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A GENERAL ITERATIVE ALGORITHM FOR GENERALIZED SPLIT
FEASIBILITY AND FIXED POINT PROBLEMS
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Abstract. In this paper, we introduce a general iterative algorithm based on the hybrid steepest descent method
for finding a common element of the solution set of generalized split feasibility problem and the fixed point set of
a continuous pseudocontractive mapping. We establish the strong convergence of the proposed iterative algorithm
and find a minimum-norm element in the common set of the two sets in a Hilbert space.
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1. INTRODUCTION

Let H; and H, be two real Hilbert spaces. Let D and Q be nonempty convex closed subsets
of Hy and H, respectively. Let A : Hy — H, be a bounded linear mapping. Then the split
feasibility problem (SFP) is to find a point z € H; such that z € DNA~!Q. In 1994, the SFP was
first introduced by Censor and Elfving [7] in finite-dimensional Hilbert spaces for modeling
inverse problems, which arise from phase retrievals and in medical image reconstruction. Since
then, the SFP has received much attention due to its real applications in signal processing,
image reconstruction, with particular progress in intensity-modulated radiation therapy(IMRT),
approximation theory, control theory, biomedical engineering, communications and geophysics.
We refer to [3, 7] and related literatures.

In 2015, Takahashi, Xu and Yao [24] considered the following generalized split feasibility
problem (GSFP):

find a point x* € H; such that 0 € B(x"), (1.1)

and
y* = Ax* € H, solves y* =T (y"), (1.2)

where B : H; — 2" is a multi-valued maximal monotone mapping, T : H, — H, is a nonex-
pansive mapping and A : H; — H> is a bounded linear operator. The GSFP (1.1)-(1.2) includes,
as special cases, several split problems, such as the split zero problem (SZP), the split vari-
ational inclusion problem (SVIP), the SFP, and split common fixed point problem (SCFPP)
[3, 4,7, 12, 13, 18, 19], which have already been extensively studied and used in practice as
a model in the IMRT treatment planning (see [6, 7]) and in many inverse problems arising
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for phase retrieval and other real-world problem; for instance, in computerized tomography, in
sensor networks and date computation (see [2, 8, 25]).
A fixed point problem (FPP) is to find a fixed point z of a nonlinear mapping 7" with property:

ze(C, Tz=1z. (1.3)

In particular, in order to study the GSFP (1.1)-(1.2) coupled with fixed point problem (1.3),
Takahashi, Xu and Yao [24] proposed the following iterative method for a point x* € Fix(U) N
B~'0NA~1(Fix(S)) as follows:

2n =75 (14 A" (S —I)Axy) 14)

Xn+1 :ﬁnxn+(1_ﬁn)UZna n> 17 ‘

where B : H; — 2/ is a maximal monotone mapping, J¥ = (I+ AB)~! is the resolvent of

B, A* is the adjoint of A, U : H — H, ia a generalized hybrid mapping and S : Hy — H, is

a nonexpansive mapping. They established weak convergence of the sequence generated by
proposed iterative algorithm (1.4).

As we know, Kocourek, Takahashi and Yao [15] first introduced a class of generalized hy-
brid mappings containing nonexpansive mappings, nonspreading mappings [16, 17] and hybrid
mappings [23] in a Hilbert space. However, the class of generalized hybrid mappings does not
contain generally the class of pseudocontractive mappings. So, the following problems arise
naturally:

Question 1.1. Can we replace the generalized hybrid mapping in [24] by the pseudocontractive
mapping?

Question 1.2. Can we extend the class of nonexpansive mappings in [24] to the more general
class of pseudocontractive mappings?

Question 1.3. Can we establish strong convergence for GSFP (1.1)-(1.2) and the FPP (1.3)
instead of weak convergence in [24]?

In this paper, in order to give an affirmative answer to the above three questions, we introduce
a general iterative algorithm based on the hybrid steepest descent method for finding a common
solution of the GSFP (1.1)-(1.2) and the FPP (1.3) for a continuous pseudocontractive mapping.
Then we establish strong convergence of the sequence generated by the proposed iterative algo-
rithm to a common element of the two solution sets, which is a solution of a certain variational
inequality. As a direct consequence, we find the unique minimum-norm element of the common
set of the two solution sets.

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space with the inner product (-,-) and the induced norm || - ||, and let
C be a nonempty convex closed subset of H. A mapping A of C into H is said to be monotone if

(x—y,Ax—Ay) >0, Vx, yeC.
A mapping A of C into H is called a-inverse-strongly monotone (or a-ism) (see [11]) if there
exists a positive real number & such that

(x—y,Ax—Ay) > a||Ax—Ay|?, Vx, yeC.
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Clearly, the class of monotone mappings includes the class of a-inverse-strongly monotone
mappings .
A mapping T of C into H is said to be pseudocontractive if

T = Ty|* < llx = ylP* + |1 = T)x = (I =T)y|*, Vax, y€C,

and T is said to be k-strictly pseudocontractive (see [5]) if there exists a constant k € [0, 1) such
that

T =Ty|> < =y [P+l (I = T)x— (I =T)y|*, Vx, yeC,

where [/ is the identity mapping. Note that the class of k-strictly pseudocontractive mappings
includes the class of nonexpansive mappings as a subclass. That is, T is nonexpansive (i.e.,
| Tx—Ty| < ||lx—y]|, Vx, y € C) if and only if T is O-strictly pseudocontractive. Clearly, the
class of pseudocontractive mappings includes the class of strictly pseudocontractive mappings
and the class of nonexpansive mappings as a subclass. Moreover, this inclusion is strict (see
Example 5.7.1 and Example 5.7.2 in [1]).

Let B be a mapping of H into 2. The effective domain of B is denoted by dom(B), that is,
dom(B) = {x € H : Bx # 0}. A set-valued mapping B is said to be a monotone operator on H
if (x—y,u—v) >0 forall x, y € dom(B), u € Bx, and v € By. A monotone operator B on H
is said to be maximal if its graph is not properly contained in the graph of any other monotone
operator on H. For a maximal monotone operator B on H and A > 0, we may define a single-
valued operator JZ = (I+AB)~! : H — dom(B), which is called the resolvent of B. Let B be
a maximal monotone operator on H and let B~10 = {x € H : 0 € Bx}. It is well-known that
B lo=F ix(Jf ) for all A > 0 is closed and convex and the resolvent Jf is firmly nonexpansive,
that is,

1755 = I\ < (x =y, J3x—J7y), Vx, y€H. (2.1)

The following resolvent identity

Px=JE (%x—l— (1 — %) fo) (2.2)

holds forall A, u > 0 and x € H ([1, 22)).
In a real Hilbert space H, the following equalities hold:

x = y|1* = x>+ |Iyl]* = 2(x.¥), (2.3)
and
lax+ By|* = alx|*+ Blyl* — aBllx—y|* < alx|*+ Byl (2.4)

forall x, y€ H and o, B € (0,1) with @+ B = 1. For every point x € H, there exists a unique
nearest point in C, denoted by Pcx, such that

|lx = Pex|| = inf{[lx —y|| : y € C}.

Pc is called the metric projection of H onto C. It is well known [22] that P¢ is nonexpansive
and P is characterized by the property

u=Px<—= (x—u,u—y)>0, VxeH,yeC. (2.5)
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It is also well known [9, Theorem 3.1] that every nonexpansive mapping 7 : H — H satisfies,
for all (x,y) € H x H, the inequality

(0= Tx) = (= T9), Ty T < 3 [(Tx =) (Ty =),
and hence, we get, for all (x,y) € H x Fix(T),
(x—Tx,y—Tx) < %HTx—tz. (2.6)
A mapping T : H — H is said to be averaged if it can be written as the average of the identity
I and a nonexpansive mapping, that is,

T=(l-a)l+oas, (2.7)

where o is anumber in (0, 1) and S : H — H is nonexpansive. More precisely, when (2.7) holds,
we say that T is -averaged.

We note that averaged mappings are nonexpansive. Further firmly nonexpansive mappings
(in particular, projections and resolvents of maximal monotone operators) are averaged.

We collect some basic properties of averaged mappings and inverse strongly monotone map-
pings, see, e.g., [3, 19].

Proposition 2.1. (i) If T = (1 — a)S+ aV, where S : H — H is averaged, V : H — H is nonex-
pansive and o, € (0,1), then T is averaged.

(i1) The composite of finitely many averaged mappings is averaged.

(ii1) If the mappings {T,}fV: | are averaged and have a nonempty common fixed point, then

N
(Fix(T;) = Fix(T; - - Ty).
i=1

(iv) A mapping T : H — H is nonexpansive if and only if  — T is %—ism

(V) If A is v-ism, then, for y >0, YA is %—ism.

(vi) T is averaged if and only if the complement [ — T is v-ism for some v > % Indeed, for
o € (0,1), T is a-averaged if and only if  — T is %—ism.

The following lemmas were given in [24].

Lemma 2.1. [24] Let H| and H, be real Hilbert spaces. Let A : Hi — H» be a bounded linear
operator such that A # 0 and let A* be the adjoint of A. Let L is the spectral radius of the
operator A*A. Let T : Hy — Hj be a nonexpansive mapping. Then
(i) NA*(I=T)A is ypr-ism,
(ii) forn € (0,7),
(iia) 1+nA*(T —I)A is nL-averaged ;
(iib) JE(I+nA*(T —1)A) is “ 1 -averaged.

Lemma 2.2. [24] Let H, and H, be real Hilbert spaces. Let B : Hi — 2"\ be a maximal
monotone operator and let J8 = (I +AB)~! be the resolvent of B for 2. > 0. Let A : Hy — H,
be a bounded linear operator such that A # 0 and let A* be the adjoint of A. Let T : H, — H,
be a nonexpansive mapping. Suppose that B-'0NA~(Fix(T)) # 0. Let A, > 0 and z € H;.
Then the following are equivalent:
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(i) z=J5(I+nA*(T —1)A)z;
(ii) 0 € —A*(T —I)Az+Bz;
(iii) z € BT'ONA~V(Fix(T)).
Consequently, Fix(J(I+nA*(T —I1)A)) = (-A*(T —1)A+B)~'0 = B-'0NA~!(Fix(T)).
Moreover, if 0 € —A*(T —I)Au+ Bu and 0 € —A*(T —I)Av+ By, then A*(T —I)Au = A*(T —
DAv and (—A*(T —I)A+B) 10 is convex and closed.
We need the following lemmas for the proof of our main results.
Lemma 2.3. [1, 22] In a real Hilbert space H, the following inequality holds:
ety 17 < [ell> +2(n,x+3), ¥, y € H.

Lemma 2.4. [21] Let {x,} and {z,} be bounded sequences in a real Banach space E, and let
{1} be a sequence in [0, 1], which satisfies the following condition:

0 <liminfy, <limsupy, < 1.
n—oo

n—eo

Suppose that x,, 11 = Ypxn+ (1 — Y)zn for alln > 1 and

limsup(||za+1 — za|| = [[¥ns-1 —2a]]) <O.
n—soo

Then lim,_ye ||z, — X,|| = 0.
Lemma 2.5. [26] Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+1 < (1 - én)sn+5n3n; Vn > 17

where {E} and {6, } satisfy the following conditions:

() {&} C[0,1]and ¥ | &y = oo

(i) limsup,_,o, 8y <0 or Yo 1 &y|0p| < oo
Then lim,_e. 5, = O.
Lemma 2.6. [28] Let C be a closed convex subset of a real Hilbert space H. Let T : C — H be

a continuous pseudocontractive mapping. Then, for r > 0 and x € H, there exists z € C such

that |
(y—z,Tz) —;(y—z,(l +r)z—x) <0, VyeC.

Forr>0andx € H, define T, : H— C by

1
T,x:{zEC:(y—z,Tz> (y—z,(14r)z—x) <0, VyEC}.

o
Then the following hold.:

(1) Ty is single-valued,

(i1) T, is firmly nonexpansive, that is,

HTrX—TryHZ < (x—y,Trx—Try), vx? A H;
(i) Fix(T,) = Fix(T);
(iv) Fix(T) is a closed convex subset of C.

The following lemmas can be easily obtained (see [27]). We, therefore, omit their proofs.
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Lemma 2.7. Let H be a real Hilbert space. LetV : H — H be an l-Lipschitzian mapping with a
constant | > 0, and let G : H — H be a x-Lipschitzian and 1-strongly monotone mapping with
constants K, 11 > 0. Then for 0 <yl < un,

(MG = W)x— (LG =V )y, x—y) = (un —¥D)|lx—y[*, Vx, y € H.
That is, UG — vV is strongly monotone with constant un — yl.

Lemma 2.8. Let H be a real Hilbert space H. Let G : H — H be a k-Lipschitzian and n-

strongly monotone mapping with constants K > 0 and 11 > 0. Let 0 < u < 2 and 0 <t <

K2
0 < 1. Then ol —tuG : H — H is a contractive mapping with a constant ¢ —t7T, where T =

1 —/1—u(2n - pux?).

Lemma 2.9. [10] Assume that T is nonexpansive self mapping of a closed convex subset of
C of a Hilbert space H. If T has a fixed point, then I — T is demiclosed, i.e., whenever {x,}
is a sequence in C converging weakly to some x € C and the sequence {(I — T)x,} converges
strongly to some y, it follows that (I — T)x =y, where I is the identity mapping H.

In the following, we write x, — x to indicate that the sequence {x,} converges weakly to x.
x, — x implies that {x, } converges strongly to x.

3. ITERATIVE ALGORITHMS

Throughout the rest of this paper, we always assume the following:

e H; and H; are real Hilbert spaces with the inner product (-, -) and the induced norm || - ||;

e A: H| — H, is a bounded linear operator;

e A*: Hy — Hj is the adjoint of A;

e L is the spectral radius of the operator A*A

e B: H; — 21 is a maximal monotone operator with dom(B) C Hy;

e B0 is the set of zero points of B, that is, B lo= {z€ H,:0¢€ Bz},

° J/’fn : H — dom(B) is the resolvent of B for A, € (0,o0) and liminfy,_,. A, > 0;

e G: Hy — H; is a k-Lipschitzian and 1n-strongly monotone mapping with constants
K, n>0;

e V : H| — Hj is an [-Lipschitzian mapping with constant / € [0, c0);

e Constants 4 > 0 and Y > O satisfy 0 < u < i—’; and 0 <7yl <,
where T=1—+/1—pu(2n — ux?);

e T :H, — H, is a continuous pseudocontractive mapping with Fix(T) # 0;

e T, :H; — H is a mapping defined by

1
= {ce i (Tay -2 - Lo-a (4 <0, wem|
n

for x € Hy and r;, € (0,0), and liminf,, . 1, > 0;
e R: H, — H, is a continuous pseudocontractive mapping with Fix(R) # 0;

e Ry, : Hy — H, is a mapping defined by

1
Ry, x = {z €Hy:(Rz,y—z) — v—(y—z,(l +Va)z—x) <0, Vy EHz}

n

for x € H and v,, € (0,0), and liminf,_,. v,, > 0;



GENERALIZED SPLIT FEASIBILITY AND FIXED POINT PROBLEMS 189
e Q:=B'0NA~Y(Fix(R)) NFix(T) # 0.

By Lemma 2.6, we note that 7;, and Ry, are firmly nonexpansive, and Fix(7,,) = Fix(T ) and
Fix(Ry,) = Fix(R).

Now, we propose a new general iterative algorithm, which generates a sequence {x,} in an
explicit way: for an arbitrarily chosen xg € C,

Zn =I5 (X0 + MuA* (Ry, — I)Axy),
" 3.1)
xn+1 = ﬁn'xn + (1 - Bn)Trn(anyV‘xn + (I_ a”lnu’G)Zl’l)7 n Z 07

where {0, } and {f,} are two sequences in (0,1), and {r,}, {A,}, {Va} C (0,%), and {n,,} C
(0, %) and establish strong convergence of this sequence to an element in Q.

Theorem 3.1. Let the sequence {x,} be generated iteratively by explicit algorithm (3.1). Let
{a}, {Ba} C (0,1), {rn}, { A}, {Va} C (0,00) and {n,} C (0,1) satisfy the following condi-

tions:

(C1) limy—e 0 = 0;

(C2) £, 0 = oo

(C3) 0 < liminf,_e B, < limsup,_ ... B, < 1;

(C4) 0<r<ry,<ooandlimy_se|rpy1 — 1| =0;
(C5) 0 < A <Ay <ooand limy_ye|Ayy1 — Ay =0;
(C6) 0 <V <V, <ooandlim, |Vl — U] = 0;
(C7) 0< N <My < 1 and liMyseo [Ny 1 — Mu| = 0.

Then {x,} converges strongly to a point q € Q, which is the unique solution of the variational
inequality

(MG—=7V)q,p—q) >0, VYpeQ. (3.2)

Proof. First, let Q = Po. Then, by the closedness and convexity of Q (due to Lemma 2.2 and
Lemma 2.6 (iv)), Pq is well-defined. Also, it is easy to show that Q(I — uG+vyV) : Hy — H, is
a contractive mapping with the constant 1 — (7 — /). In fact, from Lemma 2.8, we have

QU —uG+yV)x— QI —puG+yVv)y|
<N =pG+W)x—(I—uG+yv)y|
<N (I—uG)x— (I —uG)y||+7|[Vx—Vy|
< (I=(z=y)lx—yl

for any x, y € H;. So, Q(I — uG+yV) is a contractive mapping with the constant 1 — (7 —
yl) < 1. Thus, by Banach contraction principle, there exists a unique element ¢ € H; such that
q = Po(I — uG+yV)q. Equivalently, g is a solution of the variational inequality (3.2) by (2.5).
We note that the uniqueness of a solution of the variational inequality (3.2) is a consequence of
the strong monotonicity of 4G — ¥V due to Lemma 2.7 (see [12, 13] for this fact). Below we
will use g € Q to denote the unique solution of variational inequality (3.2).
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From now on, we put u, = x, + N,A*(Ry, —I)Ax, = (I + N,A*(Ry, —)A)x, = KyXp, yn =

0 YV x, + (I — OcnuG)anun and z, = anun forn > 0. Let p € Q. Since

20— plI> = 195 jun— T plI?
= I3 (xn+mA*(Ry, — Ax, — I} p|®
< x4 MA" (Ry, —1)Ax, _pH2

= [lxa = pII* + M lIA™ (R, — DA || + 200 (xu — p, A" (R, —

we have

20 = pII* = 7, un — I, pII*

< = pIP + 17 (Ry, = DAxn, AA™ (Ry, —1)Axy)

+ 2N (xy — p,A™(Ry, — I)Axy).

And, we see that

My (Ry, = 1)Axu, AA"(Ry, — D)Axn) < L1 ((Ry, — Axn, (Ry, -

= L1, [|(Ry, — DAx,||*
Moreover, from (2.6), we obtain

2Nn{xn — p, A*(Ry, — I)Axy)
= 2N (A(xn — p), (R, — I)Axy)
= 21 (A(xn — p)

1
< 215 | (R, — DA ||* = [[(Ry, — 1) Axy ]
= — || (Ry, — 1) Ax,||>.
Therefore, from (3.3), (3.4), (3.5) and (3.6), we derive
lzn = pII* = V5, un = I3, pII?
< jun — p|?

= [on + 10A" (Ry, = D)Ax, — p|®
< s = Pl 40 (L1 — V)| (Ry, = DA, |

1
< [|x. — p|I* (by mn € (0, 7))

Now, we divide the proof into several steps.

+ (Ry, —I)Axn — (Ry, —I)Axn, (Ry, —
= 21 [((Ry, (Axn) — Ap, (Ry, — I)Axn) — [|(Ry, _I)Aanz]

(3.3)

(34)

(3.5)

(3.6)

(3.7)
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Step 1. We show that {x, } is bounded. First, noting that p = Jffn p, p=Kypand p =T, p, we
obtain
10— pll = | 0¥V X0 + (I — 00t G) I 1y — p|
< 0 (YVxa — ¥V p) + (YW p — uGp)||
+ (I = @ G)J} un — (I — 0uuG)p| 3:38)
< |V = YV pll + |V p — nGp|| + (1 — 07 ||un — p|
< 0 Yl|xn = pll + 0l YV p — uGpl[ + (1 — e 7)[|xu —
= (1= (t=v0)0t)|lxa — |l + 0|l YV p — uGpl|.
Thus, since 7}, is nonexpansive (by Lemma 2.6), from (3.1) and (3.8), we deduce
X041 = pll < Ballxn — pll + (1 = Ba) | T, 0 — Pl

< Bullxn — pll + (1 = Ba) lyn — Pl
< Bullxn — pll + (1 = Ba)[(1 = (7= V1) 04 [[xn — p| + | [ YV p — 1G]]

[YVp—pGpl|
< _ _—
_maX{HXn p”; T—vl

Using an induction, we have

[V p—uGpl|
s llxo—pll ¢

o~ pl < max{ T 2=E

Hence, {x,} is bounded. Also, {yn}, {un} (= {Kpxn}) 20 = {J5 un}, {Gxn}, {GJ} un}, {wn}
= {T,,y,} and {Vx,} are bounded. And, from condition (C1), it follows that

10— 2ull = [yn = I3 ttn]| = || YV — LGT}, || — 0 as n — co. (3.9)
Step 2. We show that lim,_,e ||x,+1 — x| = 0. For this purpose, first, we derive

[y =Yt = | YVan + (I — Ot G)JE
— (O Wxy 1+ (1= 04y 1 uG) 5 1)
< [[(0 — Oy 1) YV X1 + O (YV X — YW1 ||
+[|(I — 0t G) I3 g — (I — 0l G)J} 1 |
11— 0t G)I gy — (= 04 1 UG5 i
< oty — Q1 [[|[ YV xn—1 || + 04 V1[0 — X1 ]
+ (1= o) IF un = J5 ||+ 0 — Gyt [| LG i |

(3.10)

= |0ty — Ot [PVt ||+ |RGIF, 1))
+ oYl xn — xp—1|| + (1 — OtnT)Hanun _an,lunfl |

< [0ty — 01 My + o Y1 — X1 || + (1 — 015ty — T un 1,
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where M7 > 0 is an appropriate constant. And, from the Resolvent Identity (2.2) and condition
(C5) (0 < A < A, for n > 0), we induce

A’nfl A 1
||anun _anflun_lu - ”anfl (_un+ 1 - anl/ln _an—lun_lH

Ay A
An— .
<l An1<”n_un—l)+ <1—)L—1>(anun—un_1)||
" (3.11)
Mn_ln—l‘ B
< Hun_uanH +A—]|J,1nun—unH
|;Ln_)tn—1|
< |up — 1| +TM2’

where M, > 0 is an appropriate constant. Again, since K,, = I+ 1,A*(Ry, —I)A is nonexpansive
as averaged (Lemma 2.1), we calculate
it =t 1| = 1107+ 1154 (Ry, — DAY, — (I + M 1A” (R, — DA%
= [|Knxn — Ky—1Xn—1]]
< || KnXn — KX 1 || + | KnXn—1 — Kn—1Xn—1]]
< [lvn =201
11t + 1A (Ry, = DAX—1) = (a1 + M 1A Ry, —DAx, 1)
< lxn = xn—1 [l + [12A™ (Ry, — DAxy—1 — N1 A" (Ry, — DAxy— | (3.12)
+ IM—1A"(Ry, —1)Axy—1 — Nu—1A*(Ry,_, —I)Ax,_1||
< ln = Xn—1[[ =+ [ — M | |A™ (R, — D Axy—1 |
1 47 Ry, (Ax—1) — Ry, (A1)

1 *
< [Pn = X1 [+ [0 = M1 M3+ Z A7 [[Ry, (Axa—1) = Ry, (Axa—1)]],

where M3 > 0 is an appropriate constant. Let Ry, (Ax,—1) =d, and Ry, _,(Ax,_1) = dy—_1. Then,
by Lemma 2.6, we have

1
(v =y Rdy) = == (y =y, (14 Va)dy, —Axy 1) <0, ¥y € Hy (3.13)
n

and

(y—dn—1,Rdy_1) — (y—dn—1,(1+Vp_1)dp—1 —Ax,_1) <0, Vy€H,. (3.14)

n—1
Putting y :=d,,_1 in (3.13) and y := d/, in (3.14), we get

1
(dnt — dy Ry = —{dmy —dy, (14 Vi), — A1) <O (3.15)

n

and

<d,/1—dn_1,Rdn_1>— <d,’,—dn_1,(1+vn_1)d,,_1—Axn_l) <0 (3.16)

Vin—1
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Adding up (3.15) and (3.16), we obtain
(dy_1—d,,Rd), — Rd, )
(1 + Vn)d,g —Ax,_1 _ (1 + Vn—l)dn—l —Ax,_1

—dp_1 —d, <0.
1 =y Vi V-1 )<
Since R is pseudocontractive, by (3.17), we have
d —Ax,_1 dy_1—Ax,_
dy 1 —d,, — 2 )y >0
< n—1 n’ v, Vo1 > =Y
and hence
V,
<dn71_d;pd;,_dn71+dn71 —Axp-—1— ! (dnfl _Axnfl» > 0.

n—1

From (3.18) and condition (C6) (0 < v < v, for n > 0), we derive

\%
I} = daa* < (ot = (1= ) (ot = Axp))
d,_1—Ax,_
< o1 — [V — vy [Nt = At
Vn—l

and hence
/ My
”Rvn(Axn—l) _Ran(Axn—l)H = ”dn _dn—1|| < |Vn - Vn—1|77

where M4 > 0 is an appropriate constant.
Now, substituting (3.19) into (3.12), we get

L, ., My
llun — ttn—1 || < {20 — X1 +|nn_nn71|M3+Z||A |||V,,—Vn,1|7.

From (3.10), (3.11) and (3.20), we drive
||yn_yn—1|| < ’an_an—1|M1 +anyl||xn_xn—l||
+ (1= 0|5ty =T} un1 |
< |an_an71|M1 +an'}/l||xn_xn71||
M,
+ (1= 04, 7) ([t — 1| + [ An — ln—1|7)
< ’OCn—(Xn,1|M1 +an'}/l‘|xn_xn71”
+ (1= )10 — X1 || + [T — Nu—1|M3
1 My M
=i 2, -2, 2

On the other hand, let w, = T}, y,. Since w,, , =T,

n

_Yn—1, we have

|
<y_Wn7TWn> - _<y_wna(1+rn)wn_yn> S O, Vy €H17

Tn

and

<y_ Wn—laTWn—l> -
Tn—1

(Y =Wn_1, (1 +74—1)Wn—1 —¥n—1) <0, Vye€H;.
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(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Putting y :=z,—1 in (3.22) and y := z,, in (3.23), we get

1
<Wn—1 — Wn, TWn> - r_<Wn—1 — Wn, (1 + rn)Wn _)’n> <0, (3.24)
n
and
1
<Wn _Wn—lyTWn—1> - ot <Wn —Wn—-1, (1 +rn—l)Wn—l _yn—1> <0. (3.25)
e
Adding up (3.24) and (3.25), we obtain
<Wn—1 —Wp, Twy, — TWn—1>
o <Wn_1 —w,, (1 +rn>Wn —In (1 +rn71)wn71 _yn71> <0. (3.26)
In n—1
Using the fact that T is pseudocontractive, we have by (3.26) that
<Wn71 — Wn, Wn = Yn _ Pl _Yn—1> >0,
I'n Tn—1
and hence
I
(Wn—1 = Wny Wp = Wy1 + Wyt = Yn— ——(Wp—1 —Yn-1)) > 0. (3.27)

n—1
From (3.27) and condition (C4) (0 < r < r,, for n > 0), we derive

T'n

”Wn _anlH2 < <Wn71 —WnyYn—1—Yn+ (1 - )(anl _Yn71)>

I'n—1
'n —I'y—1
< et =l (et =+ 2= =3,

Thus we obtain

|rn_rn71|

Wi —wa—1[] < llyn—1 —ynll + Ms, (3.28)
where M5 is an appropriate constant. Substituting (3.21) into (3.28) yields

Wa = wn—tl| = T30 — T, yn—1|
<(1—au(t— Yl))Hxn —Xn—1 || + oy, — O‘n—llMl + mn - nn—1|M3 (3.29)

1 * My M, M
ATV = Vit |5 = A |55 o = | =2
In view of conditions (C1), (C4), (C5), (C6) and (C7), we find from (3.29) that

limsup(||wy, —wy—1]] — [|xn —x0—1]| <O0.
n—o0

Thus, by Lemma 2.4, we have
lim ||w, — x,|| = lim || T}, y, —x,|| = 0. (3.30)
n—oo n—oo

Since x,+1 —x, = (1 — By) (24 — xn), by (3.30) and condition (C3), we conclude

1im x4 — | = 0.
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Step 3. We show that lim,, e, ||t — 2 || = limy,—se0 ||t — anunH = 0. To this end, first, by (3.7),
we see that

ltn = pII* = [Pn +1A* (Ry, = 1) Axy — p|®
< [ben = pII* + ML = DI (Ry, — DA%, ? (3.31)

1
< o= pI> (by M € (0,7))

Again, since an is firmly nonexpansive ((2.1)), we have

—~

HZn sz JA un_J)L p,Un — p)

=5 It = pI* + llz0 = PII* — llun — 2]

l\)l*—‘

Hence

2w = pII? < lluw = pII* = llitn — za|?

(3.32)
< ot = pI1? = et — zal|*.
Thus, by (2.4), (3.7) and (3.32), we obtain
2 2 2
X1 = PlI™ < Ballxn = plI” 4+ (1 = Ba) [ T30 — 1
< Bullen = p I+ (1= Ba)llyn — pII?
= Bullbn — plI?
+ (1= Ba)l|0ta(YVxn — HGp) + (I = Ol G)JG, tty — (I — 0t G) p) |
2, ) (3.33)
< Balloen = pII” + (1 = Ba) (0| YV — pGpl| + (1 = 0 T) |20 — pI])
< Bulln = pII? + (1 = Ba) (0| WVxn — RGPl + |20 — 1)
< Bulln = pII* + (1 = Bu) (oM + |30 — pII* — llun — 2]
< lxw = plI* + (1= Bu) (00M — ||un — 2a]1*),
where Mg > 0 is an appropriate constant. So,
2 1 2 2
[ty — zn||” <0aMo + (e = pII” = [[*n41 = p[I7)
1— B
1
< o Ms + m(llxn = Pl + 1lxn—1 = pIDI1xn = Xns1 (3.34)
n

My
< anM6+ 1— ﬁonn Xn+]||,

where M7 > 0 is an appropriate constant. Therefore, by conditions (C1) and (C3) and Step 2,
we derive from (3.34) that

|tn — zn]| = 0 as n — oo.
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Step 4. We show that limy,_e ||z, — xp|| = limy—e ||Jffnun — Xu|| = 0. First, from (3.31) and
(3.33), we derive

[Pon1 =PI < Bullxa — pII> + (1= Bo) oM + (1 — 0 T) |1z — plI?]
< Bulln = pI1* + (1 = Bu) [0 + llun — pI* — [litn — zu|?]
< Bullxa = 11>+ (1 = B)[0Ms + [|un — p||*]
< Jlw = PP 4 (1= Ba)[0Me + |30 — pII> 1 (Lt — 1) (Jy, = DAx ]
= [Pen — pII* + (1 = Bn) oM + (1 = Bu) (L1 — D)[|(Ry, — 1) Axs .

~—  —

It follows that

1
Ma(1 = L) [[(Ry, = DA% |* < ctuMg + 5 —g, =PI = lxnr1 = pl?)
n

My
< 0, Mg + —Hxn — Xn+1 H
1—- B,

Since (1 —Lny,) >0 and 0 < 1 < liminf,,_, 7y, from conditions (C1) and (C3) and Step 2, it
follows that

|(Ry, —I)Axy|| — 0 as n — eo. (3.35)
Next, using (2.1), (2.3), (3.7) and n,, € (O, 1) we observe that
|20 — p||2 ”J)L (Xn +MuA™ (Ry, —I)Axy) _P||2

= |5 (xn+ A (Ry, — 1)Ax,) — J pl|®
< <Zn —DPsXn+ nnA*(Rvn _I)Axn —P>

= Al Pl o+ A" (R, ~ DAz, p
) (ot A" (Ry, —~ DAy — p) )

< Sl pIP+ I = pIP L~ DRy, ~ DA (3.36
— I(zn —xn) — MA™(Ry, _I)Aanz}

< 2 llea—pIP + I = pIP ~ [ln —x?
4 M2A" (R, — DA =21, (20— 30" (Ry, DAY}

< sl = pIP+ = pIP = lea =l
204Gy 511 (Ry, — DA .

From (3.36), we obtain

Iz = PII* < 1bon = P11 = 20 =21 + 210l A 2w —0) [ | Ry, — 1) Axa . (3.37)
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Thus, from (2.4), (3.31) and (3.37), we derive
[Penr1 = pII* < Ballxn = > + (1 = Ba) [0l ¥V n — RGP + (1 = 0 T) |20 — |}
< Bulln = Pl + (1 = Bu) (00aMe + (1 = 0 T) |20 — plI*)
< Bullbon = pII* + (1= Bo) ot M6+Hzn Pl
< Bulbon = pII> + (1= Bo) ow
+ (|l — I~ Hzn—xn!!2+2nnHA(zn—xn)HH(Rvn —1)Ax,||)]
= [lxn = pII* + (1= Ba) Mo — (1 = By )|z — x|
+2(1 = Ba) MullA(zn — ) || (32 — D Axa ]
which implies that
120 — %[> <00uMg + 21| A (20— xa) || (Ry,, — D Axa |

1
g, =PI = lxnr1 = pl?)

<04uMg + 215 ||A(2n = xa) || [|(Ry, — 1A% |
(3.38)

1
+ 1= g, (bn =Pl nsr = Pl =2
<06uMg + 215 ||A(2n = xa) || [|(Ry, — 1A%

_|_

1
Thus, from conditions (C1) and (C3), Step 2, (3.35) and (3.38), it follows that
|z — x| — 0 as n — .
Step 5. We show that lim,_,e ||x, — u,|| = 0. In fact, by Steps 3 and 4, we have
%0 — tn | < ||xn — zn|| + ||z — tn]| = 0 as n — oo
Step 6. We show that lim,,_,e ||x, — y,|| = 0. In fact, since
en =Yl = [0 = (@ ¥V + (I = 1 G)J3 )|
< O |[HGxn = YV x| + | (I = 0 G)xn — (I — 01 G) 2n|
< Mg + (1 — 0 7|0 — 2|
< QMg + ||xn — zal|
where Mg > 0 is an appropriate constant, by condition (C1) and Step 4, we obtain
| — yu|| = 0 as n — oo.
Step 7. We show that lim,, e ||y, — 75, Vn|| = limp—se0 ||y — wy|| = 0. Indeed, from (3.30) and
Step 6, it follows that
[yn = T, nll < Nlyn —%all + [|X0 — wa|l = O as n — oo
Step 8. We show that
limsup((YV — uG)q,y, —q) <0.

n—yoo
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For this purpose, we can choose a subsequence {yy, } of {y,} such that

Hm (YW — LG)q, yn; — q) = limsup((YV — 1 G)q,yn —q)-

n—oo

Since {yp, } is bounded, there exists a subsequence {ynij} of {yn,}, which converges weakly to
some point z. Without loss of generality, we can assume that y,, — z. First of all, we show
z € Q. To this end, we divide its proof into three steps.

(i) We prove that z € Fix(T). To show this, we put w, = T,, y,. Then, by Lemma 2.6, we have

n

1
<y_Wn7TWn> - r_<y_Wna (1 "’rn)wn _yn> <0, VyeH,. (3.39)

n

Putve =ev+ (1 —¢€)zfore € (0,1] and v € H;. Then ve € Hy, and from (3.39) and pseudocon-
tractivity of 7, it follows that

(W —ve, Tve) > (wy —ve, Tve) + (ve — wy, Twy,)

1
——(ve = Wa, (1 +rn)wy — yn)
I'n
1
= — (e—wy, Tve —Twy) — r—<v8 — Wiy, Wi — Yn)
n (3.40)

— (Ve — Wn, Wp)

1
> — [[ve = wll* = —(ve = W, W = in) = (Ve = W, wa)
n
W —
= — (Ve = Wn,ve) — (ve — wn, n—yn>
In
Since {y,} and {w,} have the same asymptotical behavior (due to Step 7), w,, — z as i — oo.
Also, by Step 7, we have

1n = yull - [Wn = all
T'n r
So, replacing n by n; and letting i — oo, we derive from (3.40) that

— 0.

(Z — Ve, TV6> > <Z — Ve,Ve>
and
—(v—2,Tve) > —(v—2z,v¢), VvEH.
Letting € — 0 and using the fact that 7" is continuous, we obtain
—(v—2,T7) > —(v—2z,2), YWEH,. (3.41)
Let v=Tzin (3.41). Then we have 7 = Tz, that is, z € Fix(T).
(ii) We prove that z € B~10. To this end, let z, = anl uy,. Then it follows that

Uy — Xy,

up € (I4+A,B)zy, thatis, n?L € Bz,.
n
Since B is monotone, we know that, for any v € Bu,
(2 — 1, 51y > 0. (3.42)
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Since

||t — 24| < [t _an”n”

y A

as n — oo by Step 3 and ||x, — u,|| — 0 as n — oo by Step 5, we have u,, — zand z,, —~zasi— oo
by Steps 3, 5 and 6. By replacing n by n; in (3.42) and letting i — oo, we have (z —u,—v) > 0.
Since B is maximal monotone, we get 0 € Bz, that s, z € B~ 0.

(iii) We prove that Ag € Fix(R). In fact, since {x,} and {u,} have the same asymptotical
behavior (due to Step 5), {Ax,,} converges weakly to Az. Again, let V > 0. Then, using (3.19)
and (3.35), we estimate

V,, —V )
R, (Axy,) — Ry (Axn)|| < |n’—v||| (Rv,, —DAxy, || — 0 as i — co. (3.43)
Hence, from (3.43), it follows that
lim || (Ry — I)Ax, || = lim || (Jy2 — 1)Ax, || = 0. (3.44)
1—>©o0 1—>o0 1

Since Ry is nonexpansive, by (3.44) and Lemma 2.9, we obtain the Az = Ry (Az), that is, Az €
Fix(Ry) = Fix(R). This means that z € A~!(Fix(R)). This along with (i) and (ii) obtains z € Q.
Thus

1imjup<(7V —HG)g,yn—q) = Im{(yYV — uG)q,yn —q)
=((yV —uG)g,z—q) <0.

Step 9. We show that lim,,_,« ||x, — ¢|| = 0. Indeed, from Lemma 2.3, we derive

yn — qlI> =l 0¥V xu + (I — €uuG)J5 un — gl
= [|ota(YWxn — YV ) + 0 (¥V g — uGq)
+ (I = 0l G)J% up — (I — 0t G)q)*

< || (YVxn—yVq)+ (I - an.uG)anun — (= O‘nIUG)QHZ
+20,(YVq — nGq,yn — q)

< (0 Y1x0 — gl + (1= 06,7)||x0 — q])°
+204,(YVq — 1nGq,yn —q)

= (1= (v =yD)t)[[x0 — ql1)* + 206, (W g — uGg,yn — q).-

(3.45)
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Thus, by (2.4), (3.1) and (3.45), we obtain

i1 —ql* < Ballxa —ql* + (1= B 15,30 — 4l?
< Bullen —qll* + (1= Ba) lyn —al®
< Bullxa —ql* + (1= Ba) (1 = (T = y1) o) |10 — q|)°

+2(1 = Bu)an(YWq — 1Gq,yn —q)
< Bulln —qll* + (1 = Ba) (1= (7 — 71 0%) |0 — |

+2(1 = Bu) 0 (YW q — 1Gq,yn — q)

= (1= (1=B)(r—y))ot)|lxs — g’

T—7l
= (1=&)lben —all* + &8,

where
&n=(1-Bu)(t— 7)o,

and

n — .
T—7vl
From conditions (C1), (C2) and (C3) and Step 8, it is easy to see that §, — 0, Y | &, = e and
limsup,,_,., 6, < 0. Hence, by Lemma 2.5, we conclude lim,,_« ||x, — ¢|| = 0. This completes
the proof. 0

By taking V=0, G =1, u = 1 in Theorem 3.1, we obtain the following result.

Corollary 3.1. Let the sequence {x,} be generated by

20 = J7 (%0 + MA* (Ry, — )Axy),
X1 = Bpxn + (1= Bu) T, (1 = 0n)z), n>0.

Let {an}, {Ba} C (0,1), {ru}, {2}, {Va} C (0,0) and {n,} C (0, 1) satisfy the conditions (C1),
(C2), (C3), (C4), (C5), (CO6) and (CT) in Theorem 3.1. Then {x,} converges strongly to a point
q € Q, which is the minimum-norm element of Q.

Proof. From (3.2) withV =0, G =1 and u = 1, we derive
0<{g,p—q), VpeQ.
This obviously implies that

lgl* < (p.a) <llpllllgll, ¥peQ.

It turns out that ||g|| < ||p|| for all p € Q. Therefore, g is the minimum-norm point of Q. O

If in Theorem 3.1, we take T = I, identity mapping on Hp, then we obtain the following
result.
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Corollary 3.2. Let the sequence {x,} be generated by

20 = JE (xn + A" (Ry, —I)Axy),
Xn+1 :ﬁnxn + (1 - Bn)(anyvxn + (I_ OC,,[,LG)ZH), n>0.

Let {0}, {Bu} C (0,1), {Au},{va} C (0,%0) and {n,} C (0,7) satisfy the conditions (C1),
(C2), (C3), (C5), (CO6) and (CT) in Theorem 3.1. Then {x,} converges strongly to a point
g € B'0NA~!(Fix(R)), which is the unique solution of the following variational inequality:

(uG—1V)g,p—gq) >0, Ype B '0NA'(Fix(R)).
By takingV =0, G =1, u = 1 in Corollary 3.2, we obtain the following result.

Corollary 3.3. Let the sequence {x,} be generated by

20 = JP2 (%0 + MA* (Ry, — )Axy),
Xnt+1 = ﬁnxn‘f’ (1 —ﬁn)“ — OCn)Zn, n>0.

Let {o,}, {Bu} C (0,1), {ru},{ A}, {Va} C (0,0) and {n,} C (0,1) satisfy the conditions
(C1), (C2), (C3), (CS5), (CO6) and (CT) in Theorem 3.1. Then {x,} converges strongly to a point
g € B'0NA~Y(Fix(R)), which is the minimum-norm element of B-10NA~!(Fix(R)).

Remark 3.1. 1) It is worth pointing out that our general iterative algorithm is a new one,
which is different from those announced by several authors; see, e.g., [14, 20, 24] and
the references therein. In particular, we use the variable parameters r,, A,, V,, and
N, in comparison with the corresponding iterative algorithms in [14, 20, 24] and the
references therein.

2) Our general iterative algorithm (3.1) is very different from the associated one in [24]
(i.e., (1.4) in 1. Introduction) because the first iterative step z,, = Jfﬂ (2 + AL, A*(S —
I)Ax,) in [24] is replaced by the first step z, = J fn (X +NsA*(Ry, —I)Axy) in our iterative
algorithm (3.1), and the second iterative steps x,1+1 = Buxn + (1 — B,)Uz, in [24] is
replaced by the second step x,,+1 = Bux, + (1 — Bn) T, (0 YV xn + (I — 0,4 G)zy) in our
iterative algorithm (3.1).

3) Theorem 3.1 improves and develops the corresponding results in [24] in following as-
pects:

(a) The nonexpansive mapping S in [24] is extended to the case of the continuous
pseudocontractive mapping R.

(b) A generalized hybrid mapping U is replaced with the continuous pseudocontractive
mapping 7.

(c) In order to establish strong convergence in place of weak convergence, a Lip-
schizian mapping V with a constant [ > 0 and a p-Lipschitzian and 7-strongly
monotone mapping G are utilized in comparison with [24].

4) Corollary 3.1 is a new result for finding a minimum norm point of B~10 NFix(T)
NA~Y(Fix(R)) .

5) Corollary 3.2 and Corollary3.3 are also new results for finding a point of B~10 N
A~!(Fix(R)) and a minimum norm point of B~'0 N A~!(Fix(R)), respectively.
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6) As aapplication, if J; = Ry, in Theorem 3.1, where J{ = (I+V,F)~': Hy — dom(F)
is the resolvent of the maximal monotone operator F : Hy — 22 then we can propose
a general explicit iterative algorithm for finding a solution in B~'10NA~!1(F~10)) N
Fix(T), which is a common solution of the split variational inclusion problem and the
fixed point problem for a pseudocontractive mapping. This iterative algorithm includes,
as special cases, the corresponding those in [14, 20]. Even though this case, the condi-
tion Y7 | |G+1 — O] < oo on the control parameter { ¢, } in [14, 20] was dispensed.
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