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MINH TUYEN TRUONG!*, THI THU THUY NGUYEN?, MINH TRANG NGUYEN3

' Department of Mathematics and Informatics, Thainguyen University of Sciences, Thai Nguyen, Vietnam
2School of Applied Mathematics and Informatics, Hanoi University of Science and Technology, Hanoi, Vietham
3Faculty of International Training, Thainguyen University of Technology, Thai Nguyen, Vietnam

Abstract. In this paper, we introduce a new iterative method for finding a common solution of the split common
null point problem and the fixed point problem in Hilbert spaces. We obtain the strong convergence of the new
iterative method. We also give some applications and numerical experiments to support our main convergence
results.
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1. INTRODUCTION

Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H; and H;, re-
spectively. Let T : H; — H; be a bounded linear operator and let 7* : H, — H; be the adjoint
of T. The split feasibility problem (SFP) is formulated as follows:

find an element x* € S=CNT (Q) (1.1)

(1.1), which was first introduced by Censor and Elfving [5] for modeling inverse problems,
plays an important role in the real world, such as, in medical image reconstruction and sig-
nal processing [2, 3, 4]. Recently, (1.1) has been under the spotlight of research. For recent
celebrated results, we refer to [4, 5, 15, 22, 23, 28, 29] and the references therein.

A special case of (1.1) is called the convex constrained linear inverse problem [7], which
consists of finding an element x* € H; such that

x*eCandTx" =be Q.

If Cis a closed convex subset of a Hilbert space H, then C is the set of null points of the maximal
monotone operator A, which is defined by A = di¢, where ic is the indicator function of C and
dic is the subdifferential operator of ic. So, (1.1) becomes a special case of the split common
null point problem (SCNPP), which consists of finding a point x* € H; such that

0e Al(x*) and 0 € Az(Tx*),
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where A; : H; — 21 i = 1,2 are maximal monotone operators. This problem has been studied
by many authors; see, e.g., [6, 9, 10, 24, 25, 27].

In 2008, Moudafi [13] introduced and studied the following Mann-type iterative method [12]
for finding a common element of the set of solutions of a mixed equilibrium problem and the
set of fixed points of a nonexpansive mapping:

xo=x€eC,
Yn = Trf(xn — I fXn),
Xn1 = BpXn+ (1 - ﬁn)sym

where {r,} C (0,00), {B,} C (0,1), F: CxC — R is a bifunction, C is a closed and convex
subset of Hy, S: C — C is a nonexpansive mapping and

1

TFx = {z €C: F(z,y)+;(y—z,z—x> >0Vye C}.
Recently, Takahashi and Takahashi [20] extended Moudafi’s result in another direction by

combining the Mann iterative method and the Halpern iterative method [8] as follows:

xo=x€C,ueccC,

Yn = Trf(xn - rnfxn)a

X1 = Buxn + (1= Bu) S[0tatt + (1 — 04:)yn].
Under some suitable conditions on the sequences {r,}, {B,}, and { e, }, they proved the strong
convergence of the sequence {x, } generated by the above iterative method.

Motivated by the work of Moudafi [13] and Takahashi and Takahashi [20], we introduce a
iterative methods based on the Mann iterative method and the Halpern/viscosity iterative method
for finding a common solution of the split common null point problem and the fixed point
problem of a nonexpansive mapping. The split minimum point problem, the split feasibility
problem, the split equilibrium problem, and the split variational inequality problem are also

investigated as the applications of our main results. Finally, two numerical examples are also
given to illustrate the effectiveness of the proposed algorithms.

2. PRELIMINARIES

Let C be a nonempty, closed and convex subset of a Hilbert space H. For each x € H, there
1s a unique Pg x € C such that

o= P = inf lx— ]| 2.1)

and the mapping Pg : H — C defined by (2.1) is called the metric projection from H onto C.
Moreover, we have

(x—PHx,y—Plx)<0,VxcH, yeC. (2.2)
Recall that a mapping S : C — C is said to be nonexpansive mapping if
182 =Syl < flx—=yll, Vx,yeC.
We denote by Fix(S) the set of fixed points of S, i.e., Fix(S) = {x € C: Sx=ux}.
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For an operator A : H — 2¥ we define its domain, range, and graph as follows:

DA)={x€H: A(x) #0},
R(A)=U{Az: ze D(A)},

and
G(A) ={(x,y) €H xH: x€D(A), y €A(x)},
respectively. The inverse A~! of A is defined by
x €A~ l(y)if and only if y € A(x).

The operator A is said to be monotone if, for each x,y € D(A), (u —v,x—y) > 0 for all u € A(x)
and v € A(y). We denote by I the identity operator on H. A monotone operator A is said to
be maximal monotone if there is no proper monotone extension of A or R(I"" +-1A) = H for
all A > 0. If A is monotone, then we can define, for each A > 0, a nonexpansive single-valued
mapping J4 : R(I" +AA) — D(A) by

Jy="+24)7,

which is called the resolvent of A.

A monotone operator A is said to satisfy the range condition if D(A) C R(I"! + AA) for all
A > 0, where W denotes the closure of the domain of A. For a monotone operator A, which
satisfies the range condition, we have A~'(0) = Fix(J4) for all A > 0. If A is a maximal mono-
tone operator, then A satisfies the range condition.

The following lemmas will be needed in what follows for the proof of the main results in this

paper.

Lemma 2.1. [1] Let A: D(A) C H — 2! be a monotone operator. Then, for A, u > 0, and
x € D(A), we have

Hix=1J, (%x—i— (1- %)fo) :

Lemma 2.2. Let A: D(A) C H — 2 be a monotone operator. Then, we have the following
statements:

1) forr > s >0, we have
e =] < 2[e =7,
for all x € R(I" + rA) N R(I" + 5A);
ii) for all r > 0 and for all x,y € R(I"" +rA), we have

(x=y Jix =Tty > |70 = Iy

iii) for all r > 0 and for all x,y € R(I"! +rA), we have
(7 =T = (1 =Ty = y) > (1 =)= (17T =)
iv) if @ = A~1(0) # 0, then, for all x* € Q and for all x € R(I" 4 rA),

A 2 2 A2
7o = x¥|7 <l = xF)|° = [lx = T~
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Proof. 1) From Lemma 2.1, we have
e = Jxl| < flae— ]|+ (| — ]|
<l =]+ (1= =) fx— 7]
< 2flx— ]|

ii) Let u = J4x and v = J2y. From the definition of J24, we have x € u+rA(u) and y € v+rA(v).
Thus, it follows from the monotonicity of A that

;<u—v,x—u—(y—v)> > 0.

So,
(x =y =) > flu—v|?,
that is,
(x—y, Jrx = Tly) > |7 — T2y
111) Note that
(" = I)x = (1 = Iy —y) = (1 =T x = (1T =T
(T =T )= (T =)y = J1y)
= | (" = )x— (1" =)y
+ (x =y Jix = TRy) = [T — T2y
From ii), we get
(I = a7 —= (T =T )yx =) = || (17 = e = (17 = Iy
iv) Since x* € A~1(0), we have x* € Fix(J4). It follows from iv) that
17 =212 = e =" o — 7] 4+ 2007 — 0,0 =)
= [l a1 o [ = Il P =217 = S )x— (17 = a1
g e /=
This completes the proof. 0
Lemma 2.3. [30] Let T be a nonexpansive self-mapping on a nonempty closed and convex
subset C of a Hilbert space H. If T has a fixed point, then I'' — T is demiclosed, that is, whenever

{x,} is a sequence in C weakly converging to some x € C and the sequence {(I" —T)(x,)}
strongly converges to some y, it follows that (I —T)(x) = y.

Lemma 2.4. [19] Let {x,} and {y,} be bounded sequences in a Hilbert space H and {B,} be
a sequence in (0,1) with 0 < liminf,,_,e B, < limsup,_,., By < 1. Let xp+1 = (1 = By)yn + Buxn
foralln >0 and limsup,,_, . (||yn+1 — Yall — [[Xn+1 — Xul]) < 0. Then lim,_e ||x, — yu|| = 0.

Lemma 2.5. [11] Let {s,} be a sequence of nonnegative numbers, { @, } be a sequence in (0,1)
and {c,} be a sequence of real numbers satisfying the conditions:

1) Spr1 < (1 - an)sn + O Cp,

i) Y.° o0 = oo, limsup,_,.,c, <O.

Then lim,_yeo 5, = 0.
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3. MAIN RESULTS

Let H; and H, be two real Hilbert spaces. Let A : H] — 21 and B: H, — 22 be two
maximal monotone operators on H; and H», respectively. Let S : H; — H; be a nonexpansive
mapping and let 7 : H; — H, be a bounded linear operator from H; onto H>. Suppose that
Q=A"10NT~1(B~10) NFix(S) # 0. We consider the following problem:

find an element x' € Q. (3.1

Next, we propose the main iterative method for solving Problem (3.1). For any u, xo € Hj,
generate a sequence {x,} as follows
Vi = T,
zn=Jp(Tyn),
ty = yn+ 8T (2, — Tyn),
Xn1 = Buxn + (1= Pu) [Ott + (1 — 0)Sta], n > 0,

(3.2)

where {y}}, {¥2}, {B,}. and {,} are sequences of positive real numbers.
We are now in a position to prove the strong convergence of the sequence {x,} generated in
(3.2) under the following conditions:

C1y min {infy (7 }infu (18} } = 7> 0, limy 7, — 1 = O
C2) 0 < liminf,ye0 B, < limsup,_...Bn < 1;
C3) Y~ | o =co and lim,, . 0, = 0;

2
C4) 6 ¢ (0,—).
[lals

Theorem 3.1. If the conditions C1)-C4) are satisfied, then the sequence {x,} generated by
(3.2) converges strongly to x" = Pg "uasn— oo,

Proof. First, we prove that the sequence {x,} is bounded.
Fix p € Q. From p € A~'0 and Lemma 2.2 iv), we have

lyn = pII> < lln = pII* = [l — T (3.3)
From Tp = J%(Tp) and Lemma 2.2 iv), we have
Iz = Tpl* < Ty —TpI> =Ty — T3 (Tya) . (3.4)
From Lemma 2.2 iii), we have
[t =PI = llyn = PII* + 8T (20— Tya) > +28 (v — p, T* (20 — Tyn))
< |ya = pII* =82 = 8I|T1?)llz — Tyall®
< Jtn =PI = Il = Topxal> = 82 = ST |1*) |z — Tyl > (3.5)
Put d,, = ou+ (1 — a,)St,. From p = Sp and (3.5), we have

ldn = pll < olju = pl| + (1 = &) | Sta = Sp||
< Ol = pl| + (1= 06) || = pl- (3.6)
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Thus, it follows from (3.6) that
%1 = Pl < Ballxn — Pl + (1 = Bu)ldn — pl|

<1 =04 (1 = Ba)]l[xn — pll + 04 (1 = Bn) lu — p||
< max{|lx, — p|l, [lu—pll}

< max{|xo— p||, |lu—pl}.

Hence, sequence {x,} is bounded. So, we deduce from (3.3)-(3.5) that sequences {y,}, {zx},
and {#,} are also bounded.
Next, we show lim,,_e ||x, 11 — X, || = 0. From Lemma 2.1, we have

g g
[¥n+1 = Ynll H y;:\ﬂxn—i-l 7’:+1( 7 x"+( A ) yixn

‘ﬁ+1_'y;?‘

S e
n

< w1 =l + K% — %, (3.7)
where
sup, { | — 7z}
1= = < oo,
-
Similarly, we also have
1za1 = zall < |1 Tynr1 — Tynll + Kol VB — V21, (3.8)

where
sup, {[|7yn — 73 (Tyn) I}

2= < oo,
r

From Lemma 2.2 iii), we have
i1 = tall® = [¥n1 = yall> + 8T [(@n1 = Tynr1) = (za = Ton)]|I?
+ 28 Vnt1 = Yns T [(znt1 = Tynt1) — (20— Tyn)])
<ynst =yal? + NT 121 Gagr = Tyngr) = (2o — Tyn) |
+28(Typ+1 = Tyns (znt1 — Tyns1) — (20— Tyn))
< ynsr =yl =82 = SIT 1) (zns1 = Tyns1) = (@ — Tya) |- (3.9)
It follows from d), = o, u + (1 — ;) St,, that
e ] < trc1 — Ol + 1 = 1)1~ (1~ )]
<@g 1 — O [Juel| 4 [ Gy 1 = O [[Stg1 [| + (1 = @) [t 1 — 2]
< w1 = tall + K| 01 — 0t (3.10)
where K3 = |Ju|| + sup,,{||St4]|} < co. From (3.7), (3.9) and (3.10), we obtain

|1 —dnll < [Jxn11 — ]| +K1|7/r?+1 - Vrﬂ + K3 |01 — 0ty
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Thus, from the conditions C1) and C3), we have

limsup(||dn 1 — dpl| — [|x011 —xa]|) <O.

n—oo

So, it follows from Lemma 2.4 that
r}gl;lonxn_dnn =0. (3.11)
Hence, we have
12%n-+1 = dnl| = Bullxn — dul| — O,
which together with (3.11) yields that

1im [x41 x| = 0. (3.12)

Next, we prove that the set of weak cluster points of the sequence {x,} is contained in Q.
Indeed, we denote by @(x,) the set of weak cluster points of the sequence {x,} and suppose
that x* is an arbitrarily in @(x,). Then there is a subsequence {x,, } of {x,} such that x, — x*.
From the convexity of the function ||.||> on H; and (3.5), we have

i1 =PI < Bullxn — plI> + (1 = Bu) | 06ute + (1 — ) Sty — pl|?
< Balln = plI* + (1= Bu) [0l = pl|* + (1 = o) |22 — p||?]
< Jw = P11+ ol = plI* = ben = Jxa|1* = 82 = 8| TII*) l2n — Tyl |-
Thus, we obtain that
[ben = T[>+ 82 = 8| T|*)[lzn — Tyl
< ([l = pI* = [Ptas1 = pII*) + 0l — p|?
< ([ben = Pl + lPens1 = pID Pon 1 =] + Gl = p|>.
It follows from ||x, 11 —x,|| — O, the conditions C3) and C4) that
1im (b —Joxa|> = 1im ||z, — Tya* = 0.
n—oo n n—roo
So, we have
1im [lx, = Jpxal| = lim |7 (Tyn) = Tyull = lim [[ta = ya| = 0. (3.13)
From Lemma 2.2 1), we get
. A .
lim [, — J = lim 72 (Tys) — Ty =O0.
Since x,, — x* and lim,, .0 ||X, — yu|| = 0, one has y,, — x*. Since T is bounded linear operator,
Ty,, — Tx*. By use of Lemma 2.4, we obtain x* € A~10, and Tx* € B~10, that is, x* € A~10N

T-1(B710).
Now, we show that x* € Fix(S). Note that

%0 — tu]| — O. (3.14)
From the condition C3), the boundedness of {St,} and ||d, — St,|| = o, ||u — St ||, we get
lim ||d, — Sta|| =0, (3.15)
n—soo
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which together with (3.11) yields
lim ||x, — St,|| = 0. (3.16)
n—oo

Thus, it follows from (3.14) and (3.16) that
lim ||z, — St,|| = 0. (3.17)
n—oo

Since x,, — x* and (3.14), we have f,, — x*. So, from Lemma 2.4 and (3.17), we obtain

x* € Fix(S). Hence, x* € Q. Consequently, @(x,) C Q.
Finally, we show that x,, — x = Pg 'u. Putting X = Pg 'u, we have from (3.4) that

[ _XT”z = B {xn —x" Xnp1 _xT> + (1= Bn) (it + (1 — o) Sty —x X1 _XT>

< ||xn—xT||2—}—||xn+1—xT||2
<Bn 5

+ (1= Bu)(1 — o)
"‘O‘n(l —ﬁn)@t—xT,an _XT>

< p, 1 —xF )12+ [t — xT|2

2
R _ 2
‘I‘(l—ﬁn)(l—an)Hxn X H —|—2H)Cn+1 X H

+ 0 (1= Bo) (u— xT, x4 —xT).

ltw =112 + 1 — x|
2

Thus,
[+ 0 (1= B[t = 27> < [1 = 0u(1 = Bo)] [ln =712
+2(1 = By oty (u —x"  xp iy — xT).
This implies that
Pt =27 < 1= 0 (1= Ba)] [l — 7|2
2

o (1—By) - (u—x" —x"). 3.18
+ n( ﬁn)1+an<1—ﬁn) <u X 7x}’l+1 x) ( )
Lets, = |x, —x'||*and ¢y = ————————(u—x" —xT). Then the i lity (3.18
et s, = ||x, —x"'||* and ¢, 1+05n(1—[3n)<u x",xp+1 —x"). Then the inequality (3.18) can
be rewritten in the following form
Spt1 < [1— 0t (1= Bu)]sn + 06 (1 — Br)cn. (3.19)

Now, we will show that limsup,_,.,c, < 0. Indeed, suppose that {x,, } is a subsequence of
{x,} such that

limsup(u —x",x, —x") = lim (u —x", x,, —x7).
n—oo k—yo0

Since {x,, } is bounded, there exists a subsequence {x, } of {xy } such that x, — x*. We may
assume without loss of generality that x,, — x*. It follows from @(x,) C Q that x* € Q. So,
from x" = Pg 'u and (2.2), we deduce that

limsup(u —x",x, —x") = (u—x",x* —x") <0,

n—yeo
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which together with (3.12), conditions C2), and C3) gets limsup,,_,,,c, < 0. Since } " | o, =
e and condition C2), we have };” | &,(1 — fB,) = . Hence, all conditions of Lemma 2.5
are satisfied. Therefore, we immediately deduce that s, — 0, that is, x, — X = Pg "u. This
completes the proof. U

The viscosity approximation method, which was firstly introduced and investigated by Moudafi
[15], acts as a bridge linking fixed point and variational inequality problem. Indeed, the fixed
point of the potential nonlinear operator is also a unique solution to some monotone variational
inequality.

Next, we give the following viscosity method

Uy :JQA,Aen,

Vn :J;‘%(Tu,,)7

Wp =ty + 8T (v, — Tuy,),

€n+l1 = Bnen + (1 - ﬁn)[anf(en) + (1 - an)SWn]a n> 07

where f: H; — Hj is a contractive mapping from H; into itself with the contraction coefficient
ce(0,1).

The convergence analysis of the above viscosity approximation method is easy to obtain with
the aid the Theorem 3.1. However, we here still give the proof for the sake of the completeness.

(3.20)

Theorem 3.2. If conditions C1)-C4) are satisfied, then the sequence {e,} generated by (3.20)
converges strongly to x* € Q which is the unique solution to the variational inequality

(I-f)x",y—x")>0, Vye Q.

Proof. Since PSH ! f is contractive mapping, Banach contraction mapping principle guarantees
that Pg’ ! f has a unique fixed point x* which is the unique solution of the variational inequality

<(I_f)X*7y_X*> > 07 vy € Q.
From Theorem 3.1, replacing u by f(x*) in (3.2), we have the sequence {x,} converging
strongly to Pgl fx*) =x"
Now we only need to prove that ||e, — x,|| — 0, as n — oo. Note that
lent1 —Xnt1ll < Bullen — xnll + (1= Bu)[tucl|en — x*[| + (1 — 0t [[wn — tu|]- (3.21)
By use of Lemma 2.2 iii), we have
Wi — tal|* = letn = yl|* + 8| T* (v = Ttt) — (2 — Tyn)]|I*
+26(up — yn, T*[(va — Tttn) — (20 — Tyn)])
< Nitn = yull* = 82 = SIT|1*) | (va — Tttn) — (2 — Ty) ||
< it =yl (3.22)

From the nonexpansiveness of J;:A, we have
n

[ttn —ynl| < llen — xnl|. (3.23)
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Thanks to (3.21)—(3.23), we obtain
len+1 = Xni1 || < Ballen — xall + (1= Ba) [ocllen — x7[| + (1 — o) [ en — xn]]
<1 = an(1=Bu)]llen —xull + 06 (1 = Bu)c(llen — xnll + |10 — x*[])
= [1— 0t (1 = Bn) (1 = ©)]llen — x| + 0t (1 = Br)c||xn — x|

From Lemma 2.5, we get lim, .« ||e, — x,|| = 0. Thus, lim, .« ||e, —x*|| = 0, we obtain
lim,,_,e || €, — x*|| = 0. This completes the proof. O

If the mapping S in Theorem 3.2 is an identity mapping, then we have the following result.

Corollary 3.1. Let H| and H be two real Hilbert spaces and let f : Hy — H\ be a contractive
mapping on Hy. Let A: Hy — 21" and B: H, — 2M2 be two maximal monotone operators on
Hy and H,, respectively. Let T : H; — Hy be bounded linear operator from Hy onto Hy such
that Q = A~'0NT~1(B~10) # 0. If conditions C1)-C4) are satisfied, then the sequence {e,}
generated by the following iterative method: e € Hy and

Uy = JA%? €n,

Vp = Jf}? (Tup),

Wy =+ 8T (v, — Tuy),

ent1 = Puen+ (1= Bu)[@nf (en) + (1 = cty)wn], n >0,
converges strongly to x* € Q, which is a unique solution of the variational inequality

((I—=f)x",y—x*) >0, Vy e Q.

(3.24)

If HH = Hy, Ax = Bx =0 for all x € H; and y,‘;‘ = }f,f =1 for all » > 1 in Theorem 3.2, we
obtain the following result.

Corollary 3.2. Let Hy be a real Hilbert space and let f : Hy — H\ be a contractive mapping
on Hy. Let S: Hy — H be a nonexpansive mapping such that Q = Fix(S) # 0. If conditions
C2)-C3) are satisfied, then the sequence {e,} generated by the following iterative method;
eg € Hy,

ent1 = Puen+ (1 —PBy)[anf(en) + (1 —04)Sey), n >0, (3.25)

converges strongly to x* € Q, which is a unique solution of the variational inequality

((I—=f)x",y—x*) >0, Vy e Q.

4. APPLICATIONS

4.1. Split minimum point problem. Let H be a real Hilbert space and let
g : H — (—oo,00] be a proper, lower semicontinuous and convex function. The subdifferential
of g is the multi-valued mapping dg : H — 2, which is defined by

dg(x) ={zcH: g(y)—g(x) > (y—x,2), Vye H}

for all x € H. We know that dg is the maximal monotone operator [17] and xo € argmin,cpy g(x)
if and only if dg(xp) 2 0.
We have the following result on the split minimum point problem in two real Hilbert spaces.
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Theorem 4.1. Let H; and H; be two real Hilbert spaces and let f : Hy — Hy be a contractive
mapping on Hy. Let f|: Hy — (—o0,00|, f2: Hy — (—o0, 00| be two proper, lower semicontinuous
and convex functions and let T : Hy — H, be a bounded linear operator such that

. . —1 .
Q=argmin f(x) 1T (arg min f5(x)) # 0.

If conditions C1)—-C4) are satisfied, then the sequence {e,} generated by eo € H, and

. 1
Uy = arg?el}}} {fl(x)+ﬂ||x—en||2}v
n

1
s =argmin { 50+ gl T, @
Wy =+ 0T (v, — Tuy),
ent1 = Buen+ (1= By)[anf(en) + (1 — 0t)wy], n >0,

converges strongly to x* € Q, which is a unique solution of the variational inequality ((I —
fxf,y—x*) >0, ¥y e Q.

Proof. First, we have Q = (df1)~1(0)NT~'((df>)~'(0)). Note that

1
Uy = argmm {fl( )+ ZyA ||x—en||2}

if and only if

1
afl (I/tn) + y—A(un — e,,) 350,

n
which implies that u, = J4 e where A = df). Similarly, we also have v, = J (Tun) with
B = d f>. Thus, by using Corollary 3.1, we get the desired conclusion 1mmed1ate1y 0

4.2. Split feasibility problem. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let i¢ be the indicator function of C, that is,

o JOifrEC
lc\X) =
¢ co, ifx ¢ C.

It is easy to see that i¢ is the proper, semicontinuous and convex function and its subdifferential
dic is a maximal monotone operator. Observe taht

dic(u)=Nu,C)={veH: (u—y,f)>0VyecC},

where N(u,C) is the normal cone of C at u.
We denote by J, the resolvent operator of dic with r > 0. Suppose u = J,x forx € H, i.e.,

X—U

€ dic(u) = N(u,C).

-
Thus,

(x—u,u—y)>0, VyeC.
From (2.2), we get u = Pgl x. In view of Corollary 3.1, we have the following result for solving
the split feasibility problem in Hilbert spaces immediately.
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Theorem 4.2. Let Hy and H; be two real Hilbert spaces and let f : Hy — Hy be a contractive

mapping on Hy. Let Q;, i = 1,2 be two closed convex subsets of H;, respectively. Let T : Hy —
H, be a bounded linear operator such that Q = Q1N 7! (Q2) # 0. If conditions C2)-C4) are
satisfied, then the sequence {e,} generated by ey € H| and

un — PQHII en»
Vi :Pg;(Tun),
Wy =+ 0T (v, — Tuy),

€n+l = Bnen + (1 - ﬁn)[anf(en) + (1 - Otn)wn], n=0,

4.2)

converges strongly to x* € Q. which is a unique solution of the variational inequality ((I —
f)X*ay_X*> > 07 Vy € Q.

4.3. Split equilibrium problem. Let C be a nonempty closed convex subset of a Hilbert space
H. Let F be a bifunction of C x C into R, where R denotes the set of real numbers. Recall the
following equilibrium problem:

findx € C such that F(x,y) >0, Yy € C. 4.3)

To study the equilibrium problem, we may assume that F' satisfies the following restrictions:

(A1) F(x,x) =0forall x € C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;

(A3) foreach x,y,z € C, lim; o F(tz+ (1 —t)x,y) < F(x,y);

(A4) for each x € C, y — F(x,y) is convex and lower semi-continuous.

We need the following lemma for solving the equilibrium problem.

Lemma 4.1. [21] Let F be a bifunction from C X C to R which satisfies (A1)-(A4), and let Af
be a multivalued mapping of H into itself defined by

Ay — {zeH: F(x,y)> (y—x,2), VyeC}, xeC
= 0, x¢C.

Then Ap is a maximal monotone operator with the domain D(Ap) C C,
EP(F) = A;'0, where EP(F) stands for the solution set of (4.3), and the resolvent T, =
(I+rAr)~" is defined by

1

TFx={zecC: F(z,y)—k;(y—z,z—x) >0,VyeC}, VxeH.
Now, we have the following result.

Theorem 4.3. Let H) and H, be two real Hilbert spaces and let f : H, — Hy be a con-

tractive mapping on Hy. Let F;: H; x Hi — R, i = 1,2 be two bifunctions which satisfy
the conditions (A1)-(A4) and let T : H, — H be a bounded linear operator such that 2 =
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EP(F))NT~Y(EP(F,)) # 0. If conditions C1)-C4) are satisfied, then the sequence {e,} gener-
ated by eq € H| and

U, = Ty? (en),

_7h
Vo = T (Ttn), (4.4)
Wy =+ 8T (v, — Tuy),
ent1 = Pnen+ (1 - ﬁn)[anf(en) + (1 - an)wn]a n=0,
converges strongly to x* € Q, which is a unique solution of the variational inequality {(I —
f)X*ay_X*> > 07 vy €Q.

4.4. Split variational inequality problem. Let H be a real Hilbert space and let C be a closed
convex subset of H. Let A : C — H be a single-valued monotone operator which is hemicontin-
uous. Then a point u € C is said to be a solution of the variational inequality involving operator
A if (y —u,Au) > 0 holds for all y € C. We denote by VI(C,A) the set of all solutions of the
variational inequality.

Theorem 4.4. Let H;, i = 1,2, be two real Hilbert spaces and let C;, i = 1,2, be two closed
convex subsets of H;, respectively. Let f: H; — Hy be a contractive mapping on H. Let
A;: Ci— H;, i = 1,2, be two single-valued monotone and hemicontinuous operators, and let
T : Hy — H, be a bounded linear operator such that Q = VI(Cy,A;) N T~ (VI(Cy,A7)) # 0.
If conditions C1)-C4) are satisfied, then the sequence {e,} generated by eg € H, and

Uy = VI(Cp, 1AL+ 1T —ey),

vp = VI(Ca, Y2A; — 1" — Tuy,),

wp =+ 0T (v, — Tuy),

ent1 = PBuen+ (1= Bn) [0 f(en) + (1 — au)wy], n >0,

converges strongly to x* € Q, which is a unique solution of the variational inequality {(I —
fx*,y—x*) >0, Vy e Q.

Proof. Define a mapping Ty, C H; x H; by

{ApH—NCl (x), x€C
TAlx:

4.5)

0, x ¢ Cy,

where N¢, (x) ={z € H,: (y—x,z) <Oforally € C;}.

By Rockafellar [18], we know that the operator 7, is maximal monotone, and TA_ll (0) =
VI(Cy,A}). Note that

Uy = VI(Cy, Yy AL+ 11 —ey)
if and only if
(v — up, ’)/,141A1(un) + Uy — en) >0
for all y € C, that is, —¥4'A; () — tn + e, € ¥ 'Ne, (). This implies that u,, = JY;;‘; ey. Simi-
Y

larly, if we define a mapping Ty, C H> X Hj by

Aix+Ng,(x), x€C
TAQ‘X =
@, X ¢ Cz,



218 M.T. TRUONG, T.T.T. NGUYEN, M.T. NGUYEN

T,
then Ty, is maximal monotone, TA_21 (0) =VI(Cy,A2) and v, = J :22 (Tuy). From Corollary 3.1,
Tn
we get the desired conclusion easily. O
5. NUMERICAL EXPERIMENTS

The algorithms are implemented in MALAB 7.0 running on a HP Compaq 510, Core(TM) 2
Duo CPU. T5870 with 2.0 GHz and 2GB RAM.

Example 5.1. Consider the problem of finding an element x" € R* such that
x" € Q= argmin f;(x) N7~ (argmin f5(x)),
xER4 xER4
where f| and f, are defined by
fl(x) = <Aix7x> + <Bi7x> +Ci, i=1,2

with
1 1 -1 0 1101
1 1 -1 0 1101
Av= 1y 1 ol * = oo o0 1 |
0O 0 0 0 1111

Bi=(—4 —4 4 0),B,=(—4 —4 0 4),C, C, are any constants,

and T : R* — R* is a bounded linear operator which is defined by

1100 X1
_2040 X2
Tx=13 45 0| |x|

000 0/ \x

for all x = (x1,x2,x3,%4) € R%,

Then, it is easy to show that f; and f> are two proper continuous convex functions on R*
and x" € S if and only if 24;x" + B; = 0 and 24,(Tx") + B, = 0. So, the set of solutions  in

Example 5.1 is defined by
60 266 168
S—{(g,—m,—m,a) . QER},

and if xo = (2,—1,—2,4) then

P pRt y_ (00 266 168 1 _ _
xt = pB (xo)—(23, o1 et ) & (260869565, 1.65217391, ~1.04347826,4).

In Theorem 4.1, let f(x) =xo = (2,—1,-2,4) forallx e R*, %' = %2 =1, @, = 1 /n and
Bn = 1/2 for all n > 0. Then, we have the following table of numerical results (Table 1).

The behavior of TOL,, in the case TOL,, < 10~# is described in Figure 1.

In Theorem 4.1, let f(x) = x/5 forall x e R, ' =2 =1, oty = 1/n and B, = 12 for all
n > 0. Then, we have the following table of numerical results (Table 1).

Note that, in these cases, at the nth iteration step, we define the function TOL,, by

1
TOL, = E(HzAlxn +B1||? + ||242(Tx,) + B2 ||?)
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E n TOLn Xn

1072 4460 9.99978481e-003 (2.60154635, -1.64518849, -1.04377354, 4)

1073 44450  9.99995419e-004 (2.60798073, -1.65147533, -1.04350784, 4)

1074 444351 9.99999830e-005 (2.60862416, -1.65210405, -1.04348121, 4)
TABLE 1. Table of numerical results with TOL,, = ||x, — x"||

FIGURE 1. The behavior of TOL,, with the stop condition TOL,, < 10~*

€ n TOL,, Xn
1072 3945 9.995938e-003 (2.586882, -1.631553, -1.043644, 1.254370e-002)
1073 12415 9.999292¢-004 (2.601796, -1.645652, -1.043530, 6.305143e-003)
107% 39202  9.999527e-005 (2.606513, -1.650111, -1.043494, 3.162867¢-003)
107> 123908 9.999958e-006 (2.608005, -1.651521, -1.043483, 1.585649¢-003)
107% 391774 9.999991e-007 (2.608477, -1.651967, -1.043479, 7.947777¢-004)
TABLE 2. Table of numerical results

and use the condition TOL,, < € to stop the iteration process, where € is an initial error.
The behavior of TOL,, in the case TOL,, < 10~° is described in Figure 2:

Remark 5.1. If, in Theorem 4.1, f(x) = x/5 for all x € R3, then
x' = Po0 ~ (2.60869565, —1.65217391, —1.04347826,0).
Example 5.2. Consider the following problem: Find an element x™ € R* such that
eQ=85NnT7Y(8,) #0,

where S; = {x eR¥: |[x—a1||? <R?}}, S = {x €RY: |[x—ap||? <R3} and T : R¥ — R¥ s
a bounded linear operator whose matrix has the elements are randomly generated in [—10, 10].
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TOL

FIGURE 2. The behavior of TOL,, with the stop condition TOL,, < 106

Now, we test the convergence of the sequence {x, } which is defined in Theorem 4.2 with the
centers aj, ap randomly generated in [—1, 1], the radius R}, R, randomly generated in [7,8] and
9, 10], respectively, and the initial xo randomly generated in [—5,5].

It is easy to see that, in this case, Q = §; N7 ~! (S2) # 0 because 0 € Q.

Remark 5.2. In this example, the function TOL is defined by
1 40 50
TOLy = 5 ([l — Py (on) |2+ 176 — P (T |),

for all n > 1. Note that, at the nth step, if TOL,, = 0 then x,, € S, that is, x,, is a solution of this
problem.

After five attempts with the randomized data and f(x) = xo or f(x) = x/2 for all x € R*,
&, = 1/n, B, =1/2forall n>1and § = 1/||T||?, we obtain the following table of numerical
results (Table 3).

The behavior of TOL,, in the Table 3 is described in Figure 3 and Figure 4.

i bk et et LY

FIGURE 3. The behavior of TOL,, with the stop condition
TOL, < 10~* and f(x) = xo
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Stop condition: TOL, < 1073 Stop condition: TOL, < 10~*

No. TOL, n No. TOL, n

f(x) =xo

1 9.999930604862115¢ — 004 38381 1 9.999978097851798¢ — 005 121258
2 9.999759540680524e¢ — 004 24794 2 9.999922131723621e — 005 78401
3 9.999842360618018¢ — 004 48879 3 9.999944518918451e — 005 154551
4 9.999952749402601e — 004 48303 4 9.999993798300586e¢ — 005 152641
5 9.999536072386973¢ — 004 31470 5 9.999836001196085¢ — 005 99529
fx) =x/2

1 8.402767592710540e — 004 116 1 5.484656397249216e¢ — 005 55

2 5.372343063055929¢ — 004 53 2 7.095432510606713e¢ — 007 97

3 8.597287933614299¢ — 004 60 3 3.859116638956402¢ — 005 77

4 4.419986354387474e — 004 66 4 0 61

5 2.435382620250198¢ — 004 82 5 8.622270871144550e — 006 74

TABLE 3. Table of numerical results

Rzal

FIGURE 4. The behavior of TOL, with the stop condition
TOL, < 10~* and f(x) = x/2
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