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Abstract. This paper is concerned with the sensitivity analysis in reflexive Banach spaces. We first establish the
formulae for estimating the generalized 7"-contingent epiderivatives of the efficient solution maps and the pertur-
bation maps in parametric vector optimization problems. Then, an application to the semi-infinite programming is
provided. Some examples are also given for illustrating the obtained results.
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1. INTRODUCTION

In parametric vector optimization problems, sensitivity analysis is the research of derivatives
of the perturbation maps and the efficient solution maps. There are two main approaches in
sensitivity analysis: the dual space approach and the primal space approach. In the dual space
approach, we refer to the books [16, 17] and the recent papers [6, 8, 18]. In primal space
approach, the first-order derivatives of perturbation maps were studied in [3, 5, 7, 13, 19, 26,
33]. To get more information, the higher-order derivatives of perturbation maps have been
investigated in [1, 9, 27, 29]. Another interesting topic in the primal space approach is to study
the proto-differentiability of perturbation maps, introduced in [21]. Some developments on
the proto-differentiability of perturbation maps of parametric vector optimization problems and
related problems were obtained in [11, 14, 15, 30, 31].

In [22], t"-contingent epiderivatives, based on the consideration of the weak topology in
the image space, were introduced, and applied to the optimality conditions for a set-valued
optimization problem. The formulas for estimating the 7"-contingent derivative of the Bor-
wein proper perturbation map via the 7"-contingent of the constraint map and the Hadamard
derivative of the objective map were considered in [33]. It should be noted that contingent epi-
derivatives [12] as well as 7"-contingent epiderivatives may not exist in some cases. To deal
with this problem, an alternative definition of contingent epiderivative, denoted by generalized
contingent epiderivatives, for a set-valued map was presented in [3, 4]. We observe that this al-
ternative definition could be done in the same way for 7"-contingent epiderivatives. Moreover,
the generalized 7"-contingent epiderivatives are able to utilize in sensitivity analysis.
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Motivated by the above observations, we aim to discuss the generalized 7"-contingent deriva-
tives in sensitivity analysis by considering the generalized 7"-contingent derivatives of the ef-
ficient solution maps and the perturbation maps of parametric vector optimization problems in
this paper. The organization of the paper is as follows. In Section 2, we recall some important
notions and present the definition of the generalized 7"-contingent epiderivatives of set-valued
maps. In Section 3, we establish the formulae for computing the generalized 7"-contingent
epiderivative of the efficient solution map and the pertubation map of a parametric vector opti-
mization problem. An application to semi-infinite optimization is given in Section 4.

2. PRELIMINARIES

Throughout this paper, let P,X and Y be reflexive Banach spaces, where the spaces X and Y
are partially ordered by pointed, closed, and convex cones with apex at the origin Q C X and K C
Y, respectively (shortly resp). The norm of Banach space P x Y are defined by ||(p,y)||pxy =
Ipllp+ |lylly.- For A CY, intA, clA, dA, coneA denote its interior, closure, boundary and the
cone {Aa|A >0, ac A}, resp. Aset BCY is called a base for K if 0 ¢ cIB and K = {Ab :
A > 0,b € B}. If B is compact we say that K has a compact base B. The cone K has a compact
base if and only if KN dB is compact (see in [26]). The set of all neighborhoods of y € Y is
represented by .4 (y).

Let A be a nonempty subset of Y and @ € A. We recall some concepts of optimality/efficiency
in vector optimization as follows.

(i) a is called a local (Pareto) minimal/efficient point of A with respect to (shortly wrt) K,
denoted by @ € MingA iff there exists U € % (a) such that

(ANU —a)n(—K\ {0}) = 0.

(i1) a is said to be a local weak minimal/efficient point of A, denoted by a € WMingA iff
there exists U € % (a) such that

(ANU —a)N(—intK) = 0.

(ii1) a 1s said to be a local ideal minimal/efficient point of A, denoted by a € IMingA iff there
exists U € % (a) such that
ANU —acCk.
If U =Y, the word “local” is omitted, i.e., we have the corresponding global notions. It is easy
to see that IMingA C MingA C WMingA. Note that IMingA may be not a single-point set when
K is not pointed. Moreover, Ming (A + K) = MingA, see [25].
Let G: P =2 Y be a set-valued map. The effective domain, graph and epigraph of G is defined
resp by
domG := {peP|G(p)#0},
gG = {(p.y) ePxY|yeG(p)},
epiG = {(p,y) € PxY|pedomG,yec G(p)+K}.
The so-called profile map G+ K : P =2 Y is defined by (G+ K)(p) := G(p) + K. In the sequel,
by — (resp.j) we denote the convergence wrt the norm topology (resp. weak topology). Given

(Pnsyn) € PXY and (p,§) € P XY, by (pn,ya) — (P,¥), we mean p, — p,yn — 3.

S,W

Definition 2.1. [22] Let M C P xY and (p,y) € M.



GENERALIZED ©"-CONTINGENT EPIDERIVATIVES 125

(i) The weak contingent cone of M at (p,y) is defined by
(M, (p,9)) == {(p,y) € PxY | 3ty L 0,3(pn,yn) —> (P,¥), (P, F) +1n(Pn,yn) € M,Vn}

S,W

(ii) The t"-contingent derivative of a set-valued map G : P = Y at (p,y) € grG is the set-
valued map DV G(p,y) : P =2 Y such that grDVG(p,y) = T" (grG, (p,)), or equivalently,

D"G(p,y)(p) :={y €Y |3, 1 0,3(pn,yn) —> (P,¥), 5 +1tnyn € G(P+tnpn),Vn}.

s,W

(iii) The set-valued G is said to be 7"-epidifferentiable at (,y) € grG if there exists a single-
valued map ED"G(p,y) : domD" (G + K)(p,y) € P — Y such that

epiED"G(p,y) = T"(epiG, (p,7))-
Then, ED"G(p,y) is called t"-contingent epiderivative of G at (p,y).
Remark 2.1. [22] If G is be 7"-epidifferentiable at (p,y) € grG, then
ED"G(p,y)(p) = MingD" (G +K)(p,¥)(p),
for all p € domD" (G + K)(p,y).
Lemma 2.1. [33] Let G: P =2 Y and (p,y) € grG. Then,
D"G(p,y)(p) +K S D"(G+K)(p,7)(p)-

In the line of [3, 4], we introduce the following definition of generalized 7"-contingent epi-
derivative of a set-valued map.

Definition 2.2. The generalized ©"-contingent epiderivative of a set-valued map G: P = Y at
(P,¥) € grG is the set-valued map Dy G(p,§) : P = Y defined by

DYG(p,¥)(p) :=MingD" (G + K)(p,y)(p),Vp € P.
Example 2.1. [24] Let P = R and Y = [?, where [? is the space of all scalar sequences x =

{xi}ien = (x1,22, 00,0, ), 20 € Rwith Y7 || < oo and [|x]| = (E52 Jxil*)'/2. By {ei}ien ©
I we indicate its standard unit basis. We note the ordering cone on /2 as follows

K=1%={y={yi}ien € *|yi >0 forevery i € N}.
K is a closed, convex, and pointed cone with intK = (). Let the map G : P — Y be defined by

(

1
h if p=—
plh+e), ifp n
[ if p=——
G(p) =4 PUFen) 1p 3n- 1
ifp=——
pr np 3n+2’
L pt, elsewhere in R,

where h,1,r,t € I and (p,y) = (0,0,2) € grG.
x Case . If h=1=0,r =t = ey, then

ED"G(p,y)(p) = DG(p,y)(p) ={0p},Vp € Ry.
x Case 2. If h=1=e,r =1t = e, then ED"G(p,y)(p) does not exists and
D;VG(pvy)(p) = {pelape2}7vp S R+'
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Example 2.2. Let P = R and Y = [? x [?, where [? is the space of all scalar sequences x =
{xi}ien C R with ¥ | |x;|> < +o0. Note that Y is also a Hilbert space with the inner product

(12,0, Ny = Y )p+(d)p.
By {e;}ien C 12, we indicate its standard unit basis. We note the ordering cone on Y as follows
K={(yz) € *xI*|y; >0,z >0forevery i € N}.
K is a closed, convex, and pointed cone with intK = (. Let the set-valued map G: P =Y be

defined by

G(p)={ Y] I0n2)|3 < p?), if0<p<I,
0, otherwise,

and !
,0,...,0,...),(———=,0,...,0,...)) € grG.

T"(1G, (5,(7,2))) = {(p, (n2) € PXY | y1+21 = —V2p}.

(pv ()7»5)) = (17 ((_
Then,

Indeed, let
((p, (3.2))) € T"(&rG, (P, (¥,2)))-
Then, there exist £, |. 0, (pn, ¥™,2")) — (p, (,z)) such that

(1,((—%70,...70,...)7(—%70,...,0,...))—|—t,1(pn,(y("),z(”))) € grG,Vn,
leads to
||((—%,o,...,o, ),(—%,o, 10, 102N < (14 tap), Vi
Consequently,
((—%,0, ..,o,...)+zny<">,(—\%,o, 0, + ™)
+<(—%,0, 0tz "%(—%,0, 0,) 412
< 1+ 2tupn+13p},
or equivalently,
2<(—%,0,...,0,...),(—%,0,...,0,...))
220,00,y ) 5 (.20

Hence,

1 n n n n n n
20" +™) 050 + (7 20)) < 2pa i Vi

Letting n — oo, one has y; +z; > —\/Qp. Moreover, we also have
T"(epiG, (p,(5.2))) = T"(erG, (P, (5.2))) = {(p,(1,2)) € PXY | y1+21 > —V2p}.
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Hence, ED"G(p, (¥,Z))) does not exist and

Dy (p,(7.2))(p) = {(n.2) €Y [ y1 +21 = —V2p}.

Definition 2.3. [25]Let ACY,G:P=Y and p € P.

(1) The set A is said to have the domination property if A C MingA + K.

(11) We say that the domination property satisfies for G around p if there exists a neighbor-
hood U € .4 (p) such that

G(p) C MingG(p)+K,Vp e U.

Definition 2.4. [2] Let G: P — Y be a vector-valued map. G is said to be Fréchet differentiable
at p € P iff there exist a linear continuous operator VG(p) : P — Y such that

G(p) = G(p) +VG(p)(p—p)+olllp—pl),

ollp—pll)
o el e
ative. G is said to be Fréchet differentiable on P if G is Fréchet differentiable at any p € P. If
VG(.) is continuous at p then P is said to be continuously Fréchet differentiable at p.

where o(||p — p||) satisfies — 0 when p — p. VG(p) is called the Fréchet deriv-

Definition 2.5. [33] Let G: P ==Y and (p,y) € grG.

(i) The weak radial-contingent cone of G at (p,¥), denoted by T¢"(grG; (p,y)), is defined
by

I§" (grGs (p,7)) :=={(p,y) € P XY | 3t > 0,3(pn,yn) € grG
such that (Pn,,Vn) — (137)7>7 with y+1,y, € G(p_+tnpn)vvnatnpn — O}'

S,W

(ii) The ©"-TP-derivative of a set-valued map G : P = Y at (p,y) is the set-valued map
DYG(p,y) : P =Y such that

gr (DsG(p,y)) = Ts' (erGs (P, 7))

Definition 2.6. [33] G is called weak directional compact at (7,7) € grG in the direction p € P if
for every sequence t,, | 0 and for any sequence p, — p € P, any sequence y, in Y with y+1#,y, €
G(p +typ,) for each n includes a weak convergent subsequence. If G is weak directional
compact at (p,y) for every p € P, then G is said to be weak directional compact at (p,y).

Lemma 2.2. Let G: P =Y and (p,y) € grG.

(i) [3] If G is single-valued and Fréchet differentiable at p, then G is weak directional
compact at (p,G(p)).

(ii) [33]1 If Y is finite dimensional and DYG(p,y)(0) = {0}, then G is weak directional
compact at (p,y).

Definition 2.7. [20] Let G : P — Y be a vector-valued function. G is said to be monotone iff,
for any py,p2 € P, (G(p2) — G(p1),p2 — p1) > 0. G is said to be strictly monotone iff, for any

p1,p2 € P,and py # pa, (G(p2) — G(p1),p2—p1) > 0.
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3. THE GENERALIZED 7"- CONTINGENT EPIDERIVATIVE OF THE EFFICIENT SOLUTION
MAPS AND THE PERTURBATION MAPS

This paper deals with the sensitivity analysis of parameterized vector optimization problems.
First, some notations and definitions are recollected. Let f: P x X — Y be a vector function and
C: P = X be a set-valued map. Let F : P =2 Y be a set-valued map defined by

F(p):=f(p,C(p)) ={y €Y [IxeC(p),y=f(p,x)}.
We consider the following parametric vector optimization problem
(PVO,)  Ming{y €Y |Ix e C(p),y = f(p,x)} = MingF (p),

where x is decision variable, p is perturbation parameter, f is objective map, C is constraint map
and F is feasible set map in objective spaces. The perturbation (frontier) map .% : P =Y of a
family of parameterized vector optimization problems is defined by

Z(p) :=Ming{y €Y |Ix € C(p),y = f(p,x)} = MingF (p),

and the efficient solution map . is given by

S (p) ={xeX|xeC(p),f(p,x) € F(p)}

Proposition 3.1. Let p € Px € ¥ (p) and y = f(p,X). Suppose that the following conditions
hold:

(i) fis continuously Fréchet differentiable at (p,x) with the derivative Vf(p,X) = (V, f(P, %),

Vif (P X))
(ii) Vif(p,X)(.) is strictly monotone on X;
(iii) C is directionally compact at (p,X) in any direction p € X.

Then,

D¢ (p,%)(p) =Ming{x € X | x € D"C(p,%)(p), Vf(p,X)(p,x) € D" F(p,7)(p)},Vp € P.
Proof. First, we prove the following claim, Vp € P,

D"(+0Q)(p,x)(p) ={x€ X |[xe D"C(p,X)(p), V.S (P, %)(p,x) € D" F(p,7)(p)} + Q. (B.1)
Let x € D¥( + Q)(p,Xx)(p). Then, there exist #, | 0 and (pp,x,) — (p,x) such that

)

X+ tyxy € L (p+tapn) + 0. (3.2)
This ensures the existence of x, € . (p+1,p,) and {g,} C Q such that
X+ thXn = Xn+qn,
which in turn implies that
Xn € C(p+tupy) and f (p+twpn, Xn) € F (P +tapn)-
Setting X, := 1 (%, — %), we have

Xn =X+ 1,%, € C(P+1ypy) and f (P + tapn, X+ 12X),) € F (p+tnpn)- (3.3)
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This together with assumption (iii) implies that X/, has a weak convergent subsequence, denoted
also by X, and x,, — X', leads to X’ € D"C(p,x)(p). Since X+ tyx, = X+ t,X,, + Gn, Xn — x and
w w
X), — X', one has
w
X — X, = ‘tﬁ €Qandx,—X, > x—X,
n w

which along with the weak closedness of Q derives that x — X € Q. Now, we only need to verify
that

V£ (p.%)(p,X') € D" (p,5)(p).
Setting

1 _ _ _
Yo 1= t—(f(p+tnpn,x+tn9?§,) -y,

n

we deduce from (3.3) that

Y+ tayn € F(P+tnpn)- (3.4)
Since f is continuously Fréchet differentiable at (p,x), we obtain that
F(p+tapn, 2+ 13,) = f (5. %) + 16V (5.5) (P, ) + 0 ([[tn (P, T ) - (3.5)

From y+t,y, = f(p+typn,X+1,X,) and y = f(p,x), we deduce that

1
yn = VI(p,3)(pn,X,) + P (lea(pn, Z)IT) -

Letting n — oo, we obtain y, — Vf(p,%)(p,x'). Hence, y, — Vf(p,x)(p,X’). From this and
(3.4), it confirms that
V£ (5.%)(p.X') € D"Z(p,5)(p)-
Hence,
D"(S +Q)(p,X)(p) C{x € X |x € D"C(p,x)(p),Vf(p,%)(p,x) € D" F(p,5)(p)} + O

Now, we prove the inversion of the above inclusion. Let x € D"C(p,x)(p) and

y=Vf(p,0)(p,x) € D"F(p,y)(p)-
Then, there exist #, | 0 and (p,,y,) — (p,y) such that
S,wW

)

V+tuyn € F(p+1tapn) C F(p+tapn)- (3.6)

Hence, there exists x, € C(p+t,p,) such that y+1,p, = f(p+1tupn,Xn). Setting x,, := %(xn —X),
we get
V+tuyn = f(P+taPn, X+ taXn). (3.7)
and
Xp =X+ t,Xn € C(P+typn). (3.8)
This, taking into account (ii), derives that x,, — x. Thus, x € DC(p,%)(p). Moreover, since f

w
is Fréchet differentiable at (5, X), we obtain that

F(P+tapn, X+ taXyn) = f(D,%) +1aV f(D,X) (Pns Xn) + 0 (|[ta(Pn,Xn)]) - 3.9)
From (3.7), (3.9) and y = f(p,X), we deduce that

= V() )+ L),
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Letting n — oo, we obtain y, — V f(p,X)(p,X), which leads to
30 = VI (.93 = Vo (50 (p) + Ve (.5)3).
Combining this with y, =y =V, f(p,%)(p) + V. f(p,X)(x), one yields
w

Vaf (P, %) (x) = Vaf (P, %) (X).

From V, f(p,%)(.) is strictly monotone on X, we get x = Xx. So, it follows from (3.6),(3.7) and
(3.8) that there exist ,, . 0 and (pp,x,) — (p,x) and
sw

)

X+ tyXn € L (P +1tnpn),
ie., x € DV.(p,X)(p). Therefore,

{xe X |xeD"C(p,x)(p),Vf(p,%)(p,x) € D" F(p,5)(p)} € D" (p,x)(p)
Consequently,

{xeX |xeD"C(p,x)(p),Vf(p,%)(p,x) € D" F(p,5)(p)} +Q C D" (p, %)(p) + O

By invoking Lemma 2.1, we obtain

D".7(p,%)(p)+Q C D*(Z +Q)(p,%)(p).
Therefore,

{xeX[xeD"C(p,x)(p),Vf(p,%)(p,x) € D"F(p,y)(p)} +Q S D"(F + Q) (P, %) (p)-
So, the claim (3.1) holds. From the definition of the generalized 7"-contingent epiderivative
and (3.1), we have

Dy (p.x)(p)

= MingpD" (% + Q)(p,%)(p)

= Ming {{x € X | x € D"C(p,%)(p), Vf(P.%)(p,x) € D" F (p.5)(p)} + O}
=Ming{x € X |x € D"C(p,x)(p), V£ (p,%)(p,x) € D"F(p,5)(p)}-

The proof is complete. U
Now, we will give the formula for computing the generalized 7"- contingent epiderivative of
the frontier map .#

Proposition 3.2. Let p € P,.x € C(p) and y = f(p,X). Suppose that the following provisos hold:

(i) f is continuously Fréchet differentiable at (p,x) with the derivative V f(p,X);
(ii) C is directionally compact at (p,X) in any direction p € X;
(iii) The domination property holds for F around p.
Then,

Dy 7 (p.3)(p) =Ming {y € Y | Ix € D"C(p,x)(p),y = Vf(P,%)(p,x)},Vp € P.
Proof. First, we verify that
D*(F+K)(p,y)(p) C{y €Y |Ix e D"C(p,%)(p),y = Vf(P,X)(p,x); +K,Yp € P. (3.10)
Lety € D"(F +K)(p,y)(p). Then, there exist t, | 0 and (p,,y,) — (p,y) such that

s,W

Y+itnyn € F(ﬁ+tnpn)+K'
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This assures the existence of x,, € C(p+1,py,) and k, € K such that
V+tayn = f(ﬁ ""tnpnaxn) + k.

Setting x), := 1 (x, — X), we have

F+tayn = f (P4 tapn, %+ 1)) +kn (3.11)
and
Xp =X+ t,x, € C(Pp+tupn).
The above relation together with (ii) derives that x|, - x'. Thus, X' € D"C(p,%)(p). It follows
from (3.11) and y = f(p,X) that
- f (A tupn X4 1w5,) = f(P.X) _ Kn _

In In

Moreover, since f is Fréchet differentiable at (p,X), we obtain that

F(B+tapu, ¥ tntnxn) —SPD) 945,58 (p.).

As K is a closed cone, one has y — Vf(p,%)(p,x') € K, and hence, y € Vf(p,%)(p,x') + K. It
follows that (3.10) holds.

Now, we will prove that the inversion of (3.10) also holds. Let p € P and y be in the right
hand side of (3.10). This asserts the existence of x € D"C(p,X)(p) satisfying y =V f(p,%)(p,x).
Then, there exist t, }. 0 and (py,x,) — (p,x) such that X+ t,x, € C(p+1,p,). Consequently,

s,Ww
f(Pp+tupn, X +tyxy) € F(p+typn),¥n € N.
Setting y,, := i(f(ﬁ—ktnpn,f—ktnxn) — ), it follows that
V+tayn = f(P+tapn, X+ tuxn) € F(Pp+1t,pn), Vn. (3.12)
Since f is Fréchet differentiable at (p, %), one has
F(D+tapn, X+ 1tnxn) = f(D,%) + 1, V.f(D,%)(P,x) + 0(|[tn(Pns Xn)|])-
From the above equality and y = f(p, ), we have

yn = V(P X)(p,x)+ 0(”’”(1;:%)\0 :

Letting n — oo, we obtain y, — V f(p,%)(p,x). Thus, y, — Vf(p,X)(p,x). Combining this and
w
(3.12), one has y = V f(p,%)(p,x) € D"F(p,y)(p) and
{yeY|yeY|[IxeD"C(p,X)(p),y=Vf(p.X)(p,x)} CD"F(p,5)(p).
It entails that
{yeY|yeY|[axeD"C(p,x)(p),y=Vf(p.X)(p,x)} +K C D"F(p,y)(p) +K.
Invoking Lemma 2.1, we obtain

DYF(p,7)(p)+K C D*(F+K)(p,7)(p).

Therefore,

{reY | I eD"C(p,X)(p),y=Vf(p,X)(p,x)} +K CD"(F+K)(p,y)(p),
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which along with (3.10) tells us that
D"(F+K)(p,y)(p) ={y €Y | Ix € D"C(p,X)(p),y = V(P X)(p,x)} + K,Yp € P. (3.13)
From the definition of the generalized 7"-contingent epiderivative, we derive from (3.13) that
DyF(p,y)(p) =MingD"(F+K)(p,y)(p)
=Ming{{y € ¥ | 3x € D*C(5,9)(p),y = VF(5.5)(p, )} + K |
=Ming{y €Y | Ix € D"C(p,%)(p),y = Vf(p,%)(p,x)}.

On the other hand, since .% (p) C F(p) for all p € P and the domination property holds for F
around p, there exists a neighborhood U € .4(p) such that . (p) + K = F(p) + K,Vp € U.
Therefore,

D*(F +K)(p,y)(p) = D" (F +K)(p,y)(p),Vp € P,
which in turn derives that, for each p € P,
Dy.7(p,7)(p) = DgF(p,y)(p) =Ming{y € Y | Ix € D"C(p,%)(p),y = V.f(P.X)(p,X)}-
The conclusion is obtained. O
The following example illustrates the results in Proposition 3.1 and Proposition 3.2.
Example 3.1. [33]LetP=X=Y =[2,0=K =12, f(p,x) = p+x, and C : [> = [? be defined
by

C(p)— { EEXIxEp+K |l <2pl}Uizp+p?). ifpe2NBO.1).
p 0, otherwise.

Then,

{yeY|ye2p+K,|y| <3|pl}u{3p+p?}, ifpelinB(0,1),
0, otherwise,

F(p) :{

~ [ {2p}, ifpe2nB(0,1), [ {2p+K}, ifpelinB(0,1),
7 (p)= { 0, otherwise, (F+K)(p) = 0, otherwise.

Taking (p,%) = (0,0), one has y = f(p,%) = 0, and for every p,x € [,

V£(p,X)(p,x) =p+x.

We can check that the assumptions (i), (ii) and (iii) in Proposition 3.2 are fulfilled. By direct
calculations, one has

: 2
{xeX|[xep+K, |« <2[pll}y, ifpecli,

WOls o —
D*C(p.3)(p) = { 0, otherwise, (3.14)

{yeY|ye2p+K}, ifpel?,
0, otherwise,

B (2p}, ifpel?,
Dy 7 (p,y)(p) = { 0, otherwiZG,

{yeY [3xe D*C(p,x)(p),y = VS (P, X)(p,x)}

_ [ veriyezp+K Il <3lpl}, ifpeli,
0, otherwise.

D'(F 1 K)(5.5)(p) = {
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Thus, all the assumptions in Proposition 3.2 are satisfied. So, for any p € 2,

Dy 7(p,y)(p) =Ming{y € Y | 3x € D"C(p,%)(p),y = Vf (P, %)(p,X)}.

Moreover, we can check that

[ A{p}, ifpellinB(0,1), [ A{p+0}, ifpeiinB(0,1),
7 (p) = { 0,  otherwise, (7 +0)(p) = 0, otherwise.
Hence,
w oo [ A0 ifpel, o o [ {p} ifpell,
DU+ Q) (p.%)(p) = { 0, otherwise, Dy (p,%)(p) = 0, otherwise,

{p}, iftpei?,

{xeX |xeD"C(p,x)(p),Vf(p,%)(p,x) € D" F(p,y)(p)} = { 0, otherwise.

This leads that
Dy 7 (p,x)(p) =Ming {x € X | x € D"C(p,X)(p),Vf(p,X)(p,x) € D" F(p,y)(p)}-
4. THE APPLICATION TO THE PARAMETRIC SEMI-INFINITE PROGRAMMING

In this section, we apply the results obtained in previous section to the problem (PVO,,) with
the constraint mapping C : P = X defined by

C(p):=={xeX|g(p,x)<0,teT}, (4.1)

where T is an arbitrary index set and, for eacht € T, g; : P x X — R is continuously Fréchet
differentiable maps. Constraints of type (4.1) are known as semi-infinite inequality constraints
(see [10]). Denote T(p,x) :={t € T | g:(p,%) = 0} the index set of all active constraints at

(P, %).
Definition 4.1. Let C be defined in (4.1) and let (p,x) € grC. We say that C satisfies the Abadie
constraint qualification (ACQ) at (p,x) if

T"(erC,(p,%)) € {(p,x) € Px X | Vgi(p,%)(p,x) <0,V1 € T(p,X)}. (4.2)
When P, X are finite dimensional spaces, some sufficient conditions for (ACQ) could be estab-
lished similarly to the Section 4 in [32].

The following proposition gives us a criterion for computing the 7"-contingent epiderivative
of the constraint mapping C in (4.1).

Proposition 4.1. Let (p,x) € grC. Suppose that C in (4.1) satisfies (ACQ) in (4.2). Then
D*C(p.x)(p) ={x € X | Vg:(p,%)(p,x) <0, € T(p, %)} ,Vp € P.
Proof. Let p € P and x € D"C(p,x)(p). Then, there exists 7, | 0 and (pp,x,) — (p,x) such
S,W

that
X+ Tyxy € C(ﬁk + Tnpn),Vn,
leads to
8t (P+ Tupn, X+ Tuxy) <0,Vn,Vt €T,
We deduce from the continuously Fréchet differentiability of g; that

gt(ﬁ,)f) + Tan,(ﬁ,f)(pn,xn) +0<Tn||(pn7xn)||) <0,vn,VteT.
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Since, g;(p,x) =0 forallt € T(p,x), one has

1
Ve (P, X)(PnyXn) + T_O(TnH(Pnaxn)H) <0,vn,Vt € T(p,X).

n

Letting n — oo, the above inequality derives that
Ve(p,X)(p,x) <0,V € T(P,X).
Hence,
D*C(p,%)(p) S {x e X [ Ve:i(p,x)(p,x) <O,Vt € T(p,X)},Vp € P.
This together with (ACQ) implies that
D*C(p,%)(p) ={xe X | Ve:(p,x)(p,x) <OVt € T(p,X)} ,Vp € P.
The proof is complete. U

As the immediate consequences of Proposition 3.1, Proposition 3.2 and Proposition 4.1, we
have the following results.

Proposition 4.2. Let p € P and let X € .7 (p) be such that = f(p,X) € F (p) with the constraint
mapping C given by (4.1). Suppose that the following conditions hold:

(i) f is continuously Fréchet differentiable at (p,X) with derivative V f(p,X);
(ii) C satisfies (ACQ) at (p,X);
(iii) D" (7 + Q) (P, %) (p)
={x€ X |Vg(p,x)(p,x) <0Vt € T(p,x),Vf(P,x)(p,x) € D" F(p,y)(p)} + Q.
Then,
Dy (p,x)(p) =Ming{x € X | Vg:(p,X)(p,x) <O,Vt € T(p,X),Vf(p,%)(p,x) € D"F (p,7)(p)}-
Proposition 4.3. Let p € P and let x € C(p) be such that y = f(p,X) € F (p) with the constraint

mapping C given by (4.1). Suppose that the following suppositions are fulfilled:

(i) the domination property holds for F around p;
(ii) f is Fréchet differentiable at (p,X) with derivative V f(p,X);
(iii) C satisfies (ACQ) at (p,X);

(iv) D*(F +K)(p,5)(p) ={y €Y | V&:(p,%)(p,x) <O,V 1 € T(p, ),y = Vf (P, X)(p,x) } +
K.

Then,
Dy 7 (p,y)(p) =Ming{y € Y | Vg:(p,X)(p,x) < 0,Vt € T(p,X),y = Vf(p,X)(p,x)}

The following example illustrates the results in Proposition 4.2 and Proposition 4.3.
Example 4.1. Let 7 = [0,1]U{-2}U{3},P=X =Y =R?>,Q0 =12, K=R? and let f:
Px?— Rz,gt PPx? R,z € T be given as follows:

f(p,x) = 3p1+x1,%2),Vp = (p1,P2y-s Pny--.) € lz,Vx: (X1,X2, 0oy Xy oer) € lz,
g (p,x) ==tp —tx; + (t — )xo,Vp,x € I%.
We consider problem (PVO,) with C defined in (4.1). By some direct computations, we get

C(p) ={xe€l’|-2p;+2x1 —3x <0,3p; —3x; +2x, <0}
- {XE 12 ’xl 2P17x2 20}7vp€ 127
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F(p) ={yeR?| =8p;+2y; —3y, <0,12p; —3y; +2y2 <0}
- {y € Rz |)’1 Z 4P17y2 Z O}JVP S 127
Z(p) ={(4p1,0)}.

For p = 0,2, we have
C(p) ={xe€*|x1>0,x; >0},

F(p)={y €R*|y1 > 0,52 > 0},.7(p) = {(0,0)}.
Thus, ¥ = 0,2 € C(p) and y = f(p,%) = (0,0) € .Z(p). We can check that assumption (i) of
Proposition 4.3 holds. For each 7 € T, one has T'(p,x) =T,

T"(grC, (p,%)) = {(p,x) € > x> | tp —tx; — (1 —1)x, <0,V € T}
={(p,x) > x I* | x1 > p1,x > 0},
Vg;(p, ) (Vpgt(p7 ) ngl(p_a _)>:((t O O ) (_ _1707"'707"')>7t€T7
{(p.x) € PxX | Vg(p,x)(p,x) <0Vt €T (p,x )} {(p,x) € P X I | x1 > p1,3a > 0},
which implies that C satisfies (ACQ) at (p,x). Moreover, for any p € 2,
D"(F +K)(p.3)(p) = D"F(p,3)(p) = {y € R* | y1 > 4p1,y2 > 0},
Vf<p7 ) ( Pf(p> ) Xf(p_7 _))
=(((3,0,..,,0,...),(0,0,...,0,...)),((1,0,...,0,...),(0,1,0,...,0,...))),
V(P X)(p,x) = (3p1+x1,x2).
Thus, for any p € 2,
D"(F +K)(p,5)(p) = {y € R?| Vg:(p, %) (p,x) <O,V1 € T(p, %),y = Vf(p,%)(p,x)} +K,
i.e., all assumptions of Proposition 4.3 are satisfied. Since D.# (p,y)(p) = {(4p1,0)}, one has
D7 (p,)(p) = Ming{y € R? | Vg:(p,%)(p,x) < 0,Y¢ € T(p, %),y = V.f (5, %)(p,x)},
which derives that the conclusion of Proposition 4.3 holds.

Now, we will illuminate the results in Proposition 4.2. From the above analysis, one has that
the assumptions (i), (ii) of Proposition 4.2 are fulfilled. Straightforward calculations give us

(p)={x€l’|x1 = p1,x =0},
(Z+0)(p) ={x €’ |x1 > p1,x2 > 0},
D"(#+Q)(p) ={x€*|x1 > p1,x, > 0},
{x €| Va&(p,5)(p,x) < 0,51 € T(p, %),V (5, ) (p,x) € D" F(p,3)(p)}
={x612 | x1 = p1,x = 0}.
Hence, for all p € 12,

D"(+0)(p,%)(p)
= {x € | Vg:(p.®)(p,x) <0,V € T(p, %), Vf(p,%)(p,x) € D" F (p,5)(p)} + O,

i.e., assumption (iii) of Proposition 4.2 holds. As D".(p,%)(p) = {x € I? | x; = p1,x = 0},
one gets

DL (5,9)(p)
— Ming{x € 12| Vg, (5,9)(p.x) < 0,V € T(5.%), V£(5,%) (p.x) € D" Z(5,5) (p)}-
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which confirms the conclusion of Proposition 4.2.
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