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ON SPLIT GENERALIZED MIXED EQUALITY EQUILIBRIUM AND SPLIT
EQUALITY FIXED POINT PROBLEMS
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Abstract. For p > 2, a new iterative algorithm is introduced and used to approximate a common element of
the set of solutions of a split generalized mixed equality equilibrium problem and the set of solutions of a split
equality fixed point problem for quasi-@-nonexpansive mappings in p-uniformly convex and uniformly smooth
real Banach spaces. A strong convergence theorem is proved without any compactness-type assumption on the
mappings. Furthermore, our theorem, which is applicable, in particular, in L, [, and the Sobolev spaces W;”(Q)
for 2 < p < o, complements several important recent results that were established in 2-uniformly convex and
uniformly smooth real Banach spaces.
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1. INTRODUCTION

Let C be a nonempty closed and convex subset of a real Banach space E whose dual space is
denoted by E*. Let ¢ : C — R be a mapping, A : C — E* be a mapping and f : CxC — Rbe a
bifunction. The generalized mixed equilibrium problem (GMEP) is a problem of finding

u*e€C suchthat f(u*,y)+@(y)— W)+ (y—u",Au™) >0, Vy e C. (1.1)
We denote the set of solutions of (1.1) by GMEP and it is given by
GMEP = {u" € C: f(u",y)+o(y) — ")+ (y—u",Au™) > 0, ¥y € C}.

It is well known that this class of problems contains the class of equilibrium problems, opti-
mization problems, fixed point problems, variational inequality problems, and so on. These
classes of nonlinear problems have been studied extensively by various authors in the setting of
real Hilbert spaces and more general real Banach spaces (see, e.g., [3,9, 10, 11, 19, 21] and the
references therein).

Let H; and H; be two real Hilbert spaces, and let T : Hy — Hy, S : Hy — H, be two nonlinear
mappings with nonempty fixed point sets, F(T) :={x€ H, : Tx=x}and F(S) :={u € Hy: Su=
u}, respectively. Let Hz be an arbitrary real Hilbert space. Let A : Hy — Hz and B : Hy — H3 be
bounded linear mappings with adjoints A* and B*, respectively. Moudafi [17] recently studied
the following problem:

find u*€F(T), v*e€F(S) suchthat Au®=Bv".
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This problem, which is the so-called split equality fixed point problem (SEFPP), has recently
attracted much attention and interest of lots of researchers due to its numerous applications
in, for example, game theory, intensity modulated therapy treatment planning, decomposition
methods for partial differential equations, fully discretized models of inverse problems which
arise from phase retrievals and in medical image reconstructions (see, e.g., [1, 4, 7] and the
references therein). We next denote the set of solutions of the split equality fixed point problem
by SEFPP. If H, = H3 and B is the identity mapping on H;, the SEFPP is reduced to the so-called
split common fixed point problem (SCFPP), introduced by Censor and Segal [8]. This problem
has also been extensively studied by various authors (see, e.g., [6, 12, 24] and the references
therein).

In 2014, Bnouchachem [5] introduced the following split equilibrium problem in real Hilbert
spaces. Let f:CxC — R and g: Q x Q@ — R be bifunctions, where C and Q are nonempty
closed convex subsets of real Hilbert spaces, H; and H;, respectively. Let A : Hl — H, be a
bounded linear mapping. The split equilibrium problem (SEQP) is as the following:

find u* € C such that f(u*,y) >0, Vy € C and
v=Au* € Q solves g(v,z) >0, Vz € Q.
In 2015, Zhao et al. [16] studied the following more general problem called the split equality
equilibrium problem (SEEP), which is a problem of finding (u*,v*) € C x Q such that

fu*,y) +3(y)—0u*) >0, ¥yeC, g(v',2) +@(z) —@(v*) >0 and Au* = Bv",

where f:CxC — R and g: Q x Q — R are bifunctions, ¥ : C — RU{e} and ¢ : Q0 —
R U {0} are proper lower semi-continuous functions, A : C C Hy — Hz and B: Q C H, — Hj
are bounded linear mappings, where H; H, and Hj are real Hilbert spaces. They proposed an
iterative algorithm under their setting and proved that the sequence generated by their algorithm
converges weakly to an element in F (7)) N F(S) N (SEFPP). Under additional assumption that
T and S are semi-compact, they established the strong convergence of the sequence generated
by their algorithm.

Very recently, Monday [18] studied the much more general problem, called the split general-
ized mixed equality equilibrium problem (SGMEEP) in real Banach spaces.

Setting 1.

(1) E; and E, are 2-uniformly convex and uniformly smooth real Banach spaces with dual
spaces, E7 and E3, respectively. E3 is an arbitrary smooth real Banach space.

(2) C and M are nonempty closed and convex subsets of £ and Ej, respectively. f:C x C
and g : M x M — R are bifunctionals.

(3) ¥:C— RU{e} and ¢ : M — RU {0} are proper lower semi-continous and convex
functions.

4) U:C— E{ and V : M — E7 are continuous monotone mappings.

(5) A: E; — E3 and B : E; — E3 are bounded linear mappings.

The SGMEEP is a problem of finding (u*,v*) € C x M such that
FWy)+v() —y@)+{y—u",Uu’) 20, Vy € C,
gV, 2)+0(z) —e(v")+ (z—v",Vv") >0, Vz€ M, and Au™ = Bv".

Monday [18] studied the SGMEEP in conjunction with the SEFPP for quasi-¢-nonexpansive
mappings under the above setting. He constructed an iterative algorithm and proved that the
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sequence generated by his algorithm converges strongly to an element in the intersection of
the solution set of the SGMEEP and the solution set of the SEFPP. The quasi-¢-nonexpansive
operators were not assumed to be semi-compact. Monday’s theorem improves and complements
several important recent results.

Remark 1.1. 2-uniformly convex real Banach spaces are more general than Hilbert spaces (for
example, they include L, [, and the Sobolev spaces W;”(Q), for 1 < p <2), while L, [, and
the Sobolev spaces W' (Q), for 2 < p < o are not 2-uniformly convex.

It is our purpose in this paper to study the SGMEEP and the SEFPP for quasi-¢-nonexpansive
mappings in p-uniformly convex and uniformly smooth real Banach spaces, 2 < p < o. We
propose a new iterative algorithm under our setting and prove that the sequence generated by our
algorithm converges strongly to an element in the intersection of the solution set of SGMEEP
and the solution set of the SEFPP. Moreover, our operators are not assumed to be semi-compact.
Our theorem is, in particular, applicable in L,, I, and the Sobolev spaces WIZ”(Q), for all p such
that 2 < p < oo,

2. PRELIMINARIES

Let E be a strictly convex and smooth real Banach space. For p > 1, define J, : E — 2E by
. . * -1
Tp(x) :=A{u” € E¥: Qeu”) = [|x[[{[a”[, [Jo*[| = [lxl[”~"

J), 1s called the generalized duality mapping on E. If p =2, J, is called the normalized duality
map and is denoted by J. In a real Hilbert space H, J is the identity map on H. It is easy to see
from the definition that

Jp(x) = [x|P 2%, and  (x.J,x) = |x|]7, Vx € E.

It is well-known that if E is smooth, then J is single-valued and if E is strictly convex, J is
one-to-one, and J is surjective if E is reflexive.

Let E be a reflexive, strictly convex and smooth real Banach space with dual space E*. For
p > 1, Chidume [13] defined the following functionals: ¢, : E x E — R™ by

0p(x,y) == [Ix[I” = pCx, Jpy) + py 17, Vx,y € E,
andV, : E X E* — R" by
Vp(x,x") := [|x]|P — p(x,x™) + ||x*||P, Vx € E, x* € E™.
It is clear from these definitions that
Vy(x,x*) = (Pp(x,Jp_lx*), Vx€eE, x" €E".
Remark 2.1. If p = 2, we denote ¢, (x,y) simply as ¢(x,y). So,
0 (6,y) = x> = 2(x,Jy) + [yII, ¥x.y € E.

Definition 2.1. Let C be a nonempty subset of a real normed space E and let 7 : C — C be a
mapping. Then,
(i) T is called quasi-@¢-nonexpansive [20] if F(T) :={x € C: Tx=x} # 0, and
¢p(x",Tx) < ¢p(x*,x), VxeC, x* € F(T).

(ii) T is said to be closed if for any sequence {x,} C C and x,, — x and Tx, — y, then y = T x.
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In the sequel, we shall need the following lemmas, which was recently established by Chidume
[13].

Lemma 2.1. Let E be a reflexive, strictly convex and smooth real Banach space. Then, for
p>1,

Vi (u,u™) —|—p<J;1u* —u,v') <Vy(u,u* +v*), Vu € E, u* ,v* € E".
Lemma 2.2. For p > 1, let E be a p-uniformly convex and smooth real Banach space. Let D be

a nonempty closed and convex subset of E. Let x| € E and Pp : E — D be the metric projection
of E onto D. Then

x*=Ppx;, & (" —z,Jp(x1 —x")) >0, VzeD.

Lemma 2.3. Let E be a p-uniformly convex and smooth real Banach space with dual space E*.
For p > 1, letJ, : E — E* be the generalized duality map. Then,

e
1, =0, ol < sl =377, Wy €6 E,
1
where K, = (%) et for some constant ¢, > 0.

Lemma 2.4. Let E be a reflexive, strictly convex and smooth real Banach space. Then, for
p > 1, there exists a constant c, > 0 such that, for all x,u,v € E,

op (x,J;I(l]pu—i— (L=A)Jpv)) < Adp(x,u) + (1= A)p(x,v) — cpwp(A) [ Jpue — I,
where wy(A) = AP(1 —A)+A(1—A)P.
We shall also need the following well known lemmas.

Lemma 2.5. [2] Let D be a nonempty closed and convex subset of a reflexive, strictly convex
and smooth real Banach space E. Then,

¢ (u,Ipy) + ¢ (Ipy,y) < ¢(u,y), Vue D,y € E,

where Ilp is the generalized projection of E onto D.

Lemma 2.6. [14] Let E be a uniformly convex and uniformly smooth real Banach space and
let {x,} and {y,} be two sequences of E. If ¢ (xn,yn) — 0 and either {x,} or {y,} is bounded,
then ||x, —yn|| — 0, as n — oo

Lemma 2.7. [23] For p > 1, let E be a p-uniformly convex real Banach space. Then, there
exists a constant ¢, > 0 such that for all x,y € E, the following inequality holds:

locx+ (1 = a)y||” < eeflx][” + (1 = ) [yl = cpwp () e = y[|. (2.1)

2.1. Analytical representations of generalized duality mappingsin L, [,, and WL, spaces,
1 < p <o, Using the analytic representation of the normalized duality mappings in Ly, [,, and
Wih, 1 < p < oo (see, e.g., Lindenstrauss and Tzafriri [15]) and the relation J,,(x) = ||x|[P~2J (x),
we obtain the analytical representations of generalized duality mappings in these spaces as
follows:

Jpz=yelg, y={lal" a1 |22, ) 2= {212, ),

Ilz=yel, y={lal" .l 2, ..}, 2= {z1,22,...},

Jpz=z(s)|P"%z(s) € Ly(G), s € G,
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Iz =12(s)|"2(s) € Ly(G), s € G,
and
Jpz="Y (=D)®D*(|D%(s)[P72D%(s)) e W¥,,(G), m>0,s€G.

|o[<m

3. MAIN RESULTS

We are now ready to prove our main theorem. Before we go, we need to prove the follow-
ing new lemma, which will play a key role in the proof of our theorem and which is also of
independent interest.

Lemma 3.1. Let E be a reflexive, strictly convex and smooth real Banach space and let C be
a nonempty closed and convex subset of E. Let r >0, p > 1 and x € E. Define a mapping
T.:E—Cby

1
T,(x) :=={z€C:0(z,y) + ;(y—z,Jpz—Jpx) >0, Yy € C},
where O is any bifunction. Then, T, is single valued. For p > 2, the following inequality holds:

Op(q,T(x)) + 9p(T(x),x) < 9p(q,%), Vg € F(T;).

Proof. From [22], we have that 7, is single valued. Using the definition of ¢, and the definition
of 7,, we have

0p(q; Tr(x)) + 9p(T-(x), %) = IIqII” P, JpTr(x)) + [T Tx]|P + [| T ()7

(
)/
= HCIHP P, JpTr(x)) + [T Txl|P + (| T-(0)[|” — plg, Tpx)
) =4, Jpx) + [Jpx]]”
=¢p(%X) p<61,JpTr( ) +2(T(x),JpTr(x))
— p(T(x) — q,Jpx)

(¢,x) = plg—Tr(x),JpTr(x)) 4+ p(q — Tr(x),Jpx)
= 0p(q,x) — plqg — T:(x),JpT:(x) — Jpx)

(g,%)

|
i

This completes the proof. H

Basic assumption. Let C be a nonempty closed and convex subset of a real Banach space E
with dual space E*. Let g : C — R be a lower semi-continuous and convex function, and let A :
C — E* be continuous and monotone. For solving the generalized mixed equality equilibrium
problem, we assume that each bifunction f : C x C — R satisfies the following conditions:

(A1) f(u,u) =0, Vu € C;

(A2) fis monotone, i.e., f(u,v)+ f(v,u) =0, Yu,v € C;

(A3) limsup f(u+t(z—u),v) < f(u,v), Yu,v,z € C,

t10

(A4) f(u,-)is convex and lower semi-continous, Vu € C.

For Theorem 3.1 below, we have the following setting.
Setting 2.
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(1) For p > 2, E| and E; are p-uniformly convex and uniformly smooth real Banach spaces
with dual spaces, E} and E7, respectively. E3 is an arbitrary smooth real Banach space
with dual space, E3.

(2) C and M are nonempty closed and convex subsets of Ej and E», respectively.

(3) ¢:C— RU{eo} and ¥ : M — R U {oo} are proper lower semi-continuous functions.

4) f:CxC—Rand g: M xM — R are bifunctionals satisfying (A1)-(A4).

(5) U:C—E*andV : M — E5 are continuous and monotone mappings.

(6) T:E; — Ej and S : E; — E; are closed quasi-¢-nonexpansive mappings.

(7) A: Ey — E3 and B : E; — E3 are bounded linear mappings with adjoints A* and B*,
respectively.

(8)OCE(0,1)anduissuchthat0<u<[ e ]p l,pZZ.

o (114117~ +B| 7T )
(9) JpE; denotes the generalized duality map on E;, i = 1,2,3, respectively.

Algorithm 3.1.

(x1 €E1, y1 €Ey, Ci =E1, Q) = Es,
up = Tpxn, Vo = Tryn, en = JpE; (Aup, — Bvy),
O = o (Jp, tn — HA*€n), 8y =T (JpE,va+ 1B ey),
Zn = 17151 (apg,xn+ (1 — @)JpE, T6y),
wn =T (O pEyyn+ (1 — @) pE,S56,),
Crr1 ={ceCy: ¢p<C,Zn) < ¢p(caxn>}7
Oni1={q€0On: (pp(‘]awn) < ¢p<Q»Yn)}a

\Xn+1 = HCn+1x17 Ynt+1 = HQ,,H)’I; Vn > 17

(3.1)

where IT denotes the generalized projection of Alber [2].

Theorem 3.1. Let {(x,,yn)} C E1 X E» be a sequence generated by Algorithm 3.1. Assume
Q := SGMEEPNSEFPP # 0. Then, {(x,,yn)} converges strongly to a point (x*,y*) € Q.

Proof. We divide the proof into four steps.
Step 1. Show that the sequences {x, } and {y,} are well defined.

First, we show that C,, and Q,, are closed and convex. Clearly, C; = E| and Q| = E; are closed
and convex. Assume C, and Q, are closed and convex for some n > 1. From the definition of
C,+1, we obtain that

Thus, C,, 11 is closed and convex. Similarly, O, is closed and convex. Hence, C,, and Q,, are
closed and convex, for all n > 1.

Note that Q C C; x Q1. Assume that Q C C, x O, for some integer n > 1. Let (¢,q) € Q.
Then, by Lemma 2.4 and the fact that 7" is quasi-¢-nonexpansive, we have

‘Pp(CvZn) = (pp(C?Jp_E!l (O‘JpElxn + (1 - O‘)JpElTen)>
< oy (c, xn) + (1= a)9p(c, TO,) — cpwp(00) 1 pE, X0 — JpE, T 6,7
< a¢P(C>xn) + (1 - a>¢P(C7 911) - CPWP(a)HJPElxn _‘,PEI T@n”p. (3.2)
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Now, using definition of V), Lemmas 2.1 and 3.1, we have

Pp(c,6,) = ¢p( o (TpE tn — AT ey))
Vi (¢, JpE un — LA ey)
<Vy(e,JpE un) — pu(J,, E, (JPEl Uy — ,LLA*en) —c,A%ep)
= Qp(c,un) — pu(6, —c,A%ey)
= ¢p(c,un) — p(A(6, —c),en) (3.3)
< 9p(c,xn) —pu(A(Gn —c),en).
Substituting this inequality into inequality (3.2), we obtain
Op(c,zn) < Op(c,xn) — pr(1— o) (A(6, —c),en) — cpwp(Q) | pE, X0 — JpE, TO,]|P.  (3.4)
Similarly, we obtain that
Op(q:wn) < Op(q,yn) — p(1 — 00)(B(q — 6,),n) — cpwp(Q) [JpE,Yn — JpE,SOn[|P. (3.5)
Adding inequalities (3.4) and (3.5) and using the fact that Ac = Bg, we have
Op(c:2n) + Op(q,wn) < Op(c,%0) + Op(g;yn) — plL(1 — ) (AO, — By, en)
—cpwp(ar) [||JpElxn —JoE, TP + || pEyn —JpEzS(San} . (3.6)
Using this inequality and Lemma 2.3, we arrive at
—(1—a)pu(A8, — B8y, en) = —(1 — &) ppt[(Auty — Bvy, en) — (At — A8, en)
— (B0, —an,en)}
< —(1 = a)pu|| Ay — Bvn||” + (1 — 00) pia [[|A[l[|en — Bn || enl|

+11B|182 — vallllenll] - (3.7)
But
-1
160 — unll = | pEl( pE\Un — NA*en)_JpEljpElunH
1 1 1 1
< '%HHA*enH"*1 < kpl P |A[[ 7T len| 77T, (3.8)
and
-1
[8n —vall = || pEz(JPE2vn+“B*en)_JpEl‘]PElvnH
1 1 1 1
< Kpl|[uB en|| 77T < Kpur T ||B|| 7T [len|| 7T (3.9)

Substituting (3.8) and (3.9) into (3.7), we obtain
—(1— @) (AB, — BS,, ) < —(1— ) ppt||Atty — Bvy||P + (1 — ) ppu 71
+ 1BI7T] el 7T
= —(1=a)pu[t =7y (AT +[1B]7T)]
|[Au, — Bvy |7 <0, (3.10)

1 p—1
O<u< [ a 7 ] :
Ky ([lA][7~T + [|B]|7~T)

_P_
Kp [[|A[7T

due to
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1
Let { = (1 —a)pu[l —purT Kp(||AH% + ||B||%)} Then, from inequality (3.6), and using
inequality (3.10), we obtain that

Op(c.zn) + (g, wn) < Op(c,xn) + Op(qsyn) — Cl|Aun — By |P
—cpwp(a) [”JpElxn —Jpe TO|” + [T pEryn — JpE255n|H (3.11)
< Op(¢,xn) + Op(q; yn)- (3.12)

This implies that (c,q) € Cy+1 X Qn+1- Hence, Q C Cp, X Qp, Vn > 1. These conclusions imply
that C,, and Q, are nonempty closed and convex, for all n > 1. Therefore, {x,} and {y,} are
well defined.
Step 2. Prove that the sequences {x,} and {y,} are convergent.

This is standard by means of Lemmas 2.6 and 2.7. It follows exactly as in [18] that x,, — x*
and y, — y*, as n — oo, for some x* € E| and y* € E,. Furthermore, z, — x* and w,, — y*, as
n— oo,

Step 3. Show that lgn ||t — xn|| = 0 and lgn v —yul| = 0.

From inequality (3.11), we have
cpWp( Q) [IpE X0 = Tpey T O + I pEsyn — JpE SSul|”] + E || Ay — By
S ‘])p(caxn) - (Pp(C,Zn) + q)p(q;yn) - ¢P(Q7wn)
This implies that

r}gl;lo H‘]PEl'xn _JPE1T9V!H =0, ’}l_r}; H‘]PEzyn _JPEzssn” =0,

3.13
and  lim ||[Au, — Bv,|| = 0. (3.13)
n—oo
Furthermore, using the uniform continuity of J, ! on bounded sets, we have
lim [lx, —76,[ =0 and  lim [y, — S8,/ = 0. (3.14)
Using Lemma 2.3 and equation (3.13) we have that
1
[t = Ol < Kp | A" ]| 7
B I I
< K| A][77T ]| Auy — By,
which implies that lim ||u, — 6,|| = 0. Similarly, lim ||v, — &,]| = 0. Also, using equations
n—oo n—soo

(3.13) and Lemma 2.3, we have
1 1
Zn—Xnl| < k(1 —0) P 1||Jpg, T 6, —JpE, x| P~ T — 0, as n — oo,
14 PEq PE]

Thus, lim ||z, — x,|| = 0. Similarly, we have
n—soo
tim [0, ~ 3| = 0.
Next, we show that lgll ¢p(ttn,x,) = 0 and lgll ¢p(Vn,yn) = 0. By Lemma 3.1, we have that
n—roo Nn—yo0

Pp(c,ttn) < Oplc,xn) — Pp(ttn, Xn) (3.15)
and ¢P(q7 va) < ¢p(C[,Yn) - ¢p(Vn>yn)- (3.16)
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From inequalities (3.2), (3.3) and (3.15), we have that
‘Pp(cazn) S a(pp(caxl’l)
S O“Pp(c’xn) + (
S ¢p (C7xn - (

+ (1= a)¢p(c, 6n) — cpwp()|[Jpe,Xn — Jpe, T On|”
1-a) [(Pp(c,un) — PUAA (6, — c),en>]
—0) @y (ttn,xn) — pi(1 — @) (A(6, — ), en). (3.17)

Similarly,

‘Pp(%wn) < ¢p(‘Z>Yn) - (1 - O‘)‘Pp("m)’n) _P.u(l - OC)(B(q— 5n)aen>- (3.18)
Using inequalities (3.17) and (3.18), the fact that Ac = Bg, inequality (3.10) and Step 2, we
obtain that

(Pp(”nvxn) + ¢p(Vn7yn) < ( ((Pp(C,Xn) - (Pp(C,Zn) + ‘Pp(%%l) - ‘pp(%wn))-

1
l—a)
Thus,
r}i_r>£10¢p(unaxn) + d)p(vn,)’n) =0.
By use of Lemma 2.6, we obtain that

lim ||x, —u,||=0 and lim |y, —v,|| =0.
n—oo n— oo

Step 4. Show that (x*,y*) € Q and Ax* = By*.

Since, for p > 2, each p-uniformly convex and uniformly smooth space is strictly convex,
reflexive and smooth, we can apply the established result involving the functional ¢ instead
of the functional, ¢,. With this, the proof of Step 4 follows immediately by use of the same
argument as in [18]. O

Remark 3.1. The condition on u involves the norms, ||A|| and ||B||, respectively. This is not
a drawback on implementing the algorithm because, for the computational purposes, one does
not need to compute these norms. The norms can be replaced with two constants associated
with the mappings, A and B, which are easily obtained. To assert that a linear mapping A, is
bounded, one has to show that ||Ax|| < K||x||, Vx € E, and some constant K > 0. This constant
K > 0, which is an upper bound for ||A|, is generally easy to obtain (since it is not unique)
for any bounded linear mapping. Similarly, to assert that a linear map B is bounded, one has
to show ||Bx|| < L||x||, ¥x € E, and some constant L > 0. Again, this constant L > 0 is easily
obtained. It is easy to see from the proof of Theorem 3.1 that the condition

1 e
O<u< [ 7 i ] ’
i ([|A] 77T+ [B]|7T)

can be replaced with the condition

where K and L are easily obtained.
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4. THE CONCLUSION

The theorem of Monday [18] provides an algorithm, which is applicable in L, I, and the
Sobolev spaces, W[T(Q), where 1 < p < 2, for the problem studied because these spaces are
2-uniformly convex and uniformly smooth. The theorem is not applicable in L,, [, and the
Sobolev spaces, WI;”(Q), where 2 < p < o because these spaces are not 2-uniformly convex.
Our results provide an algorithm, which is applicable in these spaces which are p-uniformly
convex and uniformly smooth. Consequently, our result complement the Monday’s theorem
and provide applicable algorithms in L,, [, and the Sobolev spaces, W}(Q), for all p such that
1 < p < o= for the problem.
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