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A SHRINKING PROJECTION ALGORITHM FOR PROXIMAL SPLIT
FEASIBILITY AND FIXED POINT PROBLEMS
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Abstract. In this paper, we study proximal split feasibility, and fixed point problems. For solving
these problems, we introduce a shrinking projection algorithm in the framework of Hilbert spaces. It is
proven that the sequence generated by the proposed iterative algorithm converge to a common solution
of a proximal split feasibility problem and a fixed point problem of an asymptotically k-strictly pseudo-
contractive mapping in the intermediate sense.
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1. INTRODUCTION

Throughout this paper, we assume that .7 and .77 are two real Hilbert spaces, A : 4 — 773
is a bounded linear operator with its adjoint A*, f : 4 — Z|J{+eo} and g : 765 — Z|J{+oo}
are two proper, lower semi-continuous convex functions.

We study the problem of solving the following minimization problem:

min {f(x) +g1(Ax)}, (1.1)

where g, stands for the Moreau-Yosida approximate of the function g of index A > 0, that is,

1
1) = min {0)+ 512}

Split feasibility problem [8] was introduced for modeling inverse problems, which arise from
phase retrievals and in medical image reconstruction [1, 9]. It was found that the split feasibility
problem can also be used to model the intensity modulated therapy [6, 7]. It is also worth
pointing out that the split feasibility problem is a special case of the problem (1.1). As a matter
of fact, we choose f and g as the indicator functions of two nonempty closed convex sets
C C 7A and Q C %, that is,

ﬂmz&@:{ﬁ ifxec,

+o0, otherwise,
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and

B _J o, ifxeQ,
8(x) = 8p(x) = { +oo, otherwise.

Then, problem (1.1) collapses to
min { 8¢ (x) + (8g)x (Ax)},

x€q

which is equivalent to the following formulation

mm{ZAH(l—pron)Atz}. (1.2)

xeC

It is easy to see that solving (1.2) is to solve the following split feasibility problem of finding x
such that
xe€Cand Ax € Q (1.3)
provided that CNA~1(Q) # 0.
To solve (1.3), many authors have studied various iterative methods; see, for instance, [2, 3,
4, 14, 15, 18, 19, 20, 21]. Fixed-point methods are very popular recently. It is known that a
vector x* solves (1.3) if and only if it solves the following fixed-point equation

x* = projo(I — yA* (I — pron)A)x*,
where ¥ > 0 is a constant and proj and proj, stand for the orthogonal projectional on the closed

convex sets C and Q, respectively. According to the above fixed point formulation, A popular
algorithm that solves the split feasibility problem is the CQ algorithm presented by Byrne [1, 2]:

Xn+1 = Proje (X — TpA* (1 — pron)Axn),

where the step size 7, € (0,2/||A]|?). However, the step size 7, depends on the operator norm
||A||, which is not an easy work to calculate in practice. To overcome this difficulty, the follow-
ing so-called self-adaptive method was developed recently.

Self-adaptive algorithm [11] Let xo € f_%al be an initial arbitrarily point. Assume that the se-
quence {x,} in C is constructed with Vh(x,) # 0 as follows: Compute x;,;| via the rule
Xn+1 = Proje(x, — 1A (I — projg)Ax,), (1.4)

where 7, = pj, HV”Z((XH) E with 0 < p,, < 4 and h(x) = %H(l—pron)Atz.

If Vh(x,,) = 0, then x,,+1 = X, is a solution of problem (1.3) and the iterative process stops.
Otherwise, we set n :=n+1 and go to the sequence (1.4).

The main purpose of this manuscript is to solve problem (1.1) by using the fixed-point tech-
nique, the self-adaptive method and the shrinking projection technique. By use of the Fréchet
differentiability of the Yosida approximate g, , we have

I(F(x) + g (A%)) = O (x) + A* Vg, (Ax) = 9 f(x) +A* (1—11&) Ax,  (15)

where d f(x) denotes the subdifferential of f at x and prox; ,x is the proximal mapping of g,
that 1s,

If(x) ={we A f(y) 2 f(x) + (w,y —x),Vy € S}
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and
ro arg min < g(y) + : | |2
X)X = —y—=x .
Note that the optimality condition of (1.5) is as follows:

I_
0€af(x)+A* (%) Ax,

which can be rewritten as

0€ uAdf(x)+ uA* (I—proxlg) Ax.
This is equivalent to

x = prox,; r(I — LA™ (I — prox, 4 )A)x

for all u > 0. If argmin f (A~ (argming) # 0, then (1.1) is reduced to the following proximal
split feasibility problem of finding x such that

x € argmin f and Ax € argmin g, (1.6)

where

argmin f = {x" € 74 : f(x") < f(x),Vx € JA4}
and

argming = {x" € A : f(x") < f(x),Vx € 75}.

In the sequel, we use I to denote the solution set of problem (1.6). Then, we have that I" is a
convex subset of .777.

Recently, in order to solve problem (1.6), Moudafi and Thakur [14] presented the following
split proximal algorithm with a way of selecting the step sizes such that its implementation does
not need any prior information as regards the operator norm.

Self-adaptive split proximal algorithm [14] Let xy € 4] be an initial arbitrarily point. Assume
that the sequence {x,} in 7] is constructed with 6(x,) # 0 as follows: Compute x,,;; via the
rule

Xnt1 = ProXy, 3 ¢ (¥n — lnA™ (I — prox; o )Ax,) (1.7)

(20)+1 ()

for all n > 0, where the step size u,, = pnh CEEn in which 0 < p,, < 4,

1
h(xn) = 5 [[(T = proxz  )Axa |,

[(xn) = 5| (1 = proxy, 3 )xa

: |
2
and

0(x:) = \/ 11V |12+ VI ()|

If 6(x,) =0, then x,, ] = x, is a solution of problem (1.6) and the iterative process stops.
Otherwise, we set n :=n+ 1 and go to the sequence (1.7).
They demonstrated the following weak convergence of the above split proximal algorithm.
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Theorem 1.1. Suppose that I" # 0. Assume the parameters satisfy the condition:

e < py < hlw) .
== h(x,) +1(x,)

for some € > 0 small enough. Then the sequence {x,} generated by (1.7) weakly converges to
a solutions of the problem (1.6).

They established the weak convergence of algorithm (1.7), however, in some applied disci-
plines, the strong convergence is more desirable than the weak convergence. So, Yao et al. [20]
suggested a new algorithm by using the regularization technique such that the strong conver-
gence is guaranteed. More precisely, they presented the following scheme:

Xnt1 = 0 W (Xn) + (I — QuB)proxy ¢ (xy — LA™ (I — prox, 5 )Ax,)

for all n > 0, where {a,} C [0,1] is a real number sequence, Y : 54 — 7 is a K-contraction
and B : 7] — 7] is a strongly positive bounded linear operator with coefficient { > «.

In this paper, our modification is mainly based on an idea in Takahashi, Takeuchi and Kubota
[17] for finding a fixed point of a nonexpansive mapping 7 in a Hilbert space. To be more
precise, their algorithmic scheme is the following: For u € 7] and n > 1, set

Yn = OXy + (1 — &) Txy,
Cor1 ={w e Gt |lyn—wl < [lxn —wll},
Xn41 = Projgc,, -
Motivated by the above results, especially by Moudafi and Thakur [14], Takahashi, Takeuchi
and Kubota [17], and Yao et al. [20] we introduce an iterative algorithm and prove its strong

convergence for solving the proximal split feasibility problem and the fixed point problem of an
asymptotically k-strictly pseudo-contractive mapping in the intermediate sense.

2. PRELIMINARIES

Let .7 be a real Hilbert space whose inner product and norm are denoted by (-,-) and || - ||,
respectively. Let C be a nonempty closed convex subset of .77. We write x,, — x to indicate that
the sequence {x,} converges weakly to x and x, — x to indicate that the sequence {x,} con-
verges strongly to x. Moreover, we use @,,(x,) to denote the weak ®-limit set of the sequence
{xn}, that is,

Oy (xn) = {x : x,, — x for some subsequence {x,, } of {x,}}.

The notation Fix(T) denotes the set of fixed points of the mapping T, that is, Fix(T) = {x €
A . Tx = x}. The metric projection is an important tool in this paper. Recall that the metric
(nearest point) projection from .7 onto C, denoted by proj., is defined in such a way that, for
each x € JZ, projcx is the unique point in C with the property

|lx = projex|| = min{|jx—y|[ : y € C}.
Some properties of projections are gathered in the following proposition.

Proposition 2.1. Given x € 77 and z € C, we have the following
(1) z=projex < (x—2z,y—2) <0 forally € C.
(2) z=projex & ||lx—z|> < [lx =yl = lly—z|]* for all y € C.
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(3) (x —y,projox — projcy) > ||projex —projcy||2f0r all y € 7€, which hence implies that proj.
is nonexpansive.

Next, we give some necessary definitions for our convergence theorem.

Definition 2.1. A nonlinear operator T : 7 — F€ is said to be
(1) L-Lipschitzian if there exists L > 0 such that

[T =Tyl < Lix =y

forall x,y € 7. If L= 1, T is said to be nonexpansive.
(2) Firmly nonexpansive if

2
|1Tx =Ty < llx=y| = |1 = T)x— (1 = T)y||?
for all x,y € 7€, which is equivalent to
|Tx = Ty||* < (Tx—Ty,x—y)
for all x,y € 7. Also, the mapping I — T is firmly nonexpansive.

Note that the proximal mapping of g is firmly nonexpansive, namely,

Hproxlgx prox,lng prox,lgx Prox; oy,x — y)
for all x, y € 7% and it is also the case for the complement / — prox; g
Definition 2.2. [16] Let C be a nonempty subset of a Hilbert space 7. A mapping T : C —
C is said to be an asymptotically k-strictly pseudo-contractive mapping in the intermediate

sense with sequence {Y,} if there exist a constant k € [0,1) and a sequence {¥,} C [0,e0) with
lim;, e ¥, = O such that

limsup sup ([|7"—T"y[|> — (1+ 1) [|x —y[|* = kllx = T"x — (y = T"y)||?) <0

n—oo  xyeC
Throughout this paper, we assume that
Cy 1= max {0, sup (7" =T"y))> = (1 + %) e =y )> = kllx = T"x = (y = T"y)[?) } L@
x,ye
Then ¢, >0 foralln > 1, ¢, — 0 as n — o and (2.1) reduces to the relation
1T =T < A4+ 1)lx =y +kl|x—=T"x— (y =TV ||* +ca, Yr,yeC,n>1. (2.2)
Remark 2.1. (1) 7 is not necessarily uniformly Lipschitzian (see [16]).

2)If ¢, =0forall n > 11in (2.2), then T is an asymptotically k-strictly pseudo-contractive
mapping with sequence {y,} (see [10]).

For all x, y,z € 5 and o, B,y € [0,1] with a+ B + y = 1, the following conclusions are
obvious:

lwx+ By +vzlI* = arllx]|> + BlIylI* + vllzl® — el = y[|> — eyl —z|* = Brily -z (2.3)

x4y < |lx]* +2(,x +y) (2.4)
and

2 2 2
e Y117 = {lll” + 2069 + Iyl
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Definition 2.3. A mapping B : 7 — F€ is called y-strongly positive, if there exists a constant
Y > 0 such that

(Bx,x) > 7||x||*, Vxe. 2.

Lemma 2.1. [12] Assume that B : 7€ — ¢ is a y-strongly positive bounded linear operator
on S with0 < u < ||B||~". Then || — uB|| <1—uy.

Usually, the convergence of iterative algorithms requires some additional smoothness prop-
erties of the mapping 7 such as demi-closedness.

Definition 2.4. An operator T is said to be demi-closed if for any sequence {x,}, which weakly
converges to x, and if the sequence {Tx, } strongly converges to z, then Tx = z.

Lemma 2.2. [16] (Demiclosedness principle) Let C be a nonempty closed convex subset of a
Hilbert space 7¢ and T : C — C be a continuous asymptotically k-strictly pseudo-contractive
mapping in the intermediate sense. Then I — T is demiclosed at zero in the sense that if {x,}
is a sequence in C such that x, — x € C and limsup,,_,..limsup,_... ||x, — T"'x,|| = 0, then
(I-T)x=0.

Lemma 2.3. [16] Let C be a nonempty subset of a Hilbert space 7 and T: C — C be an
asymptotically k-strictly pseudo-contractive mapping in the intermediate sense with sequence

{7} Then

n n 1
L e (L RRV(IRATES) s o)

forallx,y € Candn > 1.

Lemma 2.4. [16] Let C be a nonempty subset of a Hilbert space 5 and T : C — C be a
uniformly continuous asymptotically k-strictly pseudo-contractive mapping in the intermediate
sense with sequence {Y,}. Let {x,} be a sequence in C such that ||x, — x,+1| — 0 and ||x, —
T"x,|| — 0 as n — oo. Then ||x,, — Txn|| — 0 as n — oo.

Lemma 2.5. [16] Let C be a nonempty closed convex subset of a Hilbert space 7 and T : C —
C be a continuous asymptotically k-strictly pseudo-contractive mapping in the intermediate
sense. Then Fix(T) is closed and convex.

Lemma 2.6. [16] Let 57 be a real Hilbert space. Given a nonempty closed convex subset C of
JC and points x,y,z € F€ and given also a real number a € R, the set

{weC:|ly—w|*<|x—w|*+ (z,w) +a}
is convex (and closed).

Lemma 2.7. [13] Let C be a nonempty closed convex subset of a real Hilbert 7€ and let {x,}
be a sequence in H and xy € H. Let g = Pexy. If {x,} satisfies the following conditions: (1)
Wy (xn) CC; (2) ||xn —x0]| < ||x0 —q|| for all n > 1, then x,, — q.
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3. MAIN RESULT

In this section, we introduce the iterative algorithm and prove its strong convergence.

Assume that 7] and %3 are two real Hilbert spaces, [ : 7 — Z\J{+o°} and g : 76 —
K\ J{+eo} are two proper, lower semi-continuous convex functions and that (1.6) is consis-
tent. A : 7 — 4 is a bounded linear operator with its adjoint A*. Let C be a nonempty
closed convex subset of a real Hilbert .77{. Assume that y : /] — 7] is a contraction with
coefficient 1 € (0,1). Let T : C — C be a uniformly continuous asymptotically k-strictly
pseudo-contractive mapping in the intermediate sense with {,} and let ¢, be defined as in
(2.1). Let B: ¢ — 7] is a strongly positive bounded linear operator with coefficient 7. Set
0(x) = VIIVA() > +[[VI(x)[[*> with h(x) = 3| (I — prox; o )Ax||, I(x) = 5|(I — prox,, ; ;)x]*
for all x € .7 and introduce the following algorithm.

Algorithm 3.1. For an initialization xo,x| € 7, assume that {x,} is a sequence generated by
the rule with 0(x,) # 0,

Vn :prox”nlf(xn — WA (I — prox; 4 )Axy),

Zn = Buyn + Gulb W (yn) + (1 — Bu)l — 6,B) T"yn,
Coy1 ={weCp: ||zn—wl* <lxy—w|>+ 7.},

Xn+1 = Projc,, X0,

(3.1)

where A, = sup{||xn — P e ) — |2 [l — B P 1 x* € Fix(T) mr} < oo for
alln>1,and 7, = (1 —0,(1+ 1 —7)) " (cn+ (0,(1 + 1 —7F) 4 ¥)An). Assume that g, is the
% with 0 < p, <4, {B.},{0,} C[0,1] are two real number
sequences and it > 0 is a constant.

If 6(x,) =0, then x,+] = x, is a solution of problem (1.6), which is also a fixed point of a
uniformly continuous asymptotically k-strictly pseudo-contractive mapping in the intermediate
sense and the iterative process stops. Otherwise, we set n :=n+ 1 and go to the sequence (3.1).

We are now in a position to show our main convergence theorem.

step size satisfying u, = p,

Theorem 3.1. Suppose that Fix(T) (I is nonempty and bounded and the parameters satisfy
the condition:

(i) e <p, < % — € for some € > 0 small enough;

(ii) lim,_, 0, = O

(iii) Bu+ Gupt < 1;

(iv) 0 <k < B,(1—B,—0onu);

(V)7 <u<7y/n.

Then the sequence {x,} generated by (3.1) strongly converges to po = Prix(t)nrX0, which is the
unique solution in Fix(T) T to the following variational inequality:

((B—pw)po,x* —po) >0, Vx*€Fix(T)(T,
provided that ||x, — z|| = o(6,) and Y+ cn + || T"yn —yn||2 = o(0y). Equivalently,
Po = Prixrynr( — B+ 1y)po.

Proof. Let x* € Fix(T)(T. Since the minimizers of any function are exactly fixed points of
its proximal mappings, we have x* = prox,, ; " and Ax" = prox; ,Ax". Using the fact that



262 JINZUO CHEN

prox,, 3 s is nonexpansive, we derive from (3.1) that

I3 = = [[prox,, 1 (¥ — HeA™ (I — prox )JAx,) —x°|

x (3.2)
< lxn — paA™ (I — prox; o )JAx, — x|
Note that
Vh(x,) = A*(I — prox ,)Ax,
and
Vi(xn) = (I —prox,, ; ¢)xn.
Since I — prox,,, is firmly nonexpansive, we obtain
[[%n — pnA™ (I — prox; o )Ax, —x* I
=||x, — x*||* — 2, (A*(1— Prox;, g JAxp, X —x") —|—/.L,f\|A*(I—prox,1g)Aan2
<n = x*[P = 4ptnh(x6a) + 2| Vi (3 ) |12
3.3
st P 20nC ) 1) o) pRCh) + L)) )
= 02 (x,) h(xp) +1(xp) 02 (x,)
_ ez PulhCn) +10xn))* [ 4h(xn)
=l =27 = > —Pn -
02 (xy) h(xn) +1(x,)
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By virtue of (2.2), (2.3), (2.4), (3.1), conditions (iii), (v), Lemma 2.1 and the definition of T,
we conclude that
I — x|

=[|Buyn + Oukt W (yn) + (1 = Ba)l — 6uB) Ty —x°|?
<[|Buyn+ Gubt W (yn) + (1= By — Gupt) "y — x°|?

+2(((1 = Bu)l = 0uB)T"yn — (1 = B — Ou 1) T"yn, 2 — x)
<Ballyn — x*|1> = Ba(L = By — 0ult) lyn — Tyl > + (1 — By — 0ult) | T"yn — x*|

+ O | W) — x>+ 20, { (1 = B)(T"yn =) + (1l = B)x* 2 — ")
<Ballyn =" P+ Gutt (Y ) = W)+ wa) =71

+ (1= B = Gat) I T"yn = x"|I* = Bu(1 = Bo — Ot |y — "yl

+20; (|| = BIIT"yn = x"|[l|zn — x| + lx”™ — Bx"[[[ |z — x7])

* * 1 * * 2
<Billn =P+ 0wt (nlln =+ (1= ) ) =)
(1= B = Gl Ty =" 2 = B (1 = By = G a — T
0 (0 =TTy = I+ 2 =" [2) + (= B2+ [z =2°11)
* G”l * *
=(Ba-+ Gt lvn "I+ W) P
+ (1= Bn— ontt + (L = 7)) [|[T"yn _X*HZ = Bn(L = Bu—out)|lyn — TnynHz
+0u(1+ = Pllan =2+ Gl — B
* On * * n
<(Bu-t Gttty =P+ W) =P = Ba(1 = B = 0t o = Tl

+ (1 =By —optt 40, (L —7)) (L4 %)[yn _X*”z +kl[yn — TnynH2 +cn)
+0n(1+ L = 7)1z — x|+ 0p || px* — Bx*||?

— — * Gfl * *
< (Bt 07+ (1= B ) (14 30 =P+ 2w e) —
— 1_ n — On n
+ 1B o) (k= By 2L ) Iy, -

1—B,—ony
+(1 =By = G¥)en+ 0u(1+ 1 =7)|zn —x*|* + 0| ™ — Bx*||?

* O-n * * - *
<14 %)[lyn —x ||2+—1 B llwa®) =22+ o+ 01+ pt = ) fzn — |
-n (3.4)

+ (1 =By — 6,7) (k= Bu(1 = B — oulh)) || yn — TnynHz + 0y || px”™ _BX*HZ

Xp Xn 2 Xp
<{+%) <||xn P~ pn(h((?z)(;;l)( : (h(xj;lilzxn) —pn)>
+ 2B ) = |2+ (1= Bu — 67) (ke — Bal(1 = B — Gt)) [y — Ty

1—n
+cn4 (1 + 1 —7)||z0 — x*||* 4 O || ux* — Bx*||%.
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Without loss of generality, by use of the control condition (i), we can assume that

(4h(xn))/ (h(xn) +1(xn)) — P = 0
for all n > 1. Thus, from (3.2), (3.3), (3.4) and the conditions (iii —v), we have

* * Gﬂ * * — *
Jan =217 <O+ mllon 1P+ T W0) =27 014 =l =P

(3.5)
+ cp+ 0, ||ux* — Bx*||?.
This implies that
(1= 0u(1+ 1 —=7))lzn —x*|?
* Onll * * * *
<1+ %)l —x ||2+ﬁ|lll’(x ) = X|[* 4 cn+ O | ™ — B2,
From the conditions (i) and (v), we obtain
1
L 2< )2 1 .y )2
12 = "7 <[lra — x| A P T p— ((ou(1+p=7) + %) [l —x7|
ot/ (L =m)[W(x*) —x*||* + ¢ + 03| x™ — Bx*||?)
1
< 4k 2+ — O, 1+ Y + 4 2
b P gy (@D (P

(1 /(L= lw (") = + || — Bx™|[?) +ca)

<Pn —x"[|* +

I_Gn(1+ll—7) ((Gn(l +u _7)+’}/n)An+Cn)

=||xn _X*Hz + Tn,

where
o =sup{ oy P 2 ) =P B s € Fi(T) )T <

and
T=(1—-0(1+u-7)" (Gu(1+ 1 =7+ W) Au+cn)-
It follows that x* € C,, . Thus, Fix(T)T C C, foralln > 1.
Next, we show that C,, is closed and convex for all n > 1. The set C; = 7] is obviously closed

and convex. Suppose that Cy, is closed and convex. We see that Cy | is closed and convex since
|22 —w||* < ||lx, — w||? + 7, is equivalent to

2<xn_zi’lvw> S ”xn||2_ ”Zn”2+TH'

From Lemma 2.6, we have C,, is closed and convex for all » > 1. Thus, we obtain that the
sequence {x,} is well defined. From Proposition 2.1(1) and x, = Pc,xo, we have

(x0 = Xn, X —y) >0, VyeC,.
Recalling that Fix(T) T C C,, one has
(x0 — Xn, %0 —x*) >0, Vx* € Fix(T)[ I
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Hence,

0 < (x0 — X, Xp —x)

(X0 — Xn, Xn — X0 +x0 —Xx)

< — |20 — x01® + || — xol[]Jx0 — X7
This implies that
[l = xol| < flxo — 7,

which yields that sequence {x,} is bounded. We can also easy to get {y,}, {z»}, {w(y,)} and
{T"y,} are bounded. From x, = Pc,xo and x,, 1.1 = Pc,, X0 € Chy1 C Cp, We get

0 < (X0 — XnsXn — Xp41)

< o= 30l o o0 -5l o
which gives that
|12 = x0]| < []x0 = Xp41]]-
Hence, the limit lim,,_. ||x, — xo|| exists. It follows from (3.7) that
[ben = x4 11> = {26 = x0[| + 2060 = %0,%0 = X 1) + [l¥0 = X1 |2
= —[pin —2x0]|? + 200 =200, — Xn1) + [[x0 — 41|
< |l =200l + o = Xt |-
Thus,
r}glgo 1% — Xu41]] = 0. (3.8)
The fact that x, 1 = Fc,,,x0 € Cy11 gives
l2n =41 117 < Jotn = 1|2+ % < ([otn = X[+ V7). (3.9)

In view of condition (i) and the fact that lim,,_,c. ¢, = 0, lim,, e J, = 0, we have lim,,_,c, 7, = 0.
The expressions (3.8) and (3.9) yield

lim ||z, — x| = 0. (3.10)
n—oo

Returning to (3.4) and (3.5), we have

(1m) (pn(h(agzz)(;l)(xn»z (h(xj?:’f';zx”) —pn)>

+(1_ﬁn_cﬂ_/)(k_ﬁn(l_ﬁn_cn“))n)’n_TnynHz
* * Gn‘u“ * *
<1+ %) ([ —x ||2_||Zn_x ||2)+ l—an(x )—x ||2+Cn
+(1+%— (1= ou(1+ 1 —7)))llzn — X*||* + Op || ux* — Bx*||?
ol

*\ (|2
) P e

+ Oy || ux* — Bx*||%.

=14 %) (e =" + llzn = X [Dll2n — 2l +

+ (Yn‘f’cn(l +H _7))HZH _X*Hz
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This, together with (3.10), conditions (ii —v), p, (% — pn> > €2 limy_ec, = 0 and

lim;, . %, = 0, implies that

- (h) +1(xa))*
r}grolo 021, =0 (3.11)
and
lim ||y, — T"y,|| = 0. (3.12)
n—oo

Noting that 8% (x,,) = ||VA(x,)|*> + ||VI(x,)|* is bounded, we deduce from (3.11) immediately
that

lim (h(x,)+1(x,)) = 0.

n—oo
Therefore,
lim A(x,) = lim I[(x,) = 0. (3.13)
n—soo n—soo

Since {x,} is bounded, there exists a subsequence {x,, } of {x,} such that x,, — p. By the lower
semi-continuity of /4, we have

0 < h(p) < liminfh(x,) = lim h(x,) =0,
n—roo

i—soo

which implies

n(p) =5

that is, Ap is a fixed point of proximal mapping of g or, equivalently, 0 € dg(Ap). In other
words, Ap is a minimizer of g.
Similarly, from the lower semi-continuity of /, we have

(I = proxy )Ap|| =0,

0 <I(p) <liminfl(x,,) = lim /(x,) = 0.
i—o0 n—oo
Hence,

1
I(p) = §||(I—Pfoxun/1f)l7|| =0,

that is, p is a fixed point of the proximal mapping of f or, equivalently, 0 € df(p). In other
words, p is a minimizer of f. Hence, p €I

We observe that 0 < u,, < W, which implies that lim,,_,. i, = 0. Hence, we have

from (3.1) and the boundedness of 6(x,) that
[[yn — Proxunlfan < Wa[|AT(T = PrOXAg)Aan < UM (3.14)

2 we have

for some M > 0. From I(x,) = 1||( — ProX,, 3 ¢)Xn
fim (1~ proxy, | =
This together with (3.14) implies that
lim [y, — xa|| = 0. (3.15)
n—yoo
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Furthermore, using Lemma 2.3, we have
[0 = T"%nl| <[22 = yall + [[yn = T"yull + [ T"yn — T"x|

1
<Hben =l 1y =Tyl A+ 5= (kllyn = 2 (3.16)

/(L 1=Ky — a2+ ea(1 — ).

From (3.12), (3.15) and (3.16), we get

lim ||x, — T"x,|| = 0. (3.17)
n—soo
By Lemma 2.4, we obtain
lim ||x,, — Tx,|| = 0. (3.18)
n—ro0

Since T is uniformly continuous and by (3.18), it is easy to obtain that limy,_c || X, — T"x,|| =0
for all m > 1. From Lemma 2.2, we have p € Fix(T). So, p € Fix(T)I'. Thus, @, (x,) €
Fix(T)I. According to Lemma 2.5 and Lemma 2.7, we see that x, — po = Prix(1)nr¥0 as
n— oo.

Furthermore, we assume additionally that ||x, — z,|| = o(6,) and ¥, + ¢, + || T"yn — yul|> =
o(0y,). We next show that pg is the unique solution in Fix(7T)(T to the following variational
inequality:

((B—py)po,x" —po) >0, Vx* € Fix(T)[ T (3.19)

Equivalently, po = Priy(r)r(I — B+ 1LY)po. Indeed, by the definition of B and v, for all x,y €
S, we have

(B—uy)x—(B—uy)y,x—y) = (Bx—By,x—y) — p(y(x) — y(y),x—y)
> (7—un)|lx—y|*.

This implies that B — py is (Y — un)-strongly monotone. In the meantime, we obtain
1(B—uy)x—(B—py)yl| < ||Bx—By|| 4+ ully(x) = w)l| < (B[ +un)llx—yll.

That is to say, B — py is (||B|| + un)-Lipschitz continuous. Thus, there exists a unique solution
p € Fix(T)NT to satisfy the following variational inequality:

(B—py)p,x* —p) >0, Vx*e€Fix(T)( .
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Equivalently, p = PF,-X(T)QF(I —B+uy)p. By (2.2), (2.3), (2.4), (3.1), (3.2), (3.3) and condi-

tions (ii7), (v), we obtain

HZn _X*”z :Hﬁnyrt + 0l (yn) + ((1 — Bu)I — 0uB)T"yn _)C*H2

<[1Bn(n = x*) + Gt (W(yn) = W) + (1 = B = GuB) (T"yn — )|

+20, (LY — B)x", 2, — x*)
<(Bn+ 0.7)||yn _X*Hz + (1 =By =07 || T"yn _X*Hz
+20, (LY — B)x", 2, — x*)
<(Bn+0u?)llyn _x*Hz +20, (WY —B)x",z, —x")
+ (1 =B —0u7) ((1 + %) || Vn _X*H2 +kl|yn — TnynH2 +Cn)
:Hyrt _X*||2+ (1 —Bn— Gn?) ('}’nH)’n _X*HZ +k||yn - TnyrtHz +Cn)
+20, (LY — B)x", 2, — x7)
<I|x _X*||2+ (Yn + Iy — Tn)’nHz +Cn) (H)’n _X*Hz +k+ 1)
+ 20, <(“W_B)X*7Zn _X*>7

which yields

(wy—B)x ¥ 2

1 * * *

e (=21 = o ="+ (3 = T30l ) (o —x° [P+ 4 1)
n

<l =l e, o)
4 |y = T™ynl|* + ¢ N

g Bt S T ey k),

20,
By use of (3.10), (3.17) and condition (v), we can assume that ||x, — z,|| = o(0,,) and
Yot nt 17"y =yl = o(6).
Since x,, — pg as n — oo, we deduce from (3.20) that
((B—py)x*,x" —po) >0, Vx*eFix(T)[ T,
which together with Minty’s lemma (see [5]) implies that
(B—puy)po,x* —po) >0, Vx* e Fix(T) ﬂF.

(3.20)

This shows that pg is a solution in Fix(7T )T to the variational inequality (3.19). Using the
uniqueness of solutions in Fix(7T)T of the variational inequality (3.19), we obtain that py =

~

p.

Remark 3.1. We make the following remarks concerning our contributions in this paper.

O

(1) Yao et al. [20, Theorem 3.2] proved strong convergence theorems for the proximal split fea-
sibility problem by the regularization method, however, in this paper, the shrinking projection

method is presented for solving the proximal split feasibility and fixed point problems.

(2) The technique in proving the strong convergence in Theorem 3.1 is different from those
in Yao et al. [20, Theorem 3.2], Moudafi and Thakur [14, Theorem 2.2] since different tools,
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Lemmas 2.2-Lemma 2.7 are involved.

(3) To ensure the weak convergence of the algorithm proposed by Moudafi and Thakur [14,
Theorem 2.2], one has to use the Opial’s property of Hilbert spaces. The main advantage of
our algorithm is that its convergence does not rely on the Opial’s property. Furthermore, we
establish the norm convergence of the proposed algorithm.

(4) In Theorem 3.1, we consider the problem of Fix(7T)I", which is more general than the
problems in Yao et al. [20, Theorem 3.2] and Moudafi and Thakur [14, Theorem 2.2].
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