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Abstract. In this paper, we prove Bregman common attractive point and Bregman common skew-attractive point
theorems for a semitopological semigroup S of Bregman type nonexpansive (not necessarily continuous) mappings
acting on a closed convex subset C of a Banach space E. Our results propose the existence of Bregman common
attractive points and Bregman common skew-attractive points for nonlinear mappings in a Banach space E.
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1. INTRODUCTION

Let S be a semigroup. We denote by [*(S) the Banach space of all bounded real-valued
functions on § with supremum norm. For each s € S, we define the left and right translation
operators [(s) and r(s) on [*(S) by

(L(s)f)(1) = f(st) and  (r(s)f)(z) = f(zs)
for each s € S and f € [”(S), respectively. Let X be a subspace of [*°(S) containing 1. An
element u in the dual space X* of X is said to be a mean on X if ||u|| = pu(1) = 1. For s € S, we
can define a point evaluation § by &(f) = f(s) for each f € X. If X is a translation invariant
subspace of [”(S) (i.e., /(s)X C X and r(s)X C X for each s € S) containing 1. Then a mean u
on X is said to be left invariant (res. right invariant) if

u(l(s)f) = p(f)(res. u(r(s)f) = u(f))

for each s € S and f € X. A mean U on X is said to be invariant if u is both left and right
invariant. § is said to be left (res. right) amenable if X has a left (res. right) invariant mean. S
is amenable if S is left and right amenable. In this case, [*(S) also has an invariant mean. A net
{lo }aer of means on X is said to be asymprotically left (resp. right) invariant if

lim(pa(1(5)f) = pa(f)) =0 (resp. lim(pa(r(s)f) = ta(f)) = 0)

for each f € X and s € S, and it is said to be left (resp. right) strong asymptotically invariant
(or strong regular) if

lim(pe [[1°(5) o — Bee|| = O (resp. Hm({|r*(s) o — ber]| = 0)
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for each s € S, where [*(s) and r*(s) are the adjoint operators of /(s) and r(s), respectively.
Such nets were first introduced by Day in [7] and called weak™® invariant and norm invariant,
respectively.

A semigroup S with an identity e is called left reversible if any two closed right ideals of §
have non-void intersection, i.e., aS N bS # Q fora,b € S.

Let S be a semigroup and C be a closed and convex subset of E. A family F := {T'(s) : s € S}
is called a representation of S as Bregman relatively nonexpansive mappings on C if T (s) is
Bregman relatively nonexpansive and 7T (st) = T(s)7T (¢) for each s,t € S. We denote by F(F)
the set of common fixed points of F, i.e.,

F(F) =NgesF(T(s)) = Nges{x € C: T(s)x = x}.

We assume that X is a subspace of [*°(S) containing 1 and the function s — (T'(s)x,x*) is con-
tained in X for each x € C and x* € E*. Then there exists a unique point xo of E such that
(T (.)x,x*) = (x9,x*) for a mean u on X, x € C and x* € E*. We denote such a point xq by
Tux. Note that Tyx is contained in the closure of the convex hull of {T'(s)x : s € S} for each
x € C, (see, for more details, [10]).

Given a semitopological semigroup S, let ¢*(S) be the C*-algebra of bounded complex-
valued functions on § with the supremum norm and pointwise multiplication. For each s € §
and f € £(S), denote by /,f and r,f the left and right translates of f by s respectively, that
is, (Usf)(t) = f(st) and (ryf)(t) = f(ts) (t € S). Let X be a closed subspace of [*°(S) contain-
ing the constant functions and being invariant under left translations. Then a linear functional
m € X* is called a mean if |m|| = m(1) = 1; m is called a left invariant mean, denoted by
LIM, if m(¢sf) =m(f) forall s € S, f € X*. Let C,(S) be the space of all bounded continuous
complex-valued functions on S. Then Cj(S) certainly is a closed subalgebra of /*(S) containing
the constant functions and being invariant under translations. Let LUC(S) be the space of left
uniformly continuous functions on S, that is, all f € Cp(S) such that the mappings s — £,(f)
from S into C,(S) are continuous. Then LUC(S) is a C*-subalgebra of C,(S) invariant under
translations and contains the constant functions. When S is a topological group, then LUC(S)
is precisely the space of bounded right uniformly continuous functions on S as defined in [9].
The semigroup S is called left amenable (respectively extremely left amenable) if LUC(S) has
a LIM (respectively a multiplicative LIM). The theory concerning amenability of semigroups
can be found in monographs [28] and [29], see also, [13, 14, 15]. A net {ly}qer of means on
X is said to be asymptotically invariant if, for each f € X and s € §,

ta(f) — ta(lsf) =0 and pa(f) — pa(rsf) = 0.

Let AP(S) be the space of all f € Cp(S) such that LO(f) = {{sf : s € S} is relatively com-
pact in the norm topology of Cp(S), and let WAP(S) be the space of all f € C,(S) such that
LO(f) is relatively compact in the weak topology of Cp(S). Functions in AP(S) (respectively
WAP(S)) are called almost periodic (respectively weakly almost periodic) functions. AP(S)
and WAP(S) are closed C*-subalgebras of Cp(S) invariant under translations and contains the
constant functions.

Suppose that C is a subset of a Banach space E and that § = {7 : s € S} is a representation
of Son C. Let x € C be such that {Tyx : s € S} is bounded. Then each f € E* defines an element
fr € £2(S) for which fi(s) = (Tyx, f) for s € S. If s +— Tex : S — C is continuous when C is
equipped with the weak topology of E, then f, € Cp(S); if the action of S on C is weakly jointly
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continuous and {7yx : s € S} is weakly relatively compact, then f, € LUC(S). If the action of S
on C is weakly separately continuous and weakly equicontinuous continuous and {7yx : s € S}
is weakly relatively compact, then f, € AP(S) [13](Lemma 3.1). Finally, if the action of §
on C is weakly separately continuous and weakly quasi-equicontinuous and {7yx : s € S} is
weakly precompact, then f, € WAP(S) [19] (Lemma 3.2). Here we recall that a representation
R = {Ty: s € S} on a Hausdorff space X is quasi-equicontinuous if Rp, the closure of S in the
product space X¥, consists of only continuous mappings. In other words, the representation is
quasi-equicontinuous if, for any net {s;}ic; C S, whenever T,(z) — T(z) for each z € X, T is
a continuous mapping from X into X. Now let X be a closed subspace of £*(S) containing the
constant functions. Let R = {7 : s € S} be a representation of S on C as above. Suppose that
x € C such that {Tyx : s € S} is bounded, and suppose that f, € X for each f € E*. For any mean
p € X*, we can define T, € E** by

<Tlix7f> = uu(fx)

Tux is clearly well-defined. If {Tyx : s € S} is precompact, then T, x is weak* continuous. So

Tyx € E in this case. For details concerning the geometry of Banch spaces, we refer the reader
to [37].

1.1. Some facts about gradients. For any convex function g : E — (—oo, +o0|, we denote the
domain of g by dom(g) = {x € E : g(x) < eo}. For any x € int (dom) g and any y € E, we denote
by g°(x,y) the right-hand derivative of g at x in the direction y, that is,

t —
t10 t

(1.1)
The function g is said to be Gateaux differentiable at x if lim,_, Ww exists for any y. In
this case, g°(x,y) coincides with Vg(x), the value of the gradient Vg of g at x. The function
g is said to be Gateaux differentiable if it is Gateaux differentiable everywhere. The function
g is said to be Fréchet differentiable at x if this limit is attained uniformly in ||y|| = 1. The
function g is said to be Fréchet differentiable if it is Fréchet differentiable everywhere. It is well
known that if a continuous convex function g : E — (—eo, 400 is Gdteaux differentiable, then
Vg is norm-to-weak™ continuous (see, for example, [4]). Also, it is known that if g is Fréchet
differentiable, then Vg is norm-to-norm continuous (see [12]). The function g is said to be
strongly coercive if
g(%n) _
[ =+ [|n|

It is also said to be bounded on bounded subsets of E if g(U) is bounded for each bounded
subset U of E. Finally, g is said to be uniformly Fréchet differentiable on a subset X of E if the
limit (1.1) is attained uniformly for all x € X and ||y|| = 1.

1.2. Some facts on the Bregman distance. Let £ be a Banach space. A function g : E —
(—o0, 400 is said to be proper if the interior of its domain

dom(g) ={x € E: g(x) < 4oo}

is nonempty. Let g : E — (—oo,+o0| be a convex and Gdteaux differentiable function. Then
the Bregman distance [3, 5] corresponding to g is the function D, : dom(g) X int dom(g) — R
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defined by

Dy(x,y) = g(x) —g(y) = (x =3, Vg(y)), Vx,y € E. (1.2)
It is clear that D,(x,y) > 0 for all x,y € E. When E is a smooth Banach space, setting g(x) =
||x[|? for all x in E, we have that Vg(x) = 2Jx for all x in E, where J is the normalized duality
mapping from E into E*. Hence, D, (-, -) reduces to the usual map ¢(-,-) as

Dy(x,y) = ¢(x,y) := [|x]|* = 2x, Jy) + [y]*,  ¥x,y €E.

Let E be a Banach space and g : E — (—eo, 40| a strictly convex and Gateaux differentiable
function. Working with the Bregman distance D, (1.2), the following Bregman three-point
identity holds for every Banach space E [6]:

Dg(x,z)=Dg(x,y)+Dg(y,z)+<x—y,Vg(y)—Vg(z)>, vx7y7Z€E- (13)

In particular,
Dy(x,y) = =Dg(y,x) + {y—x,Vg(y) = Vg(x)), Vx,y€E.
Let E be a Banach space and let C be a nonempty and convex subset of E. Let g: E —
(—eo, 4-o0] be a convex and Gadteaux differentiable function. Then, we know from [26] that, for
x € E and x € C, Dg(x0,x) = minyec D, (y, x) if and only if

(y—x0,Vg(x) —Vg(x)) <0, VyeC.

Furthermore, if C is a nonempty, closed and convex subset of a reflexive Banach space E and
g E — (—oo,+00] is a strongly coercive Bregman function, then, for each x € E, there exists a
unique xo € C such that
D, (x0,x) = minDg(y, x).
yeC

The Bregman projection proje. from E onto C is defined by proj¢.(x) = xo for all x € E. It is also
well known that proj‘g has the following property:

Dy (. pri) + Dy (projcs) < Dy (5.
forall y € C and x € E (see [4, 26] for more details).

1.3. Some facts on Bregman nonexpansive type mappings. Let C be a nonempty, closed
and convex subset of a reflexive Banach space E. Let g : E — (—oo, 40| be a proper, lower
semicontinuous and convex function. A mapping 7 : C — C is said to be Bregman quasi-
nonexpansive if F(T) # @ and

Do(p,Tx) < Dg(p,x), VxeC,NpeF(T).
We denote by A%(T) the set of Bregman attractive points of T ; i.e.,
A%(T) ={z € E : Dg(z,Tx) < Dyg(x,2) VxeC}.

The theory of fixed points with respect to Bregman distances have been studied in the last
twenty years and much intensively in the last decade. For some recent articles on the existence
of fixed points for Bregman nonexpansive type mappings, we refer the readers to [2, 21, 22, 23,
24, 34]. Despite the fact that there are some important techniques and developments leading to
the nonemptiness of the set of attractive points and construction of attractive points of nonex-
pansive mappings in Hilbert spaces, the corresponding approach for non-necessarily continuous
mappings in general Banach spaces is largely unexplored.
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In this paper, we prove Bregman common attractive point and Bregman common skew-
attractive point theorems for a semitopological semigroup S of Bregman type nonexpansive
(not necessarily continuous) mappings acting on a closed convex subset C of a Banach space E.
Our results propose the existence of Bregman common attractive points and Bregman common
skew-attractive points for nonlinear mappings in a Banach space E. It is well known that the
Bregman distance does not satisfy either the symmetry property or the triangle inequality which
are required for standard distances. So, the results of the paper improve and extend many recent
results in the literature. So, the results of the paper unify and generalize many recent results in
the literature; see, for example, [11, 16, 17, 18, 20, 30, 31, 32, 33, 38, 39].

2. PRELIMINARIES

In this section, we begin by recalling some preliminaries and lemmas which will be used in
the sequel.

2.1. Some facts on conjugate functions. Let E be a reflexive Banach space. For any proper,
lower semicontinuous and convex function g : E — (—oo, +oo|, the conjugate function g* of g is
defined by
8" (x") = sup{ (x,x") — g(x)}
xeE
for all x* € E*. It is well known that g(x) + g*(x*) > (x,x*) for all (x,x*) € E x E*. It is also
known that (x,x*) € dg is equivalent to

gx)+g"(x") = (x,x").
Here, dg is the subdifferential of g [35, 36]. We also know that if g : E — (—eo, 4-o0] is a proper,

lower semicontinuous and convex function, then g* : E* — (—oo, +-o0] is a proper, weak® lower
semicontinuous and convex function; see [37] for more details on convex analysis.

2.2. Some facts on uniformly convex functions. Let E be a Banach space and let B, := {z €
E: ||z|| < r} for all » > 0. Then a function g : E — R is said to be uniformly convex on bounded
subsets of E ([40], pp. 203, 221) if p,(¢) > O for all r,t > 0, where p, : [0,+c) — [0,00] is
defined by

o |-« —-gla -«
o=t 800)+ (1= @)g(y) — glowx-+ (1 a)y)
X,YEB.,||x—y||=t,ac(0,1) 06(1 — OC)
for all # > 0. The function p, is called the gauge of uniform convexity of g. The function g is

also said to be uniformly smooth on bounded subsets of E ([40], pp. 207, 221) if lim, | G’t(t) =0
for all » > 0, where o, : [0, +o0) — [0,0] is defined by

Gr(l’) = sup ch(x-l—(l —(X)ly)+(11_— a)g(x_aty)_g(x)
XEB,,yeSE,0€(0,1) a( OC)

for all # > 0. The function g is said to be uniformly convex if the function & : [0, +o0) — [0, +o0],
defined by

3,0 i=sup { 3600) + 30) s (52 ) s Iyl =1},

satisfies that lim, @ =0.
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Definition 2.1. ([4]). Let E be a Banach space. The function g : E — (—oo, 400 is said to be a
Bregman function if the following conditions are satisfied:

(1) g is continuous, strictly convex and Gateaux differentiable;
(2) the set {y € E : Dg(x,y) < r} is bounded for all x € E and r > 0.

The following lemma follows from Butnariu and [usem [4] and Zdlinscu [40].

Lemma 2.1. Let E be a reflexive Banach space and g : E — (—oo,+o0| a strongly coercive
Bregman function. Then

(1) Vg: E — E* is one-to-one, onto and norm-to-weak™ continuous,
(2) (x—yVg(x)—Vg(y)) =0ifand only if x = y;

(3) {x € E: Dg(x,y) <r} is bounded for all y € E and r > 0;

(4) dom g* = E*, g* is Gateaux differentiable and Vg* = (Vg)~ .

Lemma 2.2. [27] Let E be a Banach space and g : E — (—oo,+o0| a Gateaux differentiable
function which is uniformly convex on bounded subsets of E. Let {x,}nen and {y,}nen be
bounded sequences in E. Then

}Elgng(ann) =0 r}gl}o 1% = yal = 0.
Theorem 2.1. [40] Let E be a reflexive Banach space and g : E — (—oo, +o00| a convex function
which is bounded on bounded subsets of E. Then the following assertions are equivalent:
(1) g is strongly coercive and uniformly convex on bounded subsets of E;
(2) dom g* = E*, g* is bounded on bounded subsets and uniformly smooth on bounded subsets
of E*:
(3) dom g* = E*, g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous
on bounded subsets of E*.

Theorem 2.2. [40] Let E be a reflexive Banach space and g : E — (—oo,+o0| a continuous
convex function which is strongly coercive. Then the following assertions are equivalent:

(1) g is bounded on bounded subsets and uniformly smooth on bounded subsets of E;

(2) g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous on bounded
subsets of E*;

(3) dom g* = E*, g* is strongly coercive and uniformly convex on bounded subsets of E*.

At the end of this section, we include the following important lemma, which plays important
roles in the sequel.

Lemma 2.3. [8] Let E be a reflexive Banach space. Let S be a semitopological semigroup and
h:S — E be a bounded function such that {h(s) : s € S} is bounded. Let R = {T;:s € S} be a
representation of S as mappings on S. Let X be a closed subspace of {*(S) and 1 be a mean on
X. Then there exists a unique point zo € co{h(s) : s € S} such that

ts(h(s),y") = (20,y")  Vy" €E".

Lemma 24. Let E be a reflexive Banach space and g : E — (—oo,+o00| a strongly coercive
Bregman function which is uniformly convex on bounded subsets of E. Let C be a nonempty
subset of E and X be a closed subspace of {*(S) containing the constant functions and being
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invariant under left translations. Let R = {T; : s € S} be a representation of a semigroup S on
C such that {Tyx : s € S} is bounded for some x € C and

Dy(Tsx, Try) < Dg(Tix,y)

forally e C, t € S. If X has a left invariant mean 1, then Tyx € AL (R) and so AZ(R) # 0,
where Tyx is as in Lemma 2.3. In particular, if C is closed and convex, then F(R) = N{F(T;) :
seSt#0.

Let E be a reflexive Banach space and let g : E — (—oo,+00] be a convex, continuous and
strongly coercive function which is bounded on bounded sets, and uniformly convex and uni-
formly smooth on bounded sets. Let C, be a nonempty closed convex subset of E* and let proj‘a
be the Bregman projection from E* onto C,. Let C be a nonempty subset of E and 7 : C — E
be a mapping. We define the duality mapping 7" : VgC — E* of T by

T*x* =VgT(Vg) 'x*  W¥x* e VgC, (2.1)

where Vg is the duality mapping on E and (Vg)~! is the duality mapping on E*. The mapping
T* is called the Bregman duality mapping of T'; see [25].

Let E be a Banach space and let g : E — (—oo,+o0] be a convex and Gdteaux differentiable
function. Let C be a nonempty and closed subset of E. A mapping T : C — E is called Bregman
generalized nonexpansive if F(T) # @ and

Do(Tx,p) < Dy(x,p), ¥(x,p) € Cx F(T).

Let C be a nonempty subset of real Banach space E. A mapping R : E — C is said to be sunny
if
R(Rx+t(x—Rx)) = Rx
for each x € E and t > 0. A mapping R : E — C is said to be a retraction if Rx = x for each
x € C, for more details, see [25].

Lemma 2.5. ([26]) Let E be a reflexive Banach space and let g : E — (—oo,+o0| be a strongly
coercive Bregman function. Let C be a nonempty closed subset of E and let R‘g be a retraction
from E onto C. Then the following assertions are equivalent:

(1) R‘g is sunny and Bregman generalized nonexpansive;

(2) (x—R%x,Vg(y) — Vg(R%x)) <0, V(x,y) €E x C.

Furthermore, a sunny and Bregman generalized nonexpansive retraction of E onto C is uniquely
determined.

Lemma 2.6. ([26]) Let E be a reflexive Banach space and let g : E — (—oo,+o00| be a strongly
coercive Bregman function. Let C be a nonempty closed subset of E and let Ré be a sunny
Bregman generalized nonexpansive retraction from E onto C. Let (x,z) € E X C. Then the
following assertions hold:

(1) z=Réx if and only if (x —z,Vg(y) — Vg(z)) <Oforally € C;

(2) Dg(Rx,z) + Dg(x,RSx) < Dg(x,2).

Theorem 2.3. ([26]) Let E be a reflexive Banach space and let g : E — (—oo,+o00| be a convex,
continuous and strongly coercive function which is bounded on bounded sets, and uniformly
convex and uniformly smooth on bounded sets. Let C be a nonempty closed subset of E. Then
the following statements are equivalent:
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(1) C is a sunny Bregman generalized nonexpansive retract of E;
(2) C is a Bregman generalized nonexpansive retract of E;
(3) VgC is closed and convex.

In this case, the unique sunny Bregman generalized nonexpansive retraction from E onto C is
given by (Vg)_lproj‘a Vg, where proj‘a is the Bregman projection from E* onto VgC.

Lemma 2.7. ([26]) Let E be a reflexive Banach space and let g : E — (—oo,+o0| be a convex,
continuous and strongly coercive function which is bounded on bounded sets, and uniformly
convex and uniformly smooth on bounded sets. Let C be a nonempty closed subset of E such
that VgC is closed and convex. If T : C — C is a Bregman generalized nonexpansive mapping
such that F(T) # @, then F(T) is closed and VgF (T) is closed and convex.

Lemma 2.8. [25] Let E be a reflexive Banach space and let g : E — (—oo, 40| be a convex,
continuous and strongly coercive function which is bounded on bounded sets, and uniformly
convex and uniformly smooth on bounded sets. Let C be a nonempty subset of E, let T : C — E
be a mapping and T* : VgC — E* be the duality mapping of T defined in (6.1). Then the
following assertions hold:

(1) V§F (T) = F(T*);

(2) VgF(T) = F(T*);

(3) VgF (T) = F(T*).

Theorem 2.4. [25] Let E be a reflexive Banach space and let g : E — (—oo, 40| be a convex,
continuous and strongly coercive function which is bounded on bounded sets, and uniformly
convex and uniformly smooth on bounded sets. Let C be a nonempty subset of E, let T : C — E
be a Bregman relatively nonexpansive mapping and T* : VgC — E* be the duality mapping of
T defined in (3.1). Then T* is Bregman generalized nonexpansive and F (T*) = F(T*).

3. BREGMAN SKEW-ATTRACTIVE POINTS IN A BANACH SPACE

In section, we investigate the Bregman Skew-attractive point theorems in a reflexive Banach
space E.

Let E be a reflexive Banach space and let g : E — (—oo,+o00] be a convex, continuous and
strongly coercive function. Let C be a nonempty subset of E and T : C — E be mapping. We
denote by BS.(T) the set of Bregman skew-attractive points of T} i.e.,

Bi(T) = {z € E : Dg(Tx,x) < Dg(x,z) VxeC}.

In this section, we prove Bregman Skew-attractive point theorems in a reflexive Banach space.
We start with the following simple lemma.

Lemma 3.1. Let E be a reflexive Banach space and g : E — (—o0, 40| a convex, continuous,
strongly coercive and Gateaux differentiable function which is bounded on bounded subsets and
uniformly convex on bounded subsets of E. Let C be a nonempty subset of E and T : C — E be
a mapping. Then B{.(T) is closed and convex.

Proof. Let {yn}nen C BZ(T) be such that y, — y as n — oo. Then
Do(Tx,yn) < Dg(x,y), VxeC,neN.
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This means that

8(Tx) — g(yn) — (Tx—yn, Vg(yn)) < g(x) —g(yn) — (x—yu, Vg (yn))-

Since g is continuous and Vg is norm-to-weak™ continuous, we obtain

8(Tx)—g(y) — (Tx—y,Vg(y)) < g(x) —g(y) — (x—» Ve(y))
and hence
Dg(Tx,y) < Dg(x,y), VxeC.

Thus we have y € BS(T') which shows that BS(T) is closed. A similar argument, as in the proof
of Lemma 3.2 of [8], demonstrates that B‘é( T) is convex, which completes the proof. U

Proposition 3.1. Let E be a reflexive Banach space and let g : E — (—oo,+o0| be a convex,
continuous and strongly coercive function, which is bounded on bounded sets, and uniformly
convex and uniformly smooth on bounded sets. Let C be a nonempty subset of E, let T : C — E
be a mapping and let T* : VgC — E* be the duality mapping of T defined in (2.1). Then the
following assertions hold:

(1) VgB{(T) = AK(T);

(2) VgAL(T) = BL(T™).

In particular, VgB.(T) is closed and convex.

Proof. Let us prove (1). For any x* € E*, we get from the definition of 7* that

x* € VgBL(T) <= Vg*'x* € BL(T)
<= Dy(Tx,Vg*x*) < Dy(x,Vg*x*), Vxe C
<= Dg+(Vg*x*,VgTx) < Dy« (x*,Vgx), Vx € C
<= Dy (Vg*x*,VgTVg*Vgx) < Dy« (x*,Vgx), Vx € C
<= Dy (Vg*x*, T*Vgx) < Dy« (x*,Vgx), Vx € C
< x* € VgAL(T*).

This proves that VgBS.(T) = AL(T*).
Now, we prove (2) in a similar fashion. For any x* € E*, we get from the definition of 7* that

x* € VgAL(T) <= Vg*x* € AL(T)
<= Dy(Vg*x*,Tx) < Dg(Vg*x*,x), Vx e C
<= Dy (VgTx,Vg*x*) < Dg+(Vgx,x*), Vx € C
<= Dy (VgTVg*Vgx,Vg*x*) < Dg-(Vgx,x*), Vx € C
<= Dy (T*Vgx,Vg*x*) < Dg+(Vgx,x*), Vx € C
< x* € VgBL(T*).

This proves VgAZ(T) = B{(T*). On the other hand, in view of Lemma 3.1, we conclude
that VA% (T) is closed and convex, so we deduce that VgAZ(T) is closed and convex. This
completes the proof. 0

Theorem 3.1. Let E be a reflexive Banach space and g : E — (—oo,+o0| a strongly coercive
Bregman function, which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let C be a nonempty subset of E and X be a closed subspace
of £=(S) containing the constant functions and being invariant under left translations. Let
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R = {T; : s € S} be a representation of a semigroup S as mappings of C into itself such that
{T;(x)}ses is bounded for some x € C. Let L be a mean on X. Suppose that

Dg(Tt)’; Tyx) S Dg<y7 TY-X)

forally € Candt € S. Then, B{L(R) = N{BZ(T;) : t € S} is nonempty. Additionally, if C is
closed and Vg(C) is closed and convex, then F(R) = N{F(T;) : t € S} is nonempty.

Proof. Assume that {7(x)}ses is bounded for some x € C. Put x* = Vg(x) and y* = Vg(y),
where y € C and define
T* =VgT,(Vg)™!, Vses.
Then, we have
T, T = VgTy(Vg) ' VgTy(Vg) ™' = VgTy1.(Vg) 'VeT(Ve) ' =Ty, Vsit€S.
On the other hand, if s — 7, then we have from the continuity of Vg that, for any y* € Vg(C),
Iy = Ty = | VeTs(Ve) ™' Vey— VeT;(Vg) ™' Vey| = | VeT:Vey — VgT:Vay| — 0.

Therefore, R* = {7, : s € S} is a continuous representation of S as mappings of Vg(C) into
itself. Furthermore, since {7;(x) : s € S} is bounded and

.ung<Tty7 Tsx) < .LLng(ya Tsx>
forally € Candt € S, we have

UsDg- (T x*, Tj*y*) = Dy~ (VT (Vg) ' Vix, VgT(Vg) ! Vgy)
= usDg(T:(Vg) ' Vgy, Ty(Vg) ' Vex)
= :uSDg(’le7 TYX)
S IJng (y7 Ts‘x)
= .ung* (VgTsxa ng)
= gD (VgTy(Vg) 'Vgx, Vgy)
= UsDg- (VT x*,y")
for all y* € Vg(C) and 7 € S. Therefore, we have from Lemma 2.4 that
AL(R*) = n{AL(T) :t € S}

is nonempty. Since Vg : E — E* is a one-to-one and onto mapping, we obtain from Lemma 2.8
that
BLR) =n{BA(T):1€5)

=N{(Vg)'AL(T) -1 € S}

= (Vg)‘i(ﬂ{Agc(Tt*) (1€ S})

= (Vg)T'AL(R).
Since A%(R*) is nonempty, we get that Bf.(R) is nonempty. In particular, if C is closed and
Vg(C) is closed and convex, then we obtain from Lemma 2.8 that

F(R) =n{F(T;):t€S}
={(Ve) 'F(T") :1 € 8})
= (Ve) {({F(T;"):1€5})
= (Vg)'F(8").

Thus we have F(R) = N{F(T;) : t € S} is nonempty, which completes the proof. O
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Remark 3.1. The main result of [20] gave a relation between common attractive points and
common fixed points for a semigroup of nonexpansive mappings on a closed convex subset C of
a Hilbert space, while the main result of the present paper give a relation between common fixed
points and Bregman common skew-attractive points for a semigroup of Bregman nonexpansive
type (not necessarily continuous) mappings on a closed convex subset C of a reflexive Banach
space E. We note that the proof of Theorem 3.1 (where the authors used the nonexpansivity of
the mapping 7) in [20] is not valid in our discussion. So our result extends and improves the
corresponding results of [20].

Remark 3.2. Theorem 3.1 improves [20, Theorem 3.1] in the following aspects.

(1) For the structure of Banach spaces, we extend the duality mapping to more general case, that
is, a convex, continuous and strongly coercive Bregman function which is bounded on bounded
subsets, and uniformly convex and uniformly smooth on bounded subsets.

(2) For the mappings, we extend the mapping from nonexpansive mappings to Bregman nonex-
pansive type (not necessarily continuous) mappings.

4. BREGMAN COMMON SKEW-ATTRACTIVE POINT THEOREMS

In this section, we prove Bregman common skew-attractive point theorems of Baillon’s type
[1] for semigroups of nonlinear mappings without continuity in a Banach space. We first prove
the following important lemma.

Lemma 4.1. Let E be a reflexive Banach space and g : E — (—oo,+o00| a strongly coercive
Bregman function, which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let S be a semigroup, D be a nonempty subset of E and let
X be a closed subspace of £ (S) containing the constant functions and being invariant under
left translations. Let R = {T; : s € S} be a representation of S as mappings of D into itself
such that {Ty(x)}ses C D is bounded for some x € D. Let v :S — E be a function such that
{v(s) : s € S} C D is bounded and let u be a mean on X. If h : D — R is defined by

h(z) = usDg(v(s),z) Vze€ D,
then the mean vector zo of {v(s) : s € S} for W is a unique minimizer in D such that
h(zo) = min{h(z) : z € D}.

Proof. For a bounded net {v(s) : s € S} C D and a mean u on X, we know that a function
h: D — R defined by

h(z) = WsDg(v(5),2)  Vz€D

is well-defined. We also know from the proof of Lemma 2.3 that there exists a mean vector zg
of {v(s) : s € S} for u, that is, there exists zg € co{v(s) : s € S} such that

ws(v(s),y*) = (z0,y") Vy* € E".
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Since D is closed and convex and {v(s) : s € S} C D, we get z9 € D. Furthermore, we obtain
from the three-point identity (see (1.3)) that, for any z € D, that

h(z) =h(z0) = usDg(v(s),2) = us 5(v(5),20)
= Hs(Dy (E) (()zo))

z)—

= Hs(Dg(v(s),2) — Dg(v(s),2) — Dg(z,20) — (v(s) — 2z, Vg(z) — Vg(20)))
—IJS( Dq(z,20) — (v ( )—2,Vg(z ) Vg(20)))

s( Dy(z,20) — (v(s) —z,Vg(z) — Vg(z0)))

—Dg(z,20) — < (s) —z,Vg(z) — Vg(20))

—Dy(z,20) — Dg(20,20) — Dg(2,2) — Dyg(20,2) — Dg(z,20)

Dg( 20, )
Thus we have
h(z) = h(z0) + Dg(20,2), Vze€D. 4.1)

This implies that zp € D is a minimizer in D such that
h(zo) = min{h(z) : z € D}.

Furthermore, if v € D satisfies h(v) = h(zp), then we infer from (4.1) that D4(zg,v) = 0. This,
together with Lemma 2.2, implies that zyp = v and hence zq is a unique minimizer in D such that
h(zo) = min{A(z) : z € D}. This completes the proof. O

Theorem 4.1. Let E be a reflexive Banach space and g : E — (—oo,+o0| a strongly coercive
Bregman function which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let S be a semigroup, C be a nonempty, closed and convex
subset of E and X be a closed subspace of {(S) containing the constant functions and being
invariant under left translations. Let R = {T : s € S} be a representation of S as mappings of C
into itself such that {T(xo) }scs C C is bounded for some xo € C. Suppose that A.(R) = B{.(R)
is nonempty. Then, for any x € C, the net Rx = {Tyx : s € S} is bounded and the set

Nyesco{Tr1sx : 1 € S}NAL(R)

consists of one point 7o, where 7 is a unique minimizer of A‘é(fR) such that

lim D, (Tsx,z9) = min { limD, (Tx,z) 1z € A‘g(fR)}.
ses seS

Additionally, if C is closed and convex, then the set
Nses€o{Ti+sx :t € S}NF(R)
consists of one point 2.
Proof. Since AL (R) = Bf.(R) is nonempty, then, for any z € A%(R) = B{(R) and x € C, we
obtain
Dg(E+Sva)§Dg<7}x7Z)7 VS,IES.

This implies that the set Rx = {Tyx : s € S} is bounded. For any invariant mean y on X, in view
of Lemma 4.1, there exists a unique minimizer zg € E such that

UsDg(Tsx,z0) = min{yuDg(Tix,y) :y € E}

is the mean vector z9 € E of R = {7, : s € S} for u, that is, a point zo € E such that 79 €
Nsesco{Tyx : s € S} and

ps(Tex,y*) = (z0,y"), y* €E".
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By the same arguments, as in the proof of Lemma 2.4, we conclude that zg € A‘é(ﬂ%) and at the
same time zg € A%.(R) satisfies
HsDg(Tyx, 20) = min{ Dy (Tx,2) 1 € AL(R)}.

We claim that zg € Ngesco{Ti+5x : t € S}. If not, then there exists so € S such that zg ¢
Nsesco{T+s,x 1t € S}. In view of the separation theorem (a well-known corollary of the Hahn-
Banach theorem), there exists y; € E* such that

(z0,y0) <inf{(z,y0) : z € CO{Tr4spx : 1 € S}}.
By the invariance of u, we get

(z0,¥4) < inf{(z,y) :z€co{Tisx:1 € S}}
<Anf{(Ti450%,75) 1 1 € ST}
S Ly <Tl+Sox7y(>S>
= <Tlx7y(>§>
= (20,p)-
This is a contradiction. Therefore, z9 € Ngesco{T;+5x : t € S}. We still intend to show that
Nsesco{Tisx : 1 € S} NAL(R) consists of exactly one point zo. Assume that

21 € Nyesco{Trsx 1 1 € S}NAL(R).
Since z; € AL (R) = BL.(R), we obtain
Dg(E+sX,Z1) SDg(I'Y-xuzl)7 \V/S,IGS,

which implies that the limit lim; D, (7yx,z;) exists. On the other hand, the invariance property
of 1 leads us to
.ung(TsvaO = li?’ng(TS‘-x7Zl)-

This allows us to conclude that lim; Dy (Tyx,z) exists for every z € A%(R), so we can define a
function h : AZ.(R) — R as follows:

h(z) =limDy(Tix,2),  Vz € AL (R).
In view of the three-point identity (see (1.3)), we deduce that
Dy(20,21) = Dg(Tsx,21) — Dy (Tix,20) — (Tsx — 20, V& (20) — Vg (21))
for every s € S. This entails to

Dy(z0,21) +1imy(Tyx — 20, Vg(20) — Vg(z1))
= limy Dy (Tyx,z1) — lims Do (Tix, 20)
> 0.

Now, for every € > 0, we arrive at
limy(Tsx — 20, Vg(z0) — Vg(21)) > —Dy(20,21) — €
which implies that there exists s; € S such that
(Ts45,x —20,V8(20) — Vg(z1)) > —Dg(z0,21) — €, Vs€S.
Since 71 € Ngesco{Ti4sx: 1 € S}, we get
(z1 —20,V8(z0) = Vg(21)) > —Dy(20,21) — €.
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Taking into account the three-point identity (see (1.3)), we infer that
Dg(z1,21) +Dg(20,20) — Dg(z1,20) — Dg(20,21) > —Dg(20,21) — €

and hence D, (z1,z9) < € from which we conclude that Dg(z1,29) = 0. In view of Lemma 2.2,
we deduce that z; = z9. Thus we have

20 € Ngesco{Ti4sx:1 € S}NF(R).
Additionally, if C is closed and convex, then
Nsesco{Tisx : 1 € S}NAL(R) = {z0}.
Since Nyesco{T+sx:t € S} ﬁAgC(S) consists of one point zp, we have
Nyes€o{Ti+sx:t € S}NF(R) = {z0}-
This completes the proof. 0

Lemma 4.2. Let E be a reflexive Banach space and g : E — (—oo,+o00| a strongly coercive
Bregman function, which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let S be a semitopological semigroup. Let D be a nonempty,
closed and convex subset of E and X be a closed subspace of {*(S) containing the constant
functions and being invariant under left translations. Let R = {T : s € S} be a representation
of S as mappings of C into itself such that {Ts(x) }scs C D is bounded for some x € C and

Dy(Tix, Tiy) < Dg(Tix,y), ye€C,t€S.

Let {Ug }oer be an asymptotically invariant net of means on X; i.e., for each f € X and s € S,
Ha(f) — Ha(lsf) = 0. If a subnet {lay } g of {latact converges weakly to a point u € E, then
u € A% (R). Additionally, if C is closed and convex, then u € F(R).

Proof. Since {lq}acr is a net of means on X, it has a cluster point y in the weak™ topology.
We prove that u is an invariant mean on X. Indeed, since the set

Q:={AeX :Ale)=|A| =1}

is closed in the weak™ topology, it follows that i is a mean on X, where e(s) = 1 for all s € S.
Indeed, S is a semitopological semigroup and B(S) is the Banach space of all bounded real-
valued functions on S with supremum norm. Let C(S) be the Banach subspace of B(S) of
all bounded real valued continuous functions on S, with dual Banach space C(S)* (the dual
space of C(S)). By Banach-Alaoglu Theorem, the norm closed unit ball of C(S)* is weak*
compact. Since e is represented as a weak® continuous function on S (by definition), the set
{A €C(S)": (e,A) = A(e) = 1} is weak™ compact, as it is the intersection of the preimage of
the closed set {1} of the function e and the norm closed unit ball. On the other hand, you can
check this directly. Suppose Aq(e) = 1 = ||A¢|| for infinitely many distinct norm one linear
functionals A4 of the Banach space C(S). Since the norm closed unit ball is weak* compact,
there is a weak* cluster point A of them with norm ||A|| < 1. By the weak* continuity of e, we
see that [[A]| > A(e) = 1. This also forces ||A|| = 1. Thus the set Q is weak™* compact.

Furthermore, since { Ly } qcr is asymptotically invariant, for any € >0, f € X and s € S, there
exists o € I such that

Vo > og.

W] m

Mo (f) — Ma(lsf)] <
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Since u is a cluster point of {{ly }¢er, Wwe can chose B > g such that

()~ RN <5 and [ug(ef) — u(lsf)] <

W Mm

This implies that

() =GN < [r(f) = pEf) + g (f) = pp(Lef)]
+Hug(f) —ullf) <5+5+5

Since € > 0 is arbitrary, we deduce that

u(f) =ultsf), VfeX,ses.

Suppose that a subnet {Tﬂaﬁ'x}ﬁEI of {Ty,X}acr converges weakly to some u € E. If A is also

a cluster point of {la } e in the weak™ topology, then A is a cluster point of {fiq }acs. Then
A is an invariant mean on X. Without loss of generality, we may assume that Moy — A in the
weak™ topology. Furthermore, we obtain from Tua x — u that

l <TYx y > - hlgn(uaﬁ) <Tx y > - hén,uaﬁ< sX, ¥ > < 7y*> Vy* EE”.
On the other hand, we have from three-point identity that for y € C and 5,7 € S,

(Tex — Tiy,Ve(y) — Vg(Tiy)) — Dg(Try,y) = Dg(Tyy, Tiy) — Dg(Tix, ). (4.2)

Applying {lag } pe; on both sides of (4.2), we receive

(Mo )s(Tsx = Try, Vg(y) = Vg(Tiy)) — Dy(Tix,y)
= (.uocﬁ)ng(Tsxv Tiy) — (Naﬁ)ng(TrxJ)-

Since Moy — A in the weak™* topology, we conclude that
(Tox — Ty, Vg(y) — V&(Tiy)) — Dg(Tix,y) = AsDg(Tyx, T;y) — AsDg(Tix,y)
and hence
(u—Ty,Vg(y) = V&(Ty)) = Dy(Tix,y) = AsDy(Tsx, Try) — AsDg (Tix, y).
Since A;D,(Tyx, Try) — (A)sDg(Tsx,y) < 0 by the assumption, we get
(u—T,y,Vg(y) — V8(Ty)) — Dg(Tix,y) < 0.
On the other hand, we know that
(u—"Ty,Vg(y) = V8(Tiy)) = Dg(T1y,y) = Dy (u, Try) — Dy (u,y),

which implies that
Dg(u,Try) < Dg(u,y), yeC,teS. (4.3)

Thus we have u € A%.(T;) and hence u € A%.(R). In particular, if C is closed and convex, then u
is an element of C. Putting y = u in (4.2), we receive T;u = u, which implies that

ue F(R)=n{F(T;):t € S}.

This completes the proof. U
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Lemma 4.3. Let E be a reflexive Banach space and g : E — (—oo,+o00| a strongly coercive
Bregman function, which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let C be a nonempty subset of E and S be a semitopological
semigroup. Let X be a closed subspace of (*(S) containing the constant functions and being
invariant under left translations. Let R = {T; : s € S} be a representation of S as mappings
of C into itself such that B‘g(ﬂ%) # (0. Then there exists a unique sunny Bregman generalized
nonexpansive retraction R‘é of E onto B‘g(fR). Furthermore, for any x € C, limg R‘EY}x exists in
BZ(R), where limg RETyx = g means that limg | RETyx — g|| = 0.

Proof. In view of Lemmas 3.1 and Proposition 3.1, we conclude that Bf.(R) is closed and
VgB{(R) is closed and convex. Theorem 2.3 and Proposition 3.1 ensure the existence of a
unique sunny Bregman generalized nonexpansive retraction Ré of E onto Bé(iR). Thus, for any
left invariant ¢t on X, there exists ¢ € E such that

W (RETx,y") = (q,y"), W €EF,
which amounts to
W (RETox,y") = W(RETx,y*) = (q,y") Vs€S, y €E".
This implies that
g€ co{RiT,gx:1 €S}, VseS.
By the properties of sunny Bregman generalized nonexpansive retraction RS., we deduce that
0 < (w—Riw,Vg(Réw) —Vg(u)), VYw€E, ucBL(R). (4.4)
It follows from (4.4) that

0 < (w— R, Vg(Riw) — Va(u)
= Dg(w,u) 4+ Dg(REW,REW) — Dg(w, REw) — Dg(REw, u)
= Dg(w,u) — Dg(w,REw) — Dg(REw,u),

which in turn implies that
Dy (REw,u) < Dg(w,u) —Dg(w,REw)  w € E, uc BL(R). (4.5)
Since Dg(Tyz,u) < Dg(z,u) forall s € S, u € BL(R) and z € C, we obtain
Dy(Tr 5%, RETr %) < Dy(Ti, RETx) < Dy(Tyx, RETyx),  y€C 1 €SS,
Employing Theorem 3.1 together with (4.4), we conclude that
lim Dy (Tyx, RETyx) = inng(Trx,Rg&Trx).
s re

Setting u = R%.Tyx and w = R3T; 4 ox in (4.5), we arrive at
Dy(Tr 5%, RET,x) < Dyg(Try s, RETx) — Dy(Ti. %, RET 4.53)
< Dg(’];x7R§‘Ts‘x) - Dg(Tt+sx> R§E+SX)
< Dy(Tyx, RETyx) — infrcs Do (Tox, RETyx).
Since Dyg(.,z) is weakly lower semicountinuous for all z € E, we obtain from (4.3) that
Dy(q,R3Tyx) < Dg(Tyx,RETyx) — inng(T,x,RzéT,x), Vs € S.
re

In view of (4.4), we deduce that
lim | RETyx — g = 0.
N
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Since B{.(R) is closed, we see that {R{Tyx} e converges strongly to g € B{(R), which com-
pletes the proof. U

Theorem 4.2. Let E be a reflexive Banach space and g : E — (—oo,+o0| a strongly coercive
Bregman function which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let C be a nonempty subset of E and S be a semitopological
semigroup. Let X be a closed subspace of (*(S) containing the constant functions and being
invariant under left translations. Let R = {T; : s € S} be a representation of S as mappings
of C into itself such that AL.(R) = B&(R) # 0. Let R BL(R) be the sunny Bregman generalized

nonexpansive retraction of E onto Bf}(ﬂ%). Suppose that
Dy(Tyx,Ty) < Dg(Tix,y) Vx,yeC,teSs. (4.8)

forally e C, t €S. Let U be a left invariant mean on X and let {1y }o be an asymptotically
invariant net of means |L on X; i.e., for each f € X and s € S,

Mo (f) — ta(Lsf) — 0.
Then, {Ty,x}q converges weakly to a point u € AZL(R), where
U= lignRBé(R) Tx.
Additionally, if C is closed and convex, then u € F(R), where
u= ligan;(jz) Tx.
Proof. Let x € C be given. Since A% (R) is nonempty, the net {Tyx}cg is bounded. By the same

arguments, as in the proof of Theorem 6.5 of [38], {T”ax}ael is bounded. On the other hand,
we get from Theorem 4.1 that the set

Nyesco{Tr1sx : 1 € S}NAL(R)

consists of exactly one point. In order to prove that {7},,x}4cs converges weakly to a point zq in
AL (R), it suffices to show that if a subnet {Tﬂaﬁ x}ger of {Tp, }aer converges weakly to a point

vEE,ie., Ty, — v, thenve A% (R) and
v € Nyesco{ Tex : 1 € S}NAL(R).
In view of Lemma 4.2, we deduce that v € A%(R). Let us show that
v € Nyesco{ Trex : 1 € S}NAL(R).
Since Tuaﬁ x — v, we are led to
2fS(TSxay> = <V7y>a vy €L
for some invariant mean X. This, together with Theorem 4.1, implies that
Ve ﬂsgsm{];_hgx it e S} ﬂAé(iR)

Thus we have {7}, } s converges weakly to a point zg € A%(R). If, in addition, C is closed
and convex, then zo € C and therefore zg € F(R) and {7, x} e converges weakly to a point

20 € F(R). Following the proof of Lemma 4.3, we conclude that zg = lim, R, (> % O
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