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Abstract. In this paper, we introduce a modified Halpern-Mann algorithm and study the strong con-
vergence of the algorithm for approximating common solution of a finite family of monotone inclusion
problems and a finite family of generalized demimetric mappings in complete CAT(0) spaces. Some
applications are also considered.
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1. INTRODUCTION

The inclusion problem (IP) with a set-valued operator A in a Hilbert space H is consists of
finding

x € H such that O € Ax. (1.1)

The solution set of problem (1.1) is denoted by A~!(0). This problem is closely related to
many real-world problems, such as signal processing, medical imaging, and machine learning
[1, 2, 3, 4, 5] and the references therein.

In 1970, Martinet [6] first studied solutions of problem (1.1) in Hilbert spaces. Later, Rock-
afellar [7] further studied the inclusion problem by introducing the following iterative algorithm
in a Hilbert space H

x1 €H, x,=Jy (x1), Vn2>1, (1.2)

where {A,} is a sequence of positive real numbers and J; is the resolvent of A defined by J; =
(I+AA)~! for A >0, and A is a maximal monotone operator in H. The algorithm is called the
Proximal Point Algorithm (PPA). Rockafellar proved that the sequence {x, } generated by (1.2)
converges weakly to a solution of (1.1) provided A,, > A > 0 for each n > 1. The generalizations
and modified versions of the proximal point algorithm in Hilbert were studied by many authors
recently; see, e.g., [8, 9, 10, 11, 12, 13] and the references therein.
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On the other hand, by using the duality mapping theory introduced by Kakavandi and Amini
[14], Khatibzadeh and Ranjbar [15] introduced and study solutions of problem (1.1) via the
proximal point algorithm in complete CAT(0) space X

x1€X, xn:Ji‘nxn,l, Vn>1, (1.3)

where {4, } is a sequence of positive real numbers such that )" | A, = oo.
Recently, Ranjbar and Khatibzadeh [16] proposed the following Mann-type and Halpern-type
proximal point algorithms in complete CAT(0) spaces for finding a solution of problem (1.1)

XNEX, X1 =0y ® (1= )3 xa, Vn>1, (1.4)
and
u,x1 €X, Xpi1 :Otnu@(l—an)Jfﬂxn, Vn>1, (1.5)

where {A,} C (0,e) and {0, } C [0, 1]. They obtained a A-convergence result using the Mann-
type proximal point algorithm and they also obtained a strong convergence result using the
Halpern-type proximal point algorithm.

Let X be a metric space, and let C be a nonempty closed and convex subset of X. A pointx € C
is called a fixed point of a mapping 7 : C — X provided Tx = x. We denote by F(T) :={x € C:
Tx = x} the set of fixed points of 7. Recently, many authors studied fixed points of nonlinear
operators in convex metric spaces; see, e.g., [17, 18, 19, 20] and the references therein.

Recently, Aremu et al. [21] and Ugwunnadi et al. [22] used the concept of quasilinearization
to define new operators in CAT(0) spaces as follows.

Definition 1.1. Let X be a complete CAT(0) space, and let C be a nonempty closed and convex
subset of X. The mapping 7" from C into X is said to be

(i) k-demimetric (see [21]) if F(T) # 0 and there exists k € (—oo, 1) such that
(@,)ﬁ@ > %{dz(x, Tx), forallxe X and p € F(T). (1.6)
(ii) 6-generalized demimetric (see [22]) if F(T') # 0 and there exists 8 € R such that
d*(x,Tx) < 6/(xi, xT%) (1.7)
forallxe Candu € F(T).

Remark 1.1. It is clear in Definition 1.1 that, for any k € (—eo, 1), a k-demimetric mapping
is ﬁ—generalized demimetric. Also, for 8 > 0, a 0-generalized demimetric is (1 — %)—
demimetric.

Motivated by the above results, in this paper, we study a modified Halpern-Mann type algo-
rithm for approximating common solution of a finite family of monotone inclusion problems
and a finite family of generalized demimetric mappings. We also obtain a strong convergence
theorem in Hadamard spaces. Our results unify and compliments many results in the current
literature.



FIXED POINT AND MONOTONE INCLUSION PROBLEMS 5

2. PRELIMINARIES

A geodesic path joining two elements x,y in a metric space X is an isometry ¢ : [0,/] — X,
where d(x,y) = [ such that ¢(0) = x and c¢(/) = y. The image of a geodesic path is called a
geodesic segment. A metric space for which every two points can be joined by a geodesic
segment is called a geodesic space. We say that a metric space X is uniquely geodesic if every
two points of X are joined by only one geodesic segment (i.e., CAT(0) space). The examples
of CAT(0) spaces are Euclidean spaces R” and Hilbert spaces. For more details, please see
[23, 24, 25, 26]. Complete CAT(0) spaces are often called Hadamard spaces.

Let (1 —7)x®ty denote the unique point z in the geodesic segment joining x to y for each x,y
in a CAT(0) space such that d(z,x) = td(x,y) and d(z,y) = (1 —t)d(x,y), where t € [0,1]. Let
[x,y] :={(1—t)xBry:t €0,1]}. Then, a subset C of X is convex if [x,y] C C for all x,y € C.

In 2008, Breg and Nikolaev [27] introduced the concept of quailinearization mappings in
CAT(0) spaces. They denoted a pair (a,b) € X x X by Z, which they called a vector and
defined a mapping (.,.) : (X x X) x (X xX) — R by

czcd—

1
3 (d*(a,d) +d*(b,c) —d*(a,c) —d*(b,d)), (a,b,c,d € X), 2.1)
Wthh is called the quas1hnearlzat10n mapping. It is easy to Verlfy that CZ E = dz(a b),

(ba,cd) = —(ab,cd), (ab,cd) = (a,cd) + (b, cd) and (ab, cd) = ch for all a,b,c,d, e €
X It has been estabhshed that a geodesically connected metric space is a CAT(0) space if and
only if it satisfies the Cauchy-Schwartz inequality (see [27]). Recall that the space X is said
to satisfy the Cauchy-Swartz inequality if (ab,cd) < d(a,b)d(c,d) VYa,b,c,d € X. Let X be a
complete CAT(0) space, and let X* be its dual space. A multivalued operator A : X — 2X" with
domain D(A) := {x € X : Ax # 0} is monotone if and only if, for all x,y € D(A), x* € Ax, y* €
Ay,

(x* —y*,3%) >0 (see [15]).

The resolvent of the operator A of order A > 0 is the multivalued mapping Jf : X — 2X defined
in [15] as

JAx) = {zeX| [%Z] € Az}

The operator A satisfies the range condition if for every A > 0, D(J5) = X (see [15]). For
simplicity, we shall write J; for the resolvent of a monotone operator A. Since our main contri-
bution in this paper is on Hadamard spaces for monotone inclusion problems, it is worthwhile
to provide a detailed proof of example of a monotone mapping in Hadamard spaces.

Example 2.1. [28] Let X = R? be an R-tree with the radical metric d,, where d,(x,y) = d(x,y)
if x and y are situated on the euclidean straight line passing through the origin and

dr(x,y) = d(x,0) +d(y,0) := [lxl[ + Iy,
otherwise let p = (1,0) and X = BUC, where

B={(h,0):he[0,1]} and C={(h,k):h+k=1, he[0,1)}.
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Then, (X,d,) is an Hadamard space and X*, which is a space of element [t%] such that

%
(sed:c.d B, s € Rua([b]| = lal) = S(d]| = )} @b, B,
tab) = { {scd : c,d € C € {0}, s € R,t(|Ibl| — lal)) = s(|d]| — le]}), } a,b € CU{O},

{tab}
(2.2)
is the dual space of X (see [29]). Now, defined A : X — 2X" by
%
0 B
Ax:— U021, xEB. (2.3)
{[op],[0x]}, xeC.

Then A is a multivalued monotone operator. To see this we consider the cases:
— —

(I) If x,y € B, then Ax :Ay_:> {[0p]} and x* :y*j [OEJ So, (x* —y*,y%) = 0> 0.
(ID) If x,y € C, then Ax = {[0p], [0x]} and Ay = {[0p], [Oy]}.

(i) If x* = y* = [0p]; then (x* —y*,3%) = 0> 0.

(i) If x* = [0x] and y* = [0y], then

=y ) = (p,3%)
1
= (@) +di(p.y) = d} (p.x)

= S+ )+ (1 D2 = (1 [xl)?)

2
0 (since 1/v2 < ||x||.]ly|| < 1).
_>

(iv) Ifx* = [(ﬁc] and y* = [0p_,>then (x* —y*, %) = (p%, y%), which is similar to (iii).
() If x € B,y € C. Then Ax = {[0p] }, Ay = {[Op], [0y]}.
(i) If x* = y* = [0p], then (x* —y*,3%) = 0> 0.

Gi) If x* = [0p] and y* = [a3], then
<x*_y*7y> = <ﬁaﬁ>
= Y200 +d2p.y) —d2(p.x)

2
> 0

v

due tod(p,x) <1 <d(p,y). Thus, A is monotone.

We state some known and useful results which will be needed in the proof of our main
theorem.
Lemma 2.1. [30] Let X be a CAT(0) space, x,y,z € X and A € [0,1]. Then
(i) d(Ax (1 - A)y.2) < Ad(x,2) + (1 - 2)d(7,2) -
(i) d>*(Ax@® (1 —=A)y,z) < Ad?(x,2) + (1 = A)d?(y,2) — A(1 — A)d?(x,y).
Let {x, } be a bounded sequence in a complete CAT(0) space X. For x € X, we set
r(x,{x,}) = limsup d(x,x,).

n—oo

The asymptotic radius r({x,}) of {x,} is given by
r({xn}) = inf{r(x,{x:}) : x € X},



FIXED POINT AND MONOTONE INCLUSION PROBLEMS 7

and the asymptotic center A({x,}) of {x,} is the set

A(fxn}) ={x e X :r(x,{x}) = r({xa})}.
It is well known that, in a CAT(0) space, A({x,}) consists of exactly one point ([31]). A
sequence {x,} in X is said to be A-convergent to x € X, denoted by A —limx,, = x if x is the
n

unique asymptotic center of {u,}, for every subsequence {u,} of {x,}.

Lemma 2.2. [32] If {x,} is a bounded sequence in a closed and convex subset C of a complete
CAT(0) space, then the asymptotic center of {x,} is in C.

Let {x,} be a bounded sequence in a complete CAT(0) space X, and let C be a closed and
convex subset of X, which contains {x,}. We employ the notation
{xn} = w < limsupd(x,,w) = inf (limsupd (x,,x)).
n—roo xeC n—oo

We note that {x,} — wif and only if A({x,}) = {w} (see [33]).

Lemma 2.3. [34] Let X be a CAT(0) space. For any u,v,€ X andt € (0,1), let u; =tu® (1 —1)v.
Then, for all x,y € X,

(i) (i, wu$) < e(iak,u$) + (1—1) (&, u9);
(ii) (it ug) < t(uk, wp) + (1 — 1) (vk, up)
and (iig%, vy) < (%, %) + (1 — 1) (%, V9).

Lemma 2.4. [33] If {x,} is a bounded sequence in a closed and convex subset C of a complete
CAT(0) space, then /\ — li_r>nxn = p implies that {x,} — p.

Theorem 2.1. [15] Let X be a CAT(0) space and let Jf be the resolvent of the operator A of
order A. We have

(i) Forany A >0, R(J5) C D(A), F(J5) =A"1(0).
(ii) If A is monotone then Jf is a single-valued and firmly nonexpansive mapping.

The following remark is a consequence of Theorem 2.1.

Remark 2.1. (see [35]) If X is a CAT(0) space and Jf is the resolvent of a monotone operator
A:X — 2X of order A > 0, then

d? (u,J5x) +d*(Jx, x) < d*(u,x),
forallu € A~'(0) and x € D(J3).

Proof. Indeed, for any u € A~1(0), x € D(J4) and A > 0, we obtain from Theorem 2.1 (i) and
(i1) that

—
d*(Jixu) < (Jx 1w, X01)
1
i) (dz(fo, u) +d*(u,x) — d%]ﬁx,x)) ,
which implies
d? (u, J9x) + d* (J5x, x) < d*(u,x).
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Lemma 2.5. [36] Let {x,} be a sequence in a complete CAT(0) space X, and x € X. Then {x,}
is A—convergent to x if and only if lim supn_m<)5,>,, x—>y> <OforallyeX.

Lemma 2.6. [19] Every bounded sequence in a complete CAT(0) spaces always has a conver-
gent subsequence.

Lemma 2.7. [17] Let C be a nonempty, closed and convex subset of CAT(0) space X. Let
{x;i:i=1,2,....,N} beinC,and a1,0,...,0y € (0,1) such that Y | a; = 1. Then the following
inequality hold:

(i) d(z GB, la,x,) < Zl 1061 (z x;) forall z € C.

(ii) d* (z @l | Oc,x,) < ): | oid 2(z,x;) _Z{:jjzh it Oci()c_,'dz(xi,xj)for allz € C.

Lemma 2.8. [37] Let C be a nonempty, convex subset of CAT (0) space X . Let {u; :i=1,2,...,N}
CC,and oy,00,...,ay € (0,1) such that 25\121 0 = 1. Then the following inequalities hold:
N

N
<@ Ocl-u,-x,@> < Z(x, ﬁ (Z Ocld2 (uj,x —a’2 (@ (x,-ui,x>)
i=1 i=1
< Za, (%, x9) + = Zoc, (ui,x (2.4)

Lemma 2.9. [37] Let X be a CAT(0) space and let C a nonempty convex subset of X. Assume
that {Si}Y. | :C — X is aﬁnite family of k; -demimetric mapping with k; € (—eo, 1) for each
i € {1,2,....,N} such that X, F(S;) # 0. Let {04} | be a positive sequence with Y~ | o = 1.
Then @ IOC,S C—Xisa k demimetric mapping lfk =max{k;:i=1,2,...,N,} <0 and
F(®Y, aS) =N F(S)).

Definition 2.1. Let C be a nonempty closed and convex subset of a complete CAT(0) space X.
The metric projection Pc : X — C is defined by

u=Pc(x) & d(u,x)=inf{d(y,x) :y € C}, forall x € X.

Lemma 2.10. [27] Let C be a nonempty closed and convex subset of complete CAT(0) space
X. Foranyx € X andu € C, u = Fcx if and only if

(yii, ut) > 0.

Lemma 2.11. [22] Let C be a nonempty closed and convex subset of a CAT(0) space X and let
T :C — X be a 0-generalized demimetric mapping with 0 € R. Then, it is closed and convex.

Lemma 2.12. [22] Let C be a nonempty closed and convex subset of a CAT(0) space X and let
T :C — X be a 0-generalized demimetric mapping. Then, for any 0 € [0,) and k € (0,1],
(1 —k)I ST is Ok-generalized demimetric from C into X.

Lemma 2.13. [21] Let X be a CAT(0) space, T : X — X a k-demimetric mapping with k €
(—oo,A) with A € (0,1) and F(T) # 0. Suppose that Tyx := (1 — L) ® ATx. Then T), is quasi-
nonexpansive mapping and F(T) ) = F(T).

Lemma 2.14. [34] Let X be a complete CAT(0) space. Then, for all u,x,y € X, the following
inequality holds:
d*(x,u) < d*(y,u) +2(x9,x1).
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Lemma 2.15. [38] Let X be a complete CAT(0) space. For all u,x,y € X and o € [0,1], let
g=ax®(l—a)uand zp = ay® (1 — &t)u. Then

(2125,X25) < (¥, Xth).

Lemma 2.16. [39] If {a,} is a sequence of nonnegative real numbers satisfying the following
inequality:
anp+1 S (1 - an)an + 0,0, + Yo, Z 07
where, (i) {0y} C [0,1], ¥ o, = oo; (i) limsup o, < 0; (iii) %, > 0; (n > 0) and
Y vu < oo. Then, a, — 0 as n — oco.

Lemma 2.17. [40] If {a,} is a sequence of real numbers and there exists a subsequence {n;}
of {n} such that a,; < a,+ for all i € N, then there exists a nondecreasing sequence {my} C N
such that my — oo and the following properties are satisfied: ay, < ap, 1 and ay < am,11. for
all sufficiently large numbers k € N. In fact, my = max{j <k:a; <aj1}.

3. MAIN RESULTS

Theorem 3.1. Let X be a complete CAT(0) space with dual X* and let C be a nonempty closed
and convex subset of X. Let {T,}f’: | : C — X be a finite family of 0;-generalized demimetric
mapping and A-demiclosd at O with 6; € (0,00) for each i € {1,2,...,N}. Let A; : X — 2%’
(i=1,2,...,N) be multivalued monotone mappings which satisfy the range condition. Assume
that Y := Y, F(T}) N ( évzlAi_l(O)) # 0. Let {uy,} be a sequence in X such that u, — u € X.
Assume for k € (0,7) with y € (0,1) and 6;k > 0. For any x| € X, let {x,} in X be a sequence
generated by
Yn :JiVOJﬁv_l O~--OJ/2l OJ/{xn,
= (1= @Y [BL1 &((1— k) &kT)yn] (3.1)
Xnr1 = Oy D ﬂnxn ® Onzy,
where A € (0,00), {a,}, {0}, {Bu} and {&}Y. | are sequences in (0,1) satisfying the following
conditions
(i) limo, =0and Y2 | o = oo;
n—oo
(ii) o+ B+ 0, = 1.
Then {x,} converges strongly to x* € Y.
Proof. Let S; = (1 —k) ®kT; and Wy = @i-vzl &:S;. Then we can rewrite algorithm (3.1) as:
Yn ZJiVOJiV_l O---OJ% OJ}LXm
zn = (1=7)yn @ YWy yn, (3.2)
Xp1 = Oty D ﬁnxn D Onzn,
since T; : C — X is 6;-generalized demimetric, by Lemma 2.11, we have that F(T;) is closed
and convex for each i € {1,2,--- ,N}. Also, J/?L is firmly nonexpansive by Theorem 2.1 and
hence nonexpansive for each i = 1,2,...,N. Therefore F(J}) is closed and convex for each
i=1,2,...,N. Hence, N, F(T;)N (N, A;'(0)) is nonempty closed and convex. There-
fore, Pﬂgv: FIN(AY,47(0) is well defined. Furthermore, T; is 6;-generalized demimetric with
6; € (0,00) for each i € {1,2,...,N}. So, for any k € (0,7), with y € (0,1), we find from
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Lemma 2.12 that S; is 6;k-generalized demimetric for each i. By Remark 1.1, we have that
S; 18 (1 — %{) -demimetric. We obtain from Lemma 2.9 that Wy = éBf-V:l &;S; is demimetric. It

follows by Lemma 2.13 that Vy := (1 —y) & yWy is quasi—nonexpansive and F(Vy) =F (Wy) =
MY F(S)=NY,F(T). Letp €, vy —JNoJN o---0J%oJ}, where W) = 1. Then by the
definition of (y,) in (3.2) and Remark 2 1, we obtam

d*(yn,p) < d*(®Y xn,p) — d*(P) 0, vn)

< d2 (\Pl)\L’fZanp) - d2 (lP])Yi%Cn» lII];\LFIXn) - d2 (\Palilxn;yn)

< d’ (Tl)\tli%cnvp) —d’ (‘P])\L]73xn> \P];\[izxn) —d’ (\Pa]izxn; lpl,{lilxn)
—d2<lPN*1xn,yn>

< d*(xy,p Zdz P, W ). (3.3)

Using (z,) in (3.2), we get
d(zn,p) < d(Vwyn,p) < d(yn,p) < d(xn,p),
which together the definition of (x; 1) implies that
d(xn11,p) = Owd(ttn, )+ Ppd(xn, p) + 0nd(2n, )
< ud(un, p)+ (0 + 6,)d (x4, p)
= (1—a)d(xn,p)+ ond(uy,p).

Since {u, } is bounded, there exists M > 0 such that supd (u,, p) < M. Letting M* = max{d(xi, p),
M} for all n € N implies that d(x;, p) < M*. Suppose that, for some 7 € N, d(x;,p) < M*, then

d(xn+17p) < (1 - al)d(xhp) +(Xtd(xt7p)

By induction, we obtain that d(x,, p) < M* for all n € N. Hence {x, } is bounded. From Lemma
2.1(ii), we obtain

dz(xn+17p) = dz(anun b ann ® 0nzy, p)

d? [(I—Gn)(lf" ”@lf )@ann,p}

IN

IN

Q,
(1 —Gn)dz <1 _nG Uy D IE”G xfhp) +6nd2(Zn7p)
n n

1a_n_ﬁn d*(

IN

andz(unap)+ﬁnd2(xn7p) - unvzn)‘l'cndz(Yn?p)

IN

O‘ndz(unap)+ﬁn (xn7p)+6n (Xn, P) andz \Pa_lxny\yaxn)

< (1 _an)dz(xn7p)+and2 (un, p) andz ‘P;L_lxna‘Psyxn)- (3.4)

We divide the remaining proof in two cases.
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Case 1. Assume that {d(x,,p)};r_, is a non-increasing sequence of a real numbers. Since
{d(xn.p)};_, is bounded, then its limit exists. With the fact that o;, — 0 as n — o0 and o, > 0,
(3.4) gives

dz(lPiAZIXn; I;an) < dz(xn,P) _dz(xn—H ,P) + andz(unap)7

=

~
—_

and
N . .
lim Y @ (P v, Whx,) = 0.
=1
Note that dz(‘{’gflxn, lP’}bxn) is nonnegative foreachi=1,2,--- ,N. Hence, foreachi=1,2,...,N,
we obtain

lim d (¥} 'x,, ¥ x,) = 0. (3.5)

n—oo

Using (y,) in (3.2) and (3.5), we get

=

d(ynxa) < Y d(PY 1, Phxa) =0, asn — o, (3.6)

i=1

It follows from (3.2) that

dz(anrl,P) = dz(“n”n % ﬁnxn % annvp)

(04
< d? {(1 - o-n) (1 _nonun D 1 fncnxn) D O-anp:|
(04
< (1—o0,)d* [1 _”Gn tn & 7 E”ann] + 64d* (2, p)
2 2 WP 5 2
— On
2 2 fBn
< (1 - an)d (xnap) + opd (Mn,P) - ﬁd (un;xn)a
—Un
which implies that
O‘nﬁn dZ < dZ d2 dz
l——Gn (umxn) = (xn,p) - (Xn+lap) + oy (xn,p).
Hence,
lim d(un,xn) =0. (3.7

n—oo
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Also, using Lemma 2.1(ii), we can get that

a
dz(xn+1,p) < dz((l —0y) (l _ncnunGB 7 fncnx") @ Cnzn, P)

QO
< (1-o0,)d* (1 —nGn Un D 1 ﬁncnxn,p> +0ud” (2, p)

(04
1-o0, 1—o0,

04, d? (i, ) + Bud? (Xn, p) + Oud? (20, P)

a}’l n
—Gn(l - Gn)dz (1 _ Gnun@ 1 fanx}’hzn)

IN

IN

(04
dz(xmp)‘i'andz(ump)_an(l_Gn)dz L Uy D _Bn XnyZn | -
1—-o0, 1-o0,

Therefore,

o
G,,(I—Gn)a’2 " u, @ Pn Xn,Zn Sdz(xn,p)—dz(xn+1,p)+(xnd2(un,p)
1—o0, 1—o0,

and

imd (% wea P Y=o (3.8)
n—eo 1—-o0, 1-o0,

On the other hand, we obtain from (3.7) and (3.8) that

Oy B Oy B

d(znaxn) < d (ZVU l_o_n”n@ 1— ann) +d (1 _ Gn“n@ I_annaxn)

aQ Q,
< d Zny ! Unp D Bn Xn | + ~ d(u,,,xn).
1-o0, 1—o0, 1—o0,

Hence,
1im d (2, %,) = 0. (3.9)
We obtain from (3.6) and (3.9) that
d(ynyzn) < d(YnyXn) +d(Xn,20) — 0, as n— oo, (3.10)

From (3.2), (3.8) and (3.9), we get

d(xp+1,%n) < Qud(up,xn) + Bud (X0, Xn) + Ond (24, %,) — 0, n —> oco. (3.11)
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Furthermore, since S; is k;-demimetric mapping for each i € {1,2,..., N} with k = max{k;} <0,

then
(nznsyab) = —(Zaynsub)
= —(((1=7)yn © YWnyn) ynaﬁ
> (1= ) Gy 5uB) — Y Waymym n)
—>
> _’}/<WNynyn;ﬁ
N
> —7(@ éiSiynynum>
= _?’Z &i(S t)’n)’naﬁ __YZ 0d” (Siyn; ¥n)
N 1— 2
> YZ id”(Siyn, yn __YZ§I SiYnsYn)
i=1
N
= Z T z)’naYn)
N
> Z t}’m)’n
Therefore

_YZ gl zymyn < (W—Z>n,ﬁ>

< d(ynvzn)d(ynap)- (3.12)

Since {y,} is bounded, k <0, and 7,&; € (0,1) foralln > 1 and i € {1,2,...,N}, then we find
from (3.10) and (3.12) that

lim d(Sivn,yn) =0, fori € {1,2,...,N}. (3.13)
n—yo0
Now, since {x,} is bounded and X is complete CAT(0) spaces, we conclude from Lemma 2.6

that there exists a subsequence {x;} of {x,} such that A-limx,, = v € X. By (3.6), we get
A-limy,; = v. With (3.13) and the fact that S; is A-demiclosed at 0, for each i € {1,2...,N}, we

obtain that v € N, F(S;) = NY., F(T;). Furthermore, W& is firmly nonexpansive, in partlcular
it is nonexpansive for each i = 1,2,...,N. Hence by (3.6), we obtain that v € ﬂ,: ; (0)
Therefore, v € N, F(T;) N (MY A; ' (0)) =Y. Thus, from Lemma 2.5, we get
limsup (b, x,0) < 0. (3.14)
n—oo
Letting w,, := ]E—’&nxn o 1:’—’&”@, we have
(i, Wab) = {00, W) + (i, %)
< d(umv)d(wnaxn) + <mam> + <ﬂ;x‘n$>

1 f”and(un, v)d(xp,zn) +d(up,u)d(x,,v) + <ﬁ,m>

IN
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Therefore, in view of the fact that u,, — u as n — o with (3.9) and (3.14), we obtain

limsup (i, 0, w,9) < 0. (3.15)

n—soo

Also,

lo
d(wp,v) = d(l fna Xn D l—noc Zn,v)
n n

B
1—a

B
1—q
= d(xp,v).

O,
d(x.,v) + 1 _nand(zmv)

On
d(x,,v)+ T and(xn,v)

IN

<

Finally, we show that x, — v. Using(3.2), and letting 9, := 0,v® (1 — o)z, and x4 =
Oty ® (1 — 04,)wy, we conclude from Lemma 2.14 and Lemma 2.15 that

—
dz(xn—H:V) < dz(ﬁnav)+2<xn+lﬁnaxn+l>

— N
< (1 - an)dz(wnav) +2<ﬁnxn+lyvxn+1>
< (1 - an)dz(xnav) +2(Xn<M>m>
Therefore
d* (Xn1,v) < (1= 00)d> (X, v) + 200, (it D, WD), (3.16)

From (3.15), (3.16) and Lemma 2.16, we obtain d(x,,v) — 0 as n — oo, that is, x, — v as n — oo.

Case 2. Suppose that {d(x,,p)};_; is a not monotone decreasing real sequence. Set Y, :=
d(x,,x*) for all n > 1. Then, there exists a subsequence Y, of Y, such that Y,,, < Y}, 4 for all
k > 1. Now, define 7: N — N by

T(n) =max{k <n:Yp <Yy}

It follows from Lemma 2.17 that Y(,) < Yr(,) 1. Using (3.4), we get

Zdz P o), Poten) S AR (g v) — A (Xg(ay 110 V) + Qg d° (g (n) ).

Now, 07(,) — 0 as n — oo gives
2 1 i _
r}gr;Zd lPl)L X(n)s ‘P;Lxr(n)) =0.
Following an argument similar to the one in Case 1, we obtain
Tim d(ye(n)sXe(n) = 0, im d(ye(), 2e(n)) = 0, im d(ur(n), Xe(n)) = 0
and

M d(xe(n) 415 %e(n)) = 0= 1M d(Siye(n), Ye(m))- (3.17)

n—yoo

Following the similar argument of proof in Case 1, we get

<u‘L'n 7W‘E(n)2> S 0.
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From (3.16), we have

dz( 7(n)+1> p)<(1 — Oz ))dz(xr( )71’ + 200y ur 3 We(n g

Since d*(X(n), p) < d*(Xz(n)+1,P), then

ar(n)d2<xr(n)7p) < dz(xrn >p) d2(x7:(n)+la )
+200 () (U (n) P W (n) D)

< 20 (Hzn s We () D)-

Using the fact that t;(,,) > 0, we obtain

dz(x’t(n)7p> < 2<m7w’t(n)z>'
Since lim sup(W,wT(n) p) <0, then

n—yoo

limsup dz(xf(n),p) <0.

n—>o0

Hence, nlgl(}od(xr(n),p) = 0. Since r}gl;d(xf(n)ﬂ,xf(n)) =0, then

lim d(xr(n),p) = lim d(.xr(n)+l,p) =0.

n—so0 n—yoo

Therefore, by Lemma 2.17, we obtain d(xy, p) < d(xy(y)41,p) — 0 as n — 0. Hence x, — p as
n — oo, 0

Let X be complete CAT(0) space and let X* be its dual space. Let f : X — (—oo,00] be a
proper lower semicontinuous and convex function with domain D(f) := {x € X : f(x) < +eo}.
Then the subdifferential of f is a set-valued function 9 f : X — 2X" is defined by

2f(x) = {{x*EX*:ﬂz)—f(x)z W 2), X)), if xeD(f),

0 otherwise

It has been shown in [14] that

(1) df is a monotone operator;

(2) df satisfies the range condition. That is, ]D)(Jif ) =X forall A > 0;
(3) f attains its minimum at x € X if and only if 0 € d f(x).

Now, we consider the following Minimization Problem (MP), which consists of finding x € X
such that

f(x) = min f(y). (3.18)

yeX

From Theorem 3.1, we obtain the following result.

Corollary 3.1. Let X be a complete CAT(0) space with dual X* and let C be a nonempty closed
and convex subset of X. Let {T,}fvz | - C — X be a finite family of 0;-generalized demimetric
mappings and A-demiclosd at 0 with 6; € (0,0) for eachi € {1,2,...,N}. Let f;j : X — (—o0, 9]
(i=1,2,...,N) be a finite family of proper, lower semicontinuous and convex functions. Assume
that Y == F(T;) N (Y, df;1(0)) # 0. Let {u} be a sequence in X such that u, — u € X.
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Assume k € (0,7) with y € (0,1) and 6;k > 0. For any x| € X, let {x,} in X be a sequence
generated by
Yo = JifN OJifol O--- oJifZ ijflxn,
= (1= @Y [BL1 &((1—k) @ kT:)yn] (3.19)
Xpt1 = Oy D ﬁnxn ©® Onzn,
where A € (0,0), {04, }, {On}, {Bn} and {&}Y_, are sequences in (0,1) satisfying the following
conditions
(i) lima, =0and ) ;" 04 = o;
n—soo
(ii) 0+ B+ 0, =1.
Then {x,} converges strongly to x* € Y.

4. APPLICATIONS

In this section, using Theorem 3.1, we obtain new strong convergence theorems in complete
CAT(0) space.

Definition 4.1. [41] Let C be a nonempty subset of a CAT(0) space X. A mapping 7 : C — X
is called a strict pseudo-contraction if there exists a constant 0 < § < 1 such that

11,1 1
d*(Tx,Ty) < d*(x,y) + 48 <§x@ 5Ty 5Txe® 5y) (4.1)

for all x,y € C. If (4.1) holds, we also say that T is a d-strict pseudo-contraction.

The definition of pseudo-contractions finds its origin in Hilbert spaces. Note that the class
of strict pseudo-contractions strictly includes the class of nonexpansive mappings. That is, T is
nonexpansive if and only if 7 is a O-strict pseudo-contraction.

Lemma 4.1. [41] Let C be a nonempty, closed and convex subset of a Hadamard space X and
let T : C — X be 6-strict pseudocontraction. Define Tg : C — X by Tsx = 6x® (1 — 0)Tx. Then
T is nonexpansive mapping and F(T) = F (Tg).

Lemma 4.2. Let C be a nonempty closed and convex subset of a Hadamard space X. Let S :
C — C be a nonexpansive mapping and let T : C — C be a 6-strict pseudo-contraction such
that F(S)NF(T) # 0. Let Wy = ((1 — )] ® aT)Sx, for any x € C, where 0 < o < HLS and
0 €(0,1). Then F(Wy) = F(S)NF(T). Furthermore, if F(Wy) # 0, then Wy, is 2-generalized
demimetric.

Proof. First, we show that F(Wy) = F(S)NF(T). Itis easy to prove that F (S)NF(T) C F(Wy).
Next, we show that F(Wy) C F(S)NF(T) forany x € F(Wy) andy € F(S)NF(T)
d*(x,y) = d*((1—a)I®aT)Sx,y)
= (1—a)d*(Sx,y) + ad*(TSx,y) — a(1 — a)d?(Sx, T Sx)
= d*(Sx,y) — ad*(Sx,y)
+ad*(TSx,y) — (1 — a)d*(Sx, T Sx). (4.2)
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Since T is d-strictly pseudocontractive, we obtain

1 1 1 1
dz(TSx,y) < dz(Sx,y)-i-45d2 (ESX@Ey,ETSx@Ey)

IN

d*(Sx,y) + 8[d?(Sx,y) +d* (T Sx,y) + d* (Sx, T Sx)
+d*(v,y) —d*(Sx,y) — d* (3, TSx)]

= d*(Sx,y)+ 8d*(Sx,y) + 8d>(TSx,y)

+8d*(Sx, TSx) — 8d*(Sx,y) — 8d*(y, T Sx)

= d*(Sx,y) + 8d*(Sx, TSx). (4.3)

By (4.2) and (4.3), we obtain
d(x,y) < d*(Sx,y)+ add*(Sx,TSx) — (1 — o)d?(Sx,TSx)
< d*(x,y) — (1 —a(1+8))d>(Sx,TSx).
Hence,
a(l—a(l+8))d*(Sx,TSx) < 0.
By the virtue of 0 < a < 14%57 we have a(1 — o(1+8)) > 0 and then
TSx = Sx. (4.4)
By (4.4), we have
d(x,Sx) = d(((1-a)l®aT)Sx,Sx)
(1— o)d(Sx,Sx) + oud (T Sx, Sx)
od(x,Sx),
which implies that
(I —a)d(x,Sx) <0.

Since o € (0, 1), we have
d(x,8x)=0, = x=25x. 4.5)

Therefore, we obtain that x € F(S). From (4.4) and (4.5), we get x = Sx = TSx = Tx, so x €
F(T).Hencex € F(S)NF(T). So, F(Wy) C F(S)NF(T) hold.

Next, we show that Wy, is 2-generalized demimetric. Let p € F(Wy,). Then, p € F(S)NF(T).
From Lemma 4.1, we obtain

d*(Wyx, p) d*([(1 — )l & aT]Sx, p)
dz(Sx,p)

d*(x,p). (4.6)

ININIA

Then, it follows (2.1) and (4.6) that
=
2<XWOC'X7 a> + d2(x7 p) + d2<WaX,X) S dz(x7p)7

thus,
d*(Wyx,x) < 2(xWqx,Xp).

Hence, Wy, is 2-generalized demimetric mapping. This complete the proof. U
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Lemma 4.3. [19] Let C be a closed and convex subset of a complete CAT(0) space X and
let T : C — X be a nonexpansive mapping. Let {x,} be a bounded sequence in C such that
limd(Tx,,x,) =0and A— limx, = p. Then p=Tp.

n—oo

n—soo
With the help of Lemma 4.2, we obtain the following result.
Theorem 4.1. Let X be a complete CAT(0) space with dual X* and let C be a nonempty closed

and convex subset of X . Let S : C — C be a nonexpansive mapping and let T : C — C be a §-strict
pseudo-contraction such that F(S)NF(T) #0. For0 < a < ]J+5 let Wo := ((1 —a)I & aT)S.

Let A; : X — 2X (i=1,2,...,N) be multivalued monotone mappings, which satisfy the range
condition. Assume that Y := F(T)NF(S)N ( VA (0)) # 0. Let {u,} be a sequence in X
such that u, — u € X. For any x| € X, let {x,} in X be a sequence generated by

Yn :JiVOJﬁv_l O~--OJ/2l OJ/{x,,,

2n = (1=7)yn ® YWoyn, 4.7)

Xnr1 = Oy D ﬂnxn ©® Onzy,
where A € (0,00), v € (0,1) and {a,}, and {0, }, {Bn} are sequences in (0,1) satisfying the
following conditions

(i) limoy, =0and }.7° | &4, = oo;
n—yoo
(ii) 0+ B+ 0, =1.
Then {x,} converges strongly to x* € Y.
Proof. Since T is -strictly pseudo-contractive and S is nonexpansive. From Lemma 4.1, we
have that Ty := (1 — a)I @ ooT is nonexpansive. From Lemma 4.3, (1 — a)/® aT and S are
A-demiclosed at zero. If 1i_r>n d(Tyxp,x,) =0= li_r>n d(Sx,,x,), then
n—ro0 n—oo
dWaxn,xp) = d(1—a)l®aT)Sx,,x,)
d(TpSxn, Taxn) + d(Taxn, X,)
d(Sxp,xn) +d(Taxn,X,)-
Hence li_r>n d(Wexn,x,) =0, Since F(T)NF(S) # 0, we find from Lemma 4.2 that Wy, is 2-
n—soo

generalized demimetric mapping. We obtain the desired Theorem 3.1. U

IA A
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