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AN IMPROVEMENT LQP METHOD FOR NONLINEAR COMPLEMENTARITY
PROBLEMS
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Abstract. In this paper, we propose a new modified logarithmic-quadratic proximal method for solving the nonlin-
ear complementarity problem. An easily measurable error term is proposed with further relaxed error bound and
a new step length is employed to reach substantial progress in each iteration. Preliminary numerical experiments
are included to illustrate the advantage and efficiency of the proposed method.
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1. INTRODUCTION

The nonlinear complementarity problem (NCP) is to determine a vector x € R" such that
x>0, F(x)>0 and x'F(x)=0, (1.1)

where F is a nonlinear mapping from R” into itself. Recently, various iterative methods, which
are powerful techniques for solving the NCP effectively, are under the spotlight of researchers;
see, e.g., [2,3, 8,9, 10, 11, 12, 13, 14, 15, 17, 20, 25, 26] and the references therein.

In the sequel, we make the following assumptions that F' is continuous and pseudomonotone
with respect to R, and the solution set of (1.1), denoted by Q*, is nonempty.

The proximal point algorithm (PPA) suggested by Martinet [18] is one of the most effective
iterative methods for finding solutions of the NCP associated with finding a zero of the maximal
monotone operator 7'(x) := F(x) + Ng» (x), where Ng (.) is the normal cone operator to R}
defined by

N (x) = {yeR":yI(v—x)<0, WeRL},  if x €RY,
" 0, otherwise.

This algorithm was developed by Rockafellar [23] in 1976. For a given x° € R" and B > B >0,
the iterate x**'! is solution to the following recursion
(PPA) 0 € BT (x) + Vg (x,x5), (1.2)
where
q(x, ") =%llx—x"ll2 (13)
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is a quadratic function of x.

It is more practical to find approximate solutions of problem (1.2) rather than the exact solu-
tions due to the fact that this excludes some practical applications in general. Rockafellar [23]
proposed to solve problem (1.2) approximately, that is, the new iterate x*! satisfies

ek e (x—xN + BT (x), (1.4)

where ¢f € R”" is the error term. Some inexact PPAs [8, 21, 24, 25] have been developed, and
the condition that the error term being summable is an essential condition for the convergence
of these algorithms. For example, Eckstein [11] supposed that

o]

Z || e¥|| < 400 and Z(ek,xk> < oo, (1.5)
k=1 k=1

Han and He [16] proved the convergence of inexact PPA (1.4) under the assumptions
]| < viella* — | and Y VZ < oo, (1.6)
k=0

Recently, a number of authors have focused on the generalization of PPA by replacing the
usual quadratic term (1.2) with some nonlinear functions. Auslender, Teboulle and Ben-Tiba
[1, 2] proposed logarithmicquadratic proximal (LQP) method where a distance-like function
replaces the usual quadratic term. More precisely, let 1 € (0,1) be a constant. For given
xk € R | and B > B > 0, the new iterate x**1 is solution of the following set-valued equation:

0 € BT (x) + Vo Q(x,x5), (1.7)

where
X
Vi0(x,x") = x — 2+ uX;log .,
x

and X; = diag(x},...,x%) and log & = (log?t, ..., log ;C—Z)T In order to ensure the convergence,
1 n
Auslender, Teboulle and Ben-Tiba [1] suggested to use the accuracy criterion of type (1.5).

Since Npn = {0}, one has the problem (1.7) is equivalent to the following systems of nonlinear
equations

ﬁkF(x)—l—x—xk—i—uXklog)%:O. (1.8)

Many practical problems show that often one of subproblem (1.8) is expensive to solve. Driven
by the fact of eliminating this drawback, various iterative algorithms for approximating solu-
tions have been proposed by numerous researchers, see, e.g., [4, 6,5, 7, 17, 20, 26, 27]. Based
on the work of [1], Bnouhachem [4] proposed that the predictor is obtained via solving the
following system

~k
X
0~ ﬁkF()Zk) +ik—xk+uXklog; = &k

and EX satisfies
IE N <mll* ==, o<n<1. (1.9)

In this paper, motivated by the results of [4, 17, 27], we consider and analyze an LQP method
for NCP. The key features of this method are the predictor is obtained by solving (1.8) approx-
imately, with more relaxed conditions than (1.9) and the new iterate is obtained by using a new
step size 0. Further, we prove that the sequence generated by the iterative scheme converges
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under certain assumptions. Finally, in order to verify the theoretical assertions, some numeri-
cal examples are given. The algorithm and results presented in this paper extend some recent
corresponding algorithms and results.

2. PRELIMINARIES

In this section, we list some preliminaries and simple results for further analysis. First, we
use R to represent the usual Euclidean space and || . || denote the Euclidean norm in R”.

Definition 2.1. Let v € R". The projection of v onto R, denoted by P~ [v], is defined by
Py [v] := argmin {||v—u || /u e R". }. (2.1)
Definition 2.2. An operator F : R" — R" is said to be pseudomonotone if, Vu,v € R",
v—u)TF(u)>0= (v—u)TF(v)>0.

Lemma 2.1. From the definition of the projection, we have
1) Vue R, Vv e R",

(v—Prr [V])" (u— Per [v]) <O. (2.2)
2) Yu,v € R",
[ Prr [v] = Pre [u] || < [lv —ul|. (2.3)
3) Wwe R ueR",
1P [v] = ul|* < [|v— ul|* = [[v = P ]I (2.4)

Lemma 2.2. [4] For given x* > 0 and q € R", let x be the positive solution of the following
equation:

X
q—i—x—xk—f—,uXklog; =0, (2.5)

where X;. = diag(x%, ..., xk) and log % = (logfc—}{, ...,log ;—g) Then, for any y > 0,

=2)"q = S (e =yl? = o = yI?) + 52 1 = (2.6)

Lemma 2.3. (Robbins-Siegmund theorem [22]) Let zy, px, & and §; be nonnegative variables
such that

21 < (1 +px)zk + o — G (2.7)
Then limy_, ., 7y exists and is finite and Yy G < oo when Y.;7_ o pr < o0 and Y;°_ Oy < oo.

Proof. Define

, k-1 , k , k
2 =k Ho(l +p;)!, 0, = 0% Ho(l +p;)" ', and §, = & Ho(l +p;) "
Jj= j= Jj=

Then, (2.7) can be written as
G St 0 — &, (2.8)
and

i Gzl < i O} < 0. (2.9)
k=0 k=0
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Let
! k_l ! !
we=z,— Y (0,-&)). (2.10)
j=0
Then u;, > —oo. From (2.8), we have
k k
Uk+1 = g1 — Z(Gj_ Cj) <gtop— G- Z(Gj_ Cj) = U-
j=0 j=0

So, limy_,.. uy exists and is finite on the condition of };° G,; according to the fact that sequence
{u;} is monotone and bounded. Using (2.10), one has

k—1
g=w+Y (6;-¢;)>0,
j=0

which implies
k—1 , k—1 ,
j=0 j=0

As k tends to o0, Y ° C,; < oo under the (2.9), one has that limy_,.. z;c exists and is finite. Finally,
according to the equivalence relation between z; and z;{

k—1
e = 2 H(l +Pj),
Jj=0

and the inequality
k o

G=C I +p) <G TT(1+p)),

j=0 j=0
we can get that limy_,., z, exists and is finite and Y7 {x < oo when Y7 px <o and };° ,0; <
oo, This completes the proof.

Lemma 2.4. [6] Let x* € Q*, # e R, 0 < 1< 1,0 < u < 1 and ¥***!(ax) be defined by
o) = ok 4+ (1= ) P [xF — {3 F (%%)]. Then

43 e A T)
! (o) =17 < [ = o)1 = (1 = o) { I — () 1P
206, & k ok 200, ke gk
1+u<xp(ak)_x ,F(X )>+ 1+u<x —X ,F(X )>}7
where x’l‘,(ak) :HM[ k—ﬁr—kuF(fk)}.

3. THE ITERATIVE METHOD AND CONVERGENCE RESULTS

For given x* > 0, B, > 0, let §; be a sequence of positive real numbers such that Y Ok < oo
We propose the following inexact LQP method for solving NCP.
Prediction step: Find an approximate positive solution # of (1.8), called predictor, such that

~k
0~ BF (&) + & —xk—l—uXklog;C—k = &k = B (F(&) — F(x*)) (3.1)

and EX satisfies
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(=8N <mll -7, o<n<1 (3.2)
Correction step: For 0 < T < 1, the new iterate xX**!(ay) is defined by
+1 _ ok ko Q% ook
X (o) = 1x +(1—r)PR¢[ “TyaF @) (3.3)
where
_ Pr
oy = Pr(y+ Sk)WJ (3.4)
0= = 24— (- eh (3.5)
1+u 1+u
and
d* = (k= )+ ——&R 3.6
=)+ (36)
Remark 3.1. Note that (3.1) is equivalent to the following system of nonlinear equations
ky ok ok i
BiF (x*) + 3 — x +uXklog)? =0. (3.7)
Hence
B pklog + (BF; (5 — ok —pblogh) =0, j=1,..n (3.8)

The recursion of classical Newton method for the above problem is

gk B oo
¥ =x; —1+“F](x ).

The solution # of (3.8) is positive. To avoid the non-positive value )Z’; in the iteration process,
one takes

)Ek::pxk+(l—p)PRn+[xk—ﬁ—kuF(xk)], 0<p<l. (3.9)
Remark 3.2. Solving the NCP is equivalent to finding a zero point of the continuous non-

smooth function

,_ B«
e(x*, i) := " — Prn [x* — mF(xk)]. (3.10)

For any x € Q*, we let
dist(x, Q") :=min{|| x—x" || /x* € Q*}

It is clear that
dist(x,Q") =0< e(x,B;) =0

Lemma 3.1. If F is Lipschitz continuous with constant L, then
. - (1-p)BiL?
() [|]xF — &% < c||xk — x*||?, where c =6 —p +4W.

(i) g > (o) I =22

(1) @ > WH‘MP
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Proof.  Forany a,b € R", we have |la+b||* < 2||a||* + 2||b||?. It follows that

=<2l =P 27 -

= 2 P2t )+ (1= p) e ot~ E )
Pl — P p )P
+ 1+u
< 20 =2 |P - 2p e x4 2(1— p) | (Prr [~ 1fikuF(xk)]
* ﬁk * 2
Prolo” — 1 F)]
o ZLZ
< 2xk—x*2—|—2(2— +2¢> kx|
| | p T+ [l = x|
(1-p)B; )
= (6—p+4—E )| - 3.11
(6-prali 20 ) b P a1
where the second inequality follows from the Lipschitz continuity of F. Setting
(1-p)BRL?
—6—p+d4— PPk~
AN (e

in (3.11), we get the assertions (i) immediately.
Now, we show the assertions (i1) and (iii). It follows from (3.2) and (3.5) that

1 . 1 -
o= g R e (1) -

Moreover,

v

B2L2
o (TR - #P + s
k

=
=y
1-1) ¢ N 1 k oky2
e (HﬁkszuF(x")—F(x L)
=)
=y

2 -2

It — ka2>

v

v

((1 +u)2(lf +[32Lz) |F () = F@)P +

(I-nm) 2
(1—77) Hdk”Z

2(1+p)(1+ B2L?) '

This completes the proof.

Inspired by Lemma 2.2, the contraction property of the proposed method is presented in the
following theorem.

1+ BkZL2

Vv
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Theorem 3.1. If F is Lipschitz continuous with constant L. Let {xk} be a sequence generated
by the proposed method and x* be a solution of NCP. Then

2
[ (o) =72 < =12 = (1= 1) (2= 7= 8) (v + &) H;’Z‘Hz (3.12)
Proof. By setting g = B F (%) —E¥in (2.5) and y = x’;(ak) in (2.6), one has
1 1
(o) 5 (6 = B ) < 5 (14 (o) P = 15— () P)
_l-p k2
T ok — 7|2 (3.13)

Recall that

. g 1/ 1 N
(e () =2 —2) = 2 (I b (o) |2 = [ = b (@)|1?) + 3 I =22 314y
Adding (3.13) and (3.14), we then obtain

1 H
k Sk ok k ~k k k2
(o) — %5, x" — % +m(§ — BeF (X)) Smﬂx — &%

which implies
I —7)><0.  (3.15)

Using Lemma 2.4, we get

() P ()

(XK —x* F (7))} (3.16)

I (o) =22 <t =) = (1= o) { [ o (o) 2+

Since 3 € R and x* is a solution of NCP, using the pseudomonotonicity of F, we have
<ik_X*>F(x*)> = <Xk,F(X*)> > 0= <)Zk_X*7F<Xk> >0

and consequently

(k= x* F (7)) > (X — & F(7)). (3.17)
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Applying (3.17) to the last term in the right side of (3.16) and adding (3.15), and using the
notation of d¥ in (3.6), we obtain

] (o) =2 < uxk—x*uz—u—r>{|\x’<—xﬁ<ak>u2+%<X§<ak>—fkf<f">>}

. 20,
< = = (=) (o) =1+ TR (o) — )
204 k gk 2000k kg2
20 gk gy 2O
B < ) ﬁk(1+ﬂ)|| I°y
ko2 k N Ok k12 O‘/% k|12
= [ =2 = (1 =) {lIx, (o) —x" + o=ad"[|” — =5 [|d"]|
Bk %
2OCk - 205k.u -
+E<Xk—xk,dk>—m”xk—xk||2}
20, 1
T ST S R LL N S I S k
< W P (R )
200 o2 %% k2
|| =% — 5 ||d
= P (1= D (- P - )
Be \1+u 1+u ’
2
o
— K |la*|1*}
%
i 20, o}
= x-S 3.18)
k [
From the definition of ¢, we obtain that
o7

W (o) =22 < =P = (1= 1) 2=y =) (Y + &) (3.19)

][>

The conclusion of this theorem is proved.
With Lemma 3.1 and Theorem 3.2 at hand, we are able to prove the convergence of the
proposed method.

Theorem 3.2. Let {xk } be a sequence generated by the proposed method and x* be a solution
of NCP. Then, we have

2

I @)~ < (14 (1= e+ B0l == (1= D)2 =7+ ) . B20)

and the proposed method is convergent in the sense limy_,., dist (xk , Q%) =0.
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Proof.  Using Lemme 3.1 (i), we obtain

2
74 o) =1t 1P (1= D)= )+ )

(P2
+(1_T)5k(Y+6k)‘|dk|’2
2
< ||)Ck—x*||2 (1-7)(2- '}’)('}’+3k)H;pkH2
ok gk
+(1_T)5k(Y+5k)(<Xk Hd)ik‘izd >)
2
< ||)Ck—x*||2 (1-7)(2- '}’)('}’+6k)H;iH2
+(1 =) 8(r+ 801 |
2
< <1+<1—r>c6k<y+5k>>||x’<—x*||2—<1—T><2—Y>W+5">||ff|rz

and the first conclusion is proved. We now establish the proof of the second assertion. It follows
from Lemma 3.1 and Theorem 3.2 that there is a constant

_ (r+8)2-y)(1-7)(1-1n)
2(1+p)2(1+ B2L?)

>0

such that
e =22 < (L (1= 7)ei(y + ) o — 7|2 = vt =312 (3.21)
Setting g1 = [T — 2|2,z = o —x* |12, px = (1 = 7)Y+ &), 00 = 0 and § = v]|x* —
/|2 in (2.7), one finds that Lemma 2.3 asserts that {z; } is convergent and Y5 | {; < . Due to
the convergence of {z;}, one can obtain that the sequence {x*} is bounded. Since Y'7° | {; < oo,
we have
lim ||x* — #| =0
k—boo

Consequently,
lim [le(x*, Be) || = 0.
k—roo
Then there exists a bounded closed set, say S(x°), such that {x*} C S(x°). If
lim sup dist (x*, Q) = § > 0,

k—vo0
then
(X} € § = S0 N {x|dist (x, Q") > §/2}.
Since SN Q* = 0, one has that e(x, Bx) # 0 for all x € S. Since S is compact and e(x, ) is
continuous on S, one has
min ||e(x, By)|| = € > 0.
xes

This contradicts the fact
{(rcs and  lim (", Bl =
—>00

Therefore the proof is complete.
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4. COMPUTATIONAL RESULTS

In this section, we consider two examples and report our preliminary computational results
which show an improvement than the earlier existing methods.

Example 4.1. We consider the nonlinear complementarity problem:
x>0, F@x)>0, x"F(x)=0, (4.1)

where
F(x) =D(x)+Mx+gq,
D(x) and Mx + g are the nonlinear part and linear part of F(x) respectively.

The matrix M = ATA + B is computed as follows. A is a n x n matrix whose entries are
randomly generated in the interval (—5,+5) and the skew-symmetric matrix B is generated in
the same way. The components of D(x) are Dj(x) = d; xarctan(x;) and d; is chosen randomly
in (0,1).

In all tests, we take the logarithmic proximal parameter 4 = 0.1,p = 7 = 0.01 and all itera-
tions start with x? = (1,...,1)7 and By = 1. The stopping criterion is set to be

[min{x Pl _ 07
[min{x®, F ()} ]
All codes are written in Matlab. We test the problems (4.1) with different dimensions and
q € (=500, 500) in Table 1, and ¢ € (—500, 0) in Table 2. We compare the proposed method
with those in [7, 27]. In all tests, we take 1 = 0.9, v+ & = 3.35. The test results for problems
(4.1) are reported in tables 1-2. k is the number of iterations and / denotes the number of
evaluations of mapping F.

TABLE 1. The numerical results for problem (4.1) with g € (—500, 500)

Dimension of || The proposed method The method in [7] The method in [27]
the problem k 1 | CPU(Sec.) | k I | CPU(Sec.) | k 1 | CPU(Sec.)

200 110 | 254 0.014 173 | 385 0.049 275 | 591 0.056
300 107 | 245 0.018 188 | 419 0.071 304 | 649 0.082
400 115 | 262 0.028 191 | 425 0.103 300 | 642 0.127
500 127 | 291 0.051 208 | 462 0.165 333 | 713 0.210
700 113 | 261 0.101 196 | 436 0.294 321 | 687 0.401
1000 105 | 247 0.321 187 | 415 0.790 302 | 647 1.188
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TABLE 2. The numerical results for problem (4.1) with g € (—500, 0)

Dimension of | The proposed method The method in [7] The method in [27]
the problem k I | CPU(Sec.) || k I | CPU(Sec.) || k 1 CPU(Sec.)
200 193 | 426 0.037 337 | 746 0.073 522 | 1118 0.089
300 170 | 387 0.058 329 | 729 0.096 5151|1103 0.130
400 237 | 534 0.112 412 | 909 0.160 631 | 1351 0.215
500 201 | 456 0.151 417 | 919 0.217 666 | 1424 0.301
700 191 | 434 0.310 362 | 801 0411 587 | 1257 0.584
1000 215 | 492 0.985 391 | 863 1.491 610 | 1303 2.127

Tables 1-2 show the high efficiency and robustness of the proposed method. Numerical results indicate
that the proposed method can be save about 51 ~ 101 percent of the number of iterations and about
57 ~ 107 of the amount of computing the value of function F for that in [7] and about 132 ~ 212 percent
of the number of iterations and about 150 ~ 231 of the amount of computing the value of function F for
that in [27].

Example 4.2. We consider a network [17] shown in Figure 1, which consists of 25 nodes, 37 links
and 6 O/D pairs. We apply the proposed method in this traffic network equilibrium problems with two
modifications, we use the same notations as [17]. The traffic equilibrium problems can be described as
follows:

x>0 (x—x)TF(x*) >0,

Vx >0, 4.2)

where
F(x) = Ar(ATx) — BA(BT x).

O e O O e O O O O

16 \17
Y Y

02092103 2200 2549 24 25-07 26

32

10 11 12 13 14 15

29 30 31 33

FIGURE 1. A directed network with 25 nodes and 37 links

The test results for problems (4.2) for different € are reported in Table 3, k is the number of iterations
and / denotes the number of evaluations of mapping F. The stopping criterion is

| min{x, F ()} .
[min{, F0)}J = &

Table 3 reports the comparison between the methods of [7, 27] and the proposed method. The number
of iterations and the amount of computing the value of function F have great advantages.
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TABLE 3. Numerical results for for different €

Different | The proposed method The method in [7] The method in [27]
€ k I | CPU(Sec.) || k I | CPU(Sec.) || k 1 CPU(Sec.)
1073 97 | 260 0.011 179 | 403 0.033 361 | 767 0.037
107 122 | 328 0.013 231|523 0.046 467 | 993 0.049
10~/ 146 | 392 0.014 279 | 633 0.042 575 | 1223 0.062
1078 173 | 464 0.022 330 | 750 0.055 684 | 1455 0.077
1077 193 | 520 0.023 380 | 865 0.054 790 | 1680 0.082

5. THE CONCLUSION

In this paper, we suggested and analyzed a new LQP method for solving NCP which unify the basic
ideas of the the original the LQP method. We proposed to solve (1.8) approximately via a constructive
accuracy criterion. In order to ensure the efficiency of the proposed method, we enlarged the step size
in the correction step. Our results could be viewed as significant extensions of the previously known
results. Finally, some numerical results are included to illustrate the efficiency of the proposed method.
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