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BOUNDED PERTURBATION RESILIENCE OF GENERALIZED VISCOSITY
ITERATIVE ALGORITHMS FOR SPLIT VARIATIONAL INCLUSION PROBLEMS
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Abstract. In this paper, we propose a generalized viscosity approximation method combing a sequence of con-
tractive mappings to solve a split variational inclusion problem. The bounded perturbation resilience of the method
is investigated in Hilbert spaces. Under mild conditions, we prove that our algorithms strongly converge to a so-
lution of the split variational inclusion problem, which is also the unique solution of some variational inequality
problem. Furthermore, we show the convergence and effectiveness of the algorithms via two numerical examples.
Our results extend and improve the related results in the literature.
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1. INTRODUCTION

Let H; and H, be two real Hilbert spaces with inner product(,) and induced norm || - ||. In
this paper, we deal with the split variational inclusion problem (SVIP, for short) of the following
type: Find a point x* € H; such that

0 € By (x"), (1.1)
and y* = Ax* € H; solves

0€ By, (1.2)
where A : Hy — H» is a bounded linear operator, By : H; — 21 and B, : Hy — 2H2 are maximal
monotone mappings. We denote the solution set of SVIP (1.1)-(1.2) by

S={x"€H;:0€B;(x") and Ax* € H, : 0 € B(Ax™)}.

The SVIP has been applied to solving many real life problems, such as, modelling intensity-
modulated radiation therapy treatment planning [7, 8], and modelling of inverse problems aris-
ing from phase retrieval [4]. Recently, a lot of projection algorithms were proposed to solve the
SVIP (1.1)-(1.2) in infinite-dimensional spaces; see, e.g., [2, 5, 6, 11, 12, 13, 23, 25] and the
references therein.

In 2012, Byrne et al. [5] gave the following two algorithms for the split variational inclusion
problem: For any xo € Hy, {x,} is a sequence defined as follows

Xp1 = I3 (0 — TA* (I — J72)Axy)
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and
X1 = O+ (1= 04,) I3 (% — TA*(I = J37)Axy ).
Under appropriate conditions, they obtained weak and strong convergence theorems, respec-
tively, in the framework of Hilbert spaces.
The following lemma is very useful for constructing out iterative algorithms.

Lemma 1.1. [26] Let H| and H, be Hilbert spaces. Let B : Hy — 2H1 be a maximal monotone
mapping and let J® = (I + AB)~! be the resolvent of B for A > 0. Let T : Hy — H, be a
nonexpansive mapping and let A : Hy — H, be a bounded linear operator. Suppose that B~10N
AFix(T) # 0. Then the following equality holds:

Fix(J3(I—tA*(I-T)A)) = B"'0NA™'Fix(T), (1.3)
where A and T are two real numbers.

In 2014, Kazmi and Rizvi [21] proposed the following iteration algorithm

Yn =3 (= TAT (I — J5)Axy),
Xnt1 = Oh(x,) + (1 — 04y) Typ.

They proved that the sequence {x,} generated by the above algorithm converges strongly a
common element both in the fixed-point set of nonexpansive mapping 7" and the solution set of
SVIP (1.1)-(1.2).

On the other hand, the bounded perturbation resilience and superiorization of iterative meth-
ods are extensively studied in many references, for example, [3, 9, 16, 18, 20, 29]. The problem
has received much attention due to its applications in convex feasibility problems [10], image
reconstruction [15] and inverse problems of radiation therapy [14], and so on.

An algorithm operator P is said to be bounded perturbation resilient [9] if the iteration x,, 1| =
Px, is replaced by x,,+1 = P(x, + B,V,), where B, > 0 for all n > 0 and v,, € H with

[}

Y By <o and ||vu|| <M. (1.4)
n=0

is still convergent.
Consider the following minimization problem:

min f(x), (1.5)

xeC
where f is a continuous differentiable, convex function. Xu [29] proposed the superiorization
techniques for the relaxed projected scaled gradient method. Xu’s algorithm is as follows
Xnr1 = (1= T)Xn + TP (Xn — YD (xn)V f (xXn) +e(xn)), n2>0, (1.6)

where 1, is a sequence in [0, 1], and D(x,) is a diagonal scaling matrix. He established weak
convergence of the above algorithm in [29] under appropriate conditions imposed on {7, }, and

{1}

Very recently, Guo and Cui [18] introduced a modified proximal gradient algorithm with
bounded perturbations. Indeed, their iterative sequence {x,} is generated as follows

Xn1 = tah(xn) + (1 — 1) proxy, (X, — WV f (x) +e(xn)), n>0. (1.7)

Under suitable conditions, they obtained solution theorems in Hilbert spaces.
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In this paper, based on the works [9, 26, 29], we propose a generalized viscosity approxi-
mation method for solving SVIP (1.1)-(1.2). We show that our iterative algorithm is bounded
perturbation resilience and show the convergence point of the iterative algorithm which is also
the unique solution of some variational inequality problem. Finally, two numerical examples
are given to demonstrate the effectiveness of our iterative algorithms:

Xnp1 = Oy () + (1 — 0) T3 (30 — TA™ (1 = J32) A%y + (), (1.8)

where {h,} is a sequence of contractive mappings. We will show that the superiorization of
(1.8) yields a sequence {x,} generated by the following iterative process:

Vn = Xp+ ﬁnvm
X1 = Owhn(yn) + (1= )3 (I = TA* (I = J72)A(yn) +€(3n)),

In addition, we also discuss the convergence of the generalized viscosity algorithm and prove
that it is bounded perturbation resilient.

(1.9)

2. PRELIMINARIES

We adopt the following notations:

(1) x, — x indicates that {x, } is strongly convergent to x; x,, — x indicates that {x, } is weakly
convergent to x.

(2) Fix(T) denotes the set of fixed points of T, that is, Fix(T) = {x € H : Tx = x}.

(3) @y (xy) := {x: Fx,; — x} denotes the weak @-limit set of {x;,}.

We list the following lemmas, definitions and propositions, which are needed in the proof of
main results.

Lemma 2.1. Let H be a real Hilbert space. There holds the following inequality:
e = yII> < flxll> +2(x +,3), Yo,y € H.

Definition 2.1. A mapping F : H — H is said to be
(i) Lipschizian if there exists a positive constant L such that

|Fx—Fy| <Llx—y|, Vx,y€H.
In particular, if L = 1, we say that F' is nonexpansive, that is,
[Fx—Fy| <|lx—yl, vx,y € H.

If L € [0,1), we say that F is contractive.
(i1) a-averaged mapping (o-av, for short) if

F=(1-a)l+aT,
where o € (0,1) and T : H — H is nonexpansive.

Definition 2.2. A mapping B: H — H is said to be
(i) monotone if

(Bx—By,x—y) >0, Vx,y€ H.

(i) m-strongly monotone if there exists a positive constant 1 such that

<Bx—By,x—y> Z 77||x_)’||27 any €H.
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(i) o-inverse strongly monotone (-ism, for short) if there exists a positive constant o such
that
<B'x _By7-x_y> > (XHBX—Bsz, an)’ €H.

In particular, if & = 1, we say that B is firmly nonexpansive, namely,

<Bx—By7x_y> > ||B)C—By||2, VX,)’ €H.

Definition 2.3. Let a mapping B : H — H be monotone. Then B is maximal monotone if there
exists no monotone operator A : H — 2/ such that graA properly contains graB, i.e., for every
(x,u) € HxH,
(x,u) € graB <V (y,v) € graB, (x—y,u—v) > 0.

Lemma 2.2. [28] Let h: H — H be a p-contraction with p € (0,1) and T : H — H be a
nonexpansive mapping. Then

(i) I—his (1 — p)-strongly monotone:

((I=hx—(I—=h)yx—y) = (1=p)|x—y|? VxyeH.
(i) I —T is monotone:

(I=T)x—(—=T)y,x—y) >0, Vxy€eH.

Proposition 2.1. [27]
G) If T, Tp,---,T, are averaged mappings, we have that T,T,_---T\ is averaged. In
particular, if Ty is o4-av, i=1,2, where o; € (0,1), then ToT; is (0 + &) — 001 )-av.
(1) If the mappings {T,}i\; | are averaged and have a common fixed point, then,

N
(Fix(T;) = Fix(T; ... Ty).
i=1

(i11) A mapping T is nonexpansive if and only if [ — T is %—ism.

(v) If T is v—ism, then, for T >0, TT is X —ism.

(v) T is averaged if and only if | — T is v—ism for some vV > % Indeed, forO < o < 1, T is
a—averaged if and only if [ — T is %—ism.

Lemma 2.3. [17] Let H be a real Hilbert space, and let T : H — H be a nonexpansive mapping
with Fix(T) # 0. If {x,} is a sequence in H weakly converging to x and if { (I —T)x, } converges
strongly to 'y, then (I — T )x =y, in particulary, if y = 0, then x € Fix(T).

Lemma 2.4. (see [19, 30]) Assume that {s,} is a sequence of nonnegative real numbers such
that

Spt1 < (1 - '}/n)Sn + '}/nsnv n=>0,
Snt1 SSn—Nn+ @, n =0,
where {y,} is a sequence in (0,1), (n,) is a sequence of nonnegative real numbers and (0,)
and (@,) are two sequences in R such that
(1) Z:lo:() Yn = 9,
(ii) limp—se @n =0,
(iil) limy_ye M, = O implies limsupy_,,, 8, < O for any subsequence (ny) C (n).

Then limy, e s, = 0.
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3. MAIN RESULTS

In 2000, Moudafi [22] proposed the viscosity approximation method for a nonexpansive map-
ping T with a nonempty fixed-point set Fix(7T') in a Hilbert space H:
Xnt+1 = Oph(x,) + (1 — 0) Txy,

where h: H — H is p-contractive mapping and {o, } C (0, 1) is a real sequence, and proved that
the sequence {x,} converges strongly to a fixed point of the mapping T if the sequence {a,}
satisfies appropriate conditions. It was also proved that the fixed point also uniquely solves the
following variational inequality:

((I—h)x",x—x") >0, Vx € Fix(T). (3.1)

Recently, the viscosity approximation method have been extended and studied in the framework
of Banach spaces; see [24, 28] and the references therein.
Re-writing algorithm (1.8), one has

Xnp1 = Ol (30) + (1 — 00) I3 (30 — TuA™ (1 = J32) Ay + ()
= Oyl (xn) + (1 — 0) (J5" (20 — TuA™ (I — T2 )Ax) + E). (3.2)
This algorithm is a outer perturbed version. Since Jf ' is nonexpansive, we have

[Znll = 3" (0 — TaA™ (I = J32) A%y + €(x0)) — I3 (X0 — TuA™ (I — J32)Axy) |
< le(xn) |- (3.3)

Next, we use S to denote the solution set of the SVIP (1.1)-(1.2) and use the generalized
viscosity iterative method to find solutions of the SVIP (1.1)-(1.2).

Theorem 3.1. Let H,H, be two real Hilbert spaces and A be a bounded linear operator with
L = ||A*A||, where A* is the adjoint of A. Suppose that By : Hy — 2H1 and B, : Hy — 2
are maximal monotone operators and S # 0. Let h,, be a p,-contractive sel f-mapping of H
with 0 < p; = liminf,,_,. p, < limsup,,_.,., pn = pu < 1. Suppose that the contractive mapping
sequence {h,(x)} is uniformly convergent for any x € E, where E is any bounded subset of H.
Given xy € H\, define the sequence {x,} by

Xnp1 = Ol (30) + (1= 0) I3 (0 — TA™ (1 = J32) A%y + (), (3.4)

where 1, € (0, %) Assume the following conditions hold:
(1) limy,_e a, =0;
(i) X On = o
(ili) 0 < liminf, e T, < limsup, ., Ty < %;
(V) Yoo lleCen)[| < oo.
Then {x,} converges strongly to x*, where x* is a solution of the SVIP (1.1)-(1.2), which is also
the unique solution of variational inequality problem (3.1).

Proof. Setting
Vi, =3 (I — T,A(1 = J}%)A),

we have that Vz, is 2+I”L—av. Note that I — 7,A*(I — Jf2 )A is %—av as 0 < 1, <2/L and ]f' is

%—av [1]. It follows from Proposition 2.1 that the composite V7, is %-av.
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Next, we split the proof into several steps.
Step 1. Show that {x,} is bounded.
For any z € §, we get

%41 = 2l[ = || Cnhn (xn) + (1 — &) (Vg %0 + &) — 2]
= ||ea(hn(xn) —2) + (1 = 04) (Vg xn — 2) + (1 — 0 ) &4 |
< 0|l (xXn) = B (2) || 4 O || (2) — 2| 4 (1 — ) |V, X0 — 2| + || €|
< 0|20 = zl| + G| (2) = 2| + (1 = 0 [ = 2] + |
172 (2) =z +[|2nll /0
1—p,
Since {h,} is uniformly convergent on bounded sets, it is easy to get that {/,(z)} is bounded.

From the conditions (ii), (iv) and a, > 0, we find that {||&,|| /o, } is also bounded. Thus, there
exists some M| > 0 such that sup{||i,(z) — z|| + ||€x||/ 0t} < M, for all n > 0. It follows that

= (1 = au(1 = pn))|lxn — 2| + (1 — pn) (3.5)

M,
l_pu

[len — 2| < max{|jxo — 2],

2

which implies that sequence {x,} is bounded, so are {A,(x,)}, {V¢,x,} and {A*(I — sz JAX, }.
Step 2. Show that, for any sequence (nx) C (n), if My, — 0, then limy_e, ||, — Vg, X [| = 0.
Fixing z € S, we have
[Penr1 — 2|
< @t (x0) + (1 = @) Vi, X0 — 2|+ 20l () 4 (1 — 04) Vi X — 2, (1 — 0) &) + ||
< 0ty [l (6n) = 21> + (1 = &) [V, 60 — 21> + 206, (1 — ) (B (x0) — 2, Vig 50 — 2)
+ (206 )| (xn) — 2l +2(1 — ) [lxn — 2l + [ €n]]) ||l
< 203 ([l (xn) = (2) |17 + 1A (2) = 201%) + (1 = 06|V, 00 — 2|
+ 20, (1 — 04) (B () — 2, Vi, X — 2) + M3 ||,
< 2047 (|| () = i (2)|1* + 1 n (2) = 2lI?) + (1 = 00|V, 00 — 2|
+ 200 (1 = ) (17 (xn) = B (2) [ |60 = 2]l + (Pa(2) — 2, Ve, 00 — 2)) + Ma ||
< (1= 02— (1 42p7) — 2(1 = ) pu))[|xn — 21> + 206 (1 — ) (i (2) — 2, Vg, X — 2)
+ 205l (2) = 2> + Mo &
< (1= 04 (2 = 0 (14 2p5) = 2(1 = 0)pu)) 6w — 2* + 206 (1 — 0% (B (2) — 2, Vi, 20 — 2)
+205 |1n(2) = 2| + Ma @, (3.6)
where
M = sup{206, 1 (0) —2l| + 2(1 — ) 0 — 2] + 1]

Since Vy, is #-av, we can rewrite

Ve, =0 (L= T,AY (L= J32)A) = (1 —wy) +wy T, (3.7)

n



BOUNDED PERTURBATION RESILIENCE 55

where w;, = 2+47"L, T, is a nonexpansive mapping. From condition (iii), we have

| .
— < liminfw, < limsupw, < 1.
2 n—eo n—soo

Thus, it follows from (3.2) and (3.6) that
[Ponr1 =21 = [l ol () + (1 = 0) (Ve, 20 +20) — 2|
< (|0l (0) + (1= 0 Vi 50 — 2* + M2 ||
= ||V 0 — 2+ 0y (1 () = Vi, 20 [|* + M2 |5 |
= [|Vz,xn _ZH2 + anZth(xn) - ananZ +200 (Vg Xn — 2, hn(%n) — Vg, ) + Ma |8
= [ (1 = W)+ wa T — 2l|* + 00| Fin () — Vi, x|
+ 204, (Vg X — 2, by (xn) — Vi, xn) + M2 |8, ]|
= (1= wn)lxa — Z”2 + Wal| Taxn — Tnz”2 = W (1 —wp) | Tt _xn||2
+ 06, 1 (6n) = Vg 51?4+ 200 (Vi 0 — 2, () = Vi, ) ++ Ma |2,

< [J2n — ZH2 — Wi (1 —wy)|| Thxn _anz + anthn(xn) - VTanHZ

+ 204, (Vg X — 2,y (xn) — Vi, X0) + M2 |84 ]]- (3.8)
Set
Sn:”xn_szv ?’n:O‘n(z_an(l‘*’ng)_z(l_O‘n)pu)7
5 2(1— ) {n(2) — 2, Vi — 2) + 200 (2) — 2> + Mo 122l
" 2—au(1+2p2) —2(1 — o) Py ’
M = Wa (1= wp) || T — 2],
and

On = OC,%th(xn) - ananz + 2an<vfnxn - Zahn(xn> - anxn> +M2”5n||~

Note that 3, — 0, X ¥, = o and ¢, — 0 as n — oo. In order to complete the proof by using

Lemma 2.4, it suffices to verify that 17,, — 0 (k — oo) implies that limsup,_,., 8,, < 0 for any
subsequence (n;) C (n). Indeed, as k — oo, 1, — 0 implies that || T, x,, — X, || — O due to
condition (iii). Thus, from (3.7), we have

”xnk - VTnkxnk ” = Wy H'x”lk - Tnkxnk H — 0. (3.9)

Step 3. Show that

@, (xn, ) C S, (3.10)

where @, (x,, ) is the set of all weak cluster points of {x,, }. To see (3.10), we take X € @, {x,, }
and assume that {x,,kj} is a subsequence of {x, } weakly converging to . Without loss of
generality, we still use {x,, } to denote {xnkj}. Since 7,, is bounded, we can assume T, — T.
Then 0 < 7 < % Setting

Ve =J3H (1= TA* (1= J72)A),
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we have that V; is nonexpansive. It follows that
1V X, — Vet | = 5" (o, — T A" (1 = J32)Ax,) = T3 (3, — TA(I = J32) A ) |
< | T A = J32) A, — TA* (I — I3 Aty |
< Ty, — T| AT = T72)Axn, |- (3.11)

Since 7,, — T as k — oo, we immediately derive from the last relation that HVrnkxnk —Vexp, || = 0.
As aresult, we find

”'xnk o VTxnkH < “xnk B ankxnk” + HVTnkxnk B foﬂkH — 0. (3.12)

Using Lemma 2.3, we get @, (x,,) C Fix(V;). By Lemma 1.1, we obtain ®,,(x,, ) C S imme-
diately. Since {h,(x)} is uniformly convergent to i(x) on E, we have lim, o (h,(x*) — x*) =
h(x*) — x*. Meanwhile, we have

limsup(hy,, (x*) —x*,x, —x*) = (h(x*) —x*, ¥ —x¥), VXeS. (3.13)
k—yo0
Since x* is the unique solution to variational inequality problem (3.1). We get
limsup (A, (x*) —x*,x, —x") <0
k—ro0

and hence limsup;_,., 9,, < 0. This completes the proof. U

Consider the bounded perturbation of (3.4) by the following iterative form:

Yn = Xn +ﬁnvn,
= a,h 1— o, )2 (I — T, A" (1 - JP?)A G-19
Xnt1 = Ophn (Yn) + (1 — 0 I3 (I — TA™( 3 )An) +e(n)),
where 1, € (0, %) Similarly, we put
&y =3 (I = TA (I = J3)A(yn) +e(vn)) — I3 (I — GA* (I = J*)A(yn)). (3.15)

Theorem 3.2. Assume that the sequences {f,} and {v,} satisfy the condition (1.4). Let H;,H,
be two real Hilbert spaces and A be a bounded linear operator with L = |A*A||, where A* is
the adjoint of A. Suppose that By : H; — 281 and B, : Hy — 22 are maximal monotone oper-
ators and S # 0. Let h, be a p,-contractive sel f-maps of H; with 0 < p; = liminf, . p, <
limsup,,_,.. Pn = Pu < 1. Suppose the contractive mapping sequence {h,(x)} is uniformly con-
vergent for any x € E, where E is any bounded subset of Hy. Given xo € Hy, define the sequence
{xn} by (3.14). Suppose that
(1) lim,—e 0, =0y

(ii) £ 0 = oo;

(ili) 0 < liminf, e T, < limsup, ., T, < Z;

(iv) Yoo lle(n)ll < oo
Then {x,} converges strongly to x*, where x* is a solution of the SVIP (1.1)-(1.2), which is also
the unique solution of variational inequality problem (3.1).

Proof. We can rewrite (3.14) as

X1 = Ol (Xn) + (1= 0) (I3 (I = A (I = J2)A (%)) + &n) + En, (3.16)
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where

en = (B (yn) = n(n)) + (1 = @) (I3 (I = TaA™ (I = J32)A )y — I3 (I — T,A™ (I = J32)A)x),
(3.17)

In fact, it is not hard to get

]l < 0ll A (3n) = P (6n) | 4 (1= 06a) [[yn = X0 = Tl A" (1 = T32)A () = A*(I = J32)A(xa) )|
< 0P| Vall 4 (1 = 0) (Bal[Val| + AnLl[yn — x4

< (0Pu + (1= ) (14 AnL)) B[ Vil (3.18)
From condition (1.4), we have }..°_ [|€,]| < c. Thus, using the Theorem 3.1, we get the algo-
rithm (3.4) is bounded perturbation resilient. ]

Remark 3.1. Theorem 3.1 is a outer perturbation algorithm. We replace it by the following
algorithm:

Xnp1 = Oyl (0 + (X)) + (1= 0) T3 (I — TuA™ (I = J32)A) (xa + e(xn)), (3.19)
It is obvious that it is a inner perturbation version. Similarly, we rewrite it as
X1 = Ol (Xn) + (1 = ) I3 (I — A (I — J72)A) (%) + 0. (3.20)

It is easy to prove
[18n]] < {leCxa) I
Under appropriate conditions, we can obtain strong convergence theorems.

4. NUMERICAL RESULTS

In this section, we consider two simple numerical examples to demonstrate the effectiveness,
realization, and convergence of the Theorem 3.1.

Example 4.1. Let H, = H, =R?. Define h,, (x) = 5=—x. Take B : R2 5 RZand B, : R? — R?

0(n+1)
as follows:
B (x) = Ti(x) and By(x) = Tr(x),
where -
=0 2)
and

30
= .
Observe T; and T; are positive linear operators, and then they are maximal monotone. So, we

obtain the resolvent operators Jf‘ = (I+ABp)~! and sz = (I 4+ ABy)~!, respectively. The
detailed expressions are calculated as follows:

B 1 2+1 0
A @BA+D2A+1) L 0 8A+1

and

e 1 6A+1 0
A (BA+1)(6A+1) 0 31A+1)°
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Generate a 2 x 2 random matrix A, and compute the Lipschitz constant L = ||ATA , where AT
represents the transpose of A. Take A = 0.5, 7, =7 = mﬁ and oy, = n]? According to the
iterative process of Theorem 3.1, the sequence {x,} is defined by
1 1 1 B 1 B
= ——%— 1——)J (%, — ——AT (1= J;?)Ax,). 4.1
Xn+1 n+1*10xn+( I’l-|—1) y) (X 100L ( p) )JAxy) (4.1)

As n — oo, we have x, — x*. By taking random initial guess x, and using software MATLAB,
we obtain the numerical experiment results in Table 1.

TABLE 1. xo = rand(2,1).

T= 100#% n  time(s) Xn err(||xpe1 —xa)
0.0051 16 0.000064 10~°%[-0.0014 0.9087]7  6.1812x 10~
0.0143 23 0.000087 107 %[-0.0002 0.1537]7  7.9865x% 10~
0.0067 26 0.000098 10~%%[-0.0004 0.1602]7 8.2823 %10~

Next, we consider the algorithm with bounded perturbation resilience. Choose the bounded

sequence {V, } and the summarable nonnegative real sequence {f3,} as follows:
dn
O iF 04 dy € B (x),
vi=14 ldll f07 dn & Bi(xn) 4.2)
0, if 0€By(xy).

Bn = ", for some ¢ € (0,1). Set ¢ = 0.5. The numerical results can be seen in Table 2.

TABLE 2. xo = rand(2,1).

T= 100#% n  time(s) Xn err(||xpe1 —xa)
0.0056 22 0.002426 107°x[0.1072 —0.0003]"  6.9097 + 108
0.0045 25 0.002636 10~7%[0.1071 0.0000]"  8.6093 % 10"
0.0046 29 0.004276  10-%%[0.6693 0.0002]7  5.3830% 1010

As we have seen, the error of the solution becomes smaller as the increasing iterative num-
bers. And, the sequence {x,} converges (0,0), which is the solution of the numerical example.
Of course, it is also the unique solution of the variational inequality ((/ — h)x*,x —x*) > 0.

Example 4.2. Let H; = R, H, = R%. Define h,(x) = h(x) = {sx. Take By : R* — R3 and
B : RZ — R2 as follows:

B (x) = N¢(x) and By(x) = No(x),
where N¢ denote the normal cone to C defined by
{ueH: (ux—y)>0VyeC}, ifxeC,
NC (X =

0, ifx¢C.
Suppose
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C={xeR:|x[» <1}
and
O={yeR*:1<y(i)<2, i=1,2},

where y(i) denotes the ith element of y. Given the parameters o, = 1/v/n+1, 7, = 1/L, we
obtain the following iterative form:

1 1 1 1
= — 1— —)Pe(xy— ~AT(I — Py)Ax,). 43

Taking random initial vector xg € R3, we get the numerical results in Table 3.

TABLE 3. xo = rand(3,1).

T= % n time(s) Xn Vn eps

0.056 62 0.000001 [0.18620.2001 0.2031]7 [0.9817 0.9866]7 10 %
0.056 597 0.00012 [0.1886 0.2025 0.2072]7 [0.9988 0.9986]7 10 °
0.056 6028 0.2105 [0.1889 0.2028 0.2074]7 [1.0000 1.0000]” 108

Consider the bounded perturbation of (4.3). The definitions of v, and B, are similar to Ex-
ample 4.1. The corresponding numerical results are shown in Table 4.

TABLE 4. xo = rand(3,1).

T=1 n time(s) Xn Yn eps
0.056 62 0.000001 [0.1859 0.2001 0.2031]7 [0.9811 0.9862]7 102
0.056 568  0.0001 [0.1886 0.2025 0.2070]7 [0.9981 0.9986]7 10 ©
0.056 6005 0.1980 [0.1889 0.2028 0.2074]7 [1.0000 1.0000]7 10~ %

From the point of view of calculation, the above algorithms in the examples are easy to
implement.
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