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STRONG CONVERGENCE OF THE VISCOSITY DOUGLAS-RACHFORD
ALGORITHM FOR INCLUSION PROBLEMS

YAMIN WANG∗, HAIXIA ZHANG

College of Mathematics and Information Science, Henan Normal University, Xinxiang 453007, China

Abstract. In recent years, the Douglas-Rachford algorithm received much attention due to its various applications
in image recovery, signal processing, and machine learning. In this paper, we consider the Douglas-Rachford
algorithm in the setting of Hilbert spaces. We introduce a viscosity Douglas-Rachford algorithm with multi-
parameters, and establish its strong convergence under some mild conditions.
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1. INTRODUCTION

In this paper, we assume that H is a real Hilbert space with inner product 〈·, ·〉 and induced
norm ‖ · ‖. An important problem in the theory of nonlinear analysis is to find a solution of the
following inclusion problem:

0 ∈ (A+B)x, (1.1)

where A and B are two monotone operators in Hilbert space H. In the paper, we denote by
zer(A+B) the solution set of problem (1.1), and always assume that zer(A+B) is nonempty.
Equation (1.1) includes many optimization problems arising from various applied areas such as
signal processing, image recovery, statistical regression, and machine learning [4, 10, 12, 13, 14]
and the references therein.

Recently, various splitting algorithms have been investigated and weak-strong convergence
theorems are obtained by many authors in the framework of different spaces; see, e.g., [5, 6, 11,
15, 16] and the references therein. The Douglas-Rachford algorithm has become a very popular
method to solve the sum problem (1.1). To numerically solve some types of heat equations,
the Douglas-Rachford algorithm was first introduced by Douglas and Rachford [7] in 1956. In
1979, Lions and Mercier [11] extended the algorithm to be able to find a zero of the sum of
two, not necessarily linear and possibly set-valued, maximally monotone operators. In 1992,
Eckstein and Bertsekas [8] investigated the following Douglas-Rachford algorithm

zk+1 = JγA((2JγB− I)(zk))+(I− JγB)(zk),
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where γ > 0, and JγA is the resolvent of A, which is defined as JγA := (I + γA)−1. They proved
that the above algorithm is a special case of the proximal point algorithm, and showed the weak
convergence of the algorithm.

In 2004, Combettes [3] further proposed a relaxed extension of the Douglas-Rachford algo-
rithm, and proved its weak convergence under some appropriate conditions.

In 2014, Bauschke and Noll [1] solved a feasibility problem with the aid of the Douglas-
Rachford algorithm for two closed sets A,B in a space Rd . Their Douglas-Rachford algorithm
generated by

xn+1 ∈ T (xn), T :=
1
2
(RBRA + Id),n ∈ N, (1.2)

where RA = 2JA−Id is reflected resolvent. Moreover, they proved that their algorithm converges
to a fixed point of T when A,B are finite unions of convex sets.

In 2015, Bot, Csetnek and Hendrich [2] proposed an inertial Douglas-Rachford algorithm
for finding the zeros of the sum of two maximally monotone operators in Hilbert spaces. Their
algorithm reads as follows

yn = JγB[xn +αn(xn− xn−1)],

zn = JγA[2yn− xn−αn(xn− xn−1)],

xn+1 = xn +αn(xn− xn−1)+λn(zn− yn),

(1.3)

where γ > 0, x0,x1 are arbitrarily chosen in H, {αn} is a nondecreasing sequence with α1 = 0
and 0≤ αn ≤ α < 1. They investigated its weak and strong convergence properties under some
mild conditions.

In 2018, Dao and Phan [6] proposed a generalized Douglas-Rachford algorithm for feasi-
bility problems. They established several local linear convergence results for the algorithm in
solving feasibility problems with finitely many closed possibly nonconvex sets under different
assumptions. The conclusions of their paper not only relaxed some regularity conditions but
also improved linear convergence rates.

In 2019, Wang and Wang [15] proposed the following α-Douglas-Rachford algorithm
yn = JBxn,

zn = JA(αyn− xn),

xn+1 = xn +(zn− yn),

(1.4)

where α ∈ (1,2). Furthermore, they obtained the convergence of {xn}, {yn} and {zn} under
some proper conditions in the framework of Euclidean spaces.

In this paper, motivated by the above results, we, based on a viscosity approximation tech-
nique, propose a viscosity Douglas-Rachford algorithm with multi-parameters to solve problem
(1.1). We obtain its strong convergence under some mild conditions in the framework of Hilbert
spaces.

2. PRELIMINARY

Let A : H→ 2H be a set valued operator. Recall that A : H→ H is said to be monotone if

〈x− y,Ax−Ay〉 ≥ 0, ∀x,y ∈ H.
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A is said to be maximally monotone if it is monotone and its graph cannot be extended without
destroying monotonicity. A mapping T : H→ H is said to be nonexpansive if

‖T x−Ty‖ ≤ ‖x− y‖, ∀x,y ∈ H.

Let C be a nonempty closed convex subset of H. For any x ∈ H, there exists a unique vector,
denoted by PCx in set C with the property:

‖x−PCx‖= min
y∈C
‖x− y‖.

PC is called the metric projection from H onto C,
It is well-known that PCx is characterized by the following inequality:

PCx ∈C, 〈x−PCx,z−PCx〉 ≤ 0, ∀z ∈C. (2.1)

Definition 2.1. Let T : H → H be an operator. T firmly nonexpansive if one of the following
conditions is satisfied

(a) 2T − I is nonexpansive;
(b) ‖T x−Ty‖2 ≤ 〈x− y,T x−Ty〉 for all x,y ∈ H;
(c) ‖T x−Ty‖2 ≤ ‖x− y‖2−‖(I−T )x− (I−T )y‖2 for all x,y ∈ H.

Definition 2.2. For a given number ν > 0, an operator A : H→H is said to be ν-cocoercive (or
ν-inverse strongly monotone) if 〈x− y,Ax−Ay〉 ≥ ν‖Ax−Ay‖2 for all x,y ∈ H.

Next, we list some lemmas, which will be used for our main convergence theorem.

Lemma 2.1. [17] Let {sk}∞
k=0 be a nonnegative real sequence such that

sk+1 ≤ (1−λk)sk +λkbk + ck, (2.2)

where {λk},{bk} and {ck} are real sequences satisfying the conditions:

(i) lim
k→∞

λk = 0,
∞

∑
k=0

λk = ∞;

(ii) either limsup
k→∞

bk ≤ 0 or
∞

∑
k=0
|λkbk|< ∞;

(iii) ck ≥ 0 for all k and
∞

∑
k=0

ck < ∞.

Then lim
k→∞

sk = 0.

Lemma 2.2. [9] Let C be a nonempty closed convex subset of H and let T : C → H be a
nonexpansive mapping with Fix(T ) 6= /0. If {xn} is a sequence in C such that xn ⇀ x and
(I−T )xn→ 0, then (I−T )x = 0, i.e., x ∈ Fix(T ).

Lemma 2.3. Let A and B be two monotone operators on a Hilbert space H. Let x ∈ H and
γ > 0. Then

x ∈ FixRγARγB⇔ u = JγBx ∈ S,

where RγA = 2JγA− Id.
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Proof. Using the definition of the resolvent, we have

u = JγBx ∈ S⇔ 0 ∈ A(JγBx)+B(JγBx)

⇔ 0 ∈ γA(JγBx)+ γB(JγBx)

⇔ JγBx ∈ γA(JγBx)+(I + γB)(JγBx)

⇔ JγBx ∈ γA(JγBx)+ x

⇔ 2JγBx− x ∈ JγBx+ γA(JγBx)

⇔ 2JγBx− x ∈ (I + γA)JγBx

⇔ JγA(2JγBx− x) = JγBx

⇔ 2JγA(2JγBx− x)− x = 2JγBx− x

⇔ (2JγA− I)(2JγB− I)x = x

⇔ x ∈ FixRγARγB.

�

Lemma 2.4. Let T = (2JγA− I)(2JγB− I), where γ is any positive real number. Then T is
nonexpansive.

Proof. Since JγA and JγB are firmly nonexpansive, we have that 2JγA− I and 2JγB− I are non-
expansive according to Definition 2.1. For any x,y ∈ H, we have

‖T x−Ty‖= ‖(2JγA− I)(2JγB− I)x− (2JγA− I)(2JγB− I)y‖
≤ ‖(2JγB− I)x− (2JγB− I)y‖
≤ ‖x− y‖.

Hence, T is nonexpansive. �

The last lemma is trivial.

Lemma 2.5. In Hilbert spaces, we have

(i) ‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉;
(ii) ‖αx+(1−α)y‖2 = α‖x‖2 +(1−α)‖y‖2−α(1−α)‖x− y‖2;
(iii) ‖tx+ sy‖2 = t(t + s)‖x‖2 + s(t + s)‖y‖2− st‖x− y‖2,

for any x,y ∈ H, and α,s, t ∈ R.

3. MAIN RESULTS

In the section, we propose a viscosity Douglas-Rachford algorithm with multi-parameters for
inclusion problem (1.1), and prove its strong convergence under some proper conditions.

Theorem 3.1. Let A and B be maximally monotone operators from H to 2H such that zer(A+
B) 6= /0. Let h : H→ H be a ρ-contraction for some ρ ∈ [0,1). Let {λn} be a sequence in (0,2)
such that

0 < c < liminf
n→∞

λn ≤ limsup
n→∞

λn < d < 2. (3.1)
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Let {αn},{βn},{δn} ⊆ (0,1), and αn +βn +δn = 1. For γ > 0, and x0 ∈ H, set
yn = JγBxn,

zn = JγA(2yn− xn),

un = xn +λn(zn− yn),

xn+1 = αnh(xn)+βnxn +δnun.

(3.2)

Suppose that the following conditions are satisfied

(i) lim
n→∞

αn = 0,
∞

∑
n=0

αn = ∞;

(ii) lim
n→∞

αn
δn

= 0.

Then there exists z ∈Ω = FixRγARγB such that the following assertions hold:
(i) {xn} converges strongly to z, which is also the unique solution of the variational in-

equality:

z ∈Ω,〈(I−h)z,x− z〉 ≥ 0,x ∈Ω. (3.3)

Alternatively, z is the unique fixed point of the contraction PΩh, that is z = PΩh(z);
(ii) {yn− zn}n∈N converges strongly to 0;
(iii) {yn}n∈N converges strongly to JγBz;
(iv) {zn}n∈N converges strongly to JγBz.

Proof. Set RγA = 2JγA− I and

T = RγARγB = (2JγA− I)(2JγB− I).

Moreover, as Lemma 2.3 indicates that JγB(FixT ) = Zer(A+B), which is nonempty, we have
FixT 6= /0. From the definition of un, we can rewrite un as

un = xn +λn[JγA(2JγBxn− xn)− JγBxn]

= xn +λn[2JγAJγBxn− JγAxn− JγBxn]

= xn +λn
T − I

2
xn

= (1− λn

2
)xn +

λn

2
T xn. (3.4)

Setting ρn =
λn
2 , we have 0 < ρn < 1. This together with (3.1) gives

0 <
c
2
< liminf

n→∞
ρn ≤ limsup

n→∞

ρn <
d
2
< 1. (3.5)

Using (3.4), we have un = (1−ρn)xn +ρnT xn. Let z ∈ FixT = Ω and z = PΩh(z), where h(x)
is a contraction with ρ . In view of Lemma 2.4 and Lemma 2.5 (ii), we obtain

‖un− z‖2 = ‖(1−ρn)xn +ρnT xn− z‖2

= (1−ρn)‖xn− z‖2 +ρn‖T xn− z‖2−ρn(1−ρn)‖T xn− xn‖2

≤ (1−ρn)‖xn− z‖2 +ρn‖xn− z‖2−ρn(1−ρn)‖T xn− xn‖2

= ‖xn− z‖2−ρn(1−ρn)‖T xn− xn‖2. (3.6)

Since ρn ∈ (0,1), we can get that ‖un− z‖ ≤ ‖xn− z‖.
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(i) To prove the convergence of {xn}, we will divide our proof into four steps.

Step 1. Show that {xn} is a bounded sequence.

‖xn+1− z‖ ≤ αn‖h(xn)− z‖+βn‖xn− z‖+δn‖un− z‖
= αn‖h(xn)−h(z)+h(z)− z‖+βn‖xn− z‖+δn‖un− z‖
≤ αn‖h(xn)−h(z)‖+αn‖h(z)− z‖+βn‖xn− z‖+δn‖xn− z‖
≤ (αnρ +βn +δn)‖xn− z‖+αn‖h(z)− z‖

= [1−αn(1−ρ)]‖xn− z‖+αn(1−ρ)
‖h(z)− z‖

1−ρ

≤max{‖xn− z‖, ‖h(z)− z‖
1−ρ

}

≤max{‖x0− z‖, ‖h(z)− z‖
1−ρ

}.

Hence, {xn} is bounded.

Step 2. Show that the following inequality holds

sn+1 ≤ (1− α̃n)sn + α̃nωn, (3.7)

where sn = ‖xn− z‖2,

α̃n = αn(1−ρ
2),

and

ωn =
2

1−ρ2 〈h(z)− z,xn+1− z〉− δnρn

αn(1−ρ2)(1−αn)
(1−αn−δnρn)‖T xn− xn‖2. (3.8)

By Lemma 2.5 (i) and (ii), we can deduce

‖xn+1− z‖2 =‖αn(h(xn)− z)+βn(xn− z)+δn(un− z)‖2

=‖αn(h(z)− z)+αn(h(xn)−h(z))+βn(xn− z)+δn(un− z)‖2

≤‖αn(h(xn)−h(z))+βn(xn− z)+δn(un− z)‖2

+2αn〈h(z)− z,xn+1− z〉

=‖αn(h(xn)−h(z))+(1−αn)[
βn

1−αn
(xn− z)+

δn

1−αn
(un− z)]‖2

+2αn〈h(z)− z,xn+1− z〉

≤αn‖h(xn)−h(z)‖2 +(1−αn)‖
βn

1−αn
(xn− z)+

δn

1−αn
(un− z)‖2

+2αn〈h(z)− z,xn+1− z〉

≤αnρ
2‖xn− z‖2 +

1
1−αn

‖βn(xn− z)+δn(un− z)‖2

+2αn〈h(z)− z,xn+1− z〉.
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By Lemma 2.5 (iii) and inequality (3.6), we have

‖βn(xn− z)+δn(un− z)‖2

=βn(βn +δn)‖xn− z‖2 +δn(βn +δn)‖un− z‖2−βnδn‖un− xn‖2

≤βn(1−αn)‖xn− z‖2 +δn(1−αn)[‖xn− z‖2−ρn(1−ρn)‖T xn− xn‖2]

−βnδn‖un− xn‖2

=(1−αn)
2‖xn− z‖2−δnρn(1−αn)(1−ρn)‖T xn− xn‖2

−βnδn‖(1−ρn)xn +ρnT xn− xn‖2

=(1−αn)
2‖xn− z‖2−δnρn(1−αn)(1−ρn)‖T xn− xn‖2−βnδnρ

2
n‖T xn− xn‖2

=(1−αn)
2‖xn− z‖2−δnρn[(1−αn)(1−ρn)+βnρn]‖T xn− xn‖2

=(1−αn)
2‖xn− z‖2−δnρn[(βn +δn)(1−ρn)+βnρn]‖T xn− xn‖2

=(1−αn)
2‖xn− z‖2−δnρn(βn +δn−δnρn)‖T xn− xn‖2

=(1−αn)
2‖xn− z‖2−δnρn(1−αn−δnρn)‖T xn− xn‖2.

(3.9)

It follows from (3.9) that

‖xn+1− z‖2

≤αnρ
2‖xn− z‖2 +

1
1−αn

[(1−αn)
2‖xn− z‖2−δnρn(1−αn−δnρn)‖T xn− xn‖2]

+2αn〈h(z)− z,xn+1− z〉

≤αnρ
2‖xn− z‖2 +(1−αn)‖xn− z‖2− δnρn

1−αn
(1−αn−δnρn)‖T xn− xn‖2

+2αn〈h(z)− z,xn+1− z〉

≤(1−αn(1−ρ
2))‖xn− z‖2− δnρn

1−αn
(1−αn−δnρn)‖T xn− xn‖2

+2αn〈h(z)− z,xn+1− z〉

≤(1−αn(1−ρ
2))‖xn− z‖2 +αn(1−ρ

2)[
2

1−ρ2 〈h(z)− z,xn+1− z〉

− δnρn

αn(1−ρ2)(1−αn)
(1−αn−δnρn)‖T xn− xn‖2].

(3.10)

Hence sn+1 ≤ (1− α̃n)sn + α̃nωn is valid.
Step 3. Show that −δ ≤ limsup

n→∞

ωn <+∞ for some δ > 0, which indicates that limsup
n→∞

ωn is

finite. Since {xn} is bounded, we have that {ωn} is bounded from above. In fact, we have

sup
n≥0

ωn ≤
2

1−ρ2‖h(z)− z‖(sup
n≥0
‖xn+1‖+‖z‖).
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We next prove limsup
n→∞

ωn ≥ −δ . To this aim, we proceed by contradiction. Assume that

limsup
n→∞

ωn < −δ , which implies that there exists n0 ∈ N such that ωn < −δ for all n ≥ n0. It

follows from that

sn+1 ≤(1− α̃n)sn + α̃nωn

≤(1− α̃n)sn− α̃nδ

=sn− α̃n(sn +δ )

≤sn− (1−ρ
2)δαn.

By induction, we get

sn+1 ≤ sn0− (1−ρ
2)δ

n

∑
i=n0

αi, for all n≥ n0.

Hence by condition (i), limsup
n→∞

sn < sn0− (1−ρ2)δ
∞

∑
i=n0

αi =−∞. As a matter of fact, {sn} is a

nonnegative real sequence, which is a contradiction. Therefore, limsup
n→∞

ωn is finite.

Step 4. Prove that {xn} converges to z = PΩh(z). By Step 3, we can take a subsequence {ωnk}
such that

limsup
n→∞

ωn = lim
k→∞

ωnk

= lim
k→∞

(
2

1−ρ2 〈h(z)− z,xnk+1− z〉

−
δnkρnk

αnk(1−ρ2)(1−αnk)
(1−αnk−δnkρnk)‖T xnk− xnk‖

2). (3.11)

As {xn} is bounded, we have that {〈h(z)− z,xn+1− z〉} is a bounded sequence of real number.
Thus, without loss of generality, we may assume that the following limit exists

lim
k→∞
〈h(z)− z,xnk+1− z〉.

Consequently, the following limit exists

lim
k→∞

δnkρnk

αnk(1−ρ2)(1−αnk)
(1−αnk−δnkρnk)‖T xnk− xnk‖

2. (3.12)

According to (3.5) and lim
n→∞

αn = 0, we assume, without loss generality, that

0 <
c
2
< ρn <

d
2
< 1,

and 0 < αn < 1− d
2 −σ , where 0 < σ < 1− d

2 . Then

1−αnk−δnkρnk = (1−δnkρnk)−αnk

> 1− d
2
− (1− d

2
−σ)

= σ .
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It follows that
δnkρnk

αnk(1−ρ2)(1−αnk)
(1−αnk−δnkρnk)>

δnkρnkσ

αnk(1−ρ2)(1−αnk)
>

cσ

2
δnk

αnk

.

This together with (3.12) implies that the sequence
δnk
αnk
‖T xnk−xnk‖2 is bounded. Consequently,

by condition (ii), we get

lim
k→∞
‖T xnk− xnk‖

2 = lim
k→∞

αnk

δnk

(
δnk

αnk

‖T xnk− xnk‖
2) = 0.

Lemma 2.2 guarantees that any weak cluster points of {xnk} belongs to Ω. By the definition of
xnk+1, we deduce that

‖xnk+1− xnk‖=‖αnkh(xnk)+βnkxnk +δnkunk− xnk‖
≤αnk‖h(xnk)−h(z)+h(z)− z+ z− xnk‖+δnk‖unk− xnk‖
≤αnk(‖h(xnk)−h(z)‖+‖h(z)− z‖+‖xnk− z‖)
+δnkρnk‖T xnk− xnk‖
≤αnk((1+ρ)‖xnk− z‖+‖h(z)− z‖)+δnkρnk‖T xnk− xnk‖
≤αnkM+‖T xnk− xnk‖→ 0,

where
(1+ρ)‖xnk− z‖+‖h(z)− z‖ ≤M.

The last inequality is based on the fact that {xn} is a bounded sequence. This implies that any
weak cluster points of {xnk+1} also belongs to Ω. Without loss of generality, we assume that
{xnk+1} weakly converges to x̄, x̄ ∈Ω. Now by (3.11), we infer that

limsup
n→∞

ωn ≤ lim
k→∞

2
1−ρ2 〈h(z)− z,xnk+1− z〉

=
2

1−ρ2 〈h(z)− z, x̄− z〉

≤ 0,

which is due to the fact that z = PΩh(z) and the property of projections (2.1). Finally, from (3.7)
we can apply Lemma 2.1 to deduce that ‖xn− z‖→ 0 as n→ ∞.

(ii) According to (i) and Lemma 2.4, for z ∈ FixT , ‖xn− z‖→ 0,

‖xn−T xn‖= ‖xn− z+ z−T xn‖
= ‖xn− z+T z−T xn‖
≤ ‖xn− z‖+‖T xn−T z‖
≤ 2‖xn− z‖→ 0

as n→ ∞. From the definition of {yn} and {zn} and the above inequality, we have

‖yn− zn‖= ‖JγA(2JγB− I)xn− JγBxn‖

=
1
2
‖T xn− xn‖→ 0.
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Therefore, (ii) is valid.
(iii) From the definition of {yn},

‖yn− JγBz‖= ‖JγBxn− JγBz‖ ≤ ‖xn− z‖→ 0

as n→ ∞. Therefore, ‖yn− JγBz‖→ 0 as n→ ∞.
(iv) Combine (ii) and (iii), we can get {zn} converges strongly to JγBz immediately. �

Remark 3.1. Theorem 3.1 gives a viscosity Douglas-Rachford algorithm with multi-parameters,
and shows its strong convergence. This will provide a new idea for the strong convergence of
the Douglas-Rachford algorithm.

Corollary 3.1. Let A and B be maximally monotone operators from H to 2H such that zer(A+
B) 6= /0. Let {λn} be a sequence in (0,2) such that

0 < c < liminf
n→∞

λn ≤ limsup
n→∞

λn < d < 2.

Let {αn},{βn},{δn} ⊆ (0,1), and αn +βn +δn = 1. For γ > 0, and x0,u ∈ H, set
yn = JγBxn,

zn = JγA(2yn− xn),

un = xn +λn(zn− yn),

xn+1 = αnu+βnxn +δnun.

Suppose that the following conditions are satisfied

(i) lim
n→∞

αn = 0,
∞

∑
n=0

αn = ∞;

(ii) lim
n→∞

αn
δn

= 0.

Then there exists z ∈Ω = FixRγARγB such that the following assertion hold:
(i) {xn} converges strongly to z = PΩu;
(ii) {yn− zn}n∈N converges strongly to 0;
(iii) {yn}n∈N converges strongly to JγBz;
(iv) {zn}n∈N converges strongly to JγBz.
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