−Axn,yn− p〉
= ‖xn− p‖2−‖xn− yn‖2 +λ

2
n ‖Ayn−Axn‖2−2λn〈Ayn,yn− p〉

≤ ‖xn− p‖2−‖xn− yn‖2 +µ
2‖xn− yn‖2−2λn〈Ayn,yn− p〉

≤ ‖xn− p‖2− (1−µ
2)‖xn− yn‖2.

Therefore,
‖zn− p‖2 ≤ ‖xn− p‖2− (1−µ

2)‖xn− yn‖2, ∀p ∈V I(C,A).

This completes the proof. �

Theorem 3.1. Assume that {αn} and {βn} are real sequences satisfying the following condi-
tions:
(i) {αn} ⊂ (0,1), limn→∞ αn = 0, ∑

∞
n=1 αn = ∞;

(ii) {βn} ⊂ [a,b]⊂ (0,1).
Assume τ ∈ (0, 2η

k2 ). Then the sequence {xn} generated by Algorithm 3.1 converges strongly to
an element p = PFix(U)

⋂
V I(C,A)(I− τF)p.

Proof. We prove the mapping I− τF : H→ H is a contractive mapping.

‖(I− τF)x− (I− τF)y‖2 = ‖x− y‖2 + τ
2‖Fx−Fy‖2−2τ〈x− y,Fx−Fy〉

≤ ‖x− y‖2 + k2
τ

2‖x− y‖2−2ητ‖x− y‖2

= (1− τ(2η− τk2))‖x− y‖2

≤ (1−h)2‖x− y‖2,
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where h = 1
2τ(2η − τk2), which means that I − τF : H → H is a contractive mapping with

constant 1−h. Thus, PFix(U)
⋂

V I(C,A)(I−βF) is a contraction mapping. By Banach contraction
principle, there exists a unique point p ∈ H such that p = PFix(U)

⋂
V I(C,A)(I−βF)p. Let p ∈

Fix(U)
⋂

V I(C,A).

‖(I− ταnF)x− (I− ταnF)y‖2 = ‖x− y‖2 + τ
2
α

2
n‖Fx−Fy‖2−2ταn〈x− y,Fx−Fy〉

≤ ‖x− y‖2 + k2
τ

2
α

2
n‖x− y‖2−2ηταn‖x− y‖2

= (1− ταn(2η− ταnk2))‖x− y‖2

≤ (1−hαn)
2‖x− y‖2, (3.5)

where h = 1
2τ(2η − τk2), which means I− ταnF : H → H also is a contractive mapping with

constant 1−hαn. By Lemma 3.2, we have ‖zn− p‖ ≤ ‖xn− p‖. Since U is quasi-nonexpansive,
we have

‖tn− p‖ = ‖(1−βn)(zn− p)+βn(Uzn− p)‖
≤ (1−βn)‖zn− p‖+βn‖Uzn− p‖
≤ ‖zn− p‖. (3.6)

So, by (3.5) and (3.6), we obtain

‖xn+1− p‖ = ‖(I− ταnF)tn− (I− ταnF)p− ταnF p‖
≤ ‖(I− ταnF)tn− (I− ταnF)p‖+ ταn‖F p‖
≤ (1−hαn)‖tn− p‖+ ταn‖F p‖

≤ (1−hαn)‖zn− p‖+hαn
τ

h
‖F p‖

≤ (1−hαn)‖xn− p‖+hαn
τ

h
‖F p‖

≤ max{‖xn− p‖, τ

h
‖F p‖}

≤ · · ·
≤ max{‖x0− p‖, τ

h
‖F p‖}.

This implies that sequence {xn} is bounded. Consequently, sequences {yn}, {zn}, {tn} and
{(I− τF)xn} are bounded.

Next, we prove that

‖xn+1− p‖2 ≤ αn‖(I− τF)tn− p‖2 +‖xn− p‖2−βn(1−βn)‖Uzn− zn‖2.

Indeed, we have

‖xn+1− p‖2 = ‖αn(I− τF)tn +(1−αn)tn− p‖2

= ‖αn((I− τF)tn− p)+(1−αn)(tn− p)‖2

= αn‖(I− τF)tn− p‖2 +(1−αn)‖tn− p‖2−αn(1−αn)‖τFtn‖2. (3.7)
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Since U is quasi-nonexpansive, we get

‖tn− p‖2 = ‖(1−βn)(zn− p)+βn(Uzn− p)‖2

= (1−βn)‖zn− p‖2 +βn‖Uzn− p‖2−βn(1−βn)‖Uzn− zn‖2

≤ (1−βn)‖zn− p‖2 +βn‖zn− p‖2−βn(1−βn)‖Uzn− zn‖2

= ‖zn− p‖2−βn(1−βn)‖Uzn− zn‖2. (3.8)

Combining (3.7) and (3.8), we obtain

‖xn+1− p‖2

≤ αn‖(I− τF)tn− p‖2 +‖tn− p‖2−αn(1−αn)‖τFtn‖2

≤ αn‖(I− τF)tn− p‖2 +‖zn− p‖2−βn(1−βn)‖Uzn− zn‖2−αn(1−αn)‖τFtn‖2

≤ αn‖(I− τF)tn− p‖2 +‖xn− p‖2−βn(1−βn)‖Uzn− zn‖2.

Therefore, we have

‖xn+1− p‖2 ≤ αn‖(I− τF)tn− p‖2 +‖xn− p‖2−βn(1−βn)‖Uzn− zn‖2. (3.9)

Next, we prove that if liminfk→∞(‖xnk+1− p‖−‖xnk− p‖)≥ 0, then

ωw{xnk} ⊂ Fix(U)
⋂

V I(C,A).

Because the sequence {xn} is bounded, there exists subsequence {xnk}. Next, we use ωw{xnk}
to denote the set of all weak cluster points of the sequence {xnk}.

We consider two aspects:
(i) ωw{xnk} ⊂V I(C,A).
In fact, we have

‖xnk+1− p‖−‖xnk− p‖ = ‖(I− ταnk)tnk− p‖−‖xnk− p‖
≤ (1−hαnk)‖tnk− p‖+ ταnk‖F p‖−‖xnk− p‖
≤ (1−hαnk)‖znk− p‖+ ταnk‖F p‖−‖xnk− p‖. (3.10)

Because of ‖zn− p‖ ≤ ‖xn− p‖, by (3.10), we have

0 ≤ liminf
k→∞

(‖xnk+1− p‖−‖xnk− p‖)

≤ liminf
k→∞

(‖znk− p‖−‖xnk− p‖)

≤ limsup
k→∞

(‖znk− p‖−‖xnk− p‖)

≤ 0,

which implies that
lim
k→∞

(‖znk− p‖−‖xnk− p‖) = 0. (3.11)

By (3.2) and (3.11), we obtain that

lim
k→∞
‖xnk− ynk‖= 0. (3.12)

Therefore, by (3.12), we get ωw{xnk} ⊂V I(C,A).
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(ii) ωw{xnk} ⊂ Fix(U).
In fact, from (3.9), we have

‖xnk+1− p‖2−‖xnk− p‖2 ≤ αnk‖(I− τF)tnk− p‖2−βnk(1−βnk)‖Uznk− znk‖
2. (3.13)

Since limn→∞ αn = 0, we have from (3.13) that

0 ≤ liminf
k→∞

(‖xnk+1− p‖2−‖xnk− p‖2)

≤ − limsup
k→∞

βnk(1−βnk)‖Uznk− znk‖
2

≤ −a(1−b) limsup
k→∞

‖Uznk− znk‖
2.

Thus,
lim
k→∞
‖Uznk− znk‖= 0. (3.14)

By (3.1) and (3.12), we have

‖zn− yn‖= λn‖Axn−Ayn‖ ≤ µ‖xn− yn‖,

which implies
lim
k→∞
‖znk− ynk‖= 0. (3.15)

Combining (3.12) and (3.15) yields that

‖znk− xnk‖ ≤ ‖znk− ynk‖+‖ynk− xnk‖→ 0

as k→ ∞. From (3.14) and the demiclosedness of mapping I−U , we have

ωw{xnk}= ωw{znk} ⊂ Fix(U)

Therefore,
ωw{xnk} ⊂ Fix(U)

⋂
V I(C,A).

Next, we prove that limn→∞ ‖xn− p‖= 0. We consider two possible cases.

Case 1: There exists an N ∈ N such that ‖xn+1− p‖ ≤ ‖xn− p‖ for all n≥ N. From this, we
have

liminf
n→∞

(‖xn+1− p‖−‖xn− p‖) = 0.

Since {xn} is bounded, there exists a subsequence {xn j} of {xn} such that xn j ⇀ z, where
z ∈ Fix(U)

⋂
V I(C,A). In addition,

limsup
n→∞

〈(I− τF)p− p,xn− p〉 = lim
j→∞
〈(I− τF)p− p,xn j − p〉

= 〈(I− τF)p− p,z− p〉.

Since p = PFix(U)
⋂

V I(C,A)(I− τF)p, by Lemma 2.1 (iv), we have

〈(I− τF)p− p,z− p〉 ≤ 0.

By ωw{xn} ⊂ Fix(U)
⋂

V I(C,A) and ‖zn− xn‖→ 0, we obtain

limsup
n→∞

〈(I− τF)p− p,zn− p〉= limsup
n→∞

〈(I− τF)p− p,xn− p〉 ≤ 0.
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Since

‖xn+1− p‖2 = ‖αn((I− τF)tn− p)+(1−αn)(tn− p)‖2

≤ (1−αn)
2‖tn− p‖2 +2αn〈(I− τF)tn− p,xn+1− p〉

= (1−αn)
2‖tn− p‖2 +2αn〈(I− τF)tn− (I− τF)p,xn+1− p〉

+2αn〈(I− τF)p− p,xn+1− p〉
≤ (1−αn)

2‖tn− p‖2 +2αn(1−h)‖tn− p‖‖xn+1− p‖
+2αn〈(I− τF)p− p,xn+1− p〉

≤ (1−αn)
2‖xn− p‖2 +2αn(1−h)‖xn− p‖‖xn+1− p‖

+2αn〈(I− τF)p− p,xn+1− p〉
≤ (1−2αn +2αn(1−h))‖xn− p‖2 +α

2
n‖xn− p‖2

+2αn〈(I− τF)p− p,xn+1− p〉

= (1−2αnh)‖xn− p‖2 +2αnh[
αn‖xn− p‖2

2h
+
〈(I− τF)p− p,xn+1− p〉

h
].

Since limsupn→∞〈(I− τF)p,xn+1− p〉 ≤ 0 and limn→∞ αn = 0, we get

limsup
n→∞

[
αn‖xn− p‖2

2h
+
〈(I− τF)p− p,xn+1− p〉

h
]≤ 0.

Therefore, by Lemma 2.5, we get

lim
n→∞
‖xn− p‖= 0.

Case 2: There exists a subsequence {‖xn j− p‖} of {‖xn− p‖} such that ‖xn j− p‖≤ ‖xn j+1−
p‖ for all j ∈ N.

By Lemma 2.4, we know there exists a nondecreasing sequence {mk} of N such that limk→∞ mk =
0 and for all k ∈ N,

‖xmk− p‖ ≤ ‖xmk+1− p‖,

and

‖xk− p‖ ≤ ‖xmk+1− p‖.

Since {xmk} is bounded, there exists a subsequence {xmki
} of {xmk} such that xmki

⇀ z, where
z ∈ Fix(U)

⋂
V I(C,A). Thus,

limsup
k→∞

〈(I− τF)p− p,xmk− p〉 = lim
i→∞
〈(I− τF)p− p,xmki

− p〉

= 〈(I− τF)p− p,z− p〉 ≤ 0.

From ‖zmk− xmk‖→ 0, we get

limsup
k→∞

〈(I− τF)p− p,zmk− p〉= limsup
k→∞

〈(I− τF)p− p,xmk− p〉 ≤ 0.



30 M.Y. TONG, M. TIAN

On the other hand, we have

‖xmk+1− p‖2

≤ (1−2αmkh)‖xmk− p‖2 +2αmkh[
αmk‖xmk− p‖2

2h
+
〈(I− τF)p− p,xmk+1−q〉

h

≤ (1−αmkh)‖xmk+1− p‖2 +2αmkh[
αmk‖xmk− p‖2

2h
+
〈(I− τF)p− p,xmk+1−q〉

h
],

which implies

‖xmk+1− p‖2 ≤ 2[
αmk‖xmk− p‖2

2h
+
〈(I− τF)p− p,xmk+1−q〉

h
].

By limk→∞ αmk = 0, we have

limsup
k→∞

2[
αmk‖xmk− p‖2

2h
+
〈(I− τF)p− p,xmk+1−q〉

h
]≤ 0.

Therefore, by ‖xk− p‖2 ≤ ‖xmk+1− p‖2 ≤ 0, we get limsupk→∞ ‖xk− p‖ ≤ 0, which means

lim
n→∞
‖xn− p‖= 0.

So, we obtain the conclusion that {xn} converges strongly to an element of Fix(U)
⋂

V I(C,A).
This completes the proof. �

4. THE NUMERICAL EXAMPLE

In this section, we present a numerical example to test our new iterative Algorithm. The
computations are performed by Matlab R2016a. For the test, we choose γ = 1, l = 0.5, µ = 0.4,
αn =

1
n+1 and βn =

n
2n+1 . In the following, we give a numerical example in detail.

Example 4.1. In the infinite dimensional Hilbert space H = L2([0,1]), we consider our algo-
rithm with the inner product

〈x,y〉 :=
∫ 1

0
x(t)y(t)dt, ∀x,y ∈ H,

and the induced norm

‖x‖ := (
∫ 1

0
|x(t)|2dt)

1
2 , ∀x ∈ H,

where t ∈ [0,1].
Consider the operator A : H → H defined by (Ax)(t) = max{0,x(t)}, ∀x ∈ H. It is easy to

know that operator A : H→ H is monotone and 1-Lipschitz continuous. In fact,

(Ax)(t) = max{0,x(t)}= x(t)+ |x(t)|
2
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and

〈Ax(t)−Ay(t),x(t)− y(t)〉 =
∫ 1

0
(Ax(t)−Ay(t))(x(t)− y(t))dt

=
∫ 1

0
(
x(t)− y(t)+ |x(t)|− |y(t)|

2
)(x(t)− y(t))

=
∫ 1

0

1
2
[(x(t)− y(t))2 +(|x(t)|− |y(t)|)(x(t)− y(t))]dt

≥ 0.

So, A is monotone. Note that

‖Ax(t)−Ay(t)‖2 =
∫ 1

0
|Ax(t)−Ay(t)|2dt

=
∫ 1

0
|x(t)− y(t)+ |x(t)|− |y(t)|

2
|2dt

=
1
4

∫ 1

0
|x(t)− y(t)+ |x(t)|− |y(t)||2dt

≤
∫ 1

0
|x(t)− y(t)|2dt

= ‖x(t)− y(t)‖2.

So, A is 1-Lipschitz continuous. Let C := {x ∈ H : ‖x‖ ≤ 1}. The operator U : L2([0,1])→
L2([0,1]) is of the form

(Ux)(t) =
√

3
∫ 1

0
tx(s)ds, t ∈ [0,1].

Since 0 ∈ Fix(U), we have Fix(U) 6= /0. In fact

‖Ux(t)−Uy(t)‖2 =
∫ 1

0
|Ux(t)−Uy(t)|2dt

=
∫ 1

0
3[t2

∫ 1

0
|x(s)− y(s)|ds]2dt

≤
∫ 1

0
|x(s)− y(s)|2ds

= ‖x(t)− y(t)‖2.

Therefore, U is nonexpansive, so is U . Let F : H→ H be an operator defined by

(Fx)(t) =
1
2

x(t), t ∈ [0,1].

It is easy to see that this operator is strongly monotone and Lipschitz continuous. For parameter
τ = 0.5, we know the solution of the problem is x∗ = 0. We use the condition ‖xn+1− xn‖ ≤ ε

to terminate the Algorithm. With two starting points x0(t) = t2 and x0(t) = t + 0.5cos t, the
numerical results with iteration step and iteration time are showed in the Table. From the
numerical results, we know the algorithm we proposed is effective.
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x0 ε Iter. Step Iter. Time
t2 10−1 5 4.58

t +0.5cos t 0.5∗10−1 3 7.09
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