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APPROXIMATIONS METHOD FOR FIXED POINTS OF FURTHER
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Abstract. In this paper, a hybrid iterative algorithm for approximating fixed points of noncommutative
further 2-generalized hybrid mappings is proposed. We prove that the sequence generated by the pro-
posed algorithm converges strongly to a common fixed point of such mappings in flat Hadamard spaces.
The result established in this paper generalizes and improves some recently results announced in the
literature.
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1. INTRODUCTION

Let H be a real Hilbert space, and let C be a nonempty subset of H. Let T : C→ H be a
nonlinear mapping. We denote the set of fixed points of T by F(T ), i.e., F(T ) = {u ∈C : Tu =
u}. A mapping T : C→ H is said to be (α,β )-generalized hybrid [1] if there exist α,β ∈ R
such that

α‖T x−Ty‖2 +(1−α)‖x−Ty‖2 ≤ β‖T x− y‖2 +(1−β )‖x− y‖2 ∀ x,y ∈C.

Observe that the mapping T is reduced to a nonexpansive mapping if α = 1 and β = 0, i.e.,
‖T x−Ty‖ ≤ ‖x− y‖, ∀x,y ∈C. If α = 3

2 and β = 1
2 , then T is said to be hybrid [2, 3], i.e.,

3‖T x−Ty‖2 ≤ ‖x− y‖2 +‖T x− y‖2 +‖Ty− x‖2, ∀ x,y ∈C.

Also, it is called nonspreading [4], i.e.,

2‖T x−Ty‖2 ≤ ‖T x− y‖2 +‖Ty− x‖2, ∀ x,y ∈C,

if α = 2 and β = 1. Recall that a mapping T is called normally generalized hybrid [5] if there
exist α,β ,γ,δ ∈ R such that

(a) α +β + γ +δ ≥ 0; (b) α +β > 0 or α + γ > 0 and

α‖T x−Ty‖2 +β‖x−Ty‖2 + γ‖T x− y‖2 +δ‖x− y‖2 ≤ 0, ∀ x,y ∈C.

The class of normally generalized hybrid mapping is a subclass of the generalized hybrid map-
ping. As a generalization of this class of normally generalized hybrid mapping, the classes of
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normally 2-generalized hybrid and further generalized hybrid mappings were introduced. A
mapping T is called

(i) normally 2-generalized hybrid [6] if there exist α1,α2,α3,β1,β2,β3 ∈ R such that (a)
∑

3
i=1(αi +βi)≥ 0, (b) ∑

3
i=1 αi > 0 and

α1‖T 2x−Ty‖2 +α2‖T x−Ty‖2 +α3‖x−Ty‖2

+ β1‖T 2x− y‖2 +β2‖T x− y‖2 +β3‖x− y‖2 ≤ 0, ∀ x,y ∈C.

(ii) further generalized hybrid [7] if there exist α,β ,γ,δ ,ε ∈ R such that
(a) α +β + γ +δ ≥ 0, ε ≥ 0 (b) α +β > 0 or α + γ > 0 and

α‖T x−Ty‖2 + β‖x−Ty‖2 + γ‖T x− y‖2

+ δ‖x− y‖2 + ε‖x−T x‖2 ≤ 0, ∀ x,y ∈C.

In 2019, Takahashi, Wen and Yao [8] proved strong convergence theorems via hybrid meth-
ods for two noncommutative normally 2-generalized hybrid mappings in Hilbert spaces. They
proved that the sequence {xn} ⊂C defined by

x1 = x ∈C,
yn = anxn +bn(γnS+(1− γn)T )xn + cn(δnS2 +(1−δn)T 2)xn,
Cn = {z ∈C : ‖yn− z‖ ≤ ‖xn− z‖},
Qn = {z ∈C : 〈xn− z,x1− xn〉 ≥ 0},
xn+1 = PCn∩Qnx1, ∀n ∈ N,

. (1.1)

converges strongly to z0 = PF(S)∩F(T )x, where PF(S)∩F(T ) is the metric projection of H on
F(S)∩F(T ).

Let (X ,d) be a metric space and x,y ∈ X . An isometry c : [0,d(x,y)]→ X satisfying c(0) = x
and c(d(x,y)) = y is called a geodesic path joining x to y. A geodesic segment between x and
y is the image of a geodesic path joining x to y, which is denoted by [x,y] provided that it is
unique. A geodesic space is a metric space (X ,d) in which every two points of X are joined
by a geodesic segment. It is said to be a uniquely geodesic space if every two points of X are
joined by only one geodesic segment. Let X be a uniquely geodesic space, and let (1− t)x⊕ ty
denote the unique point z of the geodesic segment joining x to y for each x,y ∈ X such that
d(z,x) = td(x,y) and d(z,y) = (1− t)d(x,y). Set [x,y] := {(1− t)x⊕ ty : t ∈ [0,1]}. Then, a
subset C ⊂ X is said to be convex if [x,y]⊂C for all x,y ∈C.

A geodesic triangle ∆(x1,x2,x3) in a geodesic space (X ,d) consists of three points in X (the
vertices of ∆) and a geodesic segment between each pair of points (the edges of ∆). A compar-
ison triangle for ∆(x1,x2,x3) in (X ,d) is a triangle ∆̄(x1,x2,x3) = ∆(x̄1, x̄2, x̄3) in the Euclidean
plane R2 such that dR2(x̄i, x̄ j) = d(xi.x j) for all i, j ∈ {1,2,3}.

A geodesic space X is called a CAT (0) space if all geodesic triangles of appropriate size
satisfy the following comparison axiom: Let ∆ be a geodesic triangle in X and let ∆̄ be a
comparison triangle in R2. Then the triangle ∆ is said to satisfy the CAT (0) in equality if
d(x,y)≤ dR2(x̄, ȳ) for all x,y ∈ ∆ and all comparison points x̄, ȳ ∈ ∆̄.

Lemma 1.1. [9] Let X be a uniquely geodesic space. The following assertions are equivalent:

(i) X is a CAT(0) space;
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(ii) X satisfies the CAT(0)(CN) inequality, i.e., if x,y,z are points in X, and q is the midpoint
of the segment [y,z], then

d2(x,q)≤ 1
2

d2(x,y)+
1
2

d2(x,z)− 1
4

d2(y,z).

A complete CAT(0) space is called a Hadamard space. The examples of Hadamard spaces
include Hilbert spaces, the Hilbert ball [10], Euclidean spaces Rn, R-trees, hyperbolic spaces
[11] and any complete simply connected Riemanian manifold with non-positive sectional cur-
vatures.

Definition 1.1. [12] A Hadamard space X is called flat if and only if, for each x,y,z ∈ X and
t ∈ [0,1], d2((1− t)x⊕ ty,z) = (1− t)d2(x,z)+ td2(y,z)− t(1− t)d2(x,y).

It is known [12] that, in a flat Hadamard space X , for each x,y,z,w ∈ X and t ∈ [0,1],

〈−→xy,
−−−−−−−−−−→
x(tz⊕ (1− t)w)〉= t〈−→xy,−→xz〉+(1− t)〈−→xy,−→xw〉. (1.2)

Let {xn} be a bounded sequence in a complete CAT(0) space X and, for x ∈ X , r(x,{xn}) :=
limsupn→∞d(x,xn), the asymptotic radius of {xn} is given by r({xn}) = inf{r(x,{xn}) : x ∈ X},
and the asymptotic center of {xn} is the set A({xn}) = {x ∈ X : r(x,{xn}) = r({xn})}. In a
complete CAT(0) sapce, it is generally known that A({xn}) consists of exactly one point; see
[13]. A sequence {xn} is said to be ∆-convergent to a point x ∈ X if, for every subsequence
{xnk} of {xn}, A({xnk}) = {x}. In this case, x is called ∆-limit of {xn} and it is written as
∆− lim

n→∞
xn = x.

In 2008, Berg and Nicolev [14] introduced the concept of the quasilinearisation in a com-
plete CAT(0) space. They denoted a pair (a,b) ∈ X × X by

−→
ab and called it a vector. The

quasilinearisation is a map 〈., .〉 : (X×X)× (X×X)→ R defined by

〈
−→
ab,
−→
cd〉= 1

2
(d2(a,d)+d2(b,c)−d2(a,c)−d2(b,d))

for every a,b,c,d ∈ X . From the definition, it is easy to see that, for all a,b,c,d,e ∈ X ,
〈
−→
ab,
−→
ab〉= d2(a,b), 〈

−→
ba,
−→
cd〉=−〈

−→
ab,
−→
cd〉, 〈

−→
ab,
−→
cd〉= 〈−→ae,

−→
cd〉+ 〈

−→
eb,
−→
cd〉. The space X is said to

satisfy the Cauchy Schwartz inequality if, for all a,b,c,d ∈ X , 〈
−→
ab,
−→
cd〉 ≤ d(a,b)d(c,d). It is

known (see [14]) that a geodesically connected metric space is a CAT(0) space if and only if it
satisfies the Cauchy-Schwartz inequality.

In 2010, Kakavandi and Amini [15] introduced the concept of dual spaces in a complete
CAT(0) space X as follow. Let C(X ,R) be the space of all continuous real-valued functions on
X . Consider a map Θ : R×X×X →C(X ,R) defined by

Θ(t,a,b)(x) = t〈
−→
ab,−→ax〉, (t ∈ R,a,b,x ∈ X).

The Cauchy-Schwartz inequality implies that Θ(t,a,b) is a Lipschitz function with Lipschitz
semi-norm L(Θ(t,a,b)) = |t|d(a,b)(t ∈ R,a,b ∈ X), where the Lipschitz semi-norm L(φ) of
any function φ : X → R is given by

L(φ) = sup{φ(x)−φ(y)
d(x,y)

: x,y ∈ X ,x 6= y}.

A pseudometric D on R×X×X is defined by

D((t,a,b),(s,c,d)) = L(Θ(t,a,b)−Θ(s,c,d)),
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for t,s∈R and a,b,c,d ∈X . In a complete CAT(0) space, it was shown [15] that D((t,a,b),(s,c,
d)) = 0 if and only if t〈

−→
ab,−→xy〉 = s〈

−→
cd,−→xy〉, for all x,y ∈ X . Thus D induces an equivalence

relation on R×X×X with equivalence class defined by

[t
−→
ab] := {s

−→
cd : D((t,a,b),(s,c,d)) = 0}.

The pair (X∗,D) is called the dual space of the metric space (X ,d), where X∗= {[t
−→
ab] : (t,a,b)∈

R×X×X} and the function D on X∗ is a metric.
In 2019, Cuntavepanit and Phuengrattana [16] studied the class of further generalized hybrid

mappings [7] in Hadamard spaces. Very recently, Ali and Haruna [17] introduced a new class
of mappings called further 2-generalized hybrid mappings in Hadamard spaces. This class of
mappings contains further generalized hybrid and normally 2 generalized hybrid mappings as
special cases.

Definition 1.2. Let X be a complete CAT(0) space and C be a nonempty subset of X . A mapping
T : C→ C is called further 2-generalized hybrid if there exist α1,α2,α3,β1,β2,β3,ε1,ε2 ∈ R
such that (i) ∑

3
i=1(αi +βi)≥ 0,ε1,ε2 ≥ 0, (ii) ∑

3
i=1 αi > 0 and

(iii) α1d2(T 2x,Ty)+α2d2(T x,Ty)+α3d2(x,Ty)+β1d2(T 2x,y)

+ β2d2(T x,y)+β3d2(x,y)+ ε1d2(x,T 2x)+ ε2d2(x,T x)≤ 0.

for all x,y ∈C.

Remark 1.1. If α1 = β1 = ε1 = 0, then the mapping reduces to further generalized hybrid
in the sense of [16]. Also, the mapping reduces to normally 2-generalized hybrid mapping if
ε1 = ε2 = 0.

It is our purpose in this paper to construct a hybrid type iterative scheme that converges
strongly to a common fixed point of further 2 generalized hybrid mappings in a flat Hadamard
space. Our results improved and generalize the results in Takahashi, Wen and Yao [8] in the
sense of the mapping and the space considered.

2. PRELIMINARIES

Throughout this paper, the symbols ”→ ” and ” ⇀ ” represent the strong and ∆-convergence,
respectively. The following results play vital roles in establishing our main result.

Lemma 2.1. [13] Let X be a CAT(0) space and x,y ∈ X, t ∈ [0,1]. Then
(i) d(z, tx⊕ (1− t)y)≤ td(z,x)+(1− t)d(z,y);

(ii) d2(z, tx⊕ (1− t)y)≤ td2(z,x)+(1− t)d2(z,y)− t(1− t)d2(x,y).

The following Lemma can be deduced from Lemma 12 of [18] (see also [17]).

Lemma 2.2. Let X be a complete CAT(0) space and x,y ∈ X, ti ∈ (0,1). Then

d2(z,⊕n
i=0tixi)≤

n

∑
i=0

tid2(z,xi)− tit jd2(xi,x j),

where i, j ∈ {0,1, ...,n} and ∑
n
i=0 ti = 1

Lemma 2.3. [19] Let X be a complete CAT(0) space. Then every bounded sequence in X has a
∆-convergence subsequence.
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Lemma 2.4. [20] Let X be a complete CAT(0) space. Let {xn} be a sequence in X and x ∈ X.
Then {xn} ∆-converges to x if and only if limsupn→∞〈

−→xnx,−→yx〉 ≤ 0, ∀y ∈ X.

3. MAIN RESULTS

In this section, X is considered to be a flat Hadamard space. We then construct a hybrid type
iterative scheme that converges strongly to a common fixed point of further 2 generalized hybrid
mappings in the space.

Lemma 3.1. Let C be a nonempty subset of a flat Hadamard space X, and let T : C→C be
a further 2-generalized hybrid mapping. Let {xn} be a bounded sequence in C such that ∆−
lim
n→∞

xn = z and d(xn,T xn)→ 0, d(xn,T 2xn)→ 0 as n→ ∞. Then z ∈ F(T ).

Proof. Let {xn} ⊂ C be a sequence such that xn ⇀ z, (xn− T xn)→ 0 and (xn− T 2xn)→ 0
as n→ ∞. Note that T : C→C is a generic 2-generalized Bregman nonspreading mapping.
Following the similar techniques as in [17, Lemma 3.1], we get d(z,Ty)≤ d(z,y) for all y ∈C.
Setting y = z, we obtain d(z,T z) = 0. Thus, z ∈ F(T ). This completes the proof. �

Lemma 3.2. Let C be a nonempty subset of a flat Hadamard space X, and let T : C→C be a
further 2-generalized hybrid mapping. If F(T ) 6= /0, then T is quasi-nonexpansive.

Proof. Let T be a further 2-generalized hybrid mapping with F(T ) 6= /0. In particular, let x ∈
F(T ) such that T 2x = T x = x. Now, from the definition of T , we get

α1d2(x,Ty) + α2d2(x,Ty)+α3d2(x,Ty)+β1d2(x,y)

+ β2d2(x,y)+β3d2(x,y)+ ε1d2(x,x)+ ε2d2(x,x)≤ 0.

for all y ∈C. This implies

(α1 +α2 +α3)d2(x,Ty)≤−(β1 +β2 +β3)d2(x,y),

for all y ∈C. Since ∑
3
i=1 αi > 0, we obtain

d2(x,Ty)≤− (β1 +β2 +β3)

(α1 +α2 +α3)
d2(x,y),

for all y ∈C. From the fact that ∑
3
i=1(αi +βi)≥ 0, we have

d2(x,Ty)≤ d2(x,y).

Thus, d(x,Ty) ≤ d(x,y) for all y ∈ C. Hence T is quasi-nonexpansive. This completes the
prove. �

Theorem 3.1. Let C be a nonempty, convex subset of a flat Hadamard space X which satis-
fies the (S) property and the (Q̄4) condition. Let S,T : C→C be further 2-generalized hybrid
mappings such that F = F(S)∩F(T ) 6= /0. Let {xn} ⊂C be a sequence generated by x1 ∈C

yn = αnxn⊕βn(δnSxn⊕ (1−δn)T xn)⊕ γn(λnS2xn⊕ (1−λn)T 2xn)),
Cn = {p ∈C : d(p,yn)≤ d(p,xn)},
Qn = {p ∈C : 〈−−→x1xn,

−→xn p〉 ≥ 0},
xn+1 = PCn∩Qn(x1), n ∈ N,

(3.1)

where {αn},{βn},{γn},{δn},{λn} ⊂ [a,b]⊂ (0,1) and αn +βn + γn = 1. Then {xn} converges
strongly to z = PF (x1).
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Proof. Note that F is closed and convex and hence z = PF (x1) is well defined. From the
definition of Cn, d(p,yn)≤ d(p,xn) if and only if −d2(xn,yn)+ 〈−→pyn,

−−→xnyn〉 ≤ 0. Thus, it is easy
to see that both Cn,Qn and Cn ∩Qn are closed and convex. For the closedness, let pk ∈ Cn be
such that pk → p as k→ ∞. Then, we show p ∈Cn. But

−d2(xn,yn)+ 〈−→pyn,
−−→xnyn〉

= −d2(xn,yn)+ 〈
−−−−−→
lim
k→∞

pkyn,
−−→xnyn〉

= −d2(xn,yn)+ lim
k→∞
〈−−→pkyn,

−−→xnyn〉

= lim
k→∞

(−d2(xn,yn)+ 〈−−→pkyn,
−−→xnyn〉)≤ 0.

Thus, Cn is closed. For the convexity, let p1, p2 ∈Cn. Then, we show that p = t p1⊕ (1− t)p2 ∈
Cn for t ∈ [0,1]. Using equation (1.2), we get

−d2(xn,yn)+ 〈−→pyn,
−−→xnyn〉

= −d2(xn,yn)+ 〈
−−−−−−−−−−−−→
(t p1⊕ (1− t)p2)yn,

−−→xnyn〉
= −d2(xn,yn)+ t〈−−→p1yn,

−−→xnyn〉+(1− t)〈−−→p2yn,
−−→xnyn〉 ≤ 0.

Thus, Cn is convex. Therefore, Cn is closed and convex. Following similar techniques, we see
that Qn is closed and convex. Hence Cn∩Qn is closed and convex.

Let un = δnSxn⊕ (1− δn)T xn and vn = λnS2xn⊕ (1−λn)T 2xn. Let z ∈F . Using Lemma
2.1, we get

d(z,un) = d(z,δnSxn⊕ (1−δn)T xn)

≤ δnd(z,Sxn)+(1−δn)d(z,T xn)

= d(z,xn).

Similarly,

d(z,vn) = d(z,λnS2xn⊕ (1−λn)T 2xn)

≤ λnd(z,S2xn)+(1−λn)d(z,T 2xn)

≤ λnd(z,Sxn)+(1−λn)d(z,T xn)

= d(z,xn).

It follows that

d(z,yn) = d(z,αnxn⊕βnun⊕ γnvn)

≤ αnd(z,xn)+βnd(z,un)+ γnd(z,vn)

≤ αnd(z,xn)+βnd(z,xn)+ γnd(z,xn)

= d(z,xn).

Therefore, z ∈ Cn and hence F ∈ Cn. We can now use induction to show that F ∈ Qn ∩Cn,
∀n ∈ N. For n = 1, we see that F ⊂ C1 ∩Q1 since F ⊂ C1 and Q1 = C. Suppose, for some
k ≥ 1, F ⊂Ck∩Qk. Using xk+1 = PCk∩Qkx1 and the property of metric projections, we have

〈−−−→xk+1x1,
−−−→pxk+1〉 ≥ 0
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for all p ∈Ck∩Qk. Since F ⊂Ck∩Qk, we have

〈−−−→xk+1x1,
−−−→zxk+1〉 ≥ 0

for all z ∈F . This implies F ⊂Ck+1∩Qk+1 and therefore F ⊂Cn∩Qn ∀n ∈ N. Hence, the
sequence {xn} is well defined.

We next show that the sequence {xn} is bounded. We know from the definition of Qn that
xn = PQnx1. Thus, using the property of metric projection, we get

d(xn,x1) = d(PQnx1,x1)

≤ d(z,x1)−d(z,PQnx1)

= d(z,x1).

Thus, the sequence {d(xn,x1)} is bounded, so is {xn}. In view of xn = PQnx1 and xn+1 ∈Qn, we
have

0 ≤ 〈−−→x1xn,
−−−−→xnxn+1〉

= d2(x1,xn+1)+d2(xn,xn)−d2(x1,xn)−d2(xn,xn+1) (3.2)

≤ d2(x1,xn+1)−d2(x1,xn).

This implies d(x1,xn) ≤ d(x1,xn+1). Thus, {d(x1,xn)} is monotone increasing. Since it is
bounded, then limn→∞d(xn,x1) exists. From equation (3.2), we see that

d2(xn,xn+1)≤ d2(x1,xn+1)−d2(x1,xn). (3.3)

From xn+1 ∈Cn, we obtain
d(xn+1,yn)≤ d(xn+1,xn). (3.4)

From the property of metric distances, we get that

d(xn,yn)≤ d(xn,xn+1)+d(xn+1,yn). (3.5)

From the existence of limn→∞d(xn,x1), (3.3), (3.4) and (3.5), we get that

lim
n→∞

d(xn,xn+1) = 0, lim
n→∞

d(xn+1,yn) = 0, lim
n→∞

d(xn,yn) = 0. (3.6)

On the other hand, using Lemma 2.2, we have

d2(z,yn) = d2(z,αnxn⊕βnun⊕ γnvn)

≤ αnd2(z,xn)+βnd2(z,un)+ γnd2(z,vn)−αnβnd2(xn,un)

≤ αnd2(z,xn)+βnd2(z,xn)+ γnd2(z,xn)−αnβnd2(xn,un)

= d2(z,xn)−αnβnd2(xn,un).

Thus,
d2(z,yn)≤ d2(z,xn)−αnβnd2(xn,un). (3.7)

Similarly, one has
d2(z,yn)≤ d2(z,xn)−αnγnd2(xn,vn). (3.8)

It follows from (3.7) and (3.8) that

αnβnd2(xn,un)≤ d2(z,xn)−d2(z,yn) (3.9)
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and
αnγnd2(xn,vn)≤ d2(z,xn)−d2(z,yn). (3.10)

Using the quasilinearization definition, the Cauchy-Schwartz inequality, (3.6) and (3.9), we
conclude that

αnβnd2(xn,un) ≤ d2(z,xn)−d2(z,yn)

≤ d2(xn,xn)−d2(xn,yn)+2〈−→zxn,
−−→ynxn〉

≤ 2〈−→zxn,
−−→ynxn〉

≤ 2d(z,xn)d(yn,xn)→ 0 as n→ ∞.

Similarly, it follows from (3.10) that

αnγnd2(xn,vn)≤ 2d(z,xn)d(yn,xn)→ 0 as n→ ∞.

Using the fact that αn,βn,γn ⊂ [a,b]⊂ (0,1), we conclude that

d(xn,un)→ 0, d(xn,vn)→ 0 as n→ ∞ (3.11)

and

d2(z,un) = d2(z,δnSxn⊕ (1−δn)T xn)

≤ δnd2(z,Sxn)+(1−δn)d2(z,T xn)−δn(1−δn)d2(Sxn,T xn)

≤ d2(z,xn)−δn(1−δn)d2(Sxn,T xn).

Thus,
δn(1−δn)d2(Sxn,T xn)≤ d2(z,xn)−d2(z,un). (3.12)

Similarly, one has
λn(1−λn)d2(S2xn,T 2xn)≤ d2(z,xn)−d2(z,vn). (3.13)

Applying the quasilinearization property, the Cauchy-Schwartz inequality, (3.11), (3.12), we
get

δn(1−δn)d2(Sxn,T xn) ≤ d2(z,xn)−d2(z,un)

≤ d2(xn,xn)−d2(xn,un)+2〈−→zxn,
−−→unxn〉

≤ 2〈−→zxn,
−−→unxn〉

≤ 2d(z,xn)d(un,xn)→ 0 as n→ ∞.

Similarly, one has

λn(1−λn)d2(S2xn,T 2xn)≤ 2d(z,xn)d(vn,xn)→ 0 as n→ ∞.

Using the fact that δn,λn ⊂ [a,b]⊂ (0,1), we conclude that

d(Sxn,T xn)→ 0, d(S2xn,T 2xn)→ 0 as n→ ∞. (3.14)

Now,

d(xn,T xn) ≤ d(xn,un)+d(un,T xn)

≤ d(xn,un)+δnd(Sxn,T xn)+(1−δn)d(T xn,T xn) (3.15)
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and

d(xn,T 2xn) ≤ d(xn,vn)+d(vn,T 2xn)

≤ d(xn,vn)+λnd(S2xn,T 2xn)+(1−λn)d(T 2xn,T 2xn). (3.16)

Using (3.14), (3.15) and (3.16), we get

lim
n→∞

d(xn,T xn) = 0 and lim
n→∞

d(xn,T 2xn) = 0. (3.17)

But
d(xn,Sxn)≤ d(xn,T xn)+d(T xn,Sxn) (3.18)

and
d(xn,S2xn)≤ d(xn,T 2xn)+d(T 2xn,S2xn). (3.19)

Using (3.14) and (3.17) in (3.18) and (3.19), we get

lim
n→∞

d(xn,Sxn) = 0 and lim
n→∞

d(xn,S2xn) = 0. (3.20)

Since X is a complete CAT(0) space and the sequence {xn} is bounded, we conclude from
Lemma 2.3 that there exists a subsequence {xnk} of {xn} such that ∆− limk→∞xnk = u. Using
Lemma 3.1, (3.17) and (3.20), we conclude that u ∈F .

Now, let v = PF x1. Since xn+1 = PCn∩Qnx1 and v∈Cn∩Qn, then d(xn+1,x1)≤ d(v,x1). Also,
xnk ⇀ u and d(., .) is convex and lower semicontinuous (hence, ∆-lower semicontinuous), we
get

d(u,x1)≤ liminf
k→∞

d(xnk ,x1)≤ d(v,x1).

From the definition of v, we can conclude that u = v. So, xn ⇀ v. Using the definition of the
quasilinearization and Lemma 2.4, we get

limsup
n→∞

d2(xn,v) = limsup
n→∞

(d2(v,x1)+d2(xn,x1)−2〈−→vx1,
−−→xnx1〉)

≤ limsup
n→∞

(d2(v,x1)+d2(v,x1)−2〈−→vx1,
−−→xnx1〉)

= 2limsup
n→∞

(d2(v,x1)−〈−→vx1,
−−→xnx1〉)

= 2limsup
n→∞

(〈−→vx1,
−→vx1〉+ 〈−→vx1,

−−→x1xn〉)

= 2limsup
n→∞

〈−→vx1,
−→vxn〉 ≤ 0.

Thus limn→∞ d2(xn,v) = 0. Therefore, xn→ v. This completes the proof. �

In view of Remark 1.1, we have the following results as corollaries of Theorem 3.1.

Corollary 3.1. Let C be a nonempty, convex subset of a flat Hadamard space X which satisfies
the (S) property and the (Q̄4) condition. Let S,T : C→C be normally 2-generalized hybrid
mappings such that F = F(S)∩F(T ) 6= /0. Let {xn} be a sequence defined by (3.1). Then {xn}
converges strongly to z = PF (x1).

Proof. Since further 2-generalized hybrid mapping is reduced to normally 2-generalized hybrid
mappings if ε1 = ε2 = 0. It follows from Theorem 3.1 that {xn} converges strongly to z =
PF (x1). This completes the proof. �
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Corollary 3.2. Let C be a nonempty, convex subset of a flat Hadamard space X which satisfies
the (S) property and the (Q̄4) condition. Let S,T : C→C be further generalized hybrid map-
pings such that F = F(S)∩F(T ) 6= /0. Let {xn} be a sequence defined by (3.1). Then {xn}
converges strongly to z = PF (x1).

Proof. If α1 = β1 = ε1 = 0, i.e., a further 2-generalized hybrid mapping is reduced to a further
generalized hybrid mapping, then we see from Theorem 3.1 that {xn} converges strongly to
z = PF (x1). This completes the proof. �

In view of the fact that Hilbert spaces are Hadamard spaces, the following result can easily
be deduced from Corollary 3.1.

Corollary 3.3. [8, Theorem 3.1] Let C be a nonempty, closed and convex subset of a Hilbert
space X. Let S,T : C→C be normally 2-generalized hybrid mappings such that F = F(S)∩
F(T ) 6= /0. Let {xn} ⊂C be a sequence generated by

x1 ∈C,
yn = αnxn +βn(δnS+(1−δn)T )xn + γn(λnS2 +(1−λn)T 2)xn,
Cn = {z ∈C : ‖yn− z‖ ≤ ‖xn− z‖},
Qn = {z ∈C : 〈xn− z,x1− xn〉 ≥ 0},
xn+1 = PCn∩Qnx1, ∀n ∈ N,

where {αn},{βn},{γn},{δn},{λn} ⊂ [a,b]⊂ (0,1) and αn +βn + γn = 1. Then {xn} converges
strongly to z = PF (x1).

Proof. Since the normally 2-generalized hybrid mapping defined in Hadamard spaces reduces
to the one introduced by Kondo and Takahashi [6] in Hilbert spaces, we obtain from Corollary
3.1 the desired conclusion immediately. �
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