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STRONG CONVERGENCE OF THE VISCOSITY DOUGLAS-RACHFORD
ALGORITHM FOR INCLUSION PROBLEMS
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Abstract. In recent years, the Douglas-Rachford algorithm received much attention due to its various applications
in image recovery, signal processing, and machine learning. In this paper, we consider the Douglas-Rachford
algorithm in the setting of Hilbert spaces. We introduce a viscosity Douglas-Rachford algorithm with multi-
parameters, and establish its strong convergence under some mild conditions.
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1. INTRODUCTION

In this paper, we assume that H is a real Hilbert space with inner product (-,-) and induced
norm || - ||. An important problem in the theory of nonlinear analysis is to find a solution of the
following inclusion problem:

0€ (A+B)x, (1.1)

where A and B are two monotone operators in Hilbert space H. In the paper, we denote by
zer(A + B) the solution set of problem (1.1), and always assume that zer(A + B) is nonempty.
Equation (1.1) includes many optimization problems arising from various applied areas such as
signal processing, image recovery, statistical regression, and machine learning [4, 10, 12, 13, 14]
and the references therein.

Recently, various splitting algorithms have been investigated and weak-strong convergence
theorems are obtained by many authors in the framework of different spaces; see, e.g., [5, 6, 11,
15, 16] and the references therein. The Douglas-Rachford algorithm has become a very popular
method to solve the sum problem (1.1). To numerically solve some types of heat equations,
the Douglas-Rachford algorithm was first introduced by Douglas and Rachford [7] in 1956. In
1979, Lions and Mercier [11] extended the algorithm to be able to find a zero of the sum of
two, not necessarily linear and possibly set-valued, maximally monotone operators. In 1992,
Eckstein and Bertsekas [8] investigated the following Douglas-Rachford algorithm

Zir1 = Jya(20ys — 1) (21)) + (I = Jys) (21),
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where ¥ > 0, and Jy, is the resolvent of A, which is defined as Jys := (I+ yA)~!. They proved
that the above algorithm is a special case of the proximal point algorithm, and showed the weak
convergence of the algorithm.

In 2004, Combettes [3] further proposed a relaxed extension of the Douglas-Rachford algo-
rithm, and proved its weak convergence under some appropriate conditions.

In 2014, Bauschke and Noll [1] solved a feasibility problem with the aid of the Douglas-
Rachford algorithm for two closed sets A, B in a space R?. Their Douglas-Rachford algorithm
generated by

1
X1 € T(n), T 1= 5(RpRs +1d),n €N, (1.2)

where Ry = 2J4 —1d is reflected resolvent. Moreover, they proved that their algorithm converges
to a fixed point of 7 when A, B are finite unions of convex sets.

In 2015, Bot, Csetnek and Hendrich [2] proposed an inertial Douglas-Rachford algorithm
for finding the zeros of the sum of two maximally monotone operators in Hilbert spaces. Their
algorithm reads as follows

Yn = J)/B[xn + an(xn _xn—l)]a
Zn:J}/A[zyn_xn_an(xn_xn—l)]7 (13)
Xptl =Xn+ an(xn _xn71> +)Ln(zn _yn)a

where ¥y > 0, xo,x| are arbitrarily chosen in H, {a,} is a nondecreasing sequence with a; =0
and 0 < oy, < o¢ < 1. They investigated its weak and strong convergence properties under some
mild conditions.

In 2018, Dao and Phan [6] proposed a generalized Douglas-Rachford algorithm for feasi-
bility problems. They established several local linear convergence results for the algorithm in
solving feasibility problems with finitely many closed possibly nonconvex sets under different
assumptions. The conclusions of their paper not only relaxed some regularity conditions but
also improved linear convergence rates.

In 2019, Wang and Wang [15] proposed the following &-Douglas-Rachford algorithm

Yn :Jan;
n :JA(ayn_xn)a (1.4)
Xpt1 =Xn+ (Zn _Yn)7

where o € (1,2). Furthermore, they obtained the convergence of {x,}, {y,} and {z,} under
some proper conditions in the framework of Euclidean spaces.

In this paper, motivated by the above results, we, based on a viscosity approximation tech-
nique, propose a viscosity Douglas-Rachford algorithm with multi-parameters to solve problem
(1.1). We obtain its strong convergence under some mild conditions in the framework of Hilbert
spaces.

2. PRELIMINARY
Let A : H — 2" be a set valued operator. Recall that A : H — H is said to be monotone if

(x—y,Ax—Ay) >0, Vx,ye€H.
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A is said to be maximally monotone if it is monotone and its graph cannot be extended without
destroying monotonicity. A mapping 7" : H — H is said to be nonexpansive if

ITx =Tyl <[lx=yll, Vx,y€H.

Let C be a nonempty closed convex subset of H. For any x € H, there exists a unique vector,
denoted by Pcx in set C with the property:

|| — Pex|| = min [x — y|.
yeC

Fc is called the metric projection from H onto C,
It is well-known that Pcx is characterized by the following inequality:

PexeC, (x—Pcx,z—Pcx) <0, VzeC. (2.1)
Definition 2.1. Let 7 : H — H be an operator. T firmly nonexpansive if one of the following

conditions is satisfied

(a) 2T — I is nonexpansive;
(b) ||Tx—Ty||> < (x—y,Tx—Ty) forall x,y € H;
© [Tx—=Ty|> < [lx=yI> = (I =T)x— (I =T)y|]* for all x,y € H.

Definition 2.2. For a given number v > 0, an operator A : H — H is said to be v-cocoercive (or
v-inverse strongly monotone) if (x —y,Ax — Ay) > v||Ax — Ay||* for all x,y € H.

Next, we list some lemmas, which will be used for our main convergence theorem.
Lemma 2.1. [17] Let {s};7_, be a nonnegative real sequence such that
Skt < (1 =) s+ Ay + e, (2.2)
where { A },{b} and {c} are real sequences satisfying the conditions:
(i) Jim A =0, éolk = oo

(ii) either limsupby < 0or Y |Aby| < ooy
k=0

k—yoo

(o)

(iii) cx >0 forallkand Y. ci < oo.
k=0

Then lim s;, = 0.
k—ro0

Lemma 2.2. [9] Let C be a nonempty closed convex subset of H and let T : C — H be a
nonexpansive mapping with Fix(T) # 0. If {x,} is a sequence in C such that x, — x and
(I—T)x, =0, then I —T)x=0, i.e., x € Fix(T).

Lemma 2.3. Let A and B be two monotone operators on a Hilbert space H. Let x € H and
Y > 0. Then

x € FixRyaARyg & u=1Jx €S,

where Ryy = 2Jyp —Id.
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Proof. Using the definition of the resolvent, we have

u=Jyppx €S 0cA(Jypx)+ B(Jypx)
& 0 € YA(Jypx) + YB(Jypx)
& Jypx € YA(Jypx) + (I 4 YB)(Jypx)
& Jyx € YA(Jypx) +x
& 2Jypx — x € Jypx + YA (JyBX)
& 2Jypx —x € (14 YA)Jypx
& Jya(2Jypx —x) = Jypx
& 2Jya(2Jypx —x) —x = 2Jypx —x
& 20— 2Ip—Ix=x
< x € FixRyaRyp.
0

Lemma 2.4. Let T = (2Jys —I)(2Jyg — I), where vy is any positive real number. Then T is
nonexpansive.

Proof. Since Jy4 and Jyp are firmly nonexpansive, we have that 2J,4 — I and 2Jyp — I are non-
expansive according to Definition 2.1. For any x,y € H, we have

I Tx—Tyl| = |2y — 1) 2y — I)x — (2 — D)2y — |
< ||(2Jyg —D)x— (20— 1)y
< [lx—yll-
Hence, T is nonexpansive. O

The last lemma is trivial.

Lemma 2.5. In Hilbert spaces, we have
() -+ 1P < P +20n+): 2 2
(i) fJoev-+ (1 = @y = >+ (1 = o)yl[> = (1 = @)l
(iid) [Jrx—+syl[= = #(t +5)[1x]|* + (2 + ) [y]]= = stlx— ]|,
forany x,y € H, and o,s,t € R.

3. MAIN RESULTS

In the section, we propose a viscosity Douglas-Rachford algorithm with multi-parameters for
inclusion problem (1.1), and prove its strong convergence under some proper conditions.

Theorem 3.1. Let A and B be maximally monotone operators from H to 211 such that zer(A +
B) #0. Let h: H— H be a p-contraction for some p € [0,1). Let {A,} be a sequence in (0,2)
such that

0 < ¢ < liminfA, <limsup A, <d < 2. (3.1)

n—soo N300
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Let {0, },{Bn},{6n} € (0,1), and oty + B+ 6, = 1. For y >0, and xo € H, set
Yn = JyBXn,
Zn = Jya(2yn — Xn),
tn = X+ A (20 = Yn),
X1 = Oph(xn) + BuXn + Onltn
Suppose that the following conditions are satisfied

(3.2)

(i) lim o, =0, Y, oy =oo;
n—oo n=0

.o . an o
(ii) r}l_r>1305—n =0.

Then there exists z € £ = FixRysRyp such that the following assertions hold:
(i) {xn} converges strongly to z, which is also the unique solution of the variational in-
equality:
z2€Q,(I—h)z,x—z) > 0,x € Q. (3.3)
Alternatively, 7 is the unique fixed point of the contraction Poh, that is z = Poh(z);
(i1) {yn — zntnen converges strongly to O;

(iii) {yn}nen converges strongly to Jypz;
(iv) {zn}nen converges strongly to Jypz.

Proof. Set Rys = 2Jys — I and
T = RyaARyp = (2Jya —1)(2Jyp —1).

Moreover, as Lemma 2.3 indicates that Jyg(FixT) = Zer(A 4 B), which is nonempty, we have
FixT # (0. From the definition of u,, we can rewrite u,, as

Up = Xn+ An[Jya (2JyBXn — Xp) — JyXn)

T—-1
=X, + A ) Xn
A A
= (1= 5 )%+ 5 T (3.4)
Setting p, = %, we have 0 < p,, < 1. This together with (3.1) gives
d
0 < < <liminfp, < limsupp, < = < 1. (3.5)
2 n—oo n—oo 2

Using (3.4), we have u, = (1 — pp)x, + pnTxy. Let z € FixT = Q and z = Poh(z), where h(x)
is a contraction with p. In view of Lemma 2.4 and Lemma 2.5 (ii), we obtain

[t _Z||2 = [|(1 = pu)xn + paT X _ZH2
= (1= pu) w21 + pall Txw = 21> = Pl = )| T — 20
< (1= pu) |10 = 217 + palln — 21> = Pa(1 = ) | Tt — x|
= [ln = 2lI* = pa (1 = pu) | T — x| (3.6)
Since p,, € (0,1), we can get that ||u, —z|| < ||x, —z]|.
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(i) To prove the convergence of {x,}, we will divide our proof into four steps.

Step 1. Show that {x,} is a bounded sequence.

12041 =zl < 0l[R(xa) = 2|l + Ballxn — 2l[ + Gullutn — 2]
= On|h(xn) = 1(2) +h(z) =zl 4 Bullxn — zl| + | — 2]
< | (xn) = h(2)[| + | 2(2) = 2]l + Bulloen — zl| 4 Snll 0 — 2|
< (anp + B+ Sn)Hxn _ZH + O‘th<Z) _ZH

= [1= 01 = p)]lben — 2]l + 0 (1 —p)—HhQ;ZH
17(z) — 2|

< max{ [l — 2], ===
17(z) — =]

< max{[lro — 2, =)

Hence, {x,} is bounded.
Step 2. Show that the following inequality holds
Snt1 < (1= 0)sn + O 0,
where s, = ||x, — z||%
Gy = 0 (1 - p?),
and

2 OnPn

By Lemma 2.5 (i) and (ii), we can deduce

y, =

(1= G — 8npn) || T _xn||2~

||xn+1—z|| :Han(h(xn)_Z)+Bn(xn_z>+5n(“n_z)”2
=l o ((z) = 2) + G (h(xn) = 1(2)) + Bu (6 — 2) + 81t — 2) ||
<0 (h(xn) = () + Bu (6 — 2) + 8 (un — 2)|I?
+204,(h(z) — z,%p4+1 —2)

=l () ~ D)+ (1 = o) 5P =)+ 12 =)
+20,(h(z) — z,%p+1 — 2)
<06 () ~(E) P+ (1= @) 2o =)+ (= 2P

+ 2an <I’l(Z) —Z,Xn+1 — Z>

<0p? |y —z|* + (0 —2) + 8 (un —2)|I?

200 (h(z) — 2311 — 3.

(3.7)

(3.8)
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By Lemma 2.5 (iii) and inequality (3.6), we have

1B = 2) + 811 — 2)
=B (Bu+ 60) 10 — 21> + 84 (Bu + 80)lltn — 2II* — BBl — x|
<Bu(1 = ) |13 — 2| + 8, (1 — @) [|Pn — 21> = (1 = ) | T — x| )
— Buallun — xa?
= (1= )| — 2|1 = 8upa(1 = &) (1 = o) || T — 0|
— Bl (1= )X+ PaT X — x>
(1= 00)? 120 = 21> = 8upu (1 = 06) (1 = i) I T %0 — Xu|* = BuBup | T — 5|
(1= ) [l2n — 21> = 8upu[(1 = 00) (1 = i) + Bl | T — x|
(1= 0)*lxa — 2> = nPn[(Bn+5 )(1=pn) + Bupul | Ton — 24>
(1= 060)2[Pen = 2l[* = 8uPu (B + 8 — 820n) | Totn — xa?
(1= ) [lxn — 2| _5npn(1_an 80 1T — 22>

(3.9
It follows from (3.9) that
% i1 — 2]
Sanpz||xn—Z||2+ - [(1— o) ||xn—z||2 8npn (1 — 0y — npn)HTxn_anz]
+204,(h(z) — 2, %041 — 2)
6’1 n
<P = 2l (1= ) o =202 = 2 (1= 0ty = 84p0)|| T —
+204,(h(z) — z,%p41 — 2)
5]’! n
§(1—Otn(l—p2))|]xn—z“2— 1_Pa (1_O‘n_6npn)”Txn_xn”2
+2an<h<z) — 4, Xn+1 _Z>
S(l—an(l—Pz))!!xn—Z!\2+0¢n(1—Pz)[l_ 5(h(2) = 2,011 —2)
OnPrn 2
- 1_ n — YnFn T n-— n .
o (1= = 8,0,) [T~ )
(3.10)

Hence 5,11 < (1 —&,)s, + &, @, is valid.
Step 3. Show that —& < limsup @, < +oo for some & > 0, which indicates that limsup @, is
n—oo n—oo
finite. Since {x,} is bounded, we have that {®,} is bounded from above. In fact, we have

2
SUp W, < |A(z) =zl (sup [[xns 1] + |lz]])-
n>0 —p n>0
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We next prove limsup @, > —3. To this aim, we proceed by contradiction. Assume that
n—soo
limsup @, < —&, which implies that there exists ny € N such that @, < —0 for all n > ngy. It
n—oo
follows from that

Sn+1 <(1 —0)sy + 0, 0
<(1 = 0tp)sn — G0
=sp — Oy (sp+ )
<sp—(1—p?)éa,.

By induction, we get

n
Snp1 < Spy — (1 —p2)5 Z a;,for all n > ny.

i=n0

Hence by condition (i), limsups, < s,y — (1 —p?)8 ¥ @; = —oo. As a matter of fact, {s,} is a
n—o0 i=ng
nonnegative real sequence, which is a contradiction. Therefore, limsup w, is finite.
n—soo

Step 4. Prove that {x, } converges to z = Poh(z). By Step 3, we can take a subsequence {®,, }
such that

limsup @, = lim ®,,
n—oo k—yo0

i 2
= lim ( 5
k=o' 1 —p

. Snkpnk
O (1= p2) (1= 0ty
As {x,} is bounded, we have that {(h(z) — z,x,4+1 — 2) } is a bounded sequence of real number.
Thus, without loss of generality, we may assume that the following limit exists

(h(z) — L Xmy+1 — 2)

(1_(Xnk_ankpnk)HTxnk_xnkuz)‘ (3.11)

lim (1(z) — 2, Xp 41 — 2).
k—roo
Consequently, the following limit exists

5”/( pl’lk

l 1= 0y, — T, — Xy || 3.12
T o (= p2) (T 1 e ™ Ol T =] (3.12)

According to (3.5) and lim ¢y, = 0, we assume, without loss generality, that
n—yoo

C d
e Z <1
0<2<p,,<2< ,

and0< a,<1—2—0,where 0 < 0 < 1—¢<. Then
2 2

l_ank_5nkpnk = (1 _5nkpnk)_ank
d d
l———(1—=—
> 3 ( > o)
=0.
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It follows that
5nkpnk o co %

Oni Py > Tk,
a”k(l_pz)(l_ank) ank(l_pz)(l_a”k) 2 Ol
5,

This together with (3.12) implies that the sequence 5 || x,, —x,, |? is bounded. Consequently,
s

(1 — 0y, — 6 pry) >

by condition (ii), we get
Jim 7 = P = Jim 52 (G o = ) =0
Lemma 2.2 guarantees that any weak cluster points of {x,, } belongs to Q. By the definition of
Xn,+1, we deduce that
%641 = Xy || = | O (i) + By Xy, + O Uiy, — Xy |
<0 [|(xn,) = 1(2) +h(2) =2+ 2= Xu ||+ By [ty — x|
<0, (12 () — ()| + [[7(2) — 2l + []2n, — 2])
+ SnkpnkHTx’lk _xnkH
<0, (14 P2, — 2l + 12(2) = 2[1) + GO | T2y, — i |
<0y M + ||Txp, — xn || = O,

where

(14 p)llxn, — 2l + [A(z) =2l <M.
The last inequality is based on the fact that {x,} is a bounded sequence. This implies that any
weak cluster points of {x,, 11} also belongs to Q. Without loss of generality, we assume that
{*n,+1} weakly converges to ¥, X € Q. Now by (3.11), we infer that

limsup @, < lim (h(z) — z,Xn 41— 2)

2 _
<0,

which is due to the fact that z = Poh(z) and the property of projections (2.1). Finally, from (3.7)
we can apply Lemma 2.1 to deduce that ||x, —z|| — 0 as n — oo.
(ii) According to (i) and Lemma 2.4, for z € FixT, ||x, —z|| — 0,

| = lxn —z42—Tx||
=24 T2 T
<lxn =zl + 1 Txn — T2|
<2flxp—z] = 0

||xn — T'xy,

as n — oo. From the definition of {y,} and {z,} and the above inequality, we have
10 = zall = 1Vya (2048 = D) X0 — Jypa|

1
= EHTx,,—an —0.
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Therefore, (ii) is valid.
(iii) From the definition of {y,},
[yn = Jyszll = [[Syxn —Jypzll < [lxn —2[| = O
as n — oo. Therefore, ||y, — Jypz|| — 0 as n — oo.

iv) Combine (ii) and (iii), we can get {z, } converges strongly to J,pz immediately. L]
g g gly v y

Remark 3.1. Theorem 3.1 gives a viscosity Douglas-Rachford algorithm with multi-parameters,
and shows its strong convergence. This will provide a new idea for the strong convergence of
the Douglas-Rachford algorithm.

Corollary 3.1. Let A and B be maximally monotone operators from H to 2! such that zer(A +
B) # 0. Let {A,,} be a sequence in (0,2) such that

0 < ¢ <liminfA, <limsupA, <d < 2.

R—yoo oo
Let {a,},{Bn}, {0} C (0,1), and o, + B, + 6, = 1. For y > 0, and xo,u € H, set
Yn = JyBXn,

Zn = Jya (290 — Xn),
tn = Xn + An(2n —Yn),
Xpi1 = Ot + Buxy + Opity,.

Suppose that the following conditions are satisfied

oo

(i) ,}Eﬁ,aﬂ =0,

(ii) lim % =0

n—soo On

an = ooy
0

n=

Then there exists z € Q = FixRyaRyp such that the following assertion hold:
(i) {xn} converges strongly to z = Pou;
(i) {yn — 2n}tnen converges strongly to 0O;
(iii) {yn}nen converges strongly to Jypz;
(iv) {zn}nen converges strongly to Jypz.
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