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ON A CLASS OF NONSMOOTH FRACTIONAL ROBUST MULTI-OBJECTIVE
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Abstract. By employing some advanced tools of variational analysis and generalized differentiation, we study
the Fritz-John type and Karush—Kuhn—Tucker type necessary optimality conditions for a local (weakly) Pareto
solution to a class of nonsmooth fractional robust multi-objective optimization problems. Moreover, sufficient
optimality conditions for such a (weakly) Pareto solution to the considered problem are also investigated in light of
(strict) generalized convex-concave functions defined in terms of the limiting subdifferential of locally Lipschitz
functions.
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1. INTRODUCTION

The data of real-world optimization problems is often uncertain, i.e., they are not known
exactly when the problem is to be solved [2, 3, 4, 5], due to prediction errors or lack of infor-
mation. Nowadays, robust optimization has emerged as a remarkable deterministic framework
for studying mathematical optimization problems with uncertain data; see [2, 3, 4, 6, 7, 8, 9,
13, 14, 15, 16, 17, 18] for theoretical and applied aspects of robust optimization. Among them,
Chuong [7] studied optimality conditions (and duality) for robust multi-objective optimization
problem involving nonsmooth real-valued functions.

In this paper, we aim to investigate optimality conditions for a class of nonsmooth fractional
robust multi-objective optimization problems, which can be regarded as its fractional model of
the robust multi-objective optimization problem studied by Chuong [7].

Let K ={1,...,1},J ={1,...,m} be index sets, and the functions py, g, k € K, be locally
p1(x) Pz(x))

o . o S S Q)" qilx)

for simplicity. The fractional multi-objective optimization problem with inequality constraints

1S

Lipschitz on R"”, and g}, j € J be given functions. Furthermore, denote f(x) := (

Ming {f(x)|g;(x) <0,j€J}, (P)
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where MinRzJr in the above problem is understood with respect to the ordering cone Rﬂr =

{1y---5y1) | ¥i >0, i=1,...,1}; and problem (P) in the face of data uncertainty in the con-
straints can be written as the following form:

Ming, {f(x)]g;(x,v;) <0, j€J}, (UP)

where x € R" is the vector of decision variables, v; € ¥}, j € J are uncertain parameters, g; :
R" x ¥; — R, j € J are continuous functions.
Following the robust approach, we associate with (UP) its robust counterpart:

MinRzJr {f(x)|gj(x,vj) <0, Vv, €Y, jeJ}. (RP)
Let F be the feasible set of problem (RP), given by
F:={xeR"|gj(x,vj) <0, Ve, jel}. (1.1)

Definition 1.1. We say that X € F'is a local Pareto solution to problem (RP) if and only if there
is no x € F and there is neighborhood U of X such that

fi6) < fil®), W¥xeFNU, keK, (1.2)

with at least one strict inequality. If in addition all the inequalities in (1.2) are strict, then one
has the definition for local weakly Pareto solution to problem (RP).

In what follows, for the sake of convenience, we further assume that py(x) > 0, gx(x) > 0,
k € K for all x € R". Here after, we use the notation f := (f1,..., f;), where f; := %, k€K,
and g := (g1,...,8m). Besides, let us make some assumptions for function g;, j € J, given in
(1.1). We refer the reader to [7] for more details.
(A1) For a fixed ¥ € R”, there exists 87 > 0 such that the function v; € 7; = g;(x,v;) € R
is upper semicontinuous for each x € B(¥,67), and the functions g;(-,v;),v; € ¥}, are
Lipschitz of given rank L; > 0 on B(%, 87), i.e.,

|gj(x1,v)) —gj(x2,v))| < Ljllxi —xall, ¥x1,x2 € B(%,87), Wv; € .

(A2) The multifunction (x,v;) € B(%, 87) x ¥; =2 dyg(x,v;) C R" is closed at (%, 7;) for each
vj € ¥;(X), where the symbol d, stands for the limiting subdifferential operation with
respect to x, and the notation 7 (%) signifies active indices in 7#; at %, i.e.,

V3) = {vs € 45 g,5v)) = Gy(3)) (13)
with G;(%) := sup g;(,v;).

Y jE%
Now, using the parametric approach, we transform the problem (RP) into the nonsmooth
non-fractional robust multi-objective optimization problem (RP), with a parametric y € R

Ming; {7(x) == (p1(x) =nq1(x),..., pi(x) =Yg (x)) | x € F}, (RP),
where the feasible set F' is same as (1.1).

The following result describes the relation between the (weakly) Pareto solutions to problem
(RP) and its associate non-fractional model.
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Lemma 1.1. (c.f. [1, Lemma 1]) Let X € F be a local (weakly) Pareto solution to problem (RP).
Then there exists ¥ € RL, , such that % € F is also a local (weakly) Pareto solution to problem

(RP)y. If X € F is a local (weakly) Pareto solution to problem (RP)y with ¥, = E g then X be
a local (weakly) Pareto solution to problem (RP).

The rest of the paper is organized as follows. In Section 2, some preliminaries and previous
results are provided. Section 3 shows (both necessary and sufficient) optimality conditions for
a class of nonsmooth fractional robust multi-objective optimization problems. Finally, conclu-
sions are given in Section 4.

2. PRELIMINARIES

In this section, we recall some notations and preliminary results that will be used throughout
this paper; see, e.g., [19, 20]. Let R" denote the Euclidean space equipped with the usual
Euclidean norm || - ||. The nonnegative orthant of R” is denoted by R”} := {(x1,...,x,) | x; >
0,i=1,...,n}. The inner product in R" is defined by (x,y) := x”y for all x,y € R". The symbol
B(x, p) stands for the open ball centered at x € R” with the radius p > 0. For a given set Q C R”,

we use conv £ to indicate the convex hull of 2, and the notation x £> X means that x — X with
x € Q.
A given set-valued mapping F : Q C R" = R™ is said to be closed at x € Q if for any sequence
{x¢} C Q, x; — X, and any sequence {y;} C R™, y; — ¥, one has y € F(X).
Given a multifuction F : R” = R with values F (x) C R™ in the collection of all the subsets
of R™. The limiting construction
LimsupF (x) := {yeRm | 3xx — X, yx — y with y, € F(xy) forall k € N:={1,2,. }}

X—X

is known as the Painlevé—Kuratowski upper/outer limit of F at x.
Given Q C R", and x € Q, define the collection of Fréchet/regular normal cone to Q at X by

(v,x —X)
hmsup— <0,.

N(%;Q) = N (%) := {v eR"
N

If ¥ ¢ Q, we put N(x; Q) := 0.

The Mordukhovich/limiting normal cone N (X; Q) to Q at ¥ € Q C R" is obtained from regular
normal cones by taking the sequential Painlevé-Kurotowski upper limits as

N(%;Q) := Limsup N (x; Q).
xiﬁ

If ¥ ¢ Q, we put N(x; Q) := 0. B

For an extended real-valued function ¢ : R” — R := [—oo, +00] its domain and epigraph are
defined by

dom¢ := {x eR" | ¢(x) <o} and epi¢:={(x,u) eR"xR|¢(x) <p}.

Let ¢ : R” — R be finite at ¥ € dom ¢, then the collection of basic subgradients, or the (ba-
sic/Mordukhovich/limiting) subdifferential, of ¢ at x is defined by

99 (x):={veR"|(v,—1) e N((x,¢(%));epi¢) } .
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Given Q C R", and consider the indicator function 8(-; Q) defined by

0, ifx e Q,
0% Q) = { +oo,  otherwise.

Furthermore, we have a relation between the Mordukhovich normal cone and the limiting sub-
differential of the indicator function as follows (see [20, Proposition 1.19]):

N(x%Q)=00(x;Q), VieQ.

Recall that a function ¢ : R — R is known as locally Lipschitz at ¥ € R” with rank L > 0,
i.e., there exists p > 0 such that

10 (x1) = @ ()| < Lllx1 —x2f], Vx1,x2 € B(X, p).
The generalized Fermat’s rule is formulated as follows (see [20, Proposition 1.30]).
Lemma 2.1. Let ¢ : R* — R be finite at %. If % is a local minimizer of ¢, then
0e€do(x). (2.1)

We close this section by recalling the following lemmas, which will be very useful for estab-
lishing optimality conditions; see [20].

Lemma 2.2. [20, Corollary 2.21 and Theorem 4.10 (ii)]

(i) (sum rule) Let ¢;: R* = R, i =1,2,...,m, m > 2 be lower semicontinuous around
x € R, and let all but one of these functions be Lipschitz continuous around x. Then

1+ 2+...+0n)(X) CIP1(X) +dPo(X) + ...+ IPu(X).

(ii) (max-function rule) Let ¢;: R" - R, i =1,2,...,m, m > 2 be lower semicontinuous
around X for i € In.x(X) and be upper semicontinuous at X for i ¢ Inax(X), suppose that
each ¢;, i =1,... ,m, is Lipschitz continuous around x. Then we have the inclusion

N a)®) ULo( T au0)0)| (oot € 40

i€lmax (%)

where the equality holds and the maximum functions are lower regular at X if each ¢; is
lower regular at this point and sets Iax (%) and A(X) are defined as follows:

Inax (%) := {i € {1,...,m} | ¢;(¥) = (max ¢;)(%) },
A(f) = {(ﬂ‘l,. .. ,)Lm) Ai >0, ill = 1,%((})1'()?) — (maxq),-)(i)) = O} .
i=1

Lemma 2.3. [20, Corollary 4.8] Let ¢;: R — R for i = 1,2 be Lipschitz continuous around %
with ¢(X) # 0. Then we have

O, 6D — (61 (D)2)(®)
9(%) @< G |

(2.2)
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3. OPTIMALITY CONDITIONS

This section is devoted to studying optimality conditions for the nonsmooth fractional robust
multi-objective optimization problem (RP). More precisely, by exploiting the nonsmooth ver-
sion of Fermat’s rule, the mean value inequality, and the sum rule for the limiting subdifferential,
we first establish necessary conditions for local (weakly) Pareto solution to problem (RP). Then,
by introducing concepts of generalized convex-concavity for a family of real-valued functions,
we establish sufficient conditions for such solutions.

3.1. Necessary Optimality Conditions. In what follows, we establish the Fritz-John type nec-
essary optimality condition for a local weakly Pareto solution to the associated nonsmooth non-
Jfractional robust multi-objective optimization problem (RP),.

Theorem 3.1 (Fritz-John type). Let ¥, = ‘Z ’;8 , k€ K. If X is a local weakly Pareto solution to

problem (RP), then there exist B > 0,k € K and u; >0, j € Jwith Y, B+ Y. 1; = 1 such that
keK jeJ

0€ ¥ Bidpi(¥) — L Bindqu(%) + X pjconv{Udig;(X,v;) [ v; € ¥;(%)},
kek kek jes
ujsup g;(%,v;) =0, j€J.

Vje“//j

(3.1)

Proof. Let x be a local weakly Pareto solution to problem (RP). For j € J, we consider 5]’? , Lj,
7;(%), and G(X) as in assumption (A1) and (A2). First, along with the proof of [7, Theorem
3.3], we admit that

COHV{Uaxgj()Eavj) | Vj S %(f)}

is closed and compact. Moreover, with the help of the mean value inequality (see [20, Corollary
4.14(i1)], it can be shown that

dGj(x) C conv{Udg;(x,v;) | v; € ¥(x)}. (3.2)

Since x is a local weakly Pareto solution to problem (RP). Then, by Lemma 1.1, X is a weakly
Pareto solution to problem (RP)y. Now, define a real-valued function y on R" by

y(x) = (max | {Pe(x) = %ai(x),G;(x)}, x€R".

We claim that
v(E) =0<wy(x), WxeU. (3.3)

Indeed, it is easy to see the equality in (3.3) holds due to X € F. If x € FNU, then y(x) > 0.
Otherwise y(x) < 0 leads us to that

pi(x) — %qr(x) <0, forall k€ K.
Equivalently,

pr(x)  pi(X)

qar(x)  qi(¥)

which is a contradiction to the fact that X is a local weakly Pareto solution to problem (RP). If
x € U\F, then there exists jo € {1,...,m} such that Gj,(x) > 0, which entails that y(x) > 0.

<0, forall k€K,
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We assert by (3.3) that X is a minimizer of the following scalar problem

min y(x). (3.4)

xeU

Invoking now the nonsmooth version of Fermat’s rule (2.1) to problem (3.4), we have

0 € dy(x).

Applying further the formula for the limiting subdifferential of maximum functions and the
limiting subdifferential sum rule for Lipschitz functions (see Lemma 2.2), one has

dy(x) =9 ( max {pi(-)—n%a(-).G;(")}) (%)

keK.jel
CU{3(ZBk(pk( —Year() + Y_1iG; | (B1,-- ﬁl;#l,-n,#m)EA(f)}
kekK jeJ
CU{ZBkaPk — Y Bendqu(®) + Y ujoG( )|(51,-.-,51,I~L1,~--,Hm)GA(X)}7
kek kek =

and we get

{Zﬁkapk — Y Bendgi(®) + Y 1;0G;(x)

kek kek jes

By Bryttay - ) € A(X), p;G;(X) ZO}.

From (3.2) together with (1.3), we derive

IS {Zﬁkapk = ) Bindai(x) + Y pjconv { Udsg;(X,v)) | v; € ¥(%)}

kekK kekK jeJ

Biver o Bttt fin) € AGE), 1 sUp (E,7)) :o},

v j€7/j
which establishes (3.1), and completes the proof. 0
To obtain the necessary optimality condition of Karush—Kuhn—Tucker type for a local weakly

Pareto solution to problem (RP), the following constraint qualification is needed, see Chuong

[7].
Definition 3.1. Let X € F. We say that the constraint qualification (CQ) is satisfied at x if
0 ¢ conv{ Udg;(x,v;) | v; € ¥j(%), j€J}.

Remark 3.1. If the (CQ) condition holds, then B; in (3.1) can be chosen not all zero, and
hence, a point X € F is satisfy (KKT) condition (3.1). Indeed, if B = 0, for all k € K, then
0 € conv { Udyg;(¥,v;) | vj € ¥;(X), j € J}, which reaches to a contradiction to our assumption
that the (CQ) condition holds.

Now, under the satisfaction of the (CQ) condition, we provide the Kurash—-Kuhn-Tucker type
necessary optimality condition for a local weakly Pareto solution to the nonsmooth fractional
robust multi-objective optimization problem (RP).
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Theorem 3.2 (KKT type). Let X be a local weakly Pareto solution to problem (RP), then there

exist B >0,k € Kand u; >0, j€Jwith Y, B+ ¥ 1= 1 such that
kekK jeJ

0€ ¥ o(Opul(®) ~ B 0au(®) + L pjconv{Ldig(v)) |v; € 750},
J

ujsup g;j(x,v;) =0, jeJ, (3-5)

vi€Y]

where oy, = %(kx_). If we further assume that the (CQ) condition holds at X, then kEKak £ 0.

Proof. Let x be a local weakly Pareto solution to problem (RP). For j € J, we consider Sf , Lj,
(%), and G(X) as in assumptions (A1) and (A2). Again, with the proof of [7, Theorem 3.3],
we admit that

COHV{ Uaxgj(xavj) | Vj < %(X)}

is closed and compact. Moreover, with the help of the mean value inequality (see [20, Corollary
4.14(i1)]), it can be shown that

9G(x) C conv{Udxg;(x,v;) | v; € ¥;(%)}. (3.6)

Since X is a local weakly Pareto solution to problem (RP) and define a real-valued function
v on R" by

—— ,Gj(x)}, xeR"
We are going to show that
y(x) =0<w(x), VxeU. (3.7)

Indeed, it is easy to see the equality in (3.7) holds due to X € F. If x € FNU, then y(x) > 0.
Otherwise y(x) < 0 leads us to that

— <0, forall k€K,
qr(x)  qi(X)

which is a contradiction to the fact that ¥ is a local weakly Pareto solution problem (RP). If
x € U\F, then there exists jo € {1,...,m} such that Gj,(x) > 0, which entails that y(x) > 0.
We assert by (3.7) that X is a minimizer of the following scalar problem

min y(x). (3.8)

xeU

Invoking now the nonsmooth version of Fermat’s rule (2.1) to problem (3.8), we have

0 € dy(x).
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Applying further the formula for the limiting subdifferential of maximum functions and the
limiting subdifferential sum rule for Lipschitz functions (see Lemma 2.2), it yields that

v = max {0 pk(?),cjc)})(x)

kekK, jeJ | gk qk( )

Pk x _
{20 B0 5 i o 00}
CU{Zﬁk X)—f—Z.u]aGJ(X) (ﬁla?ﬁl?“l?num)el\(x)}a
kek 9k jeJ
and we get
J
0€e {Zﬁzﬂ(&)(fH Y wjoG;(®) | (Bi,-- -, B, M) € AX), ;G (%) =0}-
keK dk j=1

It follows from (3.6) and (1.3) that

0¢ { Y Bid(Z5) (2) + ¥ pyeonv { Udig(%,v)) | v; € (%)}
kek qk = (3.9)

' (Bl,...,Bl,ul,...,um) EA()E),‘LLJ' sup gj(f,vj) :O}.

Vjeﬂf/j

Taking (2.2) into account, we arrive at

Y Bed( Pk @ C ZBkG(CIk(X)Pk)([i) 82(pk(;z)qk)()g)

keK kek Gk (%)]
qx(X) 9 pi(X) — pr(¥)dqi (X)
- Lk PG 10
v B - Pi(X) 5 o
kgg% ( 2 (®) I ))-

y letting oy := or k € K, we observe that is obtained by an Oreover,
Byl B()f kekK, b hat (3.5) is ob d by (3.9) and (3.10). M

it is clear that Y oy # 0 providing the (CQ) condition is satisfied at x. Thus, the proof follows.
kek
U

3.2. Sufficient Optimality Conditions. In order to formulate sufficient conditions for a (weakly)
Pareto solution to problem (RP), we give concepts of (strictly) generalized convex-concavity
type at a given point for locally Lipschitz functions. It is worth mentioning that the definition
below is motivated by [7, Definition 3.9], [12, Definition 3.7] and [11, Definition 3.11].

Definition 3.2. (i) We say that (p,g;q) is generalized convex-concave at x € R" if for any
x € R", & € dpi(%), & € dqr(%), k € K, and 1, € d,g(X,v), v € ¥j(X), j € J, there
exists & € R" such that

pe(x) = pe(X) = (8. h), k€K,
( ) (X)S<Ckah>7 kGK,
gJ<x’v)_gJ(X’V)Z<nV7h>’ VG"/J'()E), jEJ,
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where 7;(X), j € J, are defined as in (1.3).

(ii) We say that (p,g;q) is strictly generalized convex-concave at ¥ € R" if for any x €
R™\{x}, & € dpr(X), &k € dqi(%), k € K, and 0, € digj(%,v), v € ¥}(X), j € J, there
exists & € R" such that

where 7j(X), j € J, are defined as in (1.3).

Remark 3.2. We see that if p;, k € K, and g, j € J are convex (resp., strictly convex), and gy,
k € K are concave (strictly concave), then (p, g;q) is generalized convex-concave (resp., strictly
generalized convex-concave) on R” at any X € R” with 4 := x — X for each x € R".
Theorem 3.3. Assume that X € F satisfies the condition (3.1) with 'Y, B # 0.
kek
() If (p,g;q) is generalized convex-concave at X, then X is a weakly Pareto solution to
problem (RP).
(i) If (p,g;q) is strictly generalized convex-concave at X, then X is a Pareto solution to
problem (RP).

Proof. Since X € F satisfies the condition (3.1), there exist B; > 0, & € dpi(%), & € dqr(X),
Ye = o) e g with YiekBe #0,and u; >0, j€J, wj; > 0, nji € 0hgj(X,vji), vji € ¥j(X),

ka( ¥’
ielj={1,...,ij},i; €N, Zuﬂ—l such that
lEJ
Y Be&i— Y B+ Y i (Y mim;i) =0, (3.11)
keK kek jel i€l
Wjsup gi(x,v;) =0, jeJ. (3.12)
VjGA//j

We first justify (i). Assume to the contrary that X is not a weakly Pareto solution to problem
(RP), then there is £ € F such that

pi(£)  pi(¥)

K(®) ()

<0, VkeKk.

)

Equivalently,
Pe(®) — Y%qr(%) <0, VkeK, (3.13)

where ¥, = é ; and note the hidden fact that ¢;(£) > 0, k € K.

By the generahzed convex-concavity of (p,g;q) at X, we deduce from (3.11) that for such £
there is & € R” such that

0="Y Bel&,h) = Y Ben(Ce. by + Y i (Y wji(nji, h))

kek kek jer el
<Y Bi(pe(®) — pr(®) = Y Bivi (a(®) — qe (D) + Y i (Y mji[g5(%,vi) — g (&%, vii)])
kek kek i i

=Y Beoe(®) = Y Bivean(®) + Y ui (Y wi[gi (& vi) — gi(%vii)])-

kek keK jel el
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Hence,

0< Y Belpr(®) —wac®)] + Y ou; (Y mji[gi(®,vii) — gi(%.vii)])- (3.14)
kek jel i€l

In addition, v;; € #;(%),
gj()f,vji) = sup gj(i,vj), Vjel, Vie I;.

vi€”j
Thus, it follows from (3.12) that u;g;(x,v;;) = 0 for j € J and i € I;. In addition, due to £ € F,
ujgj(x,vji) <0for j€Jandiel;. So, we get by (3.14) that

0< Y Bi[pe(®) — nar(®)].

kek

This entails that there is kg € K such that

0 < pxo (%) — Yio ko (£)

due to B > 0, k € K with Y, B # 0. This contradicts (3.13) and the proof of (i) follows.
kekK

Now, we prove (ii). Suppose to the contrary that X is not a Pareto solution to problem (RP),
then there is £ € F such that

pr(£) Pk()<0 ke K,
al®) (@)
with at least one strict inequality. Equivalently,
Pi(®) — Yieqi (£ ) <0, VkeK, (3.15)

v

with at least one strict inequality, where % = , and fact that gz (%) > 0, k € K.

(p,g,q) at X, we deduce from (3.11) that for

»Q
/—\

k(X
By the strictly generalized convex-concavity o

such £ there is & € R” such that

0="Y Be(&h) = Y Bn(Ge ) + Y wi (Y wji(nji,h))

keK keK jeJ  i€l;
<Y Bi(pr(®) — pre(®) = Y Bivi (ax(®) — g (0) + Y i (Y mji[g5 (%, vii) — g, vii)])
kekK kek jeJ  i€l;
= Zﬁkpk ZﬁkYka + Z“] Zﬂﬂ gj X Vjt) gj(f,Vji)])-
kek kekK jeJ i€l;
This (thanks to B; > 0, k € K with Y. B # 0) entails that there is kg € K such that
keK
0< pk() (ﬁ) - ’Yk()qko ()/C\)v
which contradicts (3.15). Therefore, the proof of (ii) is complete. O
Theorem 3.4. Assume that X € F satisfies the condition (3.5) with Y, oy # 0.
kek
(iii) If (p,g;q) is generalized convex-concave at X, then X is a weakly Pareto solution to

problem (RP).
(iv) If (p,g;q) is strictly generalized convex-concave at X, then X is a Pareto solution to
problem (RP).
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Proof. Since X € F satisfies the condition (3.5), there exist @ > 0, & € dpi(%), & € Iqi (%),
k € K with Y cx oy # 0, and uj > 0, jelJ, Wi = 0, nj < axgj()f,vj','), Vji € 7/1'()?), ielj=
{1,...,ij},ij €N, Zuﬂ—l such that

161

) o ( ;C) ) + L (L i) =0, (3.16)

kek jeJ  iel;
ujsup g;i(x,v;) =0, jeJ. (3.17)
VjE“Vj

We first justify (ii1). Assume to the contrary that X is not a weakly Pareto solution to problem
(RP), then there is X € F such that

Pi(®)  pi(E)

ar(£)  qi(¥)
By the generalized convex-concavity of (p,g;q) at X, we deduce from (3.16) that for such £
there is 4 € R” such that

0= Lo ((&h)~ 226 ) + Ty Tstmien))

kek jel  \iel;

<0, VkeK. (3.18)

<) o {pk(i)—pk( ) — Z:E;? (%) — qu(x }JrZMJ(Zu,, gj(%,vji) — gj(;z,vﬁ)})

koK = i€l
_ o P . o (2v) — (e
“Ya - 2300 + jgjuj(i;juﬂ[g]( - site])
Hence,

0< ) o [pk(f) - 1;1:8 Qk(ﬁ)] + Y u (Z,Uji 8 (%,vji) —gj(f,Vji)}) : (3.19)

kek jeJ  \iel;
In addition, v;; € #;(%),

gj(f,vj,-): Supgj(f,vj), vjeJ, vViel;.
Vj€7/j

Thus, it follows from (3.17) that u;g;(¥,v;;) = 0 for j € J and i € I;. In addition, due to £ € F,
uigj(®,vji) <0for jeJandiel,. So, we get by (3.19) that

0< ) o |pu(X) ——=ax
kgg Qk(x)

This entails that there is kg € K such that

~ Pky (-f) N
0 < pry(£) = =, (£ (3.20)
o) Gy (X) 0( )
dueto o >0, k € K with Y, oy # 0. The inequality in (3.20) is equivalent to the following one

kekK
Pio(%) _ Pry(£)
ko (%)~ qry (%)
which contradicts (3.18). Thus, the proof of (iii) is complete.
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Now, we show (iv). Suppose to the contrary that X is not a Pareto solution to problem (RP),
then there is £ € F such that

k(%)
k(%)

)
k(%)

=
=
=
=

<0, VkeK, (3.21)

<
<

with at least one strict inequality.
By the strictly generalized convex-concavity of (p,g;q) at X, we deduce from (3.16) that for
such % there is 4 € R" such that

0= ¥ (8~ 280 )+ Do ( Estmin))

kek jel  \iel;

<zak[pk<f>—pk<x>—’q’:—g<q<> e ]+2u,(zu,, ¢ (8vi) — gJ-(x,vﬁ)})

kekK jeJ i€l;

=) o {Pk()?) — lejgs Qk()?)} + YU (Zﬂji & (& vji) _gj()z,"ji)})-

kek jel  \iel;

This entails that there is kg € K such that

0 < pio(£) — Z:O—g;% (%)

due to o > 0, k € K with Y, oy # 0. Equivalently,

keK
Piy(X)  Pry(%)
= < >
Qi (X) iy (%)
which contradicts (3.21) and the proof of (iv) follows. O

4. CONCLUSIONS

In 2014, Chuong and Kim [10] studied optimality conditions and duality for nonsmooth
multi-objective optimization problems by employing some advanced tools of variational analy-
sis and generalized differentiation. Then, the optimality conditions and duality for nonsmooth
robust multi-objective optimization problems were obtained in 2016 by Chuong [7]. In this
paper, we further investigated optimality conditions for a class of nonsmooth fractional robust
multi-objective optimization problems.

The result on duality for the class of nonsmooth fractional robust multi-objective optimiza-
tion problems modeled by (RP) will be examined in a forthcoming study.
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