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Abstract. This paper is concerned with the sensitivity analysis in reflexive Banach spaces. We first establish the
formulae for estimating the generalized τw-contingent epiderivatives of the efficient solution maps and the pertur-
bation maps in parametric vector optimization problems. Then, an application to the semi-infinite programming is
provided. Some examples are also given for illustrating the obtained results.
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1. INTRODUCTION

In parametric vector optimization problems, sensitivity analysis is the research of derivatives
of the perturbation maps and the efficient solution maps. There are two main approaches in
sensitivity analysis: the dual space approach and the primal space approach. In the dual space
approach, we refer to the books [16, 17] and the recent papers [6, 8, 18]. In primal space
approach, the first-order derivatives of perturbation maps were studied in [3, 5, 7, 13, 19, 26,
33]. To get more information, the higher-order derivatives of perturbation maps have been
investigated in [1, 9, 27, 29]. Another interesting topic in the primal space approach is to study
the proto-differentiability of perturbation maps, introduced in [21]. Some developments on
the proto-differentiability of perturbation maps of parametric vector optimization problems and
related problems were obtained in [11, 14, 15, 30, 31].

In [22], τw-contingent epiderivatives, based on the consideration of the weak topology in
the image space, were introduced, and applied to the optimality conditions for a set-valued
optimization problem. The formulas for estimating the τw-contingent derivative of the Bor-
wein proper perturbation map via the τw-contingent of the constraint map and the Hadamard
derivative of the objective map were considered in [33]. It should be noted that contingent epi-
derivatives [12] as well as τw-contingent epiderivatives may not exist in some cases. To deal
with this problem, an alternative definition of contingent epiderivative, denoted by generalized
contingent epiderivatives, for a set-valued map was presented in [3, 4]. We observe that this al-
ternative definition could be done in the same way for τw-contingent epiderivatives. Moreover,
the generalized τw-contingent epiderivatives are able to utilize in sensitivity analysis.
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Motivated by the above observations, we aim to discuss the generalized τw-contingent deriva-
tives in sensitivity analysis by considering the generalized τw-contingent derivatives of the ef-
ficient solution maps and the perturbation maps of parametric vector optimization problems in
this paper. The organization of the paper is as follows. In Section 2, we recall some important
notions and present the definition of the generalized τw-contingent epiderivatives of set-valued
maps. In Section 3, we establish the formulae for computing the generalized τw-contingent
epiderivative of the efficient solution map and the pertubation map of a parametric vector opti-
mization problem. An application to semi-infinite optimization is given in Section 4.

2. PRELIMINARIES

Throughout this paper, let P,X and Y be reflexive Banach spaces, where the spaces X and Y
are partially ordered by pointed, closed, and convex cones with apex at the origin Q⊆X and K⊆
Y , respectively (shortly resp). The norm of Banach space P×Y are defined by ‖(p,y)‖P×Y =
‖p‖P + ‖y‖Y . For A ⊆ Y , intA, clA, ∂A, coneA denote its interior, closure, boundary and the
cone {λa | λ ≥ 0, a ∈ A}, resp. A set B ⊂ Y is called a base for K if 0 /∈ clB and K = {λb :
λ > 0,b ∈ B}. If B is compact we say that K has a compact base B. The cone K has a compact
base if and only if K ∩ ∂B is compact (see in [26]). The set of all neighborhoods of y ∈ Y is
represented by N (y).

Let A be a nonempty subset of Y and ā ∈ A. We recall some concepts of optimality/efficiency
in vector optimization as follows.

(i) ā is called a local (Pareto) minimal/efficient point of A with respect to (shortly wrt) K,
denoted by ā ∈MinKA iff there exists U ∈U (ā) such that

(A∩U− ā)∩ (−K \{0}) = /0.

(ii) ā is said to be a local weak minimal/efficient point of A, denoted by a ∈WMinKA iff
there exists U ∈U (ā) such that

(A∩U− ā)∩ (−intK) = /0.

(iii) ā is said to be a local ideal minimal/efficient point of A, denoted by a∈ IMinKA iff there
exists U ∈U (ā) such that

A∩U− ā⊂ K.

If U = Y , the word “local” is omitted, i.e., we have the corresponding global notions. It is easy
to see that IMinKA⊆MinKA⊆WMinKA. Note that IMinKA may be not a single-point set when
K is not pointed. Moreover, MinK(A+K) = MinKA, see [25].

Let G : P ⇒Y be a set-valued map. The effective domain, graph and epigraph of G is defined
resp by

domG := {p ∈ P | G(p) 6= /0} ,
grG := {(p,y) ∈ P×Y | y ∈ G(p)} ,
epiG := {(p,y) ∈ P×Y | p ∈ domG,y ∈ G(p)+K} .

The so-called profile map G+K : P ⇒ Y is defined by (G+K)(p) := G(p)+K. In the sequel,
by→ (resp.−→

w
) we denote the convergence wrt the norm topology (resp. weak topology). Given

(pn,yn) ∈ P×Y and (p̄, ȳ) ∈ P×Y , by (pn,yn)−−→
s,w

(p̄, ȳ), we mean pn→ p̄,yn −→
w

ȳ.

Definition 2.1. [22] Let M ⊂ P×Y and (p̄, ȳ) ∈M.
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(i) The weak contingent cone of M at (p̄, ȳ) is defined by

T w(M,(p̄, ȳ)) := {(p,y) ∈ P×Y | ∃tn ↓ 0,∃(pn,yn)−−→
s,w

(p,y),(p̄, ȳ)+ tn(pn,yn) ∈M,∀n}

(ii) The τw-contingent derivative of a set-valued map G : P ⇒ Y at (p̄, ȳ) ∈ grG is the set-
valued map DwG(p̄, ȳ) : P⇒Y such that grDwG(p̄, ȳ)= T w(grG,(p̄, ȳ)), or equivalently,

DwG(p̄, ȳ)(p) :={y ∈ Y | ∃tn ↓ 0,∃(pn,yn)−−→
s,w

(p,y), ȳ+ tnyn ∈ G(p̄+ tn pn),∀n}.

(iii) The set-valued G is said to be τw-epidifferentiable at (p̄, ȳ)∈ grG if there exists a single-
valued map EDwG(p̄, ȳ) : domDw(G+K)(p̄, ȳ)⊆ P→ Y such that

epiEDwG(p̄, ȳ) = T w(epiG,(p̄, ȳ)).

Then, EDwG(p̄, ȳ) is called τw-contingent epiderivative of G at (p̄, ȳ).

Remark 2.1. [22] If G is be τw-epidifferentiable at (p̄, ȳ) ∈ grG, then

EDwG(p̄, ȳ)(p) = IMinKDw(G+K)(p̄, ȳ)(p),

for all p ∈ domDw(G+K)(p̄, ȳ).

Lemma 2.1. [33] Let G : P ⇒ Y and (p̄, ȳ) ∈ grG. Then,

DwG(p̄, ȳ)(p)+K ⊆ Dw(G+K)(p̄, ȳ)(p).

In the line of [3, 4], we introduce the following definition of generalized τw-contingent epi-
derivative of a set-valued map.

Definition 2.2. The generalized τw-contingent epiderivative of a set-valued map G : P ⇒ Y at
(p̄, ȳ) ∈ grG is the set-valued map Dw

g G(p̄, ȳ) : P ⇒ Y defined by

Dw
g G(p̄, ȳ)(p) := MinKDw(G+K)(p̄, ȳ)(p),∀p ∈ P.

Example 2.1. [24] Let P = R and Y = l2, where l2 is the space of all scalar sequences x =
{xi}i∈N = (x1,x2, ...,xn, ...),xi ∈R with ∑

∞
i=1 |xi|2 <+∞ and ‖x‖= (∑∞

i=1 |xi|2)1/2. By {ei}i∈N⊂
l2 we indicate its standard unit basis. We note the ordering cone on l2 as follows

K = l2
+ =

{
y = {yi}i∈N ∈ l2 | yi ≥ 0 for every i ∈ N

}
.

K is a closed, convex, and pointed cone with intK = /0. Let the map G : P→ Y be defined by

G(p) =



p(h+ en), if p =
1

3n
,

p(l + en), if p =
1

3n+1
,

pr, if p =
1

3n+2
,

pt, elsewhere in R+,

where h, l,r, t ∈ l2 and (p̄, ȳ) = (0,0l2) ∈ grG.
∗ Case 1. If h = l = 0,r = t = e1, then

EDwG(p̄, ȳ)(p) = Dw
g G(p̄, ȳ)(p) = {0l2},∀p ∈ R+.

∗ Case 2. If h = l = e1,r = t = e2, then EDwG(p̄, ȳ)(p) does not exists and

Dw
g G(p̄, ȳ)(p) = {pe1, pe2},∀p ∈ R+.
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Example 2.2. Let P = R and Y = l2× l2, where l2 is the space of all scalar sequences x =
{xi}i∈N ⊂ R with ∑

∞
i=1 |xi|2 <+∞. Note that Y is also a Hilbert space with the inner product

〈(y,z),(y′,z′)〉Y = 〈y,y′〉l2 + 〈z,z′〉l2.

By {ei}i∈N ⊂ l2, we indicate its standard unit basis. We note the ordering cone on Y as follows

K =
{
(y,z) ∈ l2× l2 | yi ≥ 0,zi ≥ 0 for every i ∈ N

}
.

K is a closed, convex, and pointed cone with intK = /0. Let the set-valued map G : P ⇒ Y be
defined by

G(p) =
{
{(y,z) ∈ Y | ‖(y,z)‖2

Y ≤ p2}, if 0≤ p≤ 1,
/0, otherwise,

and
(p̄,(ȳ, z̄)) = (1,((− 1√

2
,0, ...,0, ...),(− 1√

2
,0, ...,0, ...)) ∈ grG.

Then,
T w(grG,(p̄,(ȳ, z̄))) = {(p,(y,z)) ∈ P×Y | y1 + z1 ≥−

√
2p}.

Indeed, let
((p,(y,z))) ∈ T w(grG,(p̄,(ȳ, z̄))).

Then, there exist tn ↓ 0, (pn,(y(n),z(n)))−−→
s,w

(p,(y,z)) such that

(1,((− 1√
2
,0, ...,0, ...),(− 1√

2
,0, ...,0, ...))+ tn(pn,(y(n),z(n))) ∈ grG,∀n,

leads to

‖((− 1√
2
,0, ...,0, ...),(− 1√

2
,0, ...,0, ...)+ tn(y(n),z(n)))‖2

Y ≤ (1+ tn pn)
2,∀n.

Consequently,

〈(− 1√
2
,0, ...,0, ...)+ tny(n),(− 1√

2
,0, ...,0, ...)+ tny(n)〉

+ 〈(− 1√
2
,0, ...,0, ...)+ tnz(n),(− 1√

2
,0, ...,0, ...)+ tnz(n)〉

≤ 1+2tn pn + t2
n p2

n,

or equivalently,

2〈(− 1√
2
,0, ...,0, ...),(− 1√

2
,0, ...,0, ...)〉

+2tn〈(−
1√
2
,0, ...,0, ...),y(n)+ z(n)〉+ t2

n(〈y(n),y(n)〉+ 〈z(n),z(n)〉)

≤ 1+2tn pn + t2
n p2

n.

Hence,

−2.
1√
2
(y(n)1 + z(n)1 )+ tn(〈y(n),y(n)〉+ 〈z(n),z(n)〉)≤ 2pn + tn p2

n,∀n.

Letting n→ ∞, one has y1 + z1 ≥−
√

2p. Moreover, we also have

T w(epiG,(p̄,(ȳ, z̄))) = T w(grG,(p̄,(ȳ, z̄))) = {(p,(y,z)) ∈ P×Y | y1 + z1 ≥−
√

2p}.
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Hence, EDwG(p̄,(ȳ, z̄))) does not exist and

Dw
g (p̄,(ȳ, z̄)))(p) = {(y,z) ∈ Y | y1 + z1 =−

√
2p}.

Definition 2.3. [25] Let A⊂ Y , G : P ⇒ Y and p̄ ∈ P.

(i) The set A is said to have the domination property if A⊂MinKA+K.
(ii) We say that the domination property satisfies for G around p̄ if there exists a neighbor-

hood U ∈N (p̄) such that

G(p)⊂MinKG(p)+K,∀p ∈U.

Definition 2.4. [2] Let G : P→Y be a vector-valued map. G is said to be Fréchet differentiable
at p̄ ∈ P iff there exist a linear continuous operator ∇G(p̄) : P→ Y such that

G(p) = G(p̄)+∇G(p̄)(p− p̄)+o(||p− p̄||),

where o(||p− p̄||) satisfies
o(||p− p̄||)
||p− p̄||

→ 0 when p→ p̄. ∇G(p̄) is called the Fréchet deriv-

ative. G is said to be Fréchet differentiable on P if G is Fréchet differentiable at any p ∈ P. If
∇G(.) is continuous at p̄ then P is said to be continuously Fréchet differentiable at p̄.

Definition 2.5. [33] Let G : P ⇒ Y and (p̄, ȳ) ∈ grG.

(i) The weak radial-contingent cone of G at (p̄, ȳ), denoted by T w
S (grG;(p̄, ȳ)), is defined

by

T w
S (grG;(p̄, ȳ)) :={(p,y) ∈ P×Y | ∃tn > 0,∃(pn,yn) ∈ grG

such that (pn,yn)−−→
s,w

(p̄, ȳ), with ȳ+ tnyn ∈ G(p̄+ tn pn),∀n, tn pn→ 0}.

(ii) The τw-TP-derivative of a set-valued map G : P ⇒ Y at (p̄, ȳ) is the set-valued map
Dw

S G(p̄, ȳ) : P ⇒ Y such that

gr(Dw
S G(p̄, ȳ)) = T w

S (grG;(p̄, ȳ)).

Definition 2.6. [33] G is called weak directional compact at (p̄, ȳ)∈ grG in the direction p∈P if
for every sequence tn ↓ 0 and for any sequence pn→ p∈ P, any sequence yn in Y with ȳ+ tnyn ∈
G(p̄ + tn pn) for each n includes a weak convergent subsequence. If G is weak directional
compact at (p̄, ȳ) for every p ∈ P, then G is said to be weak directional compact at (p̄, ȳ).

Lemma 2.2. Let G : P ⇒ Y and (p̄, ȳ) ∈ grG.

(i) [3] If G is single-valued and Fréchet differentiable at p̄, then G is weak directional
compact at (p̄,G(p̄)).

(ii) [33] If Y is finite dimensional and Dw
S G(p̄, ȳ)(0) = {0}, then G is weak directional

compact at (p̄, ȳ).

Definition 2.7. [20] Let G : P→ Y be a vector-valued function. G is said to be monotone iff,
for any p1, p2 ∈ P, 〈G(p2)−G(p1), p2− p1〉 ≥ 0. G is said to be strictly monotone iff, for any
p1, p2 ∈ P, and p1 6= p2, 〈G(p2)−G(p1), p2− p1〉> 0.
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3. THE GENERALIZED τw- CONTINGENT EPIDERIVATIVE OF THE EFFICIENT SOLUTION

MAPS AND THE PERTURBATION MAPS

This paper deals with the sensitivity analysis of parameterized vector optimization problems.
First, some notations and definitions are recollected. Let f : P×X→Y be a vector function and
C : P ⇒ X be a set-valued map. Let F : P ⇒ Y be a set-valued map defined by

F(p) := f (p,C(p)) = {y ∈ Y | ∃x ∈C(p),y = f (p,x)}.

We consider the following parametric vector optimization problem

(PVOp) MinK{y ∈ Y | ∃x ∈C(p),y = f (p,x)}= MinKF(p),

where x is decision variable, p is perturbation parameter, f is objective map, C is constraint map
and F is feasible set map in objective spaces. The perturbation (frontier) map F : P ⇒ Y of a
family of parameterized vector optimization problems is defined by

F (p) := MinK{y ∈ Y | ∃x ∈C(p),y = f (p,x)}= MinKF(p),

and the efficient solution map S is given by

S (p) := {x ∈ X | x ∈C(p), f (p,x) ∈F (p)}.

Proposition 3.1. Let p̄ ∈ P, x̄ ∈S (p̄) and ȳ = f (p̄, x̄). Suppose that the following conditions
hold:

(i) f is continuously Fréchet differentiable at (p̄, x̄) with the derivative ∇ f (p̄, x̄)= (∇p f (p̄, x̄),
∇x f (p̄, x̄));

(ii) ∇x f (p̄, x̄)(.) is strictly monotone on X;
(iii) C is directionally compact at (p̄, x̄) in any direction p ∈ X.

Then,

Dw
g S (p̄, x̄)(p) = MinQ {x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)} ,∀p ∈ P.

Proof. First, we prove the following claim, ∀p ∈ P,

Dw(S +Q)(p̄, x̄)(p) = {x∈X | x∈DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x)∈DwF (p̄, ȳ)(p)}+Q. (3.1)

Let x ∈ Dw(S +Q)(p̄, x̄)(p). Then, there exist tn ↓ 0 and (pn,xn)−−→
s,w

(p,x) such that

x̄+ tnxn ∈S (p̄+ tn pn)+Q. (3.2)

This ensures the existence of x̃n ∈S (p̄+ tn pn) and {qn} ⊆ Q such that

x̄+ tnxn = x̃n +qn,

which in turn implies that

x̃n ∈C(p̄+ tn pn) and f (p̄+ tn pn, x̃n) ∈F (p̄+ tn pn).

Setting x̃′n := 1
n(x̃n− x̄), we have

x̃n = x̄+ tnx̃′n ∈C(p̄+ tn pn) and f
(

p̄+ tn pn, x̄+ tnx̃′n
)
∈F (p̄+ tn pn). (3.3)
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This together with assumption (iii) implies that x̃′n has a weak convergent subsequence, denoted
also by x̃′n, and x̃′n −→w x̃′, leads to x̃′ ∈ DwC(p̄, x̄)(p). Since x̄+ tnxn = x̄+ tnx̃′n +qn, xn −→

w
x and

x̃′n −→w x̃′, one has

xn− x̃′n =
qn

tn
∈ Q and xn− x̃′n −→w x− x̃′,

which along with the weak closedness of Q derives that x− x̃′ ∈Q. Now, we only need to verify
that

∇ f (p̄, x̄)(p, x̃′) ∈ DwF (p̄, ȳ)(p).
Setting

yn :=
1
tn
( f (p̄+ tn pn, x̄+ tnx̃′n)− ȳ),

we deduce from (3.3) that
ȳ+ tnyn ∈F (p̄+ tn pn). (3.4)

Since f is continuously Fréchet differentiable at (p̄, x̄), we obtain that

f (p̄+ tn pn, x̄+ tnx̃′n) = f (p̄, x̄)+ tn∇ f (p̄, x̄)(pn, x̃′n)+o
(
||tn(pn, x̃′n)||

)
. (3.5)

From ȳ+ tnyn = f (p̄+ tn pn, x̄+ tnx̃′n) and ȳ = f (p̄, x̄), we deduce that

yn = ∇ f (p̄, x̄)(pn, x̃′n)+
1
tn

o
(
||tn(pn, x̃′n)||

)
.

Letting n→ ∞, we obtain yn → ∇ f (p̄, x̄)(p, x̃′). Hence, yn −→
w

∇ f (p̄, x̄)(p, x̃′). From this and
(3.4), it confirms that

∇ f (p̄, x̄)(p, x̃′) ∈ DwF (p̄, ȳ)(p).
Hence,

Dw(S +Q)(p̄, x̄)(p)⊆ {x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}+Q.

Now, we prove the inversion of the above inclusion. Let x ∈ DwC(p̄, x̄)(p) and

y := ∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p).

Then, there exist tn ↓ 0 and (pn,yn)−−→
s,w

(p,y) such that

ȳ+ tnyn ∈F (p̄+ tn pn)⊂ F(p̄+ tn pn). (3.6)

Hence, there exists xn ∈C(p̄+tn pn) such that ȳ+tn pn = f (p̄+tn pn,xn). Setting x̃n := 1
tn
(xn− x̄),

we get
ȳ+ tnyn = f (p̄+ tn pn, x̄+ tnx̃n). (3.7)

and
xn = x̄+ tnx̃n ∈C(p̄+ tn pn). (3.8)

This, taking into account (ii), derives that x̃n −→
w

x̃. Thus, x̃ ∈ DwC(p̄, x̄)(p). Moreover, since f

is Fréchet differentiable at (p̄, x̄), we obtain that

f (p̄+ tn pn, x̄+ tnx̃n) = f (p̄, x̄)+ tn∇ f (p̄, x̄)(pn, x̃n)+o(||tn(pn, x̃n)||) . (3.9)

From (3.7), (3.9) and ȳ = f (p̄, x̄), we deduce that

yn = ∇ f (p̄, x̄)(pn, x̃n)+
o(||tn(pn, x̃n)||)

tn
.
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Letting n→ ∞, we obtain yn→ ∇ f (p̄, x̄)(p, x̃), which leads to

yn −→
w

∇ f (p̄, x̄)(p, x̃) = ∇p f (p̄, x̄)(p)+∇x f (p̄, x̄)(x̃).

Combining this with yn −→
w

y = ∇p f (p̄, x̄)(p)+∇x f (p̄, x̄)(x), one yields

∇x f (p̄, x̄)(x) = ∇x f (p̄, x̄)(x̃).

From ∇x f (p̄, x̄)(.) is strictly monotone on X , we get x = x̃. So, it follows from (3.6),(3.7) and
(3.8) that there exist tn ↓ 0 and (pn, x̃n)−−→

s,w
(p,x) and

x̄+ tnx̃n ∈S (p̄+ tn pn),

i.e., x ∈ DwS (p̄, x̄)(p). Therefore,

{x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)} ⊆ DwS (p̄, x̄)(p).

Consequently,

{x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}+Q⊆ DwS (p̄, x̄)(p)+Q.

By invoking Lemma 2.1, we obtain

DwS (p̄, x̄)(p)+Q⊂ Dw(S +Q)(p̄, x̄)(p).

Therefore,

{x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}+Q⊆ Dw(S +Q)(p̄, x̄)(p).

So, the claim (3.1) holds. From the definition of the generalized τw-contingent epiderivative
and (3.1), we have

Dw
g S (p̄, x̄)(p)

= MinQDw(S +Q)(p̄, x̄)(p)
= MinQ {{x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}+Q}
= MinQ{x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}.

The proof is complete. �

Now, we will give the formula for computing the generalized τw- contingent epiderivative of
the frontier map F .

Proposition 3.2. Let p̄ ∈ P, x̄ ∈C(p̄) and ȳ = f (p̄, x̄). Suppose that the following provisos hold:
(i) f is continuously Fréchet differentiable at (p̄, x̄) with the derivative ∇ f (p̄, x̄);

(ii) C is directionally compact at (p̄, x̄) in any direction p ∈ X;
(iii) The domination property holds for F around p̄.

Then,

Dw
g F (p̄, ȳ)(p) = MinK {y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)} ,∀p ∈ P.

Proof. First, we verify that

Dw(F +K)(p̄, ȳ)(p)⊆ {y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}+K,∀p ∈ P. (3.10)

Let y ∈ Dw(F +K)(p̄, ȳ)(p). Then, there exist tn ↓ 0 and (pn,yn)−−→
s,w

(p,y) such that

ȳ+ tnyn ∈ F(p̄+ tn pn)+K.
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This assures the existence of xn ∈C(p̄+ tn pn) and kn ∈ K such that

ȳ+ tnyn = f (p̄+ tn pn,xn)+ kn.

Setting x′n := 1
tn
(xn− x̄), we have

ȳ+ tnyn = f
(

p̄+ tn pn, x̄+ tnx′n
)
+ kn (3.11)

and
xn = x̄+ tnx′n ∈C(p̄+ tn pn).

The above relation together with (ii) derives that x′n −→w x′. Thus, x′ ∈ DwC(p̄, x̄)(p). It follows

from (3.11) and ȳ = f (p̄, x̄) that

yn−
f (p̄+ tn pn, x̄+ tnx′n)− f (p̄, x̄)

tn
=

kn

tn
∈ K.

Moreover, since f is Fréchet differentiable at (p̄, x̄), we obtain that

f (p̄+ tn pn, x̄+ tnx′n)− f (p̄, x̄)
tn

→ ∇ f (p̄, x̄)(p,x′).

As K is a closed cone, one has y−∇ f (p̄, x̄)(p,x′) ∈ K, and hence, y ∈ ∇ f (p̄, x̄)(p,x′)+K. It
follows that (3.10) holds.

Now, we will prove that the inversion of (3.10) also holds. Let p ∈ P and y be in the right
hand side of (3.10). This asserts the existence of x∈DwC(p̄, x̄)(p) satisfying y=∇ f (p̄, x̄)(p,x).
Then, there exist tn ↓ 0 and (pn,xn)−−→

s,w
(p,x) such that x̄+ tnxn ∈C(p̄+ tn pn). Consequently,

f (p̄+ tn pn, x̄+ tnxn) ∈ F(p̄+ tn pn),∀n ∈ N.

Setting yn := 1
tn
( f (p̄+ tn pn, x̄+ tnxn)− ȳ), it follows that

ȳ+ tnyn = f (p̄+ tn pn, x̄+ tnxn) ∈ F(p̄+ tn pn),∀n. (3.12)

Since f is Fréchet differentiable at (p̄, x̄), one has

f (p̄+ tn pn, x̄+ tnxn) = f (p̄, x̄)+ tn∇ f (p̄, x̄)(p,x)+o(||tn(pn,xn)||).
From the above equality and ȳ = f (p̄, x̄), we have

yn = ∇ f (p̄, x̄)(p,x)+
o(||tn(pn,xn)||)

tn
.

Letting n→ ∞, we obtain yn→ ∇ f (p̄, x̄)(p,x). Thus, yn −→
w

∇ f (p̄, x̄)(p,x). Combining this and

(3.12), one has y = ∇ f (p̄, x̄)(p,x) ∈ DwF(p̄, ȳ)(p) and

{y ∈ Y | y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)} ⊆ DwF(p̄, ȳ)(p).

It entails that

{y ∈ Y | y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}+K ⊆ DwF(p̄, ȳ)(p)+K.

Invoking Lemma 2.1, we obtain

DwF(p̄, ȳ)(p)+K ⊂ Dw(F +K)(p̄, ȳ)(p).

Therefore,

{y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}+K ⊆ Dw(F +K)(p̄, ȳ)(p),
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which along with (3.10) tells us that

Dw(F +K)(p̄, ȳ)(p) = {y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}+K,∀p ∈ P. (3.13)

From the definition of the generalized τw-contingent epiderivative, we derive from (3.13) that

Dw
g F(p̄, ȳ)(p) = MinKDw(F +K)(p̄, ȳ)(p)

= MinK

{
{y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}+K

}
= MinK{y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}.

On the other hand, since F (p) ⊂ F(p) for all p ∈ P and the domination property holds for F
around p̄, there exists a neighborhood U ∈N (p̄) such that F (p)+K = F(p)+K,∀p ∈ U.
Therefore,

Dw(F +K)(p̄, ȳ)(p) = Dw(F +K)(p̄, ȳ)(p),∀p ∈ P,

which in turn derives that, for each p ∈ P,

Dw
g F (p̄, ȳ)(p) = Dw

g F(p̄, ȳ)(p) = MinK{y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}.

The conclusion is obtained. �

The following example illustrates the results in Proposition 3.1 and Proposition 3.2.

Example 3.1. [33] Let P = X =Y = l2, Q = K = l2
+, f (p,x) = p+x, and C : l2 ⇒ l2 be defined

by

C(p) =
{
{x ∈ X | x ∈ p+K,‖x‖ ≤ 2‖p‖}∪{2p+ p2}, if p ∈ l2

+∩B(0,1),
/0, otherwise.

Then,

F(p) =
{
{y ∈ Y | y ∈ 2p+K,‖y‖ ≤ 3‖p‖}∪{3p+ p2}, if p ∈ l2

+∩B(0,1),
/0, otherwise,

F (p) =
{
{2p}, if p ∈ l2

+∩B(0,1),
/0, otherwise,

(F +K)(p) =
{
{2p+K}, if p ∈ l2

+∩B(0,1),
/0, otherwise.

Taking (p̄, x̄) = (0,0), one has ȳ = f (p̄, x̄) = 0, and for every p,x ∈ l2,

∇ f (p̄, x̄)(p,x) = p+ x.

We can check that the assumptions (i), (ii) and (iii) in Proposition 3.2 are fulfilled. By direct
calculations, one has

DwC(p̄, ȳ)(p) =
{
{x ∈ X | x ∈ p+K,‖x‖ ≤ 2‖p‖}, if p ∈ l2

+,
/0, otherwise,

(3.14)

Dw(F +K)(p̄, ȳ)(p) =
{
{y ∈ Y | y ∈ 2p+K}, if p ∈ l2

+,
/0, otherwise,

Dw
g F (p̄, ȳ)(p) =

{
{2p}, if p ∈ l2

+,
/0, otherwise,

{y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}

=

{
{y ∈ Y | y ∈ 2p+K,‖y‖ ≤ 3‖p‖}, if p ∈ l2

+,
/0, otherwise.
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Thus, all the assumptions in Proposition 3.2 are satisfied. So, for any p ∈ l2,

Dw
g F (p̄, ȳ)(p) = MinK{y ∈ Y | ∃x ∈ DwC(p̄, x̄)(p),y = ∇ f (p̄, x̄)(p,x)}.

Moreover, we can check that

S (p) =
{
{p}, if p ∈ l2

+∩B(0,1),
/0, otherwise,

(S +Q)(p) =
{
{p+Q}, if p ∈ l2

+∩B(0,1),
/0, otherwise.

Hence,

Dw(S +Q)(p̄, x̄)(p) =
{
{p+Q}, if p ∈ l2

+,
/0, otherwise,

Dw
g S (p̄, x̄)(p) =

{
{p}, if p ∈ l2

+,
/0, otherwise,

{x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}=
{
{p}, if p ∈ l2

+,
/0, otherwise.

This leads that

Dw
g S (p̄, x̄)(p) = MinQ {x ∈ X | x ∈ DwC(p̄, x̄)(p),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)} .

4. THE APPLICATION TO THE PARAMETRIC SEMI-INFINITE PROGRAMMING

In this section, we apply the results obtained in previous section to the problem (PVOp) with
the constraint mapping C : P ⇒ X defined by

C(p) := {x ∈ X | gt(p,x)≤ 0, t ∈ T} , (4.1)

where T is an arbitrary index set and, for each t ∈ T, gt : P×X → R is continuously Fréchet
differentiable maps. Constraints of type (4.1) are known as semi-infinite inequality constraints
(see [10]). Denote T (p̄, x̄) := {t ∈ T | gt(p̄, x̄) = 0} the index set of all active constraints at
(p̄, x̄).

Definition 4.1. Let C be defined in (4.1) and let (p̄, x̄) ∈ grC. We say that C satisfies the Abadie
constraint qualification (ACQ) at (p̄, x̄) if

T w(grC,(p̄, x̄))⊆ {(p,x) ∈ P×X | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄)}. (4.2)

When P,X are finite dimensional spaces, some sufficient conditions for (ACQ) could be estab-
lished similarly to the Section 4 in [32].

The following proposition gives us a criterion for computing the τw-contingent epiderivative
of the constraint mapping C in (4.1).

Proposition 4.1. Let (p̄, x̄) ∈ grC. Suppose that C in (4.1) satisfies (ACQ) in (4.2). Then

DwC(p̄, x̄)(p) = {x ∈ X | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄)} ,∀p ∈ P.

Proof. Let p ∈ P and x ∈ DwC(p̄, x̄)(p). Then, there exists τn ↓ 0 and (pn,xn) −−→
s,w

(p,x) such

that
x̄+ τnxn ∈C(p̄k + τn pn),∀n,

leads to
gt(p̄+ τn pn, x̄+ τnxn)≤ 0,∀n,∀t ∈ T.

We deduce from the continuously Fréchet differentiability of gt that

gt(p̄, x̄)+ τn∇gt(p̄, x̄)(pn,xn)+o(τn‖(pn,xn)‖)≤ 0,∀n,∀t ∈ T.
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Since, gt(p̄, x̄) = 0 for all t ∈ T (p̄, x̄), one has

∇gt(p̄, x̄)(pn,xn)+
1
τn

o(τn‖(pn,xn)‖)≤ 0,∀n,∀t ∈ T (p̄, x̄).

Letting n→ ∞, the above inequality derives that

∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄).

Hence,
DwC(p̄, x̄)(p)⊆ {x ∈ X | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄)} ,∀p ∈ P.

This together with (ACQ) implies that

DwC(p̄, x̄)(p) = {x ∈ X | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄)} ,∀p ∈ P.

The proof is complete. �

As the immediate consequences of Proposition 3.1, Proposition 3.2 and Proposition 4.1, we
have the following results.

Proposition 4.2. Let p̄∈P and let x̄∈S (p̄) be such that ȳ= f (p̄, x̄)∈F (p̄) with the constraint
mapping C given by (4.1). Suppose that the following conditions hold:

(i) f is continuously Fréchet differentiable at (p̄, x̄) with derivative ∇ f (p̄, x̄);
(ii) C satisfies (ACQ) at (p̄, x̄);

(iii) Dw(S +Q)(p̄, x̄)(p)

= {x ∈ X | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}+Q.

Then,

Dw
g S (p̄, x̄)(p)=MinQ{x∈X |∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈T (p̄, x̄),∇ f (p̄, x̄)(p,x)∈DwF (p̄, ȳ)(p)}.

Proposition 4.3. Let p̄∈ P and let x̄∈C(p̄) be such that ȳ = f (p̄, x̄)∈F (p̄) with the constraint
mapping C given by (4.1). Suppose that the following suppositions are fulfilled:

(i) the domination property holds for F around p̄;
(ii) f is Fréchet differentiable at (p̄, x̄) with derivative ∇ f (p̄, x̄);

(iii) C satisfies (ACQ) at (p̄, x̄);
(iv) Dw(F +K)(p̄, ȳ)(p) = {y ∈ Y | ∇gt(p̄, x̄)(p,x)≤ 0,∀ t ∈ T (p̄, x̄),y = ∇ f (p̄, x̄)(p,x)}+

K.

Then,

Dw
g F (p̄, ȳ)(p) = MinK{y ∈ Y | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄),y = ∇ f (p̄, x̄)(p,x)}.

The following example illustrates the results in Proposition 4.2 and Proposition 4.3.

Example 4.1. Let T = [0,1]∪ {−2} ∪ {3},P = X = l2,Y = R2,Q = l2
+,K = R2

+ and let f :
l2× l2→ R2,gt : l2× l2→ R, t ∈ T be given as follows:

f (p,x) := (3p1 + x1,x2),∀p = (p1, p2, ..., pn, ...) ∈ l2,∀x = (x1,x2, ...,xn, ...) ∈ l2,

gt(p,x) := t p1− tx1 +(t−1)x2,∀p,x ∈ l2.

We consider problem (PVOp) with C defined in (4.1). By some direct computations, we get

C(p) = {x ∈ l2 | −2p1 +2x1−3x2 ≤ 0,3p1−3x1 +2x2 ≤ 0}
= {x ∈ l2 | x1 ≥ p1,x2 ≥ 0},∀p ∈ l2,
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F(p) = {y ∈ R2 | −8p1 +2y1−3y2 ≤ 0,12p1−3y1 +2y2 ≤ 0}
= {y ∈ R2 | y1 ≥ 4p1,y2 ≥ 0},∀p ∈ l2,

F (p) = {(4p1,0)}.
For p̄ = 0l2 , we have

C(p̄) = {x ∈ l2 | x1 ≥ 0,x2 ≥ 0},
F(p̄) = {y ∈ R2 | y1 ≥ 0,y2 ≥ 0},F (p̄) = {(0,0)}.

Thus, x̄ = 0l2 ∈ C(p̄) and ȳ = f (p̄, x̄) = (0,0) ∈F (p̄). We can check that assumption (i) of
Proposition 4.3 holds. For each t ∈ T , one has T (p̄, x̄) = T ,

T w(grC,(p̄, x̄)) = {(p,x) ∈ l2× l2 | t p1− tx1− (1− t)x2 ≤ 0,∀t ∈ T}

= {(p,x) ∈ l2× l2 | x1 ≥ p1,x2 ≥ 0},
∇gt(p̄, x̄) = (∇pgt(p̄, x̄),∇xgt(p̄, x̄)) = ((t,0, ...,0, ...),(−t, t−1,0, ...,0, ...)), t ∈ T,

{(p,x) ∈ P×X | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄)}= {(p,x) ∈ l2× l2 | x1 ≥ p1,x2 ≥ 0},
which implies that C satisfies (ACQ) at (p̄, x̄). Moreover, for any p ∈ l2,

Dw(F +K)(p̄, ȳ)(p) = DwF(p̄, ȳ)(p) = {y ∈ R2 | y1 ≥ 4p1,y2 ≥ 0},
∇ f (p̄, x̄) = (∇p f (p̄, x̄),∇x f (p̄, x̄))

= (((3,0, ...,0, ...),(0,0, ...,0, ...)),((1,0, ...,0, ...),(0,1,0, ...,0, ...))),
∇ f (p̄, x̄)(p,x) = (3p1 + x1,x2).

Thus, for any p ∈ l2,

Dw(F +K)(p̄, ȳ)(p) = {y ∈ R2 | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄),y = ∇ f (p̄, x̄)(p,x)}+K,

i.e., all assumptions of Proposition 4.3 are satisfied. Since DwF (p̄, ȳ)(p) = {(4p1,0)}, one has

Dw
g F (p̄, ȳ)(p) = MinK{y ∈ R2 | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄),y = ∇ f (p̄, x̄)(p,x)},

which derives that the conclusion of Proposition 4.3 holds.
Now, we will illuminate the results in Proposition 4.2. From the above analysis, one has that

the assumptions (i), (ii) of Proposition 4.2 are fulfilled. Straightforward calculations give us

S (p) = {x ∈ l2 | x1 = p1,x2 = 0},
(S +Q)(p) = {x ∈ l2 | x1 ≥ p1,x2 ≥ 0},

Dw(S +Q)(p) = {x ∈ l2 | x1 ≥ p1,x2 ≥ 0},
{x ∈ l2 | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}

= {x ∈ l2 | x1 = p1,x2 = 0}.
Hence, for all p ∈ l2,

Dw(S +Q)(p̄, x̄)(p)

= {x ∈ l2 | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}+Q,

i.e., assumption (iii) of Proposition 4.2 holds. As DwS (p̄, x̄)(p) = {x ∈ l2 | x1 = p1,x2 = 0},
one gets

Dw
g S (p̄, x̄)(p)

= MinQ{x ∈ l2 | ∇gt(p̄, x̄)(p,x)≤ 0,∀t ∈ T (p̄, x̄),∇ f (p̄, x̄)(p,x) ∈ DwF (p̄, ȳ)(p)}.
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which confirms the conclusion of Proposition 4.2.
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