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A GENERAL ITERATIVE ALGORITHM FOR GENERALIZED SPLIT
FEASIBILITY AND FIXED POINT PROBLEMS
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Abstract. In this paper, we introduce a general iterative algorithm based on the hybrid steepest descent method
for finding a common element of the solution set of generalized split feasibility problem and the fixed point set of
a continuous pseudocontractive mapping. We establish the strong convergence of the proposed iterative algorithm
and find a minimum-norm element in the common set of the two sets in a Hilbert space.
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Pseudocontractive mapping.

1. INTRODUCTION

Let H1 and H2 be two real Hilbert spaces. Let D and Q be nonempty convex closed subsets
of H1 and H2, respectively. Let A : H1 → H2 be a bounded linear mapping. Then the split
feasibility problem (SFP) is to find a point z∈H1 such that z∈D∩A−1Q. In 1994, the SFP was
first introduced by Censor and Elfving [7] in finite-dimensional Hilbert spaces for modeling
inverse problems, which arise from phase retrievals and in medical image reconstruction. Since
then, the SFP has received much attention due to its real applications in signal processing,
image reconstruction, with particular progress in intensity-modulated radiation therapy(IMRT),
approximation theory, control theory, biomedical engineering, communications and geophysics.
We refer to [3, 7] and related literatures.

In 2015, Takahashi, Xu and Yao [24] considered the following generalized split feasibility
problem (GSFP):

find a point x∗ ∈ H1 such that 0 ∈ B(x∗), (1.1)

and
y∗ = Ax∗ ∈ H2 solves y∗ = T (y∗), (1.2)

where B : H1 → 2H1 is a multi-valued maximal monotone mapping, T : H2 → H2 is a nonex-
pansive mapping and A : H1→H2 is a bounded linear operator. The GSFP (1.1)-(1.2) includes,
as special cases, several split problems, such as the split zero problem (SZP), the split vari-
ational inclusion problem (SVIP), the SFP, and split common fixed point problem (SCFPP)
[3, 4, 7, 12, 13, 18, 19], which have already been extensively studied and used in practice as
a model in the IMRT treatment planning (see [6, 7]) and in many inverse problems arising
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for phase retrieval and other real-world problem; for instance, in computerized tomography, in
sensor networks and date computation (see [2, 8, 25]).

A fixed point problem (FPP) is to find a fixed point z of a nonlinear mapping T with property:

z ∈C, T z = z. (1.3)

In particular, in order to study the GSFP (1.1)-(1.2) coupled with fixed point problem (1.3),
Takahashi, Xu and Yao [24] proposed the following iterative method for a point x∗ ∈ Fix(U)∩
B−10∩A−1(Fix(S)) as follows:{

zn =JB
λn
(I +λnA∗(S− I)Axn)

xn+1 =βnxn +(1−βn)Uzn, n≥ 1,
(1.4)

where B : H1 → 2H1 is a maximal monotone mapping, JB
λ
= (I + λB)−1 is the resolvent of

B, A∗ is the adjoint of A, U : H1 → H1 ia a generalized hybrid mapping and S : H2 → H2 is
a nonexpansive mapping. They established weak convergence of the sequence generated by
proposed iterative algorithm (1.4).

As we know, Kocourek, Takahashi and Yao [15] first introduced a class of generalized hy-
brid mappings containing nonexpansive mappings, nonspreading mappings [16, 17] and hybrid
mappings [23] in a Hilbert space. However, the class of generalized hybrid mappings does not
contain generally the class of pseudocontractive mappings. So, the following problems arise
naturally:

Question 1.1. Can we replace the generalized hybrid mapping in [24] by the pseudocontractive
mapping?

Question 1.2. Can we extend the class of nonexpansive mappings in [24] to the more general
class of pseudocontractive mappings?

Question 1.3. Can we establish strong convergence for GSFP (1.1)-(1.2) and the FPP (1.3)
instead of weak convergence in [24]?

In this paper, in order to give an affirmative answer to the above three questions, we introduce
a general iterative algorithm based on the hybrid steepest descent method for finding a common
solution of the GSFP (1.1)-(1.2) and the FPP (1.3) for a continuous pseudocontractive mapping.
Then we establish strong convergence of the sequence generated by the proposed iterative algo-
rithm to a common element of the two solution sets, which is a solution of a certain variational
inequality. As a direct consequence, we find the unique minimum-norm element of the common
set of the two solution sets.

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space with the inner product 〈·, ·〉 and the induced norm ‖ · ‖, and let
C be a nonempty convex closed subset of H. A mapping A of C into H is said to be monotone if

〈x− y,Ax−Ay〉 ≥ 0, ∀x, y ∈C.

A mapping A of C into H is called α-inverse-strongly monotone (or α-ism) (see [11]) if there
exists a positive real number α such that

〈x− y,Ax−Ay〉 ≥ α‖Ax−Ay‖2, ∀x, y ∈C.
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Clearly, the class of monotone mappings includes the class of α-inverse-strongly monotone
mappings .

A mapping T of C into H is said to be pseudocontractive if

‖T x−Ty‖2 ≤ ‖x− y‖2 +‖(I−T )x− (I−T )y‖2, ∀x, y ∈C,

and T is said to be k-strictly pseudocontractive (see [5]) if there exists a constant k ∈ [0,1) such
that

‖T x−Ty‖2 ≤ ‖x− y‖2 + k‖(I−T )x− (I−T )y‖2, ∀x, y ∈C,

where I is the identity mapping. Note that the class of k-strictly pseudocontractive mappings
includes the class of nonexpansive mappings as a subclass. That is, T is nonexpansive (i.e.,
‖T x−Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C) if and only if T is 0-strictly pseudocontractive. Clearly, the
class of pseudocontractive mappings includes the class of strictly pseudocontractive mappings
and the class of nonexpansive mappings as a subclass. Moreover, this inclusion is strict (see
Example 5.7.1 and Example 5.7.2 in [1]).

Let B be a mapping of H into 2H . The effective domain of B is denoted by dom(B), that is,
dom(B) = {x ∈ H : Bx 6= /0}. A set-valued mapping B is said to be a monotone operator on H
if 〈x− y,u− v〉 ≥ 0 for all x, y ∈ dom(B), u ∈ Bx, and v ∈ By. A monotone operator B on H
is said to be maximal if its graph is not properly contained in the graph of any other monotone
operator on H. For a maximal monotone operator B on H and λ > 0, we may define a single-
valued operator JB

λ
= (I +λB)−1 : H → dom(B), which is called the resolvent of B. Let B be

a maximal monotone operator on H and let B−10 = {x ∈ H : 0 ∈ Bx}. It is well-known that
B−10 = Fix(JB

λ
) for all λ > 0 is closed and convex and the resolvent JB

λ
is firmly nonexpansive,

that is,

‖JB
λ

x− JB
λ

y‖2 ≤ 〈x− y,JB
λ

x− JB
λ

y〉, ∀x, y ∈ H. (2.1)

The following resolvent identity

JB
λ

x = JB
µ

(
µ

λ
x+
(

1− µ

λ

)
JB

λ
x
)

(2.2)

holds for all λ , µ > 0 and x ∈ H ([1, 22]).
In a real Hilbert space H, the following equalities hold:

‖x− y‖2 = ‖x‖2 +‖y‖2−2〈x,y〉, (2.3)

and

‖αx+βy‖2 = α‖x‖2 +β‖y‖2−αβ‖x− y‖2 ≤ α‖x‖2 +β‖y‖2, (2.4)

for all x, y ∈ H and α, β ∈ (0,1) with α +β = 1. For every point x ∈ H, there exists a unique
nearest point in C, denoted by PCx, such that

‖x−PCx‖= inf{‖x− y‖ : y ∈C}.

PC is called the metric projection of H onto C. It is well known [22] that PC is nonexpansive
and PC is characterized by the property

u = PCx⇐⇒ 〈x−u,u− y〉 ≥ 0, ∀x ∈ H, y ∈C. (2.5)
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It is also well known [9, Theorem 3.1] that every nonexpansive mapping T : H→H satisfies,
for all (x,y) ∈ H×H, the inequality

〈(x−T x)− (y−Ty),Ty−T x〉 ≤ 1
2
‖(T x− x)− (Ty− y)‖2,

and hence, we get, for all (x,y) ∈ H×Fix(T ),

〈x−T x,y−T x〉 ≤ 1
2
‖T x− x‖2. (2.6)

A mapping T : H→H is said to be averaged if it can be written as the average of the identity
I and a nonexpansive mapping, that is,

T = (1−α)I +αS, (2.7)

where α is a number in (0,1) and S : H→H is nonexpansive. More precisely, when (2.7) holds,
we say that T is α-averaged.

We note that averaged mappings are nonexpansive. Further firmly nonexpansive mappings
(in particular, projections and resolvents of maximal monotone operators) are averaged.

We collect some basic properties of averaged mappings and inverse strongly monotone map-
pings, see, e.g., [3, 19].

Proposition 2.1. (i) If T = (1−α)S+αV , where S : H→H is averaged, V : H→H is nonex-
pansive and α ∈ (0,1), then T is averaged.

(ii) The composite of finitely many averaged mappings is averaged.
(iii) If the mappings {Ti}N

i=1 are averaged and have a nonempty common fixed point, then
N⋂

i=1

Fix(Ti) = Fix(T1 · · ·TN).

(iv) A mapping T : H→ H is nonexpansive if and only if I−T is 1
2 -ism

(v) If A is ν-ism, then, for γ > 0, γA is ν

γ
-ism.

(vi) T is averaged if and only if the complement I−T is ν-ism for some ν > 1
2 . Indeed, for

α ∈ (0,1), T is α-averaged if and only if I−T is 1
2α

-ism.

The following lemmas were given in [24].

Lemma 2.1. [24] Let H1 and H2 be real Hilbert spaces. Let A : H1→ H2 be a bounded linear
operator such that A 6= 0 and let A∗ be the adjoint of A. Let L is the spectral radius of the
operator A∗A. Let T : H2→ H2 be a nonexpansive mapping. Then

(i) ηA∗(I−T )A is 1
2ηL -ism,

(ii) for η ∈ (0, 1
L),

(iia) I +ηA∗(T − I)A is ηL-averaged ;
(iib) JB

λ
(I +ηA∗(T − I)A) is 1+ηL

2 -averaged.

Lemma 2.2. [24] Let H1 and H2 be real Hilbert spaces. Let B : H1 → 2H1 be a maximal
monotone operator and let JB

λ
= (I +λB)−1 be the resolvent of B for λ > 0. Let A : H1→ H2

be a bounded linear operator such that A 6= 0 and let A∗ be the adjoint of A. Let T : H2→ H2
be a nonexpansive mapping. Suppose that B−10∩A−1(Fix(T )) 6= /0. Let λ ,η > 0 and z ∈ H1.
Then the following are equivalent:
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(i) z = JB
λ
(I +ηA∗(T − I)A)z;

(ii) 0 ∈ −A∗(T − I)Az+Bz;
(iii) z ∈ B−10∩A−1(Fix(T )).

Consequently, Fix(JB
λ
(I + ηA∗(T − I)A)) = (−A∗(T − I)A + B)−10 = B−10 ∩ A−1(Fix(T )).

Moreover, if 0 ∈ −A∗(T − I)Au+Bu and 0 ∈ −A∗(T − I)Av+Bv, then A∗(T − I)Au = A∗(T −
I)Av and (−A∗(T − I)A+B)−10 is convex and closed.

We need the following lemmas for the proof of our main results.

Lemma 2.3. [1, 22] In a real Hilbert space H, the following inequality holds:

‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉, ∀x, y ∈ H.

Lemma 2.4. [21] Let {xn} and {zn} be bounded sequences in a real Banach space E, and let
{γn} be a sequence in [0,1], which satisfies the following condition:

0 < liminf
n→∞

γn ≤ limsup
n→∞

γn < 1.

Suppose that xn+1 = γnxn +(1− γn)zn for all n≥ 1 and

limsup
n→∞

(‖zn+1− zn‖−‖xn+1− xn‖)≤ 0.

Then limn→∞ ‖zn− xn‖= 0.

Lemma 2.5. [26] Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1−ξn)sn +ξnδn, ∀n≥ 1,

where {ξ} and {δn} satisfy the following conditions:
(i) {ξn} ⊂ [0,1] and ∑

∞
n=1 ξn = ∞;

(ii) limsupn→∞ δn ≤ 0 or ∑
∞
n=1 ξn|δn|< ∞.

Then limn→∞ sn = 0.

Lemma 2.6. [28] Let C be a closed convex subset of a real Hilbert space H. Let T : C→ H be
a continuous pseudocontractive mapping. Then, for r > 0 and x ∈ H, there exists z ∈ C such
that

〈y− z,T z〉− 1
r
〈y− z,(1+ r)z− x〉 ≤ 0, ∀y ∈C.

For r > 0 and x ∈ H, define Tr : H→C by

Trx =
{

z ∈C : 〈y− z,T z〉− 1
r
〈y− z,(1+ r)z− x〉 ≤ 0, ∀y ∈C

}
.

Then the following hold:
(i) Tr is single-valued;

(ii) Tr is firmly nonexpansive, that is,

‖Trx−Try‖2 ≤ 〈x− y,Trx−Try〉, ∀x, y ∈ H;

(iii) Fix(Tr) = Fix(T );
(iv) Fix(T ) is a closed convex subset of C.

The following lemmas can be easily obtained (see [27]). We, therefore, omit their proofs.



188 J.S. JUNG

Lemma 2.7. Let H be a real Hilbert space. Let V : H→H be an l-Lipschitzian mapping with a
constant l ≥ 0, and let G : H→ H be a κ-Lipschitzian and η-strongly monotone mapping with
constants κ, η > 0. Then for 0≤ γl < µη ,

〈(µG− γV )x− (µG− γV )y,x− y〉 ≥ (µη− γl)‖x− y‖2, ∀x, y ∈ H.

That is, µG− γV is strongly monotone with constant µη− γl.

Lemma 2.8. Let H be a real Hilbert space H. Let G : H → H be a κ-Lipschitzian and η-
strongly monotone mapping with constants κ > 0 and η > 0. Let 0 < µ < 2η

κ2 and 0 < t <
σ ≤ 1. Then σ I− tµG : H → H is a contractive mapping with a constant σ − tτ , where τ =

1−
√

1−µ(2η−µκ2).

Lemma 2.9. [10] Assume that T is nonexpansive self mapping of a closed convex subset of
C of a Hilbert space H. If T has a fixed point, then I−T is demiclosed, i.e., whenever {xn}
is a sequence in C converging weakly to some x ∈ C and the sequence {(I−T )xn} converges
strongly to some y, it follows that (I−T )x = y, where I is the identity mapping H.

In the following, we write xn ⇀ x to indicate that the sequence {xn} converges weakly to x.
xn→ x implies that {xn} converges strongly to x.

3. ITERATIVE ALGORITHMS

Throughout the rest of this paper, we always assume the following:
• H1 and H2 are real Hilbert spaces with the inner product 〈·, ·〉 and the induced norm ‖·‖;
• A : H1→ H2 is a bounded linear operator;
• A∗ : H2→ H1 is the adjoint of A;
• L is the spectral radius of the operator A∗A
• B : H1→ 2H1 is a maximal monotone operator with dom(B)⊂ H1;
• B−10 is the set of zero points of B, that is, B−10 = {z ∈ H1 : 0 ∈ Bz};
• JB

λn
: H1→ dom(B) is the resolvent of B for λn ∈ (0,∞) and liminfn→∞ λn > 0;

• G : H1 → H1 is a κ-Lipschitzian and η-strongly monotone mapping with constants
κ, η > 0;
• V : H1→ H1 is an l-Lipschitzian mapping with constant l ∈ [0,∞);
• Constants µ > 0 and γ ≥ 0 satisfy 0 < µ < 2η

κ2 and 0≤ γl < τ ,
where τ = 1−

√
1−µ(2η−µκ2);

• T : H1→ H1 is a continuous pseudocontractive mapping with Fix(T ) 6= /0;
• Trn : H1→ H1 is a mapping defined by

Trnx =
{

z ∈ H1 : 〈T z,y− z〉− 1
rn
〈y− z,(1+ rn)z− x〉 ≤ 0, ∀y ∈ H1

}
for x ∈ H1 and rn ∈ (0,∞), and liminfn→∞ rn > 0;
• R : H2→ H2 is a continuous pseudocontractive mapping with Fix(R) 6= /0;
• Rνn : H2→ H2 is a mapping defined by

Rνnx =
{

z ∈ H2 : 〈Rz,y− z〉− 1
νn
〈y− z,(1+νn)z− x〉 ≤ 0, ∀y ∈ H2

}
for x ∈ H and νn ∈ (0,∞), and liminfn→∞ νn > 0;
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• Ω := B−10∩A−1(Fix(R))∩Fix(T ) 6= /0.

By Lemma 2.6, we note that Trn and Rνn are firmly nonexpansive, and Fix(Trn) = Fix(T ) and
Fix(Rνn) = Fix(R).

Now, we propose a new general iterative algorithm, which generates a sequence {xn} in an
explicit way: for an arbitrarily chosen x0 ∈C,{

zn = JB
λn
(xn +ηnA∗(Rνn− I)Axn),

xn+1 = βnxn +(1−βn)Trn(αnγV xn +(I−αnµG)zn), n≥ 0,
(3.1)

where {αn} and {βn} are two sequences in (0,1), and {rn}, {λn}, {νn} ⊂ (0,∞), and {ηn} ⊂
(0, 1

L) and establish strong convergence of this sequence to an element in Ω.

Theorem 3.1. Let the sequence {xn} be generated iteratively by explicit algorithm (3.1). Let
{αn}, {βn} ⊂ (0,1), {rn},{λn},{νn} ⊂ (0,∞) and {ηn} ⊂ (0, 1

L) satisfy the following condi-
tions:

(C1) limn→∞ αn = 0;
(C2) ∑

∞
n=1 αn = ∞;

(C3) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1;
(C4) 0 < r ≤ rn < ∞ and limn→∞ |rn+1− rn|= 0;
(C5) 0 < λ ≤ λn < ∞ and limn→∞ |λn+1−λn|= 0;
(C6) 0 < ν ≤ νn < ∞ and limn→∞ |νn+1−µn|= 0;
(C7) 0 < η ≤ ηn <

1
L and limn→∞ |ηn+1−ηn|= 0 .

Then {xn} converges strongly to a point q ∈ Ω, which is the unique solution of the variational
inequality

〈(µG− γV )q, p−q〉 ≥ 0, ∀p ∈Ω. (3.2)

Proof. First, let Q = PΩ. Then, by the closedness and convexity of Ω (due to Lemma 2.2 and
Lemma 2.6 (iv)), PΩ is well-defined. Also, it is easy to show that Q(I−µG+ γV ) : H1→ H1 is
a contractive mapping with the constant 1− (τ− γl). In fact, from Lemma 2.8, we have

‖Q(I−µG+ γV )x−Q(I−µG+ γV )y‖
≤ ‖(I−µG+ γV )x− (I−µG+ γV )y‖
≤ ‖(I−µG)x− (I−µG)y‖+ γ‖V x−V y‖
≤ (1− (τ− γl))‖x− y‖

for any x, y ∈ H1. So, Q(I− µG+ γV ) is a contractive mapping with the constant 1− (τ −
γl)< 1. Thus, by Banach contraction principle, there exists a unique element q ∈ H1 such that
q = PΩ(I−µG+ γV )q. Equivalently, q is a solution of the variational inequality (3.2) by (2.5).
We note that the uniqueness of a solution of the variational inequality (3.2) is a consequence of
the strong monotonicity of µG− γV due to Lemma 2.7 (see [12, 13] for this fact). Below we
will use q ∈Ω to denote the unique solution of variational inequality (3.2).
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From now on, we put un = xn +ηnA∗(Rνn − I)Axn = (I +ηnA∗(Rνn − I)A)xn = Knxn, yn =
αnγV xn +(I−αnµG)JB

λn
un and zn = JB

λn
un for n≥ 0. Let p ∈Ω. Since

‖zn− p‖2 = ‖JB
λntun− JB

λn
p‖2

= ‖JB
λn
(xn +ηtA∗(Rνn− I)Axn− JB

λn
p‖2

≤ ‖xn +ηnA∗(Rνn− I)Axn− p‖2

= ‖xn− p‖2 +η
2
n‖A∗(Rνn− I)Axn‖2 +2ηn〈xn− p,A∗(Rνn− I)Axn〉,

(3.3)

we have

‖zn− p‖2 = ‖JB
λn

un− JB
λn

p‖2

≤ ‖xn− p‖2 +η
2
n 〈Rνn− I)Axn,AA∗(Rνn− I)Axn〉

+2ηn〈xn− p,A∗(Rνn− I)Axn〉.
(3.4)

And, we see that

η
2
n 〈Rνn− I)Axn,AA∗(Rνn− I)Axn〉 ≤ Lη

2
n 〈(Rνn− I)Axn,(Rνn− I)Axn〉

= Lη
2
n‖(Rνn− I)Axn‖2.

(3.5)

Moreover, from (2.6), we obtain

2ηn〈xn− p, A∗(Rνn− I)Axn〉
= 2ηn〈A(xn− p),(Rνn− I)Axn〉
= 2ηn〈A(xn− p)+(Rνn− I)Axn− (Rνn− I)Axn,(Rνn− I)Axn〉

= 2ηn[〈(Rνn(Axn)−Ap,(Rνn− I)Axn〉−‖(Rνn− I)Axn‖2]

≤ 2ηn[
1
2
‖(Rνn− I)Axn‖2−‖(Rνn− I)Axn‖2]

= −ηn‖(Rνn− I)Axn‖2.

(3.6)

Therefore, from (3.3), (3.4), (3.5) and (3.6), we derive

‖zn− p‖2 = ‖JB
λn

un− JB
λn

p‖2

≤ ‖un− p‖2

= ‖xn +ηnA∗(Rνn− I)Axn− p‖2

≤ ‖xn− p‖2 +ηn(Lηn−1)‖(Rνt − I)Axn‖2

≤ ‖xn− p‖2 (by ηn ∈ (0,
1
L
)).

(3.7)

Now, we divide the proof into several steps.
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Step 1. We show that {xn} is bounded. First, noting that p = JB
λn

p, p = Kn p and p = Trn p, we
obtain

‖yn− p‖= ‖αnγV xn +(I−αnµG)JB
rn

un− p‖
≤ ‖αn(γV xn− γV p)+αn(γV p−µGp)‖

+‖(I−αnµG)JB
λn

un− (I−αnµG)p‖
≤ αn‖γV xn− γV p‖+αn‖γV p−µGp‖+(1−αnτ)‖un− p‖
≤ αnγl‖xn− p‖+αn‖γV p−µGp‖+(1−αnτ)‖xn− p‖
= (1− (τ− γl)αn)‖xn− p‖+αn‖γV p−µGp‖.

(3.8)

Thus, since Trn is nonexpansive (by Lemma 2.6), from (3.1) and (3.8), we deduce

‖xn+1− p‖ ≤ βn‖xn− p‖+(1−βn)‖Trnyn− p‖
≤ βn‖xn− p‖+(1−βn)‖yn− p‖
≤ βn‖xn− p‖+(1−βn)[(1− (τ− γl)αn)‖xn− p‖+αn‖γV p−µGp‖]

= (1− (1−βn)(τ− γl)αn)‖xn− p‖+(1−βn)(τ− γl)αn
‖γV p−µGp‖

τ− γl

≤ max
{
‖xn− p‖, ‖γV p−µGp‖

τ− γl

}
.

Using an induction, we have

‖xn− p‖ ≤max
{
‖γV p−µGp‖

τ− γl
,‖x0− p‖

}
.

Hence, {xn} is bounded. Also, {yn}, {un} (= {Knxn}) zn = {JB
λn

un}, {Gxn}, {GJB
λn

un}, {wn}
= {Trnyn} and {V xn} are bounded. And, from condition (C1), it follows that

‖yn− zn‖= ‖yn− JB
λn

un‖= αn‖γV xn−µGJB
λn

un‖→ 0 as n→ ∞. (3.9)

Step 2. We show that limn→∞ ‖xn+1− xn‖= 0. For this purpose, first, we derive

‖yn− yn−1‖= ‖αnγV xn +(I−αnµG)JB
λn

un

− (αn−1γV xn−1 +(I−αn−1µG)JB
λn−1

un−1)‖
≤ ‖(αn−αn−1)γV xn−1 +αn(γV xn− γV xn−1)‖

+‖(I−αnµG)JB
λn

un− (I−αnµG)JB
λn−1

un−1‖

+‖(I−αnµG)JB
λn−1

un−1− (I−αn−1µG)JB
λn−1

un−1‖
≤ |αn−αn−1|‖γV xn−1‖+αnγl‖xn− xn−1‖

+(1−αnτ)‖JB
λn

un− JB
λn−1

un−1‖+ |αn−αn+1|‖µGJB
λn−1

un−1‖

= |αn−αn−1|(‖γV xn−1‖+‖µGJB
λn−1

un−1‖)

+αnγl‖xn− xn−1‖+(1−αnτ)‖JB
λn

un− JB
λn−1

un−1‖

≤ |αn−αn−1|M1 +αnγl‖xn− xn−1‖+(1−αnτ)‖JB
λn

un− JB
λn−1

un−1‖,

(3.10)
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where M1 > 0 is an appropriate constant. And, from the Resolvent Identity (2.2) and condition
(C5) (0 < λ ≤ λn for n≥ 0), we induce

‖JB
λn

un− JB
λn−1

un−1‖= ‖JB
λn−1

(
λn−1

λn
un +

(
1− λn−1

λn

)
JB

λn
un

)
− JB

λn−1
un−1‖

≤ ‖λn−1

λn
(un−un−1)+

(
1− λn−1

λn

)
(JB

λn
un−un−1)‖

≤ ‖un−un−1‖+
|λn−λn−1|

λn
‖JB

λn
un−un‖

≤ ‖un−un−1‖+
|λn−λn−1|

λ
M2,

(3.11)

where M2 > 0 is an appropriate constant. Again, since Kn = I+ηnA∗(Rνn− I)A is nonexpansive
as averaged (Lemma 2.1), we calculate

‖un−un−1‖= ‖(I +ηnA∗(Rνn− I)A)xn− (I +ηn−1A∗(Rνn−1− I)A)xn−1‖
= ‖Knxn−Kn−1xn−1‖
≤ ‖Knxn−Knxn−1‖+‖Knxn−1−Kn−1xn−1‖
≤ ‖xn− xn−1‖

+‖(xn−1 +ηnA∗(Rνn− I)Axn−1)− (xn−1 +ηn−1A∗(Rνn−1− I)Axn−1)‖
≤ ‖xn− xn−1‖+‖ηnA∗(Rνn− I)Axn−1−ηn−1A∗(Rνn− I)Axn−1‖

+‖ηn−1A∗(Rνn− I)Axn−1−ηn−1A∗(Rνn−1− I)Axn−1‖
≤ ‖xn− xn−1‖+ |ηn−ηn−1|‖A∗(Rνn− I)Axn−1‖

+ηn−1‖A∗‖‖Rνn(Axn−1)−Rνn−1(Axn−1)‖

≤ ‖xn− xn−1‖+ |ηn−ηn−1|M3 +
1
L
‖A∗‖‖Rνn(Axn−1)−Rνn−1(Axn−1)‖,

(3.12)

where M3 > 0 is an appropriate constant. Let Rνn(Axn−1) = d′n and Rνn−1(Axn−1) = dn−1. Then,
by Lemma 2.6, we have

〈y−d′n,Rd′n〉−
1
νn
〈y−d′n,(1+νn)d′n−Axn−1〉 ≤ 0, ∀y ∈ H2 (3.13)

and

〈y−dn−1,Rdn−1〉−
1

νn−1
〈y−dn−1,(1+νn−1)dn−1−Axn−1〉 ≤ 0, ∀y ∈ H2. (3.14)

Putting y := dn−1 in (3.13) and y := d′n in (3.14), we get

〈dn−1−d′n,Rd′n〉−
1
νn
〈dn−1−d′n,(1+νn)d′n−Axn−1〉 ≤ 0 (3.15)

and

〈d′n−dn−1,Rdn−1〉−
1

νn−1
〈d′n−dn−1,(1+νn−1)dn−1−Axn−1〉 ≤ 0. (3.16)
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Adding up (3.15) and (3.16), we obtain

〈dn−1−d′n,Rd′n−Rdn−1〉

−〈dn−1−d′n,
(1+νn)d′n−Axn−1

νn
− (1+νn−1)dn−1−Axn−1

νn−1
〉 ≤ 0.

(3.17)

Since R is pseudocontractive, by (3.17), we have

〈dn−1−d′n,
d′n−Axn−1

νn
− dn−1−Axn−1

νn−1
〉 ≥ 0,

and hence

〈dn−1−d′n,d
′
n−dn−1 +dn−1−Axn−1−

νn

νn−1
(dn−1−Axn−1)〉 ≥ 0. (3.18)

From (3.18) and condition (C6) (0 < ν ≤ νn for n≥ 0), we derive

‖d′n−dn−1‖2 ≤ 〈dn−1−d′n,(1−
νn

νn−1
)(dn−1−Axn−1)〉

≤ ‖dn−1−d′n‖|νn−νn−1|
‖dn−1−Axn−1‖

νn−1
,

and hence

‖Rνn(Axn−1)−Rνn−1(Axn−1)‖= ‖d′n−dn−1‖ ≤ |νn−νn−1|
M4

ν
, (3.19)

where M4 > 0 is an appropriate constant.
Now, substituting (3.19) into (3.12), we get

‖un−un−1‖ ≤ ‖xn− xn−1‖+ |ηn−ηn−1|M3 +
1
L
‖A∗‖|νn−νn−1|

M4

ν
. (3.20)

From (3.10), (3.11) and (3.20), we drive

‖yn− yn−1‖ ≤ |αn−αn−1|M1 +αnγl‖xn− xn−1‖
+(1−αnτ)‖JB

λn
un− JB

λn−1
un−1‖

≤ |αn−αn−1|M1 +αnγl‖xn− xn−1‖

+(1−αnτ)(‖un−un−1‖+ |λn−λn−1|
M2

λ
)

≤ |αn−αn−1|M1 +αnγl‖xn− xn−1‖
+(1−αnτ)[‖xn− xn−1‖+ |ηn−ηn−1|M3

+
1
L
‖A∗‖|νn−νn−1|

M4

ν
+ |λn−λn−1|

M2

λ
].

(3.21)

On the other hand, let wn = Trnyn. Since wrn−1 = Trn−1yn−1, we have

〈y−wn,Twn〉−
1
rn
〈y−wn,(1+ rn)wn− yn〉 ≤ 0, ∀y ∈ H1, (3.22)

and

〈y−wn−1,Twn−1〉−
1

rn−1
〈y−wn−1,(1+ rn−1)wn−1− yn−1〉 ≤ 0, ∀y ∈ H1. (3.23)
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Putting y := zn−1 in (3.22) and y := zn in (3.23), we get

〈wn−1−wn,Twn〉−
1
rn
〈wn−1−wn,(1+ rn)wn− yn〉 ≤ 0, (3.24)

and

〈wn−wn−1,Twn−1〉−
1

rn−1
〈wn−wn−1,(1+ rn−1)wn−1− yn−1〉 ≤ 0. (3.25)

Adding up (3.24) and (3.25), we obtain

〈wn−1−wn,Twn−Twn−1〉

−〈wn−1−wn,
(1+ rn)wn− yn

rn
− (1+ rn−1)wn−1− yn−1

rn−1
〉 ≤ 0.

(3.26)

Using the fact that T is pseudocontractive, we have by (3.26) that

〈wn−1−wn,
wn− yn

rn
− wn−1− yn−1

rn−1
〉 ≥ 0,

and hence

〈wn−1−wn,wn−wn−1 +wn−1− yn−
rn

rn−1
(wn−1− yn−1)〉 ≥ 0. (3.27)

From (3.27) and condition (C4) (0 < r ≤ rn for n≥ 0), we derive

‖wn−wn−1‖2 ≤ 〈wn−1−wn,yn−1− yn +(1− rn

rn−1
)(wn−1− yn−1)〉

≤ ‖wn−1−wn‖
(
‖yn−1− yn‖+

|rn− rn−1|
r

‖wn−1− yn−1‖
)
.

Thus we obtain

‖wn−wn−1‖ ≤ ‖yn−1− yn‖+
|rn− rn−1|

r
M5, (3.28)

where M5 is an appropriate constant. Substituting (3.21) into (3.28) yields

‖wn−wn−1‖= ‖Trnyn−Trn−1yn−1‖
≤ (1−αn(τ− γl))‖xn− xn−1‖+ |αn−αn−1|M1 + |ηn−ηn−1|M3

+
1
L
‖A∗‖|νn−νn−1|

M4

ν
+ |λn−λn−1|

M2

λ
+ |rn− rn−1|

M5

r
.

(3.29)

In view of conditions (C1), (C4), (C5), (C6) and (C7), we find from (3.29) that

limsup
n→∞

(‖wn−wn−1‖−‖xn− xn−1‖ ≤ 0.

Thus, by Lemma 2.4, we have

lim
n→∞
‖wn− xn‖= lim

n→∞
‖Trnyn− xn‖= 0. (3.30)

Since xn+1− xn = (1−βn)(zn− xn), by (3.30) and condition (C3), we conclude

lim
n→∞
‖xn+1− xn‖= 0.
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Step 3. We show that limn→∞ ‖un− zn‖= limn→∞ ‖un− JB
λn

un‖= 0. To this end, first, by (3.7),
we see that

‖un− p‖2 = ‖xn +ηnA∗(Rνn− I)Axn− p‖2

≤ ‖xn− p‖2 +ηn(Lηn−1)‖(Rνt − I)Axn‖2

≤ ‖xn− p‖2 (by ηn ∈ (0,
1
L
)).

(3.31)

Again, since JB
λn

is firmly nonexpansive ((2.1)), we have

‖zn− p‖2 ≤ 〈JB
λn

un− JB
λn

p,un− p〉

=
1
2
[‖un− p‖2 +‖zn− p‖2−‖un− zn‖2].

Hence

‖zn− p‖2 ≤ ‖un− p‖2−‖un− zn‖2

≤ ‖xn− p‖2−‖un− zn‖2.
(3.32)

Thus, by (2.4), (3.7) and (3.32), we obtain

‖xn+1− p‖2 ≤ βn‖xn− p‖2 +(1−βn)‖Trnyn− p‖2

≤ βn‖xn− p‖2 +(1−βn)‖yn− p‖2

= βn‖xn− p‖2

+(1−βn)‖αn(γV xn−µGp)+(I−αnµG)JB
λn

un− (I−αnµG)p‖2

≤ βn‖xn− p‖2 +(1−βn)(αn‖γV xn−µGp‖+(1−αnτ)‖zn− p‖)2

≤ βn‖xn− p‖2 +(1−βn)(αn‖γV xn−µGp‖+‖zn− p‖)2

≤ βn‖xn− p‖2 +(1−βn)[αnM6 +‖xn− p‖2−‖un− zn‖2]

≤ ‖xn− p‖2 +(1−βn)(αnM6−‖un− zn‖2),

(3.33)

where M6 > 0 is an appropriate constant. So,

‖un− zn‖2 ≤αnM6 +
1

1−βn
(‖xn− p‖2−‖xn+1− p‖2)

≤ αnM6 +
1

1−βn
(‖xn− p‖+‖xn−1− p‖)‖xn− xn+1‖

≤ αnM6 +
M7

1−βn
‖xn− xn+1‖,

(3.34)

where M7 > 0 is an appropriate constant. Therefore, by conditions (C1) and (C3) and Step 2,
we derive from (3.34) that

‖un− zn‖→ 0 as n→ ∞.
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Step 4. We show that limn→∞ ‖zn− xn‖ = limn→∞ ‖JB
λn

un− xn‖ = 0. First, from (3.31) and
(3.33), we derive

‖xn+1− p‖2 ≤ βn‖xn− p‖2 +(1−βn)[αnM6 +(1−αnτ)‖zt− p‖2]

≤ βn‖xn− p‖2 +(1−βn)[αnM6 +‖un− p‖2−‖un− zn‖2]

≤ βn‖xn− p‖2 +(1−βn)[αnM6 +‖un− p‖2]

≤ ‖xn− p‖2 +(1−βn)[αnM6 +‖xn− p‖2 +ηn(Lηn−1)‖(Jνn− I)Axn‖2]

= ‖xn− p‖2 +(1−βn)αnM6 +(1−βn)ηn(Lηn−1)‖(Rνn− I)Axn‖2.

It follows that

ηn(1−Lηn)‖(Rνn− I)Axn‖2 ≤ αnM6 +
1

1−βn
(‖xn− p‖2−‖xn+1− p‖2)

≤ αnM6 +
M7

1−βn
‖xn− xn+1‖.

Since (1−Lηn) > 0 and 0 < η ≤ liminfn→∞ ηn, from conditions (C1) and (C3) and Step 2, it
follows that

‖(Rνn− I)Axn‖→ 0 as n→ ∞. (3.35)

Next, using (2.1), (2.3), (3.7) and ηn ∈ (0, 1
L), we observe that

‖zn− p‖2 = ‖JB
λn
(xn +ηnA∗(Rνn− I)Axn)− p‖2

= ‖JB
λn
(xn +ηtA∗(Rνn− I)Axn)− JB

λn
p‖2

≤ 〈zn− p,xn +ηnA∗(Rνn− I)Axn− p〉

=
1
2
{‖zn− p‖2 +‖xn +ηtA∗(Rνn− I)Axn− p‖2

−‖(zn− p)− (xn +ηtA∗(Rνn− I)Axn− p)‖2}

≤ 1
2
{‖zn− p‖2 +‖xn− p‖2 +ηn(Lηn−1)‖(Rνn− I)Axn‖2

−‖(zn− xn)−ηnA∗(Rνn− I)Axn‖2}

≤ 1
2
{‖zn− p‖2 +‖xn− p‖2− [‖zn− xn‖2

+η
2
n‖A∗(Rνn− I)Axn‖2−2ηn〈zn− xn,A∗(Rνn− I)Axn〉]}

≤ 1
2
{‖zt− p‖2 +‖x− p‖2−‖zn− xn‖2

+2ηn‖A(zn− xn)‖‖(Rνn− I)Axn‖}.

(3.36)

From (3.36), we obtain

‖zn− p‖2 ≤ ‖xn− p‖2−‖zn− xn‖2 +2ηn‖A(zn− xn)‖‖(Rνn− I)Axn‖. (3.37)
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Thus, from (2.4), (3.31) and (3.37), we derive

‖xn+1− p‖2 ≤ βn‖xn− p‖2 +(1−βn)[αn‖γV xn−µGp‖+(1−αnτ)‖zn− p‖]2

≤ βn‖xn− p‖2 +(1−βn)(αnM6 +(1−αnτ)‖zn− p‖2)

≤ βn‖xn− p‖2 +(1−βn)[αnM6 +‖zn− p‖2]

≤ βn‖xn− p‖2 +(1−βn)[αnM6

+(‖xn− p‖2−‖zn− xn‖2 +2ηn‖A(zn− xn)‖‖(Rνn− I)Axn‖)]

= ‖xn− p‖2 +(1−βn)αnM6− (1−βn)‖zn− xn‖2

+2(1−βn)ηn‖A(zn− xn)‖‖(JB2
νn − I)Axn‖],

which implies that

‖zn− xn‖2 ≤αnM6 +2ηn‖A(zn− xn)‖‖(Rνn− I)Axn‖

+
1

1−βn
(‖xn− p‖2−‖xn+1− p‖2)

≤αnM6 +2ηn‖A(zn− xn)‖‖(Rνn− I)Axn‖

+
1

1−βn
(‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖

≤αnM6 +2ηn‖A(zn− xn)‖‖(Rνn− I)Axn‖

+
1

1−βn
‖xn− xn+1‖M7.

(3.38)

Thus, from conditions (C1) and (C3), Step 2, (3.35) and (3.38), it follows that

‖zn− xn‖→ 0 as n→ ∞.

Step 5. We show that limn→∞ ‖xn−un‖= 0. In fact, by Steps 3 and 4, we have

‖xn−un‖ ≤ ‖xn− zn‖+‖zn−un‖→ 0 as n→ ∞.

Step 6. We show that limn→∞ ‖xn− yn‖= 0. In fact, since

‖xn− yn‖= ‖xn− (αnγV xn +(I−αnµG)JB1
λn

un)‖
≤ αn‖µGxn− γV xn‖+‖(I−αnµG)xn− (I−αnµG)zn‖
≤ αnM8 +(1−αnτ)‖xn− zn‖
≤ αnM8 +‖xn− zn‖,

where M8 > 0 is an appropriate constant, by condition (C1) and Step 4, we obtain

‖xn− yn‖→ 0 as n→ ∞.

Step 7. We show that limn→∞ ‖yn−Trnyn‖ = limn→∞ ‖yn−wn‖ = 0. Indeed, from (3.30) and
Step 6, it follows that

‖yn−Trnyn‖ ≤ ‖yn− xn‖+‖xn−wn‖→ 0 as n→ ∞.

Step 8. We show that
limsup

n→∞

〈(γV −µG)q,yn−q〉 ≤ 0.
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For this purpose, we can choose a subsequence {yni} of {yn} such that

lim
i→∞
〈(γV −µG)q,yni−q〉= limsup

n→∞

〈(γV −µG)q,yn−q〉.

Since {yni} is bounded, there exists a subsequence {yni j
} of {yni}, which converges weakly to

some point z. Without loss of generality, we can assume that yni ⇀ z. First of all, we show
z ∈Ω. To this end, we divide its proof into three steps.

(i) We prove that z ∈ Fix(T ). To show this, we put wn = Trnyn. Then, by Lemma 2.6, we have

〈y−wn,Twn〉−
1
rn
〈y−wn,(1+ rn)wn− yn〉 ≤ 0, ∀y ∈ H1. (3.39)

Put vε = εv+(1−ε)z for ε ∈ (0,1] and v ∈H1. Then vε ∈H1, and from (3.39) and pseudocon-
tractivity of T , it follows that

〈wn− vε ,T vε〉 ≥ 〈wn− vε ,T vε〉+ 〈vε −wn,Twn〉

− 1
rn
〈vε −wn,(1+ rn)wn− yn〉

= −〈vε −wn,T vε −Twn〉−
1
rn
〈vε −wn,wn− yn〉

−〈vε −wn,wn〉

≥ −‖vε −wn‖2− 1
rn
〈vε −wn,wn− yn〉−〈vε −wn,wn〉

= −〈vε −wn,vε〉−〈vε −wn,
wn− yn

rn
〉.

(3.40)

Since {yn} and {wn} have the same asymptotical behavior (due to Step 7), wni ⇀ z as i→ ∞.
Also, by Step 7, we have

‖wn− yn‖
rn

≤ ‖wn− yn‖
r

→ 0.

So, replacing n by ni and letting i→ ∞, we derive from (3.40) that

〈z− vε ,T vε〉 ≥ 〈z− vε ,vε〉

and
−〈v− z,T vε〉 ≥ −〈v− z,vε〉, ∀v ∈ H1.

Letting ε → 0 and using the fact that T is continuous, we obtain

−〈v− z,T z〉 ≥ −〈v− z,z〉, ∀v ∈ H1. (3.41)

Let v = T z in (3.41). Then we have z = T z, that is, z ∈ Fix(T ).

(ii) We prove that z ∈ B−10. To this end, let zn = JB1
λn

un. Then it follows that

un ∈ (I +λnB)zn, that is,
un− xn

λn
∈ Bzn.

Since B is monotone, we know that, for any v ∈ Bu,

〈zn−u,
un− zn

λn
− v〉 ≥ 0. (3.42)



GENERALIZED SPLIT FEASIBILITY AND FIXED POINT PROBLEMS 199

Since

‖un− zn‖
λn

≤
‖un− JB

λn
un‖

λ
→ 0

as n→∞ by Step 3 and ‖xn−un‖→ 0 as n→∞ by Step 5, we have uni ⇀ z and zni ⇀ z as i→∞

by Steps 3, 5 and 6. By replacing n by ni in (3.42) and letting i→ ∞, we have 〈z−u,−v〉 ≥ 0.
Since B is maximal monotone, we get 0 ∈ Bz, that is, z ∈ B−10.

(iii) We prove that Aq ∈ Fix(R). In fact, since {xn} and {un} have the same asymptotical
behavior (due to Step 5), {Axni} converges weakly to Az. Again, let ν̂ > 0. Then, using (3.19)
and (3.35), we estimate

‖Rνni
(Axni)−Rν̂(Axni)‖ ≤

|νni− ν̂ |
ν

‖(Rνni
− I)Axni‖→ 0 as i→ ∞. (3.43)

Hence, from (3.43), it follows that

lim
i→∞
‖(Rν̂ − I)Axni‖= lim

i→∞
‖(JB2

νni
− I)Axni‖= 0. (3.44)

Since Rν̂ is nonexpansive, by (3.44) and Lemma 2.9, we obtain the Az = Rν̂(Az), that is, Az ∈
Fix(Rν̂) = Fix(R). This means that z ∈ A−1(Fix(R)). This along with (i) and (ii) obtains z ∈Ω.
Thus

limsup
n→∞

〈(γV −µG)q,yn−q〉= lim
i→∞
〈(γV −µG)q,yni−q〉

= 〈(γV −µG)q,z−q〉 ≤ 0.

Step 9. We show that limn→∞ ‖xn−q‖= 0. Indeed, from Lemma 2.3, we derive

‖yn−q‖2 =‖αnγV xn +(I−αnµG)JB
λn

un−q‖2

= ‖αn(γV xn− γV q)+αn(γV q−µGq)

+(I−αnµG)JB
λn

un− (I−αnµG)q‖2

≤ ‖αn(γV xn− γV q)+(I−αnµG)JB
λn

un− (I−αnµG)q‖2

+2αn〈γV q−µGq,yn−q〉

≤ (αnγl‖xn−q‖+(1−αnτ)‖xn−q‖)2

+2αn〈γV q−µGq,yn−q〉

= ((1− (τ− γl)αn)‖xn−q‖)2 +2αn〈γV q−µGq,yn−q〉.

(3.45)
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Thus, by (2.4), (3.1) and (3.45), we obtain

‖xn+1−q‖2 ≤ βn‖xn−q‖2 +(1−βn)‖Trnyn−q‖2

≤ βn‖xn−q‖2 +(1−βn)‖yn−q‖2

≤ βn‖xn−q‖2 +(1−βn)((1− (τ− γl)αn)‖xn−q‖)2

+2(1−βn)αn〈γV q−µGq,yn−q〉

≤ βn‖xn−q‖2 +(1−βn)(1− (τ− γl)αn)‖xn−q‖2

+2(1−βn)αn〈γV q−µGq,yn−q〉

= (1− (1−βn)(τ− γl)αn)‖xn−q‖2

+2(1−βn)(τ− γl)αn
〈γV q−µGq,yn−q〉

τ− γl

= (1−ξn)‖xn−q‖2 +ξnδn,

where
ξn = (1−βn)(τ− γl)αn

and

δn =
2〈γV q−µG,yn−q〉

τ− γl
.

From conditions (C1), (C2) and (C3) and Step 8, it is easy to see that ξn→ 0, ∑
∞
n=1 ξn = ∞ and

limsupn→∞ δn ≤ 0. Hence, by Lemma 2.5, we conclude limn→∞ ‖xn− q‖ = 0. This completes
the proof. �

By taking V ≡ 0 , G≡ I, µ = 1 in Theorem 3.1, we obtain the following result.

Corollary 3.1. Let the sequence {xn} be generated by{
zn = JB

rn
(xn +ηnA∗(Rνn− I)Axn),

xn+1 = βnxn +(1−βn)Trn((1−αn)zn), n≥ 0.

Let {αn}, {βn}⊂ (0,1), {rn},{λn},{νn} ⊂ (0,∞) and {ηn}⊂ (0, 1
L) satisfy the conditions (C1),

(C2), (C3), (C4), (C5), (C6) and (C7) in Theorem 3.1. Then {xn} converges strongly to a point
q ∈Ω, which is the minimum-norm element of Ω.

Proof. From (3.2) with V ≡ 0, G≡ I and µ = 1, we derive

0≤ 〈q, p−q〉, ∀p ∈Ω.

This obviously implies that

‖q‖2 ≤ 〈p,q〉 ≤ ‖p‖‖q‖, ∀p ∈Ω.

It turns out that ‖q‖ ≤ ‖p‖ for all p ∈Ω. Therefore, q is the minimum-norm point of Ω. �

If in Theorem 3.1, we take T ≡ I, identity mapping on H1, then we obtain the following
result.
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Corollary 3.2. Let the sequence {xn} be generated by{
zn = JB

rn
(xn +ηnA∗(Rνn− I)Axn),

xn+1 =βnxn +(1−βn)(αnγV xn +(I−αnµG)zn), n≥ 0.

Let {αn}, {βn} ⊂ (0,1), {λn},{νn} ⊂ (0,∞) and {ηn} ⊂ (0, 1
L) satisfy the conditions (C1),

(C2), (C3), (C5), (C6) and (C7) in Theorem 3.1. Then {xn} converges strongly to a point
q ∈ B−10∩A−1(Fix(R)), which is the unique solution of the following variational inequality:

〈(µG− γV )q, p−q〉 ≥ 0, ∀p ∈ B−10∩A−1(Fix(R)).

By taking V ≡ 0 , G≡ I, µ = 1 in Corollary 3.2, we obtain the following result.

Corollary 3.3. Let the sequence {xn} be generated by{
zn = JB

rn
(xn +ηnA∗(Rνn− I)Axn),

xn+1 = βnxn +(1−βn)(1−αn)zn, n≥ 0.

Let {αn}, {βn} ⊂ (0,1), {rn},{λn},{νn} ⊂ (0,∞) and {ηn} ⊂ (0, 1
L) satisfy the conditions

(C1), (C2), (C3), (C5), (C6) and (C7) in Theorem 3.1. Then {xn} converges strongly to a point
q ∈ B−10∩A−1(Fix(R)), which is the minimum-norm element of B−10∩A−1(Fix(R)).

Remark 3.1. 1) It is worth pointing out that our general iterative algorithm is a new one,
which is different from those announced by several authors; see, e.g., [14, 20, 24] and
the references therein. In particular, we use the variable parameters rn, λn, νn, and
ηn in comparison with the corresponding iterative algorithms in [14, 20, 24] and the
references therein.

2) Our general iterative algorithm (3.1) is very different from the associated one in [24]
(i.e., (1.4) in 1. Introduction) because the first iterative step zn = JB

λn
(xn + λnA∗(S−

I)Axn) in [24] is replaced by the first step zn = JB
λn
(xn+ηnA∗(Rνn−I)Axn) in our iterative

algorithm (3.1), and the second iterative steps xn+1 = βnxn + (1− βn)Uzn in [24] is
replaced by the second step xn+1 = βnxn +(1−βn)Trn(αnγV xn +(I−αnµG)zn) in our
iterative algorithm (3.1).

3) Theorem 3.1 improves and develops the corresponding results in [24] in following as-
pects:
(a) The nonexpansive mapping S in [24] is extended to the case of the continuous

pseudocontractive mapping R.
(b) A generalized hybrid mapping U is replaced with the continuous pseudocontractive

mapping T .
(c) In order to establish strong convergence in place of weak convergence, a Lip-

schizian mapping V with a constant l ≥ 0 and a ρ-Lipschitzian and η-strongly
monotone mapping G are utilized in comparison with [24].

4) Corollary 3.1 is a new result for finding a minimum norm point of B−10 ∩Fix(T )
∩A−1(Fix(R)) .

5) Corollary 3.2 and Corollary3.3 are also new results for finding a point of B−10 ∩
A−1(Fix(R)) and a minimum norm point of B−10 ∩ A−1(Fix(R)), respectively.



202 J.S. JUNG

6) As a application, if JF
νn
= Rνn in Theorem 3.1, where JF

νn
= (I+νnF)−1 : H2→ dom(F)

is the resolvent of the maximal monotone operator F : H2→ 2H2 , then we can propose
a general explicit iterative algorithm for finding a solution in B−10∩ A−1(F−10))∩
Fix(T ), which is a common solution of the split variational inclusion problem and the
fixed point problem for a pseudocontractive mapping. This iterative algorithm includes,
as special cases, the corresponding those in [14, 20]. Even though this case, the condi-
tion ∑

∞
n=1 |αn+1−αn|< ∞ on the control parameter {αn} in [14, 20] was dispensed.
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