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Abstract. Based on a very recent work by R. T. Rockafellar and the Yosida approximation, we propose a regu-
larization approach of the idea and the associated notions presented in [16] (see also [17]). Next, we develop a
similar analysis for fixed-point problems. In this setting, we introduce various elicitation notions that permit us to
go beyond the limitation of the usual assumptions of the pseudo-contraction or the firm non-expansiveness, and we
present the related progressive decoupling algorithms. Their convergence properties are investigated under global
elicitability assumptions and an application to decomposition and splitting problems is also briefly mentioned.
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1. INTRODUCTION AND PRELIMINARIES

To begin with, let us recall the following concepts, which are of common use in the context of
convex and nonlinear analysis; see, for example, [1]. Throughout this paper, H is a real Hilbert
space, 〈·, ·〉 denotes the associated scalar product and ‖ · ‖ stands for the corresponding norm.
An operator T : H→ 2H is said to be monotone if

〈u− v,x− y〉 ≥ 0 whenever u ∈ T (x),v ∈ T (y). (1.1)

It is said to be maximal monotone if, in addition, its graph, gphT := {(x,y) ∈ H ×H : y ∈
T (x)}, is not properly contained in the graph of any other monotone operator. Local maximal
monotonicity around (x̄, ȳ) ∈ gphT is then defined when these properties hold relative to some
neighborhood of (x̄, ȳ) (see, Pannanen [15]). Recall also that the σ -strong monotonicity is
obtained by replacing relation (1.1) by

〈u− v,x− y〉 ≥ 0≥ σ‖x− y‖2 ∀(x,u),(y,v) ∈ gphT, (1.2)

for some σ > 0. It is well-known that, for each x ∈ H and γ > 0, there is a unique z ∈ H such
that

x ∈ (I + γT )z. (1.3)
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The single-valued operator JT
γ := (I + γT )−1 is called the resolvent of T of parameter γ . It is a

nonexpansive mapping, which is everywhere defined and is related to its Yosida approximate,

namely, Tγ(x) :=
x−JT

γ (x)
γ

, by the relation

Tγ(x) ∈ T (JT
γ (x)). (1.4)

The latter is Lipschitz continuous with constant 1
γ
. Recall also that the inverse T−1 of T is

the operator defined by x ∈ T−1(y) if and only if T (x). On the other hand, remember that the
Moreau’s approximate of a given proper l.s.c convex function ϕ is defined by

ϕγ(x) = inf
y∈H
{ϕ(y)+ 1

2γ
‖y− x‖2},

and enjoys the nice property that it is a continuously differentiable function. The proximal
mapping is defined as

proxγϕ(x) := argmin
y∈H
{ϕ(y)+ 1

2γ
‖y− x‖2}

and its localised version by

proxU
γϕ(x) := argmin

y∈U
{ϕ(y)+ 1

2γ
‖y− x‖2},

where U stands for a subset of H and x ∈ U . Given a proper lower-semicontinuous convex
function ϕ : H→ IR∪{+∞}, the subdifferential of ϕ at x is the set

∂ϕ(x) = {z ∈ H : ϕ(y)≥ ϕ(x)+ 〈z,y− x〉 for all y ∈ H}.

Now, given a nonempty closed convex set C⊂H, recall also that its indicator function is defined
as iC(x) = 0 if x ∈C and +∞ otherwise. The normal cone to C at x is defined as

NC(x) = {y ∈ H : 〈y,c− x〉 ≤ 0 for all c ∈C},

if x ∈C and /0 otherwise. Observe that ∂ iC = NC and that its proximal mapping reduces to the
projection onto the set C.

The present paper is in the spirit of a very recent work by Rockafellar. For readers’ con-
venience, we propose first a short tour in the program developed by Rockafellar in [16] (see
also [17]). Next, unlike the methodology used there, we will see that ours relies heavily on
regularization. More precisely, our main purpose is twofold. Firstly, by connecting the analy-
sis developed in [16] with partial Moreau/Yosida regularization, we revisit some fundamental
notions proposed in [16] in the context of variational inequalities and optimization. Secondly,
taking advantage of this approach, we introduce elicitability’s notions and devise progressive
decoupling algorithms in two fixed-point settings. Their convergence properties are then also
investigated. An application to decomposition problems is briefly mentioned without more de-
velopments.

Let H be a Hilbert space, T : H→H a set-valued mapping and L,L⊥⊂H two complementary
subspaces of H. In [16], Rockafellar considered the following problem

(L) find x̄ ∈ L and ȳ ∈ L⊥ such that ȳ ∈ T (x̄),

the subspace L stands for linkage relations. The case when T is maximal monotone was consid-
ered in Spingarn [19] and was solved by the celebrate partial inverse method. The optimization
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case is then obtained by setting T = ∂ϕ , ϕ : H → (−∞,+∞] with ϕ a proper, l.s.c. convex
function. In this case, under a qualification condition, problem (L) amounts to minimizing the
function ϕ under the subspace L. Rockafellar’s challenge was then to obtain global and local
solution methods without monotonicity or convexity assumptions.

Based on the relevant observation that by replacing T by T + ePL⊥ , for some e≥ 0 with PL⊥

the orthogonal projection onto L⊥, the set of solutions to (L) does not change, Rockafellar
considered the problem

(Le) find x̄ ∈ L and ȳ ∈ L⊥ such that ȳ ∈ Te(x̄),

with Te = T + eP⊥.
Then, he defined the elicitation in problem (L) at level e≥ 0 globally by

∃e > 0 such that Te := T + eP⊥ is maximal monotone,

and locally if Te := T +eP⊥ is maximal monotone around a solution (x̄, ȳ). Similarly, he defined
the elicitation of strong maximal monotone operators. Finally, motivated by progressive hedg-
ing algorithm for solving problems in convex stochastic programming, see [18], Rockafellar
proposed the following algorithm:

Decoupling algorithm with parameters r > e≥ 0
- In iteration ν with xν ∈ L and yν ∈ L⊥, compute x̂ν solution of

0 ∈ T ν(x̂ν), where T ν(x) = T (x)− yν + r(x− xν).

Then update by the rule

xν+1 = PL(x̂ν) and yν+1 = yν − (r− e)PL⊥(x̂
ν).

In the special case when T = ∂ϕ , ϕ being a proper, l.s.c. convex function, the linkage problem
reduces to

(L) find x̄ ∈ L and ȳ ∈ L⊥ such that ȳ ∈ ∂ϕ(x̄),

which amounts to minimizing the function ϕ on the subspace L.
The algorithm’s subproblem takes the following form:

0 ∈ ∂ϕ
ν(x̂ν), where ϕ

ν(x) = ϕ(x)−〈yν ,x〉+ r
2
‖x− xν‖2,

in other words

x̂ν = argminx∈Hϕ
ν(x) (global case) and x̂ν = argminx∈U ϕ

ν(x) (local case),

U being a neighborhood of a solution.
Then, Rockafellar derived that the elicit monotonicity, in this case, means that

∃e≥ 0 such that ∂ϕ + eP⊥ = ∂ϕe is maximal monotone, (1.5)

with ϕe := ϕ + e
2dist2

L. This leads to the observation that

∂ϕ + eP⊥ is maximal monotone⇔ ϕe is proper, l.s.c. and convex. (1.6)

Local elicitation at (x̄, ȳ) ∈ (L×L⊥)∩gph∂ϕ is obtained when there exist e ≥ 0 and a convex
neighborhood U ×V of (x̄, ȳ) such that ∂ϕ + eP⊥ is maximal monotone in U ×V . It is then
derived that

∂ϕ + eP⊥ is maximal monotone ∈U×H⇔ ϕe is a proper, l.s.c. convex on U.
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It is also observed that strong elicitation corresponds in this setting to strong convexity. Fur-
thermore, it is noted that if ϕ ∈ C2, then

(x̄, ȳ) is a solution of (L) means that x̄ ∈ L and ȳ = ∇ϕ(x̄) ∈ L⊥,

and
∇

2
ϕ(x̄) is positive-definite relative to L implies strong local elicitability.

A broader elicitability criterion was then provided and applications to decomposition problems
and splitting nonconvex optimization were proposed.

Now, we will use regularization to highlight the essence of the idea above.

2. A REGULARIZATION POINT OF VIEW

Now, we are ready to make a link with a partial regularization of Spingarn’s partial inverse
problem (we refer to [19]). To that end, we observe first that

(L) find x̄ ∈ L and ȳ ∈ L⊥ such that ȳ ∈ T (x̄),

amounts to
(L̃) finding x̄ ∈ H which solves 0 ∈ (T +NL)(x̄),

NL being the normal cone to the subspace L.
On the other hand, by noting that

(NL)e−1 =
I− JNL

e−1

e−1 = e(I−PL) = ePL⊥, (2.1)

problem (Le) can clearly be viewed as a partial Yosida-regularization of (L̃) and thus of the
initial problem (L). More precisely, (Le) amounts to searching x̄ ∈ L and ȳ ∈ L⊥ satisfying

(Le) ȳ ∈ (T +(NL)e−1)(x̄), for any e > 0,

(NL)e−1 the Yosida approximate of the normal cone to L with constant e−1. Observe that the
subproblem’s algorithm can reformulate by using the resolvent or the proximal map, when the
resolvent associated to T is well-defined (for instance, in the case of weakly monotone operators
or prox-regular functions).

The algorithm’s subproblem takes the following form:
Given xν ∈ L and yν ∈ L⊥ at iteration ν , compute x̂ν a solution of the inclusion

0 ∈ T (x)− yν + r(x− xν)⇔ x̂ν = JT
1
r
(xν +

1
r

yν),

in the global case. The algorithm will be efficient if the resolvent of T can be computed effi-
ciently and the projections onto L and L⊥ relatively convenient to execute. The local case can
be obtained by a localisation in a neighborhood U of a solution.

In the optimization setting, we successively have

(NL)e−1 = (∂ iL)e−1 = ∂ (iL)e−1 = ∇
(e

2
dist2

L
)
. (2.2)

This combined with the additivity of the subdifferentials, leads to

∂ϕ(x̄)+∇
(e

2
dist2

L(x̄)
)
= ∂

(
ϕ +

e
2

dist2
L
)
(x̄),
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and we retrieve exactly the function ϕe := ϕ + e
2dist2

L defined in the first section. Regarding the
subproblem’s algorithm, it reduces using the proximal map to

The algorithm’s subproblem:
Given xν ∈ L and yν ∈ L⊥ at iteration ν , compute x̂ν a solution of the inclusion

0 ∈ ∂ϕ(x)− yν + r(x− xν),

equivalently,

x̂ν = prox 1
r ϕ
(xν +

1
r

yν) (global case) and x̂ν = proxU
1
r ϕ
(xν +

1
r

yν)(local case),

U standing for a neighborhood of a solution. Likewise, the efficiency of the algorithm will
depend on the easy computation of the proximity mapping of the function ϕ and the relative
convenience of the execution of the projections onto the two subspaces L and/or L⊥.

3. FIXED-POINT PROBLEMS

The extension of the partial inverse method to primal-dual fixed point problems was justi-
fied in [11] by the fact that there exist (firmly) nonexpansive mappings that are not proximal
mappings and that are not resolvent operators, which is the case for instance, for the periodic
problems considered in [10]. Now, to begin with, let us recall that a mapping Q : D ⊂ H → H
is said to be a local pseudo-contraction if each point z ∈ D has a neighborhood N for which

〈Q(x)−Q(y),x− y〉 ≤ ‖x− y‖2 for all x,y ∈ N. (3.1)

It is easy to verify that

‖Q(x)−Q(y)‖ ≤ ‖x− y‖ for all x,y ∈ N,

that defines local nonexpensiveness of Q. We remark also that Q is locally pseudo-contractive
if and only if, I−Q is locally monotone; see, for instance, [4]. Furthermore, we would like
to mention, as was observed by Bogin [2] (see also [7]), that a mapping Q is strict pseudo-
contractive if and only if I−Q is strongly monotone. Remember also that a mapping is locally
firmly nonexpansive if each point z ∈ D has a neighborhood N for which

〈Q(x)−Q(y),x− y〉 ≥ ‖Q(x)−Q(y)‖2 for all x,y ∈ N. (3.2)

The global versions of these notions are obtained when N is all of D. Moreover, in this case,
it can easily checked that the σ -strong monotonicity of I−Q is equivalent to (1+σ)-inverse
strong monotonicity of the mapping Q.

The main interest in pseudo-contractive mappings stems from its firm connection with the
important class of monotone operators (more generally the class of accretive operators in Ba-
nach space settings). Thus the mapping theory for monotone operators is closely related to
the fixed-point theory of pseudo-contractive mappings. In subsection 3.2, we will utilize this
correspondence. Before, we will use, in subsection 3.1, a Minty’s Fact that provides another
correspondence with firmly nonexpansive mappings. The latter can in turn be characterized by
using nonexpansive mappings. Indeed, it is well known that

Q is firmly nonexpansive⇔ RQ = 2Q− I is nonexpansive,
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where RQ is the so-called reflected operator associated to Q. Therefore, all results in [16] have
counterparts that can be formulated for pseudo-contractive and firmly nonexpansive mappings.
We will focus on these counterparts based on the analysis developed in the present paper.

In what follows, before stating the corresponding formulations that turned out to be elegant,
we would like also to emphasize that, in [5], the fundamental technique for approximating
fixed points of nonexpansive mappings was extend to the locally nonexpansive case relying on
a condition which is known to assure the existence of fixed points. More precisely, Kirk and
Morales obtained the following [5]-Theorem 2: Let X be an arbitrary Banach space, D an open
subset of X , and Q : D̄→ X a continuous mapping, which is locally nonexpansive on D and
such that Q(D̄) is precompact. Suppose x1 ∈ D for which

‖x1−Q(x1)‖< ‖x−Q(x)‖ for all x ∈ ∂D, (3.3)

and let {tν} ⊂ IR satisfy ∑
∞
ν=1 tν = ∞ and 0≤ tν ≤ b < 1, ν = 1,2, · · ·. Then the sequence {xν}

generated by the following rule

xν+1 = (1− tν)xν + tνQ(xν), ν = 1,2, · · · (3.4)

lies in D and converges to a fixed point of the mapping Q in D ( D̄ and ∂D stand respectively for
the closure and the boundary of D). The convergence of the unique continuous path t 7→ xt ∈D,
t ∈ [0,1[, satisfying xt = tQ(xt)+ (1− t)z with z ∈ D, to a fixed point of Q was also obtained.
An extension of this version to locally pseudo-contractive mappings was obtained in [9] in
uniformly convex Banach spaces. The convergence of the sequence was obtained in a subset
D of uniformly smooth Banach spaces, in [6] and [7], for a local strict pseudo-contractive
mapping, provided that the range of the mapping Q is bounded and FixQ 6= /0 together with
slow convergence of the parameters to 0, namely ∑

∞
ν=1 tν = ∞ with limν→+∞ tν = 0. We finally

state the following lemma, which will be needed in the sequel.

Lemma 3.1. [20, Lemma 3.2] Let S be a closed convex nonempty set of a real Hilbert space H
and let (xν) be a sequence in H. Suppose that for all u ∈ S

‖xν+1−u‖ ≤ ‖xν −u‖ for every ν = 0,1,2, · · ·.

Then, the sequence
(
PS(xν)

)
strongly converges to some z ∈ S.

3.1. (Partial inverse)-fixed point problems. Minty’s Fact [8]:

T is firmly nonexpansive⇔ T−1− I is maximal monotone.

In [11], Moudafi introduced the following new fixed-point problem

(L) find x̄ ∈ L and ȳ ∈ L⊥ such that x̄ = Q(x̄+ ȳ),

where Q : H → H is a single-valued mapping and L,L⊥ ⊂ H are complementary subspaces of
H.

Inspired by Spingarn [19], Moudafi introduced in [11] the concept of the partial complement
of Q with respect to the subspace L by:

SQ
L := PL ◦Q+PL⊥ ◦ (I−Q),

and showed that (L) is equivalent to

find x̄ ∈ L and ȳ ∈ L⊥ such that x̄+ ȳ = SQ
L (x̄+ ȳ). (3.5)
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This suggests the following strategy. To solve (L), we have to find a fixed point of SQ
L after the

project onto L (resp. onto L⊥), which provides x (resp. y).
To approximate such solutions, the first author of this paper developed an algorithm, which

he called the method of partial complement. This procedure amounts to applying the Mann
algorithm to SQ

L . If Q is firmly nonexpansive on H, he proved that SQ
L is firmly nonexpansive.

This can easily also be seen by noting that this amounts to proving that 2SQ
L − I is nonexpansive.

This follows immediately from the fact that

2SQ
L − I = (2PL− I)◦ (2Q− I) and 2PL− I,2Q− I are both nonexpansives,

since PL and Q are firmly nonexpansives and the composition of two nonexpansive mappings is
still nonexpansive. Observe that by replacing Q by

Qe :=
(
Q−1 + ePL⊥)

−1 for some e≥ 0,

which sounds nearly like a Bott-Duffin inverse, the set of solutions to problem (L) does not
change again. This offers a nice strategy to define both an elicitation notion and a progressive
decoupling algorithm in this fixed-point context.

Now, we are in a position to present our algorithm with parameters r > e ≥ 0, which can be
derived by localizing and/or rescaling the method above.

The algorithm proceeds iteratively as follows:
Given xν ∈ L and yν ∈ L⊥ at iteration ν , compute x̂ν , which solves x = Qν(x), where Qν is
given by

Qν(x) = Q
(
(1− r)x+ yν + rxν

)
.

Then, update by the rule

xν+1 = PL(x̂ν) and yν+1 = yν − (r− e)PL⊥(x̂
ν).

It is worth mentioning that in [11] the version for e = 0 and r = 1 was treated for fully firmly
nonexpansive mapping Q.

Likewise, we define the firm monotone elicitation of a mapping Q at a level e by:

∃e > 0 such that Qe :=
(
Q−1 + ePL⊥)

−1 is firmly nonexpansive.

or equivalently, relying on the inverse operator,

∃e > 0 such that (Qe)
−1 = Q−1 + ePL⊥ is 1− strongly monotone. (3.6)

This leads easily to the following key explicit definition. Q is elicit firmly nonexpansive at a
level e if and only if, for all x,y ∈ H,

〈Q(x)−Q(y),x− y〉 ≥ ‖Q(x)−Q(y)‖2− e‖PL⊥
(
Q(x)

)
−PL⊥

(
Q(y)

)
‖2. (3.7)

The local elicit firm monotonicity is then obtained when the latter property is satisfied in a neigh-
borhood of a solution. Similarly, elicitation for (1+σ)-inverse strong-monotone mappings, for
σ > 0, can be defined. We wish to point out that the convergence results can most be derived
from those obtained in the global case through localizing and/or rescaling the classical methods.
Our priority in this paper is given first to elicitation notions, which are very promising since they
permit to go beyond the pseudo-contraction and the firm nonexpansiveness, whether globally
or locally, where their availability are not evident. Indeed, the elicitation allows the freedom
to select the value of the elicitation parameter e in order to enhance properties of mapping Q
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for algorithmic purposes. Our interest is also in presenting the convergence properties of our
progressive decoupling algorithms. However, for simplicity and clarity, we mainly confine our
attention in what follows to the global elictation cases.

Theorem 3.1. Let Q be a globally elicited firm nonexpansive mapping at a level e ≥ 0 and
assume that problem (L) is solvable. Then, for any r > e, starting from any x0 ∈ L and y0 ∈ L⊥,
the sequence (xν ,yν) generated by the algorithm is Féjer monotone with respect to the solution
set Γ and is also asymptotically regular. Specifically, we have

|(xν+1,yν+1)− (x̄, ȳ)|r,e ≤ |(xν ,yν)− (x̄, ȳ)|r,e with (x̄, ȳ) ∈ Γ,

and
lim

ν→+∞
|(xν+1,yν+1)− (xν ,yν)|r,e = 0, where |(x,y)|r,e = ‖x‖2 +

1
r(r− e)

‖y‖2.

Furthermore, the sequence
(
Pr,e

Γ
(xν ,yν)

)
converges strongly to some point in Γ. Pr,e being the

metric projection in the Hilbert space (H, | · |r,e).

Proof. First, we observe that

yν+1 = yν − (r− e)PL⊥(x̂
ν)⇔ PL⊥(x̂

ν) = (r− e)−1(yν − yν+1),

which implies that

uν+1 :=−(r− e)−1(yν − yν+1) ∈ L⊥⇒ yν+1 = yν − (r− e)uν+1 ∈ L⊥.

Note also that x̂ν = xν+1 +uν+1. Hence, the subproblem algorithm can be rewritten as

xν+1 +uν+1 = Q
(
(1− r)(xν+1 +uν+1)+ yν + rxν

)
= Q

(
(1− r)(xν+1 +uν+1)+ yν+1 +(r− e)uν+1 + rxν

)
.

Consequently,

xν+1 +uν+1 = Q
(
xν+1 + yν+1 +(1− e)uν+1− r(xν+1− xν)

)
. (3.8)

Taking (x̄, ȳ) ∈ Γ (i.e., x̄ ∈ L, ȳ ∈ L⊥; x̄ = Q(x̄+ ȳ)) and using the elicitable firm nonexpansive-
ness of Q at a level e, we obtain

〈xν+1 +uν+1− x̄,xν+1 + yν+1 +(1− e)uν+1− r(xν+1− xν)− x̄− ȳ〉
≥ ‖xν+1 +uν+1− x̄‖2− e‖uν+1‖2, (3.9)

because uν+1 ∈ L⊥ and x̄ ∈ L. The first hand of the last inequality can be rewritten as

〈 xν+1− x̄+uν+1,(xν+1− x̄− r(xν+1− xν))+(yν+1− ȳ+(1− e)uν+1)〉
= 〈xν+1− x̄,xν+1− x̄− r(xν+1− xν)〉+ 〈uν+1,yν+1−ȳ +(1− e)uν+1)〉.

By reporting in relation (3.9), this leads to

‖xν+1− x̄‖2 + r〈xν − xν+1,xν+1− x̄〉 + (1− e)‖uν+1‖2 + 〈uν+1,yν+1− ȳ〉
≥ ‖xν+1− x̄‖2 +(1− e)‖uν+1‖2.

Consequently,
r〈xν − xν+1,xν+1− x̄〉+ 〈uν+1,yν+1− ȳ〉 ≥ 0. (3.10)

On the other hand, an elementary computation gives

2〈xν − xν+1,xν+1− x̄〉= ‖xν − x̄‖2−‖xν+1− xν‖2−‖xν+1− x̄‖2. (3.11)
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Similarly, we derive

2〈uν+1,yν+1− ȳ〉= (r− e)−1(‖yν − ȳ‖2−‖yν+1− yν‖2)−‖yν+1− ȳ‖2), (3.12)

since uν+1 =−(r− e)−1(yν − yν+1). Therefore, a substitution in (3.10) leads to

r
(
‖xν − x̄‖2 − ‖xν+1− xν‖2−‖xν+1− x̄‖2)

+ (r− e)−1(‖yν − ȳ‖2−‖yν+1− yν‖2−‖yν+1− ȳ‖2)≥ 0,

from which we deduce the following key property

‖xν+1− x̄‖2 +
1

r(r− e)
‖yν+1− ȳ‖2 + ‖xν+1− xν‖2 +

1
r(r− e)

‖yν+1− yν‖2

≤ ‖xν − x̄‖2 +
1

r(r− e)
‖yν − ȳ‖2.

The latter can be rewritten as

|(xν+1,yν+1)− (x̄, ȳ)|r,e + |(xν+1,yν+1)− (xν ,yν)|r,e ≤ |(xν ,yν)− (x̄, ȳ)|r,e. (3.13)

This ensures that the sequence (xν ,yν) is Féjer monotone with respect to Γ. The sequence
(|(xν− x̄,yν− ȳ)|r,e) is decreasing and lower bounded by 0. Consequently, it converges to some
finite limit, say l(x̄, ȳ). By passing to the limit in (3.13), we obtain that

lim
ν→+∞

|(xν+1,yν+1)− (xν ,yν)|r,e = 0.

Finally, since Γ is a nonempty closed convex subset of H, the sequence (xν ,yν) is Féjer mono-
tone with respect to Γ in (H, | · |r,e), the desired result follows by invoking Lemma 3.1. �

Proposition 3.1. Let H be a finite dimensional Hilbert space. Suppose that the mapping Q is
continuous, globally elicited firm nonexpansive at a level e≥ 0 and that the solution set Γ 6= /0.
Then, the sequence (xν ,yν) generated by the algorithm converges to some element (x∗,y∗) ∈ Γ.
Furthermore,

(x∗,y∗) = lim
ν→+∞

Pr,e
Γ
(xν ,yν).

Proof. First, observe that the continuity assumption falls away when only a small value of the
elicitation level e is needed. Indeed, relation (3.7) together with the Cauchy-Shwarz inequal-
ity and the nonexpansiveness of the projection operator implies the Lipschitz continuity of the
mapping Q. Suppose further 0 ≤ e < 1. Furthermore, the fact that (|(xν − x̄,yν − ȳ)|r,e) con-
verges to a finite limit ensures that both the sequences (xν) and (yν) are bounded. Let x̃ and ỹ be
respectively cluster points of the sequences (xν) and (yν). By passing to the limit in (3.8) and
taking into account the asymptotical regularity of both (xν) and (yν), the fact that lim

ν→+∞
uν = 0

together with the continuity of Q yields that

x̃ = Q(x̃+ ỹ), that is (x̃, ỹ) ∈ Γ.

The uniqueness of the cluster point follows by the celebrate Opial’s lemma [14]. The proof is
presented here for completeness. Indeed, let (x∗,y∗) be another cluster point of (xν ,yν), we
show that (x∗,y∗) = (x̃, ỹ). From

‖(xν ,yν)− (x∗,y∗)‖2
r,e = ‖(xν ,yν)− (x̃, ỹ)‖2

r,e +‖(x̃, ỹ)− (x∗,y∗)‖2
r,e

+2 〈(xν ,yν)− (x̃, ỹ),(x̃, ỹ)− (x∗,y∗)〉r,e,
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we see that the limit of (〈(xν ,yν)− (x̃, ỹ),(x̃, ỹ)− (x∗,y∗)〉r,e) must exists and has to be zero
because (x̃, ỹ) is a cluster point of (xν ,yν). This leads, at the limit, to

l(x∗,y∗) = l(x̃, ỹ)+‖(x̃, ỹ)− (x∗,y∗)‖2
r,e.

Reversing the role of (x∗,y∗) and (x̃, ỹ), we also have

l(x̃, ỹ) = l(x∗,y∗)+‖(x̃, ỹ)− (x∗,y∗)‖2
r,e.

Combining the last two equalities, we get (x∗,y∗) = (x̃, ỹ). Consequently, the whole sequence
(xν ,yν) converges to some element (x∗,y∗) ∈ Γ.

Now, since Γ is a closed convex nonempty subset of H, the characterization of the orthogonal
projection leads to

〈(x,y)−Pr,e
Γ
(xν ,yν),(xν ,yν)−Pr,e

Γ
(xν ,yν)〉r,e ≤ 0 ∀ν ,∀(x,y) ∈ Γ. (3.14)

Taking (x,y) = (x∗,y∗) ∈ Γ in (3.14), we obtain

〈(x∗,y∗)−Pr,e
Γ
(xν ,yν),(xν ,yν)−Pr,e

Γ
(xν ,yν)〉r,e ≤ 0 for all ν ,

By passing to the limit in the last inequality and by taking into account the fact that (Pr,e
Γ
(xν ,yν))

converges to some (x̃, ỹ), we obtain

〈(x∗− x̃,y∗− ỹ),(x∗− x̃,y∗− ỹ)〉r,e ≤ 0,

which means that

‖x∗− x̃‖2 +
1

r(r− e)
‖x∗− ỹ‖2 = 0. (3.15)

Therefore, we have (x∗,y∗) = (x̃, ỹ), which completes the proof. �

Let us now illustrate briefly that the decoupling of linkages opens the way to problem de-
composition based on the block separability.
- Decomposable structure
Suppose that H = H1×·· ·×Hn for n copies of an Hilbert space H0 and that Q(x) = ∏

n
i=1 Qi(xi)

for given mappings Qi : Hi→ Hi. Problem (L) reads as

find (x̄1, · · ·, x̄n) ∈ S,(ȳ1, · · ·, ȳn) ∈ S⊥ such that x̄i = Qi(x̄i + ȳi). (3.16)

With respect to an elicitation e≥ 0 (global or local) and a proximal parameter r > e, the decom-
posable progressive decoupling algorithm proceeds as follows:

Decomposable progressive decoupling algorithm:

i) Iteration ν : given (x1, · · ·,xν
n ) ∈ S and (yν

1 , · · ·,yν
n ) ∈ S⊥ with ∑

n
i=1 yν

i = 0, i = 1 · · ·n,

compute x̂ν
i ∈ Hi solution of the fixed-point problem xi = Qi(xi + yν

i ) i = 1, · · ·,n.

ii) Update by: xν+1 = PL(x̂ν) and yν+1
i = yν

i − (r− e)(x̂ν
i − xν+1), i = 1, · · ·,n.

Another illustration of decoupling comes from taking the spaces in the block-separable struc-
ture to be the same and making a special choice of the space L.
- Splitting structure
Suppose that H = H0×·· ·×H0 for n copies of an Hilbert space H0 and that Q(x) = ∏

n
i=1 Qi(xi)

for given mappings Qi : H0→H0 and choose the subspace L := {u = (x1, · · ·,xn),x1 = x2, · · ·,=
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xn)} of which the orthogonal subspace is L⊥ = {v = (y1, · · ·,yn); ∑
n
i=1 yi = 0}. Problem (L)

reads then as

find x̄, ȳ1, · · ·, ȳm ∈ H0;
m

∑
i=1

ȳi = 0 such that x̄ = Qi(x̄+ ȳi). (3.17)

With respect to an elicitation e≥ 0 (global or local) and a proximal parameter r > e, the splitting
progressive decoupling algorithm proceeds as follows:
Splitting progressive decoupling algorithm:
i) Iteration ν : having xν ∈ H0 and yν

1 , · · ·,yν
n ∈ H0 with ∑

n
i=1 yν

i = 0, i = 1 · · ·n,
compute x̂ν

i solution of the fixed-point problem x = Qi(x+ yν
i ).

ii) Update by: xν+1 = ∑
n
i=1 x̂ν

i and yν+1
i = yν

i − (r− e)(x̂ν
i − xν+1), i = 1, · · ·,n.

3.2. (Hierarchical)-Fixed point problems. Browder’s Fact [3]

T is maximal monotone⇔ its dual mapping I−T is pseudo-contractive.

In what follows, relying on this connection we take up the notion of the hierarchical fixed-point
problem initiated by Moudafi and Maingé; see, for example, [12]. We consider the problem of
finding x̄ ∈ L such that

(L) 0 = (I−Q)(x̄)+NL(x̄), for a given a mapping Q,

which amounts to finding x̄ ∈ L, ȳ ∈ L⊥ such that x̄ = ȳ + Q(x̃) (this clearly reduces to the
classical fixed-point problem when L = H). The corresponding partial regularization version
deals with the main operator Qe := Q− ePL⊥ , which is pseudo-contractive if, for all x,y ∈ H,

〈Qe(x)−Qe(y),x− y〉 ≤ ‖x− y‖2.

This is equivalent to

〈
(
Q+ ePL

)
(x)−

(
Q+ ePL

)
(y),x− y〉 ≤ (1+ e)‖x− y‖2, ∀x,y ∈ H,

in other words

〈
( 1

1+ e
Q+

e
1+ e

PL
)
(x)−

( 1
1+ e

Q+
e

1+ e
PL
)
(y),x− y〉 ≤ ‖x− y‖2, ∀x,y ∈ H.

Consequently,

Qe is pseudo-contractive ⇔ 1
1+ e

Q+
e

1+ e
PL is pseudo-contractive .

In the light of the above analysis, we define the pseudo-contractive elicitation as:

∃e > 0 such that
1

1+ e
Q+

e
1+ e

PL pseudo-contractive. (3.18)

This leads to

〈Q(x)−Q(y),x− y〉 ≤ (1+ e)‖x− y‖2− e‖PL(x)−PL(y)‖2,

which is clearly equivalent to the key inequality

〈Q(x)−Q(y),x− y〉 ≤ ‖x− y‖2 + e‖PL⊥(x)−PL⊥(y)‖
2. (3.19)

The local pseudo-contractive elicitation is then obtained when the latter property is satisfied in
a neighborhood of a solution. Similarly, the elicitation for strict pseudo-contraction, whether
global or local can be defined.
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Now, let us formulate the progressive decoupling algorithm with parameters r > e≥ 0 .
The algorithm proceeds iteratively as follow:

Given xν ∈ L and yν ∈ L⊥ at iteration ν , compute x̂ν that solves x = Qν(x), where Qν is given
by

Qν(x) =
1

1+ r
(yν +Q(x))+

r
1+ r

xν .

Then, update by setting

xν+1 = PL(x̂ν) and yν+1 = yν − (r− e)PL⊥(x̂
ν).

We are ready now to present the convergence properties of this algorithm.

Theorem 3.2. Let Q be a globally elicited pseudo-contractive mapping at a level e ≥ 0 and
assume that problem (L) is solvable. Then, for any r > e, starting from any x0 ∈ L and y0 ∈ L⊥,
the sequence (xν ,yν) generated by the algorithm is both Féjer monotone with respect to the
solution set Γ and asymptotically regular, in the sense

|(xν+1,yν+1)− (x̄, ȳ)|r,e ≤ |(xν ,yν)− (x̄, ȳ)|r,e with (x̄, ȳ) ∈ Γ,

and

lim
ν→+∞

|(xν+1,yν+1)− (xν ,yν)|r,e = 0, where |(x,y)|r,e := ‖x‖2 +
1

r(r− e)
‖y‖2.

Furthermore, the sequence
(
Pr,e

Γ
(xν ,yν)

)
converges strongly to a point in Γ.

Proof. Set uν+1 :=−(r−e)−1(yν−yν+1)∈ L⊥ and observe that yν+1 = yν−(r−e)uν+1 ∈ L⊥.
Note also that x̂ν = xν+1 +uν+1. Therefore, the subproblem algorithm can be rewritten as

Q(xν+1 +uν+1) = (1+ r)(xν+1 +uν+1)− (yν + rxν). (3.20)

Now, let (x̄, ȳ) ∈ Γ (i.e., x̄ ∈ L, ȳ ∈ L⊥ such that Q(x̄) = x̄− ȳ). Taking into account (3.20) and
applying (3.19) with x = xν+1 +uν+1 and y = x̄, we obtain

〈(1+ r)(xν+1 +uν+1) − (yν + rxν)− (x̄− ȳ),(xν+1 +uν+1)− x̄〉
≤ ‖xν+1 +uν+1− x̄‖2 + e‖uν+1‖2.

Therefore,

〈xν+1− yν+1 + r(xν+1− xν)+(1+ e)uν+1− x̄+ ȳ,(xν+1− x̄)+uν+1〉
≤ ‖xν+1− x̄‖2 +(1+ e)‖uν+1)‖2,

in other words

〈(xν+1− x̄) + r(xν+1− xν)− (yν+1− ȳ)+(1+ e)uν+1,(xν+1− x̄)+uν+1〉
≤ ‖xν+1− x̄‖2 +(1+ e)‖uν+1)‖2.

This leads to

‖xν+1− x̄‖2 + r〈xν+1− xν ,xν+1− x̄〉 − 〈uν+1,yν+1− ȳ〉+(1+ e)‖uν+1‖2

≤ ‖xν+1− x̄‖2 +(1+ e)‖uν+1)‖2.
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Using, as in the proof of Theorem 3.1, the elementary equation 2〈a− c,c− b〉 = ‖a− b‖2−
‖a− c‖2−‖c−b‖2 and the fact that uν+1 :=−(r− e)−1(yν − yν+1), we obtain

‖xν+1− x̄‖2 +
1

r(r− e)
‖yν+1− ȳ‖2 + ‖xν+1− xν‖2 +

1
r(r− e)

‖yν+1− yν‖2

≤ ‖xν − x̄‖2 +
1

r(r− e)
‖yν − ȳ‖2,

which is nothing else than

|(xν+1,yν+1)− (x̄, ȳ)|r,e + |(xν+1,yν+1)− (xν ,yν)|r,e ≤ |(xν ,yν)− (x̄, ȳ)|r,e. (3.21)

This clearly implies that the sequence (xν ,yν) is Féjer monotone with respect to the solution set
Γ. Moreover, the sequence (|(xν − x̄,yν − ȳ)|r,e) is decreasing and lower bounded by 0, which
ensures that it converges to some finite limit, say l(x̄, ȳ). By passing to the limit in (3.21), this
leads to the asymptotical regularity of (xν ,yν), namely,

lim
ν→+∞

|(xν+1,yν+1)− (xν ,yν)|r,e = 0. (3.22)

Γ is a nonempty closed convex subset of H, and the sequence (xν ,yν) is Féjer monotone with
respect to Γ in (H, | · |r,e). From Lemma 3.1, we can obtain the desired conclusion immediately.

�

It is worth mentioning that the convergence properties in the classical case (see, for instance,
[5] and [6]) require a continuity or a Lipschitz continuity assumption. Observe also that in this
case, Qe and Q share these two continuity properties.

Proposition 3.2. Let H be a finite dimensional Hilbert space. Suppose that the solution set
Γ 6= /0 and that the mapping Q is globally elicited pseudo-contractive at a level e≥ 0. Suppose
further that the mapping Q is continuous. Then, the sequence (xν ,yν) generated by the algo-
rithm converges to some element (x∗,y∗) ∈ Γ. Moreover, we have (x∗,y∗) = lim

ν→+∞
Pr,e

Γ
(xν ,yν).

Proof. The fact that (|(xν − x̄,yν − ȳ)|r,e) converges to a finite limit ensures that both the se-
quences (xν) and (yν) are bounded. Let x̃ and ỹ be respectively cluster points of the sequences
(xν) and (yν). By passing to the limit in (3.20) and taking into account the asymptotical reg-
ularity of both the sequences (xν) and (yν), the fact that lim

ν→+∞
uν = 0 and the continuity of Q

yield that
x̃− ỹ = Q(x̃), that is (x̃, ỹ) ∈ Γ. (3.23)

The uniqueness of the cluster point follows again by appealing Opial’s lemma [14]. This guaran-
tees the convergence of the whole sequence. The rest of the proof is the same as that developed
in the end of the proof of Proposition 3.1. �

4. CONCLUSION

In this paper, we first highlighted the essence of the idea presented by Rockafellar in [16]
(see also [17]) from a Moreau-Yosida regularization point of view and its great applicability in
variational inequalities and optimization. Second, we shown that this offers us a powerful elici-
tation tool when translated to challenging fixed-point problems. In these two settings, we intro-
duced elicitation notions, designed two progressive decoupling algorithms and established their
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convergence properties. The fact that the decoupling of linkages opens the way to the decom-
position and splitting problems were also briefly illustrated. We would like to emphasize that
elicitation notions are very promising, since they allows to go beyond the pseudo-contraction
and the firm nonexpansiveness whether globally or locally, where their availability are not evi-
dent. We took advantage of the freedom to select the value of parameter’s elicitation in order to
enhance properties of mappings for algorithmic purposes. For simplicity and clarity, we mainly
confined our attention to the global elictation. However, the convergence results will be still
valid under local elicitations around a solution (x̃, ỹ) and if furthermore the iterations start with
x0 + y0 and get close enough to x̃+ ỹ, and localization is attended to in computing the interme-
diate step x̂ν . Moreover, this allows us to envision the possibility of developing convergence
results under local elicitation assumptions around a solution with most probably condition (3.3)
which is known to assure the existence of fixed points (where the mapping Q, this time, is only
asked to be pseudo-contractive or firmly nonexpansive relatively to a nonempty closed convex
set D in the sense of definitions (3.1)-(3.2) with a proper convex closed subset D of H). It
is intimately related to the localized versions of the classical methods (see, for example, [4]
and [5]) but differs in a crucial change variables in the derivation with additional parameters
to work with, which adds the flexibility. Further study and more complete analysis have to be
done for theses questions. A topic for future work could be also to replace the Krasnoselskii-
Mann method, that is, the hidden engine in our algorithms, by the Ishikawa iterations or other
extensions for more possibilities in that direction.

Finally, having in mind the connection between operators and equilibrium functions, we may
also consider the following equilibrium problems

(L) find x̄ ∈ L, ȳ ∈ L⊥ : F(x̄,z)≥ F(x̄, x̄)+ 〈ȳ,z− x̄〉 ∀z ∈C,

where C⊂H is a closed convex set and F : C×C→ IR a bifunction. Recall that the bifunction is
called monotone if F(x,y)+F(y,x)≤ 0 for all x,y ∈C. To the bifunction F , one can attach the
set-valued operator AF defined by AF(x) = {y∗ ∈ H : F(x,z)−F(x,x) ≥ 〈y∗,z− x〉 ∀z ∈ H}
if x ∈ C and /0 otherwise, which is monotone when F(x,x) = 0 for all x ∈ C. The mono-
tone bifunctions F , which satisfies F(x,x) = 0 for all x ∈ C, is said to be maximal mono-
tone if the operator AF is maximal monotone. Observe that when F(x,x) = 0 for all x ∈ C,
AF(x) = ∂ (F(x, ·)+ iC) for all x ∈ H and remember that the proximal point algorithm was ex-
tended, by the first author of this paper in [13], to the class of bifunctions verifying the usual
conditions: (A1) F(x,x) = 0 for all x,y ∈ C; (A2) F is monotone; (A3) limsupt↓0 F(tz+(1−
t)x,y) ≤ F(x,y) for any x,y,z ∈ C and (A4) for each x ∈ C,y→ F(x,y) is convex and lower-
semicontinuous. To avoid these assumptions ensuring maximal monotonicity of AF , in the light
of the analysis developed above together with [17], we may translate the elicitation concept
and design a progressive decoupling algorithm to the problem of solving problem (L). This is
beyond the scope of this paper.
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