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Abstract. We revise some fixed point results for multivalued non-expansive mappings in Banach spaces and
modular spaces and we state some new results depending either on the Opial modulus and or on the Partington
modulus in modular spaces.
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1. HISTORICAL BACKGROUND

Besides the Contraction Mapping Principle, stated by Banach in 1922 [2], the first relevant
results in metric fixed point theory were stated in 1965 when Browder [3, 4], Göhde [17] and
Kirk [22] respectively proved the existence of a fixed point for any non-expansive single-valued
mapping defined from a convex closed bounded set C of a Banach space X into C whenever X is
a Hilbert space, a uniformly convex space or a reflexive space with normal structures. Since the
fixed point theory for multivalued mappings has many useful applications in applied sciences.
In particular, in game theory and mathematical economics, the extension of the fixed point re-
sults for single-valued mappings to the setting of multivalued mappings is a natural problem.
Nadler’s Theorem [30] is commonly understood as the extension of the Banach Contraction
Principle to the setting of multivalued mappings. Further extensions of Nadler’s Theorem con-
sider more general contractive conditions [29, 31]. But the most interesting problems concern-
ing some possible extensions of Nadler’s Theorem focus on non-expansive multivalued map-
pings (see [33] and the references therein). The main difficulty to obtain a fixed point result in
this setting comes from the fact that the “classic” technique for single-valued mappings, based
upon Goebel-Karlovitz’ Lemma on minimal invariant sets, does not work in the multivalued
case. In fact, it is still an open question if Kirk fixed point theorem for single-valued non-
expansive mapping in reflexive Banach spaces with normal structure also works for set-valued
mappings (see [6] for a discussion about this problem). The first positive results were obtained
by Lim [24] and Kirk and Massa [23] by using the Edelstein’s technique on asymptotic centers.
To revise these results, K(X) (resp. KC(X)) will denote the family of all nonempty compact
(resp. compact convex) subsets of X . We recall that a multivalued mapping T : X → K(X) is
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said to be nonexpansive if H(T x,Ty) ≤ ‖x− y‖ for every x,y ∈ X , where H(·, ·) denotes the
Hausdorff metric given by

H(A,B) := max
{

sup
a∈A

d(a,B),sup
b∈B

d(b,A)
}

for every bounded subsets A and B of X .

Theorem 1.1. (Lim 1974) [24] Let X be a uniformly convex Banach space, let C be a closed
bounded convex subset of X and let T : C→ K(C) be a nonexpansive mapping. Then T has a
fixed point.

Theorem 1.2. (Kirk and Massa 1990) [23] Let E be a nonempty closed bounded convex subset
of a Banach space X and T : E→KC(E) a nonexpansive mapping. Suppose that the asymptotic
center in E of each bounded sequence of X is nonempty and compact. Then T has a fixed point.

The compactness condition of the asymptotic centers is satisfied, in particular, if X is uni-
formly convex. In this case, Xu [32, 33] extended Lim’s result for non-selfmappings which
satisfy an inward condition. Nominally:

Theorem 1.3. (Xu 1991) [32] Assume that X is a uniformly convex Banach space, E is a closed
bounded convex subset of X, and T : E→K(X) is a non-expansive mapping satisfying the weak
inwardness condition: T x⊂ IE(x) for every x ∈ E, where IE(x) = {x+λ (y−x) : y ∈ E,λ ≥ 0}.
Then T has a fixed point.

Replacing the weak inwardness condition by a stronger condition, Kirk-Massa’s Theorem
can be directly extended [33].

Theorem 1.4. (Xu 2000) [33] Let E be a nonempty closed bounded convex subset of a Banach
space X and T : E→ KC(X) a non-expansive non-self-mapping which satisfies the inwardness
condition: T x⊂ IE(x) for every x∈ E. Suppose that the asymptotic center in E of each bounded
sequence of X is nonempty and compact. Then T has a fixed point.

In [33], some open questions were listed. In particular, the author wondered about the possi-
bility of extending the above theorems to the case of a nearly uniformly convex Banach space.
Such a question was solved for self-mappings as well as for non-self-mappings in [9, 10, 11].
We will revise the main results in these papers.

A Banach space X is said to be nearly uniformly convex (NUC) if and only if

∆X ,φ (ε) := inf{1−d(0,A) : A⊂ BX convex ,φ(A)> ε}> 0

for each ε > 0, or equivalently

εφ (X) := sup{ε ≥ 0 : ∆X ,φ (ε) = 0}= 0,

where φ is a measure of noncompactness.
Assume that α is the Kuratowski measure, β is the separation measure and χ is the Hausdorff

measure (for the definitions see, for instance, [1] or [15]). We have the following relationships
among the different moduli:

∆X ,α(ε)≤ ∆X ,β (ε)≤ ∆X ,χ(ε)

and consequently
εα(X)≥ εβ (X)≥ εχ(X).
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We list the most general results appearing in [11] for multivalued non-expansive mappings
satisfying an inwardness condition.

Theorem 1.5. Let X be a Banach space such that εα(X) < 1 and let C be a closed bounded
convex subset of X. If T : C→ KC(X) is a non-expansive and 1-χ-contractive mapping such
that T (C) is a bounded set, and satisfies

T x⊂ IC(x) ∀x ∈C,

then T has a fixed point.

Theorem 1.6. Let X be a Banach space such that εβ (X) < 1 and let C be a closed bounded
convex and separable subset of X. If T : C→ KC(X) is a non-expansive and 1-χ-contractive
mapping such that T (C) is a bounded set, and satisfies

T x⊂ IC(x) ∀x ∈C,

then T has a fixed point.

For self-mappings, a more general result can be obtained. We recall [1] that X is NUC if and
only if X is reflexive and

∆X(ε) := inf{1−‖x‖ : {xn} ⊂ BX ,xn ⇀ x, liminf
n
‖xn− x‖ ≥ ε}> 0

for each ε > 0, or equivalently

∆0(X) := sup{ε > 0 : ∆X(ε) = 0}= 0.

It is not difficult to check the following inequalities:

∆X ,α(ε)≤ ∆X ,β (ε)≤ ∆X(ε)

and so
εβ (X)≥ ∆0(X)

when X is reflexive. Since X is reflexive when εβ (X) < 1, the following result in [5] extends
Theorem 1.5 and Theorem 1.6 in the case of a self-mapping.

Theorem 1.7. Let C be a nonempty weakly compact convex subset of a Banach space X such
that ∆0(X)< 1 and T : C→ KC(C) is a nonexpansive mapping. Then T has a fixed point.

2. MEASURE OF NONCOMPACTNESS AND FIXED POINT FOR MULTIVALUED

NON-EXPANSIVE MAPPINGS IN MODULAR SPACES

In this section, we are going to show a recent result about the existence of fixed points for
multivalued non-expansive mappings in modular spaces, by using noncompactness measures.
We start recalling some notions and facts concerning modular spaces. For more details, the
reader is referred to [20, 21, 25, 26, 27].

Definition 2.1. Let X be an arbitrary vector space.
(a) A functional ρ : X → [0,∞] is called a convex modular if, for arbitrary x,y ∈ X ,

(i) ρ(x) = 0 if and only if x = 0;
(ii) ρ(αx) = ρ(x) for every scalar α with |α|= 1;
(iii) ρ(αx+βy)≤ αρ(x)+βρ(y) if α +β = 1 and α,β ≥ 0.
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(b) A modular ρ defines a corresponding modular space, i.e. the vector space Xρ given by

Xρ = {x ∈ X : ρ(x/λ )< ∞ for some λ > 0}.

The formula

‖x‖ρ = inf
{

α > 0 : ρ

( x
α

)
≤ 1
}
,

defines a norm, which is frequently called the Luxemburg norm. Thus, any convex modular
space can be simultaneously studied as a normed space with the Luxemburg norm and any topic
on these spaces can be divided in two parts corresponding either to the modular space or the
normed space. We should notice that, in non-trivial cases, the Luxemburg norm is particularly
difficult to compute and, as a consequence, the results for the normed space should be deduced
from the corresponding for the modular.

Definition 2.2.
(a) The sequence {xn} in Xρ is said to be ρ-convergent to x ∈ Xρ if ρ(xn− x)→ 0 as n→ ∞.
(b) A subset C of Xρ is called ρ-closed if the ρ-limit of a ρ-convergent sequence of C always
belongs to C.
(c) A subset C of Xρ is ρ-bounded if

diamρ(C) = sup{ρ(x− y);x,y ∈C}< ∞.

Given a subset A of Xρ , we denote co(A) its convex hull, i.e., the smallest convex subset of
Xρ containing A. From the convexity of the modular ρ , we easily deduce that diamρ(co(A)) =
diamρ(A).

From the ρ-convergence, it is possible to define a topology. Since any norm-convergent
sequence in Xρ is ρ-convergent, every ρ-closed set in Xρ is norm-closed.

We say that the modular satisfies the ∆2-condition if there exists K > 0 such that ρ(2x) ≤
Kρ(x) for any x ∈ Xρ . In this case, it is easy to prove that ρ-convergence is identical to norm-
convergence. Thus, ρ-compact (ρ-closed) and norm-compact (norm-closed) sets are identical
and also ρ-bounded and norm-bounded sets are identical. From now on, we will assume that
the modular space satisfies the ∆2-condition. Hence, we will drop the prefix ρ for the notions
in Definition 2.2. Note that, in this case, a kind of “triangular inequality” is satisfied, because
for every x,y ∈ Xρ we have ρ(x+ y)≤ (K/2)(ρ(x)+ρ(y)). As a consequence Xρ satisfies the
Fatou’s Property, i.e., ρ(x)≤ liminfn ρ(xn) whenever limn ρ(xn− x) = 0. Therefore, the closed
ρ-balls are closed and the ρ-diameter of a set is the same as the ρ-diameter of its ρ-closure.

Definition 2.3. The growth function ωρ : [0,∞)→ [0,∞) of a modular ρ is defined as follows

ωρ(t) := sup
{

ρ(tx)
ρ(x)

: 0 < ρ(x)< ∞

}
for all t ≥ 0.

Lemma 2.1. [8] Let ρ be a convex modular such that ρ satisfies the ∆2-condition. Then the
growth function ωρ has the following properties:

(1) ωρ(t)< ∞ for every t ∈ [0,∞).
(2) ωρ(t) = 0 if and only if t = 0.
(3) ωρ : [0,∞)→ [0,∞) is a convex, strictly increasing function. So, it is continuous.
(4) ωρ(αβ )≤ ωρ(α)ωρ(β ) for all α,β ≥ 0.
(5) ω−1

ρ (α)ω−1
ρ (β )≤ ω−1

ρ (αβ ) for all α,β ≥ 0, where ω−1
ρ is the function inverse of ω .
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(6) ‖x‖ρ ≤ 1
ω
−1
ρ (1/ρ(x))

for every x ∈ Xρ\0.

Many fixed point theorems for nonlinear mappings defined in modular spaces require a kind
of uniform continuity of the modular.

Definition 2.4. A modular ρ is said to be uniformly continuous on bounded sets if, for every
bounded subset C of Xρ and for every ε > 0, there exists δ > 0 such that

|ρ(x+ y)−ρ(x)|< ε

whenever x ∈C, y ∈ Xρ , ρ(y)< δ .

The following result can be found in [13] (see also [19]).

Lemma 2.2. Assume that Xρ is a convex modular space satisfying the ∆2-condition. Then

(1) ρ is uniformly continuous on bounded sets.
(2) For any bounded sequence {xn} ⊂ Xρ and any bounded subset C of Xρ , the function

Φ : C→ R defined by Φ(x) = limsup
n

ρ(xn− x) is weakly lower semicontinuous.

The definition of the Kuratowski measure of noncompactness was introduced in modular
function spaces by Khamsi and Kozlowski [20]. Similarly, we can extend such a concept to
modular abstract spaces in the following way.

Definition 2.5. Let Xρ be a convex modular satisfying the ∆2-condition and B the family of
nonempty ρ-bounded subset of Xρ . Define the Kuratowski measure of noncompactness of
A ∈B by

α(A) = inf{ε > 0 : A can be covered by a finite number of sets

with ρ−diameter smaller than ε},

and the Hausdorff measure of noncompactness of A by

χ(A) = inf{ε > 0 : A can be covered by a finite number of

ρ−balls of radius smaller than ε}.

It is clear that α(A)≥ χ(A) for every bounded set A. The functions α(·) and χ(·) satisfy the
usual properties of a measure of noncompactness (see, [12, Proposition 3.2]). By using these
properties, it is easy to prove that, as in the case of a normed space, χ(Bρ(0,r)) = r for every
r > 0.

Similarly as Goebel and Sekowski [16] did for Banach spaces, we can define a scaling for
modular spaces using a measure of noncompactness.

Definition 2.6. [20] Let Xρ be a convex modular. The ρ-modulus of the noncompact convexity
associated to α is defined in the following way

∆α(r,ε) = sup{c > 0 : for any ρ-bounded convex A⊂ Bρ(0,r)with

α(A)≥ rε, then dρ(0,A)≤ (1− c)r},

for every r > 0, ε ∈ (0,αr), where αr =: α(Bρ(0,r))/r ≥ 1.
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The ρ-characteristic of the noncompact convexity of Xρ associated with the measure of non-
compactness α is defined for every r > 0 by

εα(r) = sup{0≤ ε ≤ αr : ∆α(r,ε) = 0}.

Definition 2.7. Let Xρ be a convex modular. The modular space is said to be uniformly ρ-
noncompact convex (UNC in short) if and only if εα(r) = 0 for every r > 0.

Theorem 2.1. [12] Let ρ be a convex modular satisfying the ∆2-condition. Assume that Xρ

is UNC and for some ε0 ∈ (0,1) and there exists γ > 0 such that lim
r→0

∆α(r,ε0) ≥ γ . Let C

be a nonempty ρ-closed ρ-bounded convex subset of the space Xρ and T : C → KCρ(C) a
ρ-nonexpansive mapping. Then T has a fixed point.

3. OPIAL MODULUS AND PARTINGTON MODULUS FOR MODULAR SPACES

In this section, we are going to introduce an Opial modulus for modular spaces. The Opial
property for modular spaces has already been considered (see [20, section 4.4] when ρ-a.e.
convergence is considered). However, we must highlight that our modulus concerns weak con-
vergence, which does not imply the ρ-a.e. convergence (see, for instance, [18, 13.43(a)]). We
also define a modulus, inspired by the Partington [28] modulus in linear normed spaces, that,
in reflexive spaces, is an UNC modulus. We will prove some properties of these moduli and a
strong connection between both of them which will be used to obtain some fixed point results
in next section.

Definition 3.1. Let ρ be a convex modular satisfying the ∆2-conditions and such that the space
Xρ does not satisfy the Schur property. For s > 0, c > 0 we define

r(s,c) = inf{(1/s) liminf
n

ρ(xn + x)−1},

where the infimum is running over all x,xn ∈ Xρ , ρ(x)≥ sc, xn ⇀ 0, and liminfn ρ(xn)≥ s.

Note that the function r(s, ·) is non-decreasing in c. Furthermore, from Lemma 2.2, this
modulus satisfies r(s,c)≥ c−1 for all s,c > 0. In particular, r(s,c)≥ 0 for all s > 0 and c≥ 1.

We will prove that, as in the case of linear normed spaces, the Opial modulus is continuous.
In this case, since it depends on two variables, we will check that it is jointly continuous on both
variables. We need a previous lemma.

Lemma 3.1. Let r(·, ·) the Opial modulus. Then,

r(s,c) = inf{(1/s) liminf
n

ρ(xn + x)−1},

where x,xn ∈ Xρ , M ≥ ρ(x)≥ sc, xn ⇀ 0, M ≥ liminfn ρ(xn)≥ s, with M being equal to s(1+
c)ω(2)2.

Proof. Taking an arbitrary weakly null sequence such that liminfn ρ(xn) = s and an arbitrary x
such that ρ(x) = cs, we have liminfn ρ(xn+x)≤ ω(2)

2 (liminfn ρ(xn)+ρ(x))≤ω(2)s(1+ c)/2.
Thus 1 + r(s,c) ≤ ω(2)(1 + c)/2. By convexity, it is clear that we can assume that either
ρ(x) = sc or liminfn ρ(xn) = s in the definition of r(s,c). In the first case, we choose xn,x such
that s(r(s,c)+1)+ s≥ liminfn ρ(xn + x). We have

liminf
n

ρ(xn)≤
ω(2)

2
(liminf

n
ρ(xn + x)+ρ(x))≤ ω(2)

2
s(r(s,c)+2+ c))≤M
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The second case is similar.
�

Proposition 3.1. The function (s,c)→ r(s,c) is continuous at any point.

Proof. Let s0,c0 > 0 be fixed. By Lemma 3.1, we can assume that xn,x in the definition of r(s,c)
belong to a bounded set C for every s≤ 2s0 and every c≤ 2c0. We choose M≥ 1 such that ρ(x+
y)≤M for every x,y∈C. For an arbitrary ε > 0, we choose δ > 0 as in Definition 2.4. Since s→
1/s is a continuous function, it suffices to prove that the function a(s,c) = inf{liminfn ρ(xn +
x)}, xn,x as above, is continuous. We only consider values of (s,c) ∈ (s0/2,2s0)× (c0/2,2c0).

Claim 3.1. (a) Let c > c0 such that c− c0 < c0(δ/M). Then,

a(s0,c)≥ a(s0,c0)≥ a(s0,c)− ε.

(b) As a consequence, we have |a(s0,c)−a(s0,c0)|< ε if |c− c0|< (c0/2)(δ/M).

Indeed, choose an arbitrary x ∈ C such that ρ(x) ≥ c0s. Denote y = c
c0

x. We have ρ(y) ≥
c
c0

ρ(x)≥ cs0 and, for any weakly null sequence xn such that liminfn ρ(xn)≥ s0, we have

liminf
n

ρ(x+ xn)≥ liminf
n

ρ(y+ xn)− ε ≥ a(s0,c)− ε

because ρ(x− y)≤ δ . Thus, a(s0,c0)≥ a(s0,c)− ε.

Claim 3.2. (a) Let s > 0 be such that

|s− s0|< s0 max
{

δ

ω(2)M
,

(
ω

(
Mω(2)

Mω(2)−δ

)
−1
)}

.

Then, |a(s0,c)−a(s,c)|< ε for every c ∈ (c0/2,2c0).
(b) As a consequence, we have |a(s0,c)−a(s,c)|< ε if

|s− s0|<
s0

2
max

{
δ

ω(2)M
,

(
ω

(
Mω(2)

Mω(2)−δ

)
−1
)}

.

Indeed, let x ∈C be such that ρ(x)≥ cs0 and let xn be a weakly null sequence in C such that
liminfn ρ(xn)≥ s0. Denote y = s

s0
x, yn =

s
s0

xn. We have ρ(y)≥ cs; ρ(yn)≥ s and

liminf
n

ρ(x+ xn)≥ liminf
n

ρ(y+ yn)− ε ≥ a(s,c)− ε

because ρ(x+ xn− y− yn)≤ ω(2)M(s−s0)
s0

≤ δ . Thus, a(s0,c)≥ a(s,c)− ε .
Conversely, choose x ∈C such that ρ(x)≥ sc and xn weakly null such that liminfn ρ(xn)≥ s.

Denote y = kx, and yn = kxn, where ω(1/k) = s/s0 > 1 (and so k < 1). We have ρ(y) ≥ cs0;
ρ(yn)≥ s0 and

liminf
n

ρ(x+ xn)≥ liminf
n

ρ(y+ yn)− ε ≥ a(s0,c)− ε

because ρ(x+ xn− y− yn)≤ ω(2)(1− k)M < δ . Thus,

a(s,c)≥ a(s0,c)− ε.

Finally, for any pair s,c > 0 satisfying the condition as in Claim 3.1 (b) and 3.2 (b), we have

|a(s,c)−a(s0,c0)| ≤ |a(s,c)−a(s0,c)|+ |a(s0,c)−a(s0,c0)| ≤ 2ε.

�
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Definition 3.2. Assume that ρ is a convex modular satisfying the ∆2-condition. For every s > 0,
we define

∆Xρ
(s,ε) = inf

{
1− ρ(x)

s
: {xn} ⊂ Bρ(0,s),xn ⇀ x, liminf

n
ρ(xn− x)> sε

}
,

for every ε > 0 such that the above set is non-empty.

Observe that the function ∆Xρ
(s, ·) can be defined for ε ∈ (0,d(s)], where d(s) = sup{ε > 0 :

there exists a weakly convergent sequence, say to x, in Bρ(0,s) satisfying liminfn ρ(xn− x) >
sε}. We will define ∆Xρ

(s,ε) = 1 if ε > d(s). Note that for any weakly convergent sequence
{xn} say to x, such that limn ρ(xn− x) > sε , taking a subsequence and using [12, Proof of
Theorem 3.12], we can assume that limn,m;n6=m ρ(xn− xm) = ds exists. By the weak lower
continuity of the modular (Lemma ??), we have d ≥ ε , which implies αs ≥ d(s) for every s > 0.
We will prove that d(s)≥ 1 in reflexive spaces.

Theorem 3.1. Let Xρ be a modular infinite-dimensional reflexive space. Then, there exists a
weakly convergent sequence {xn} in Bρ(0,s) such that limρ(xn− x)≥ s.

Proof. Choose an infinite-dimensional separable subspace Y of Xρ and let B be the set {x ∈
Y : ρ(x) ≤ s}. We have χ(B) = s. Let S be a countable dense subset of B and Bn a sequence
formed by all balls centered at any point of S with radius any rational number less than s.
Denote Mn = ∪n

m=1Bm. Since χ(Mn)< s, there exists xn ∈ B\Mn for every n ∈N. Note that for
every n ∈ N, there exists n′ such that the set {xi : i = 1, ...,n} ⊂Mn′ . Thus, xn′ 6= xi, i = 1, ...,n
and the range of {xn} contains infinitely many elements. Let {yn} be a weakly convergent
subsequence of {xn}, say to x, formed by distinct points and such that limn ρ(yn− x) = d does
exist. Note that d ≥ χ({yn : n∈N}). We have that {yn : n∈N}∩Mn is a finite set. We claim that
χ({yn : n ∈N}) = s. Indeed, otherwise, we could assume that {yn : n ∈N} is contained in a ball
Bρ(x0,rs) for some r < 1. By use of Lemma 2.2, we obtain m ∈N such that {yn : n ∈N} ⊂Mm,
which is a contradiction. �

Next, we will compare this modulus with the α-modulus for noncompact uniform convexity
defined before (Definition 2.6).

Theorem 3.2. For every s > 0, and ε ∈ (0,d(s)), we have ∆α(s,ε)≤ ∆Xρ
(s,ε) for s > 0

Proof. For any fixed s > 0 and ε ∈ (0,d(s)), we choose an arbitrary a > ∆Xρ
(s,ε). We can

find a sequence {xn}, which is weakly convergent to x, such that xn ∈ Bρ(s), limn ρ(xn− x) ≥
sε , and ρ(x) > 1− a. Taking a subsequence and using [12, Proof of Theorem 3.12], we can
assume that limn,m;n 6=m ρ(xn− xm) = ds exists. By the weak lower continuity of the modular
(Lemma ??), we have d ≥ ε . Thus, α(co {xn : n ≥ k}) ≥ εs for every k ∈ N, which implies
d(0,co {xn : n≥ k})≤ 1−∆α(s,ε). For a given η > 0, we can choose zk ∈ co {xn : n≥ k} such
that ρ(zk)≤ 1−∆α(s,ε)+η . Since the sequence {zk} lies in a weakly compact set, we can find
a weakly convergent subsequence {yk} of {zk}. Its weak limit must be x because ∩∞

k=1co {xn :
n≥ k}= {x}. The weak lower semicontinuity of the modular implies ρ(x)≤ 1−∆α(s,ε)+η .
Since η is arbitrary, we obtain ∆α(s,ε)≤ a. �

Denote rXρ
(c) = inf

0<s
r(s,c). Next, we show a strong connection between the Opial modulus

and the Partington modulus in modular spaces.
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Theorem 3.3. Let ρ be a convex modular satisfying the ∆2-condition. Then, the following
conditions are equivalent:

(1) rXρ
(1)> 0;

(2) inf
s>0

∆Xρ
(s,ε0)> 0 for some ε0 ∈ (0,1).

Proof. Assume that rXρ
(1) > 0. Suppose that inf

0<s
∆Xρ

(s,ε) = 0 for all ε ∈ (0,1). Then, for all

n≥ 1, there exists sn > 0 such that

∆Xρ
(sn,εn)<

1
2(n+1)

,

where εn =
n

n+1
. On the other hand, there exists a sequence {xk} ⊂ Bρ(0,sn), which is weakly

convergent to a point x with liminf
k

ρ(xk− x)≥ snεn and

1− ρ(x)
sn

< ∆Xρ
(sn,εn)+

1
2(n+1)

.

Consider the weakly sequence xk− x. Since

ρ(x)≥ snεn
1−∆Xρ

(sn,εn)− 1
2(n+1)

εn
,

we have

r

(
εnsn,

1−∆Xρ
(sn,εn)− 1

2(n+1)

εn

)
≤ liminfk ρ(xk)

εnsn
−1

≤ 1
εn
−1

=
1
n
.

Bearing in mind that
1−∆Xρ

(sn,εn)− 1
2(n+1)

εn
> 1,

we have

r(εnsn,1)≤
1
n
.

Thus, rXρ
(1) = 0, which is a contradiction.

Conversely, we assume that inf
0<s

∆Xρ
(s,ε0)> 0 for some ε0 ∈ (0,1) and suppose that rXρ

(1) =

0. Then, for any n≥ 1, we can find sn > 0 such that

r(sn,1)<
1

2n
.

Since ε0 ∈ (0,1), we can choose n ≥ 1 large enough such that ε0 < n
n+1 . Take a weakly null

sequence {xk} with liminf
k

ρ(xk)≥ sn and x ∈ Xρ with ρ(x)≥ sn such that

liminf
k

ρ(xk + x)
sn

< 1+ r(sn,1)+
1

2n
.
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Without loss of generality, we can assume that

xk + x ∈ Bρ

(
0,sn

(
1+ r(sn,1)+

1
2n

))
.

Since

ρ(x)≥ sn
1+ r(sn,1)+ 1

2n

1+ r(sn,1)+ 1
2n

,

we obtain

1− 1
1+ r(sn,1)+ 1

2n

≥ ∆Xρ

(
sn

(
1+ r(sn,1)+

1
2n

)
,

1
1+ r(sn,1)+ 1

2n

)

≥ ∆Xρ

(
sn

(
1+ r(sn,1)+

1
2n

)
,ε0

)
.

Therefore
1

n+1
≥ ∆Xρ

(
sn

(
1+ r(sn,1)+

1
2n

)
,ε0

)
≥ inf

0<s
∆Xρ

(s,ε0),

which is a contradiction. �

4. MAIN RESULTS

The method of asymptotic centers play an important role in the fixed point theory for non-
expansive multivalued mappings on Banach spaces. Some definitions and results concerning
asymptotic centers can be adapted to modular spaces in a straightforward way.

Let C be a nonempty ρ-closed ρ-bounded of the space Xρ and {xn} be a bounded sequence
in Xρ . We define

rρ(C,{xn}) = inf{limsup
n

ρ(xn− x) : x ∈C},

and
Aρ(C,{xn}) = {x ∈C : limsup

n
ρ(xn− x) = rρ(C,{xn})}.

The number rρ(C,{xn}) and the (possible empty) set Aρ(C,{xn}) are called, respectively, the
ρ-asymptotic radius and the ρ-asymptotic center of {xn} in C.

Obviously, Aρ(C,{xn}) is a convex set as C is. Furthermore, the set Aρ(C,{xn}) is nonempty
and closed whenever C is weakly compact. Indeed, for any m≥ 1, consider the set

Am =

{
y ∈C : limsup

n
ρ(xn− y)≤ r+

1
m

}
,

where r = rρ(C,{xn}). Clearly Am is nonempty and convex. Also, Am is closed by Lemma 2.2.
It follows from the weak compactness of C that Aρ(C,{xn}) = ∩m≥1Am 6= /0.

The sequence {xn} is said to be regular relative to C if the asymptotic radii of all subse-
quences of {xn} (relative to C) are the same. If, in addition, Aρ(C,{yn}) = Aρ(C,{xn}) for
every subsequence {yn} of {xn}, we say that {xn} is asymptotically uniform relative to C.

Similarly as Goebel [14], Kirk [22] and Lim [24] did for Banach spaces, the following lemma
can be proved.
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Lemma 4.1. Let ρ be a convex modular satisfying the ∆2-condition. Let C be a nonempty
closed bounded separable subset of the space Xρ and {xn} be a bounded sequence in Xρ . Then
{xn} contains a regular and asymptotically uniform subsequence relative to C.

If D is a ρ-bounded subset of Xρ , the ρ-Chebyshev radius of D relative to C is defined by

rρ(C,D) := inf{sup{ρ(x− y) : y ∈ D} : x ∈C}.
Notice that if D⊂C, then rρ(C,D)≤ diamρ(D)≤ ω(2)rρ(C,D).

In the following theorem, we find a connection between the asymptotic center of a sequence
and the Opial modulus of the modular space. As in the case of normed spaces [5], it will provide
a sufficient condition for a modular space to have the fixed point property for multivalued ρ-
nonexpansive mappings.

Theorem 4.1. Let ρ be a convex modular satisfying the ∆2-condition. Let C be a nonempty
weakly compact convex subset of the space Xρ and let {xn} be a sequence in C, which is regular
relative to C. Then

rρ(C,A)≤ 1
1+ rXρ

(1)
rρ(C,{xn}).

where A := Aρ(C,{xn})
Proof. Denote r = rρ(C,{xn}). Since C is a weakly compact set, we can assume, by passing to
a subsequence if necessary, that {xn} is weakly convergent to a point x ∈ C and lim

n
ρ(xn− x)

exists. Since {xn} is regular relative to C, passing through a subsequence does not have any
effect to the asymptotic radius of the whole sequence {xn}. Let z ∈ A, z 6= x. From Lemma 2.2,
we obtain

lim
n

ρ(xn− x)≥ limsup
n

ρ(xn− z) = r ≥ ρ(x− z)

Now, we consider yn = xn−x, which is weakly null with limn ρ(xn−x)≥ ρ(x−z) and y= x−z.
Then

1+ r(ρ(x− z),1)≤ liminfn ρ(xn− z)
ρ(x− z)

=
r

ρ(x− z)
.

Therefore
ρ(x− z)≤ r

1+ r(ρ(x− z),1)
≤ r

1+ rXρ
(1)

and we deduce the inequality in the statement. �

Next, we state a fixed point theorem for multivalued ρ-nonexpansive mappings. To this end,
we will make use of the following results which were proved in [12].

Proposition 4.1 (Proposition 6.1, [12]). Let ρ be a convex modular satisfying the ∆2-condition.
Let C be a nonempty weakly compact separable subset of the space Xρ and T : C→ KCρ(C) a
ρ-nonexpansive mapping. Suppose that {xn} ⊂C is an approximate fixed point sequence for T ,
i.e., lim

n
dρ(xn,T xn) = 0. Then, there exists a subsequence {zn} of {xn} such that

T x∩A 6= /0, for all x ∈ A := Aρ(C,(zn)).

Theorem 4.2 (Theorem 6.5, [12]). Let ρ be a convex modular satisfying the ∆2-condition and
C a nonempty closed convex subset of Xρ . Assume that T : C→ KCρ(C) is a k−contractive
mapping. Suppose that A is a closed bounded convex subset of C such that T x∩A 6= /0 for every
x ∈ A. Then, T has a fixed point in A.
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Now we state the main fixed point theorem in this paper.

Theorem 4.3. Let ρ be a convex modular satisfying the ∆2-condition. Assume that rXρ
(1)> 0.

Let C be a nonempty weakly compact bounded convex subset of the space Xρ and T : C →
KCρ(C) a ρ-nonexpansive mapping. Then T has a fixed point.

Proof. The proof of this theorem is analogous in some parts to that of Theorem 6.6 in [12].
Since the ∆2-condition is satisfied and T is a continuous compact valued self-mapping, we can
construct a closed convex subset of C, which is separable and invariant under T (see [15]). Thus,
we can suppose that C is separable. For a fixed element x0 ∈C and for each n ≥ 1, we define
the mapping

Tnx :=
1
n

x0 +

(
1− 1

n

)
T x, x ∈C.

Then Tn is a multivalued self ρ-contraction mapping and hence has a fixed point {xn} ∈C by
Theorem 4.2. It is easily seen that lim

n
dρ(xn,T xn) = 0. Without loss of generality, we may

assume that {xn} is regular and asymptotically uniform with respect to C.
According to the previous proposition, we can also assume that

T x∩A1 6= /0, ∀x ∈ A1 := Aρ(C,{xn}).
On the other hand, we can apply Theorem 4.1 to obtain

rρ(C,Aρ(C,{xn}))≤ λ rρ(C,{xn}),

where λ := 1
1+rXρ (1)

< 1.
Fix z0 ∈ A1 and define a contraction

Tnx :=
1
n

z0 +

(
1− 1

n

)
T x, x ∈C.

The convexity of A1 implies Tnx∩A1 6= /0 for all x ∈ A1. By use of Theorem 4.2, we have that Tn
has a fixed point in A1, say x1

n. Thus, we can find an approximate fixed point sequence x1
n in A1

for T , which is regular and asymptotically uniform with respect to C. Again we apply Theorem
4.1 and Proposition 4.1 to have

T x∩A2 6= /0, ∀x ∈ A2 := Aρ(C,{x1
n})

and
rρ(C,A2)≤ λ rρ(C,{x1

n}).
Continuing a inductive process, we can get an approximate fixed point sequence {xm

n } in Am =
Aρ(C,{xm−1

n }) such that
rρ(C,Am)≤ λ rρ(C,{xm−1

n }.
Consequently,

rρ(C,Am)≤ λ
m−1rρ(C,A1).

Choosing xm ∈ Am, we proceed as in the proof of Theorem 6.6 in [12] to deduce that {xm} is a
ρ-convergent to a point x ∈C, which is in fact a fixed point of T . �

Corollary 4.1. Let ρ be a convex modular satisfying the ∆2-condition. Assume that inf
0<s

∆Xρ
(s,ε0)

> 0 for some ε0 ∈ (0,1). Let C be a nonempty weakly compact bounded convex subset of the
space Xρ and T : C→ KCρ(C) a ρ-nonexpansive mapping. Then T has a fixed point.
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In [12], the authors proved an analogous result to the Kirk-Massa’s theorem in modular
spaces. With the following example considered in [12], we show that the above corollary ex-
tends in some sense Theorem 6.2 in [12].

Example 4.1. Let {pn} be a sequence in [1,∞) such that 1 < p =: liminfn pn≤ limsupn pn < ∞.
Consider the Musielak-Orlicz space `pn for the modular

ρ(x) =
∞

∑
n=1
|x(n)|pn.

It is well known that (`pn,ρ) is a modular sequence space, which satisfies the ∆2-condition.
Furthermore, (`pn,‖ · ‖ρ) is a reflexive Banach space whenever ‖ · ‖ρ is the corresponding Lux-
emburg norm [7, Theorem 18].

Define σ : `pn → [0,∞) by

σ(x) = sup
n
{|x(n)|pn +

1
2

∞

∑
k=n+1

|x(k)|pk}.

It is clear that σ is a convex modular and (`pn,σ) satisfies the ∆2-condition. Furthermore,

1
2

ρ(x)≤ σ(x)≤ ρ(x),

which implies that the Luxemburg norms ‖ · ‖σ and ‖ · ‖ρ are equivalent. (Nominally,

‖x‖σ ≤ ‖x‖ρ ≤ 21/P‖x‖σ ,

where P = limsupn pn). Thus, (`pn,‖ · ‖σ ) is a reflexive Banach.
Assume that {xn} is a sequence in the closed ball Bσ (0,s) weakly sequence convergent to

a point x such that lim
n

σ(xn− x) ≥ sε . Passing to a subsequence if necessary, we can assume

that the limits lim
n

σ(xn− x) and lim
n6=m

σ(xn− xm) exist. Then lim
n6=m

σ(xn− xm) ≥ sε . Now we

follow the same argument as in Example 6.7 in [12] to prove that ∆Xρ
(s,ε) ≥ ε/2. Therefore

inf
s>0

∆Xρ
(s,ε)> 0 for all ε ∈ (0,1). for all ε ∈ (0,1).

Considering the sequence {en}, it is clear that liminfn σ(en− x)≥ 1 for every x ∈ `pn . Thus,
rρ(Bσ (0,1),{en}) = 1. Note that σ(en− (1/2)ek) = 1 for every k < n, which implies that the
sequence {en/2} lies in the asymptotic center of {en} with respect to the unit ball. Therefore,
Aρ({en},Bσ (0,1)) is not compact.

Open problems.
(1) Another question listed as Problem 1 in [33] was the following: Let X be a uniformly

smooth Banach space, E a nonempty closed bounded convex subset of X , and T : E →
K(E) a nonexpansive mapping. Does T have a fixed point? This problem was solved in
[5]. Nominally, the following result was proved:

Theorem 4.4. Let C be a nonempty closed bounded convex subset of a Banach space X
such that ρ ′X(0)< 1/2, and T : C→ KC(C) be a nonexpansive mapping. Then T has a
fixed point.

As far as we know, the notion of the uniform smoothness has not been considered
in modular spaces. We think that a suitable notions of smoothness in modular spaces
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could provide new fixed point theorems for multivalued non-expansive mappings in this
setting.

(2) It would be interesting to compare Corollary 4.1 in this paper and Theorem ?? from
[12]. It is known that every NUC modular space satisfies that the intersection of any
decreasing sequence {Cn}n≥1 of closed bounded convex subsets of Xρ is non-empty [12,
Theorem 4.8]. This property implies the reflexivity of Xρ (see, for instance, [1, Lemma
V.1.5]). Thus, any bounded closed convex set in a UNC space is weakly compact.
Moreover, it is not difficult to check that the assumptions in Theorem ?? from [12]
imply that for some ε0 ∈ (0,1) there exists γ > 0 such that ∆α(s,ε0) ≥ γ/2 for every
s ∈ (0,s0]. From Theorem 3.2, we obtain that ∆Xρ

(s,ε0) ≥ γ/2 for every s ∈ (0,s0].
By using the similar arguments to those in the proof of Theorem 3.3, it can be proved
that inf{r(s,1) : 0 < s < s0} > 0. However, we do not know if this condition (and the
continuity of the Opial modulus) implies that rXρ

(1)> 0.
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