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Abstract. The purpose of this paper is to introduce the concept of a Bregman relatively f-nonexpansive
mappings and study common solutions of the variational inequality problem involving Lipschitz mono-
tone mappings and the fixed point problem of Bregman relatively f-nonexpansive mappings. Under
some mild conditions, we obtained strong convergence theorems in real reflexive Banach spaces.
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1. INTRODUCTION

Let E be a real Banach space with its dual E*. Let C be a nonempty subset of E. A mapping
A : C — E* is said to be monotone if

(Ax—Ay,x—y) >0, Vx,yeC.

A : C — E* is said to be maximal monotone if its graph Gph(A), Gph(A) = {(x,Ax) € E X E*:
x € C}, is not properly contained in the graph of any other monotone mapping. A : C — E* is
said to be a-inverse strongly monotone if there exists a positive real number ¢ such that

<Ax—Ay7x_y> ZO‘HAX_A.VH27 vxayec-

It is known that a-inverse strongly monotone mappings are monotone and Lipschitz continuous.
Let T : C — E be a mapping. The set of fixed points of T is defined by F(T) := {x € C: Tx =x}
in this paper. Recall that T is said to be contractive and if there exists a constant L € (0, 1) such
that ||Tx — Ty|| < L||x — y||, Vx,y € C. Furthermore, T is said to be nonexpansive if L = 1,
that is, ||Tx — Ty|| < ||x—y||, Vx,y € C. T is said to be quasi-nonexpansive if F(7) # 0 and
||Tx —Tp|| < ||x—p|| for all x € C and p € F(T). Recall that the mapping I — T, where
I denotes the identity mapping, is said to be demiclosed at O if for any sequence {x,} in C
converging weakly to x and ||(I — T)x,|| — 0, then (I — T)x = 0.

Let C be nonempty, closed and convex subset of space E and let A be a monotone mapping.
The variational inequality problem (VIP) is formulated as finding a point

x* € C such that (Ax*, x—x*) >0, VxeC. (1.1)
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We denote the solution set of (1.1) by VI(C,A). This problem was first introduced by Hartman
and Stampacchia [1] in 1966 and has been studied by several authors; see, e.g., [2, 3,4, 5, 6,7, 8]
and there references therein.
In 2006, Nadezhkina and Takahashi [2] studied the following algorithm in a finite dimension
Hilbert space setting. For any xo € C, {x,} is defined by
Yn = Pcxn — mAxnl; (1.2)
Xnt+1 = OpXy + (1 — 04y) Pelxn — YAy, n >0,

where A is L-Lipschitz continuous monotone mapping and P¢ is the metric projection from H
onto C. They proved that the sequence generated by (1.2) converges weakly to a solution of
Problem (1.1) under certain conditions imposed on the control sequences {},} and { ¢, }.

In 2017, Thong and Hieu [3] introduced the following algorithm in a Hilbert space setting.
For arbitrary xo € H, {x,} is defined by

Yn = PC[xn - YnAxn];
Zn ZYn_Yn<Ayn_Axn); (13)
Xn+1 = anf(xn) + (1 — an)zn; n>0,

where A is L-Lipschitz continuous on H and f : H — H is a contractive mapping. They proved
that the sequence generated by (1.3) converges strongly to x* = Pyjc 4)f (x*) provided that the
control sequences {7,} and {a,} satisfy appropriate conditions.

Recently, several authors studied various algorithms for finding a common element of the
set of fixed points of nonexpansive mapping and the set of solutions of variational inequality
problems with Lipschitz monotone mappings; see, e.g., [2, 4, 9, 10, 11] and the references
therein.

In 2003, Takahashi and Toyoda [9] introduced the following scheme for finding a point in
VI(C,A)NF(T) in a Hilbert space setting. For arbitrary xo € C, {x,} is defined by

Xnt1 = OuXy + (1 — 04)) T Pe(xy — YpAxp), n >0, (1.4)

where A : C — H is a-strongly monotone mapping, T : C — H is nonexpansive, {a,} is a
sequence in (0,1) and {y,} is a sequence in (0,2). They proved that if VI(C,A) N F(T)
nonempty, then the sequence generated by (1.4) converges weakly to some x* € VI(C,A) N
F(T).

In 2005, Iiduka and Takahashi [4] investigated the following algorithm. For arbitrary xg,x €
C, {x,} is defined by

Xnt1 = Opx+ (1 — 0t,) T Pe(xy — 11AXy,), n >0, (1.5)

where A : C — H is an a-strongly monotone mapping and 7 : C — H is a nonexpansive map-
ping. They proved that the sequence generated by (1.5) converges strongly to x* = Py 4)n F(T)X
provided that the control sequences {},} and {o,} satisfy appropriate conditions.

Recently, Zhang and Yuan [12] investigated an iterative process for approximating a com-
mon point of fixed points of nonexpansive mapping and solutions of the variational inequality
problems with a finite family of a-inverse strongly monotone mappings in the setting of Hilbert
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spaces. For arbitrary x1, € C, {x,} is defined by

(1.6)

Yni= PC[xn - %Axn];
Xnt+1 = anf(xn) + ann + YnTZ?zl NiYn,i, > 17

where ||yni — Pc(x, — %Ax,)|| < ey, and lim, e, = 0, {0}, {B,} and {y,} are real se-
quences in (0,1) such that o, + B, + % = Y7 n: = 1, {¥} is a real sequence in (0,2L;),
f:C — C is fixed a-contractive mapping, 7 : C — C is nonexpansive and A; : C — H is ;-
inverse strongly monotone mapping for 1 <i < n. They proved that the sequence generated
by (1.6) converges strongly to x* € N, (VI,A;) N F(T) provided that the control sequences
satisfying certain conditions.

Let E be a real Banach space with its dual E*. For every 1 < p < oo, the generalized duality
mapping J, : E — 2F" is defined by

Tp(x) =" € E*: (x,y") = |[x||7,|y*]] = [|x[|P~ '}, (1.7)

for all x € E. If J = J;, then J; is called the normalized duality mapping. If E = H, a real
Hilbert space, then J = I, where [ is the identity mapping on E.

Beyond Hilbert spaces, Tufa and Zegeye [13] investigated an algorithm for finding a common
point of the set of fixed points of a relatively nonexpansive mapping 7 : C — E and the set of
solutions of variational inequality problems with Lipschitz monotone mappings A;,A, : C — E*
in 2-uniformly convex and uniformly smooth real Banach spaces. They proved that the sequence
generated by the following algorithm

in = chil [an - '}/nAan]Q
Yn = HCJ_1 [an - YnAlxn];
Wi = anJxn +bpJTxy + cpd (un) + dpd (vy);
Xpi1 = e o Ju+ (1 — o4)wy], n >0,

(1.8)

where J is the normalized duality mapping, u, = IcJ ! [Jx, — Y%A1yn], va = Hed 1 Jx, —
YaA2zn), {Vn} C [a,b] C (O, ﬁ), for L=max{Ly,L;} and {a,},{bn}, {cn},{ds} Cle,1) C (0,1)
such that a,, + b, + ¢, +d, = 1, converges strongly to x* € VI(C,A;) NVI(C,A;) NF(T).

This now leads to the following important question.

Question. Can we obtain a strong convergence result for approximating a common element
of the set of fixed points of a mapping, which is more general that the Bregman relatively
nonexpansive mapping and the set of solutions of variational inequality problem with Lipschitz
monotone mappings in spaces, which is beyond 2-uniformly convex and uniformly smooth real
Banach spaces?

Motivated and inspired by the above results, it is our purpose in this paper to introduce the
concept of a Bregman relatively f-nonexpansive mapping and construct an algorithm for ap-
proximating a common element of the set of f-fixed points of Bregman relatively f-nonexpansive
mappings and the set of solutions of variational inequality problems with Lipschitz monotone
mappings in the setting of real reflexive Banach spaces. Our results provide an affirmative an-
swer to the question above. Our results improve, extend, and generalize many corresponding
results in the literature.
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2. PRELIMINARIES

In this section, we recall some known and useful results which will be used in the sequel.
Let E be a real Banach space. E is said to be strictly convex if | *3¥|| < 1, whenever x,y €
Sg ={x € E:||x|| =1} and x # y. The norm of E is said to be Gdteaux differentiable or smooth
if
Loyl = )
t—0 t
exists for each x,y € Sg. For the rest of this section, let E be a real reflexive Banach space with
its dual E*, and let f : E — (—oo, 40| be a proper, convex and lower-semicontinuous function.
We denote the domain of f by dom f = {x € E: f(x) < eo}. For any x € int dom f and any

y € E, we denote by f’(x,y) the right-hand derivative of f at x in the direction of y, that is,

f’(x,y) — 1im flx+ty) _f(x)‘

t—0+ t

Y

The function f is said to be Gateaux differentiable at x if

fim flx+ty) —f(X), @.1)

t—0 t

exists for any y € E. In this case, the gradient of f at x is the linear function V f(x), which is de-
fined by (y,Vf(x)) := f'(x,y) for all y € E. The function f is said to be Gdteaux differentiable
if it 1s a Gdteaux differentiable at every point x € int domf. When the subdifferential of f is
single-valued, it coincides with the gradient of f, d f, thatis, d f = Vf (see, e.g., [14]). Further-
more, f is said to be uniformly Fréchet differentiable on a subset C of E, if the limit in (2.1) is
attained uniformly for x € C and ||y[| = 1 and f is called strongly coercive if lim| | o0 ﬂ%i = oo,

The Fenchel conjugate of f is a function f* : E* — (—oo, 00|, defined by f*(x*) = sup{ (x*,x)
—f(x) :x € E} for x* € E*. The function f is said to be Legendre if it satisfies the following
conditions:

(i) the interior of the domain of f, int dom f, is nonempty, f is Gateaux differentiable and
domV f =int dom f;

(ii) the interior of the domain of f*, int dom f*, is nonempty, f* is Gateaux differentiable
and dom V f* = int dom f*.

One of the important and interesting Legendre function is f(x) = %Hx\ |” (1 < p < o) with
the conjugate functions f*(x*) = Cl]\|x*||‘1 (1 < g <), (see, e.g., [15, 16]), where %—F% = 1.
In this case, the gradient V f coincides with the generalized duality mapping, Jp, of E, that is,
Vi=1J,.

Definition 2.1. Let /' : E — R, be a Gateaux differentiable convex function. The function
Dy :dom f xint domf — [0,e0) defined by

D¢(y,x) = f(y) = f(x) = (Vf(x),y—x), x,y€ E. (2.2)
is called the Bregman distance with respect to f [17].

We note that the Bregman distance has the following two important properties (see, e.g.,
[18, 19]), the three point identity, for any x € dom f and y,z € int dom f,

Dy(x,y) +Dy(y,2) — Df(x,2) = (Vf(z) =V f(),x—), (2.3)
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and the four point identity
D¢(y,x) =Dy (y,z) = Dp(w,x) + Dyg(w,z) = (Vf(2) = Vf(x),y—w).
Lemma 2.1. [20, 21] If f : E — R is a strongly coercive Legendre function, then
(i) Vf: E — E* is one-to-one, onto and norm-to-weak™ continuous,

(ii) {x € E : Dy(x,y) < r} is bounded for all y € E and r > 0;
(iii) dom f* = E*, f* is Gdteaux differentiable and V f* = (Vf)~'.

Lemma 2.2. [14] If f : E — (—o0,+o9| is a proper, lower semi-continuous and convex function,
then f* : E* — (—oo, 40| is a proper, weak™ lower semi-continuous and convex function. Thus,
forall z € E, we have

Dy (=vr( gtin(xi))> < étin(Z,xi);

where {x;} C E and {t;} C (0,1) with ¥ 1; = 1.

Lemma 2.3. [22] If f : E — R is a uniformly Fréchet differentiable and bounded on bounded
subsets of E, then V f is norm-to-norm uniformly continuous on bounded subsets of E and hence
both f and V f are bounded on bounded subset of E.

Definition 2.2. Let f : E — (—oo,+o0] be a Gdteaux differentiable function. The function
Vi(x,2) : EXRT — R defined by

Ve(x,t) = inf D¢(y,x),

D= el yian PO

is called the Modulus of total convexity of f at x € int dom f. f is said to be totally convex if
Vs(x,t) >0, forallx € E and ¢ > 0.

We remark that f is totally convex on bounded subsets if and only if f is uniformly convex
on bounded subsets of E (see, e.g., [23, Theorem 2.10]). Note that if f: E — (—o0,o0] is a
Legendre function and E is a reflexive Banach space, then Vf* = (Vf)~! (see, e.g., [24]). The
Bregman projection with respect to f on x € int dom f onto a nonempty, closed and convex set
C Cint domf is denoted by Pcf (x) € C, which satisfies

D4 (PL(x),x) = inf{Ds(y,x) : y € C}. (2.4)

Remark 2.1. Some of the special cases of the Bregman projection are the following:

(1) If, in (2.4), C is a closed and convex subset of a real reflexive Banach space E and

f(x) = ||x||%, then the Bregman projection Pg (x) reduces to the generalized projection
I (x), which is defined by

¢ (I (x),x) = ryrggwy,X),

where ¢ (y,x) = |[y||> — 2(y,Jx) + ||x||*, and J is the normalized duality mapping from
E into 2F".

(ii) If, in (2.4), E = H, a real Hilbert space and f(x) = ||x||?, then the Bregman projection
Pg (x) reduces to the metric projection of x onto C.
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Lemma 2.4. [23] Let f : E — R be a Gateaux differentiable and totally convex function and let
x € E. The Bregman projection Pg from E onto C, where C is a nonempty, closed and convex
subset of E, is a unique vector with the following properties:

(i) z= Pg(x) if and onlyif (Vf(x)—Vf(z),y—z) <0,VyeC.
(ii) Df(y,Pg(x)) +Df(Pg(x),x) <Dy(y,x), forally e Candx € E.
Let f : E — R be a Legendre function. Let V; : E x E* — [0, +o0), associated with f, be defined
by
Ve(x,x*) = f(x) — (x,x") + f*(x*), Vx€E,x"€E". (2.5)
Then, V is nonnegative with the following properties (see, €.g., [25])
Ve(x,x*) =Dy(x,Vf*(x*)), VxeEx"€E", (2.6)
and
Ve(x,x™)+ (", V(") —x) < Vi(x,x"+y"), VxeEx",y" € E".

Let C be nonempty, closed and convex subset of E. Let T : C — E be a mapping. A point x € C
is called an asymptotic fixed point of T if C contains a sequence {x, } which converges weakly
to x and lim, e || T, — x,|| = 0. We denote the set of asymptotic fixed points of T by F(T).

Definition 2.3. [26] Let C be a nonempty, closed and convex subset of E. A mapping 7 : C — E
is called relatively nonexpansive if

(i) F(T) #0;
(i) ¢(p.Ty) < ¢(p,y) ¥y € C,p € F(T);
(iii) F(T) = F(T).

Definition 2.4. [27] Let C be a nonempty, closed and convex subset of E and let 7 : C — E* be
a map. A point p € C is called an asymptotic J-fixed point of T if C contains a sequence {x;, }
which converges weakly to p and lim,, e ||Tx, — Jx,|| = 0.

We denote the set of asymptotic J-fixed points of T by F;(T).

Definition 2.5. [27] Let C be a nonempty, closed and convex subset of E. A mapping 7 : C — E*
is called relatively J-nonexpansive if

(i) Fy(T)=F(T) #0; R
(i) ¢(p,J'Ty) < ¢(p,y) Vy € C,p € Fy(T).

Definition 2.6. [28] A Gateaux differentiable function f is called strongly convex with constant
u > 0 if the following inequality holds:

(VF(x) = VF)x—y) > plle—ylP,
for all points x,y in its domain, or equivalently (see, e.g., [29])

FO) 2 £+ (V)3 =)+ S e = I,

If E is a smooth and strictly convex Banach space, then f(x) = ||x||? is an example of a strongly
convex function with parameter 0 < pu < 2.
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Definition 2.7. [21] A function f is called uniformly convex function with modulus ¢ if, for
each x,y in its domain and ¢ € [0, 1],

flex+ (1 =1)y) <tf(x)+ (1 =1)f(y) =11 =1)¢([[x = yl]),

where ¢ is a function that is increasing and vanishes only at 0.

Lemma 2.5. Let f be a convex and lower semi-continuous function on a Banach space E. The
following assertions are equivalent (see, e.g., [21]):

(i) f is uniformly convex;
(ii) There exists modulus @, ¥ (x,x*), (y,y*) € Gph(df) such that
FO) 2 )+ —xx) + o (llx—yl]):
(iii) dom f* = E*, f* is Frechet differentiable and V ™ is uniformly continuous.

Note that a strongly convex function is uniformly convex with ¢ (@) = %Oc2 and hence the class
of uniformly convex functions contains the class of strongly convex functions.

Lemma 2.6. [30] Let E be a Banach space and let r > 0 be a constant. Let f :E — R be a
continuous and convex function, which is uniformly convex on bounded subset of E. Then

FOY o) < Y auf ) = vl =),
k=0 k=0

for all 0 <i,j <n, xx € B,, ¢ € (0,1) with ¥}, = 1, where p, is the gauge of uniform
convexity of f.

Lemma 2.7. [21] Let f : E — R be a continuous convex function on a reflexive Banach space
E, which is strongly coercive. Then the following statements are equivalent:
(i) f is bounded on bounded subset and uniformly smooth on bounded subset of E;
(ii) f* is Fréchet differentiable and [* is uniformly norm-to-norm continuous on bounded
subset of E*;
(iii) dom f* = E*, f* is strongly coercive and uniformly convex on bounded subset of E*.

Lemma 2.8. [30] Let f : E — R be a Gateaux differentiable function, which is uniformly convex
on bounded subset of E. Let {x,} and {y,} be bounded sequence in E. Then the following
statements are equivalent:

(i) lim, e Df(xn7)7n> =0

(ii) 1imy e ||Xy — yu|| = 0.
Lemma 2.9. [31] Let f be a strongly convex function with constant U > 0. Then, for all y €
dom f and x € int dom f,

H 2
Dy () 2 Elv 1P,
where Dy(y,x) is a Bregman distance with respect to f.

Lemma 2.10. [32] Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation: any1 < (1 —ay)a, + 04,0, n > ng, where {a,} C (0,1) and {8,} C R satisfying the
following conditions: Y | 0, = oo, and limsup,,_,., 6, < 0. Then, lim,, e a, = 0.
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Lemma 2.11. [33] Let {s;} be a sequence of real numbers that does not decrease at infinity, in
the sense that there exists a subsequence {s;} of {si}such that sy; < sy, for all j > 0. Define
an integer sequence {my } >k, as my =max{ko <1 <k:s; <s;41}. Then my — oo as k — oo and
for all k > ko max{sm,, Sk} < Spy+1-

3. MAIN RESULTS

From now on, E is assumed to be a real reflexive Banach space with its dual E*, C is a
nonempty, closed and convex subset of E, and f : E — (—oo,+o0| is a proper, continuous and
convex function on a real Banach space E. We denote the Fenchel conjugate of f by f*: E* —
(—oo, 40| and the family of such functions by .% (E). Let {a,} C (0,1) be a real sequence
satisfying lim;, o, 0, =0, and };°_; @, = oo.

Definition 3.1. Let C be a nonempty, closed and convex subset of E. Let T : C — E* be a
mapping. A point p € C is said to be a f-fixed point of T if Tp =V fp.

We denote the set of f-fixed points of 7' by Fy(T), thatis, Fy(T) :={peC:Tp=Vfp}.

Definition 3.2. Let 7T : C — E* be a mapping. A point p € C is said to be an f-asymptotic fixed
point of T if C contains a sequence {x,} which converges weakly to p and lim,_,e ||V fx, —
Tx,|| =0.

We denote the set of f-asymptotic fixed points of 7' by ﬁf( T).

Definition 3.3. A mapping 7 : C — E* is said to be Bregman relatively f-nonexpansive if
(i) Fy(T) # 0;
(i)) D(p,V*Ty) < Dy(p,y),¥ y € C,p € Fy(T);
(iii) Ff(T) = Fy(T).
First, we prove the following lemmas.

Lemma 3.1. If T : C — E* is a Bregman relatively f-nonexpansive mapping, then Fp(T) is
closed and convex.

Proof. We first prove that F¢(T') is closed. Let {x,} be a sequence in F;(T') such thatx, — p €
C. From the definition of 7', we have D¢ (x,,Vf*T p) < D(xy, p), for each n > 0. Thus,

D¢(p,Vf*Tp) = ,}ggon(xn,Vf*Tp) < Jggon(xn,p) =D¢(p,p) =0,

which implies that p = Vf*Tp. Hence, Vfp = Tp. So, we have p € F¢(T), that is, F¢(T) is
closed.

Next, we show that F¢(T) is convex. Let p,q € F¢(T) and w =tp+ (1 —1)q, fort € (0,1).
Then, from (2.2) and the definition of T', we have

Dy(w,Vf*Tw) = f(w) = (tp+ (1 —t)g—= V[ Tw,Tw) — (V[ Tw)

=fw) =t(p =V Tw,Tw) — (1 =1)(q =V Tw,Tw) = f(Vf"Tw)
fw)+tf(p)—tf(p) —t{p =V Tw,Tw)+(1—1)f(q) — (1 —1)f(q)
—(1=1){q =V Tw,Tw) — f(Vf*Tw)
fw)+tDy(p,Vf Tw)+ (1 =1)Ds(q,Vf*Tw) —tf(p) — (1 —1)f(q)
fw)+tD¢(p,w)+ (1 =1)Ds(g,w) —1f(p) — (1 —1)f(q)
fw) = (w—w,Vfw)— f(w) =0.

IN
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This impels w = V f*Tw. Hence Vfw = Tw and w € F¢(T), that is, F¢(T') is convex. O

Theorem 3.1. Let f € .7 (E) be a strongly coercive, bounded and uniformly Fréchet differ-
entiable Legendre function, which is strongly convex with constant U > 0 on bounded subsets
of E. Let A; : C — E™ be a L;-Lipschitz monotone mapping with constant L;, for i = 1,2 and
let T : C — E* be a Bregman relatively f-nonexpansive mapping such that Q = VI(C,A;) N
VI(C,A2) NFf(T) # 0. For arbitrary xo,w € C, define an iterative sequence by

Yn = ngf*(vfxn - ’}/nAlxn)v

2n = PLVF*(V o — YuAoxa),

Wnp = Vf* (anfxn + SnTxn + nnvfun + envan)a
Xpr1 =PIV 0,V fw+ (1= 04,)Vfwy),

(3.1)

where uy = PLV f*(V Xy — %uA1yn), v = BV (V Xy — Yahoza), 0 <Y < 1 ST < &, for
L:=max{L,Ly} and {B,},{0,},{nn},{6.} C[e,1) C (0,1) such that B, + 6, + N+ 6, =1,
foralln> 0. Then, {x,} is bounded.

Proof. Let g € Q. Now, from (3.1), Lemma 2.4 (ii), (2.2), (1.1) and the monotonicity of A;, we
have
Dy(q,un) < Dp(q, VI (VIxn—YaA1¥n)) — Dy (un, VI (VX0 — YaA1Yn))
= f(q)—{qa =V (Vfxn—1A1Yn), V. %0 — YuA1Yn)
—~f(VF (VX0 — YaAryn)) — f(utn)
+(ttn — VI (V20— YA1Yn), V. X0 — YaA1Yn)
+f(VF (VX = mA1yn))
= f(q) + (Un—q,Vfxn) = (Un — @, YuA1yn) — f (ttn)
= f(q) —{q—xn,Vxn) — f(xn) + (g —xn, V f2n) + f (xn)
+(tn — g,V fXn) — (un — @, YaA1Yn) — f (un)
= Df(%xn) (= X0, Vfxn) + f(xn) — f(tn) — (Un — G, YaA1Yn)

and
D¢(q,un) < Dy(q,xn) — Dy (utn,Xn) — (ttn — q, YaA1Yn)
= Dy(q,Xn) — Dy(ttn,Xn) + Yalq — Yn, A1y — A19)
+¥(q — Yn,A19) + (Yn — tn, YaA1Yn)
< Dy(q,xn) — Dy (ttn, xn) + (Yn — thn, YaA1Yn)- (3.2)
In addition, we from (2.3) that
D¢ (un, xn) = Dy (tn,yn) +Df(Yn,%n) + (VX0 =V Y, Yn — hn). (3.3)

Substituting (3.3) into (3.2), we obtain
Df(CIaun) < Df(%xn) _Df(un»yn) _Df(ynaxn)
_<fon ~ VY yn— un> + <)7n — Up, '}/nAlyn>
= Df(%xn) _Df(”n7)’n) _Df(Ynaxn)
+<Yn_”na'}/nA1yn+nyn_fon>- (3.4)
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From Lemma 2.4 (i), we have

<yn — Up, YnAlyn + Vf)’n - fon> = <”n — Yn, YnAlxn - 'YnAlyn>

+<un — Yn, fon - ’YnAlxn - VfYn>
<ty = Yo, WA1Xn — YaA1Yn)- (3.5)

Furthermore, (3.4), (3.5), Lemma 2.9 and the fact that A; is L;-Lipschitz, we obtain

IA NN

IN

IN

Df(%xn) _Df(unvyn) _Df(ymxn) + <un — Vs YaA1Xp — YnAIYn>
Df(ann) _Df(“myn) _Df(ymxn) + Yol ltn — yul|[|A 120 — A1yn]|
Df<51=xn) _Df(”na)’n) _Df(ynaxn) + YnLH”n _yn||||xn _ynH
Y.L
Df(%xn> _Df(”myn) _Df(ymxn) + n?[”’/‘n _yn”z + | _)’n”z]
u

u
Df(cbxn) - EH”H _)’n||2_ §||yn_xn||2

YL
- it = 3l e =y ]

D) — (E5EE) [l =3l P+ llea =] (3.6)

Similarly, we obtain that

D(q,vn) < Dy(q,%n) — (“ — y”L> [| Vi — zal)? + | [0 — 2] |2} . (3.7)

2

Again, from (2.5), (3.1), (2.6) and Lemma 2.6, we get

Df(%wn)

= Vf(% ﬁnvfxn +0,Tx, + MV fun + eanVn)

= f(q) —(q, BV fxn+ 8. Tx +NnV futy + 6,V fvy)

+15(BuV fxn + 8T + MV fity + 6,V fvn)

Puf (@) + 8uf(q) +Mnf(q) + 6,1 (q)

—(q, BuV fxn) — (@, 6uTxn) — (g, MV ftn) — (@, 60V fvn)

FBuf (Vfxn) + Ouf ™ (Txn) +Nuf ™ (Vfun) + 0, (V)

—Bnupy ([IV fxn — Toxu|])

= ﬁnvf(‘b fon) + 5nvf(% Txn) + nan(Q» Vf”n)
+6uV5(4, V) = Bubup; (||V f2n — Txal|)

= BuDy(q,xn) + 6D (q, V£ Txn) + MaDy(q,tn) + 6:D (g, vn)
—Bu6np; ([|V 20— Txnl|)-

IN



VARIATIONAL INEQUALITY AND f-FIXED POINT PROBLEMS 65

Using the assumption on 7', inequalities (3.6) and (3.7), we obtain

Dy(q,wn) < BuDy(q,%n) + 0nDr(q,Xn) + MuDy(q, un) + 6,D(q,vn)
_ﬁnanp;k“ ‘fon - Txn| D
)

< Ban(Q7xn)+5an(ann
H— YL
11| D1(g,%) = (55 ) (it =3l P+ 1150 = 0l )]
H— YL
+6u[Dr(a.m) = (B5EZ) (= 2l + o~ 20l
~Budu0; (|IV 30— T
.u_YnL
= Dy(a %) = M| (55) Ulta =3l P i = 30l
_ .u_YnL _ 2 _ 2
6| (=) Uvn = 2al P+ 1% = 20l P)|
—Bn6upy ([IV fxn — Toxn|])
< Dy(q,xn). (3.8)
Now, from (3.1), (3.8), Lemma 2.4 (ii) and Lemma 2.2, we obtain
Df(q’xnnLl) = Df(%vf (OCanW-i—(l n)vfwn))
O‘an(CIa ) (l_an)Df(%Wn)

o,D7(q,w) + (1 — ) Ds(gq, %)
max{D¢(q,w),D¢(q,x)}.

It follows that D r(g,x,) < max{Ds(q,w),Ds(q,xo)}. Thus, {Ds(g,x,)} is bounded. Therefore,
by Lemma 2.1, we have that {x,} is bounded, so are {y,}, {zx}, {un}, {wn} and {v,,}. O

IA NN

Next, we prove the main theorem of this section.

Theorem 3.2. Let f € .Z (E) be a strongly coercive, bounded and uniformly Fréchet differ-
entiable Legendre function, which is strongly convex with constant U > 0 on bounded subsets
of E. Let A; : C — E* be a L;-Lipschitz monotone mapping with constant L;, for i = 1,2 and
let T : C — E* be a Bregman relatively f-nonexpansive mapping such that Q = VI(C,A}) N
VI(C,Ay) NF¢(T) # 0. For arbitrary xo,w € C, define an iterative sequence by

Yn = Pcf‘vf* (Vfxn — YA1xn),

20 = PLVF(V fxn = YaAoxn),

wy = Vf* (ﬁnvfxn + 6, Tx, + MV fu, + envan)a
Xpr1 =PIV 0,V fw+ (1= 04,)V fwy),

(3.9)

where uy = PLV f*(V Xy — %uA1yn), v = PV (Vxy — Yahoza), 0 < Y < 1 ST < &, for
L:=max{L,Ly} and {Bn},{0,},{nn},{6.} C[g,1) C (0,1) such that B, + 6, + N+ 6, =1,
foralln> 0. Then, {x,} converges strongly to an element x* = Pg (w).

Proof. From Theorem 3.1, we know that {x, } is bounded. Let g = Pgé (w)and r, =V f*(a,Vfw+
(1 —04,)Vfwy). In view of Lemma 2.4 (i), we get (u—q,Vfw—Vfg) <0, Vu € Q. Now, from



66

(2.6), (3.9) and Lemma 2.4, we get

Df<q7xn+1) <

<
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Ds(q,Vf* (eaVfw+ (1 —an)Vfwy))

Vi(q, 0V fw+ (1 —06)V fwy)

Vi(q, 0V fw+ (1 —an)Vfwy — au(Vfw—Vfg))
+(0(Vfw—Vfq),rm—q)

Df(47vf*(aanQ+ (1 - (Xn)Van)) —i—an(Vfw—qu,rn—q).

From Lemma 2.2 and (3.8), we arrive at

OCan(%(I) + (1 - (X")Df(%wli)

Df(Q7xn+1) <

VARVAN

Df(anl’H—l)

By using (3.8), we obtain
Dy(q,Xn+1) < 0uDg(q,w) + (1 = &) D (g, %)

which implies that

(1 - an)”n[(
+(1 —an)en[(

- (1 - an)nn [(‘u
- (1 - an)en [(

+0,(Vfw—Vfq,rm—q)

(1= 0)Dg(q,wn) + (V. fw =V fq,rn—q)
(1= 04)Dy(q,%n) + u(Vfw =V fq,rn — q)
(1= 04)Ds(q,xn) + 0|V fW =V fql||[ra — xa]|
+a,(Vfw—=Vfq,x,—q).

On the other hand, (3.9), Lemma 2.4 and Lemma 2.2 yield that

Dy (g, PEV (0¥ fw+ (1= )V fw)
Dy(q, VI (0nVfw+ (1= 0,)Vfwn))

0D (g, w) + (1= an)Dy(g, wn).

<

_f}/nL

U — %L

) it =3l P4 =3l P

) (1vn =2l 2+ n — 22l )]

= Bu&up, (||V fxn — Txnl|),

m—"YL

2

1 — ML
2

) Uit =l P+ [ = 322

) Ulvn = 20l + lbn = 2]

+ Bubnpy (|IV fxn — Txnl|)
S (Xn(Df(q,W) _Df(qaxn>) +Df(Q7xn) _Df(qaanrl)

Now, we divide the rest of the proof into two parts as follows.

(3.10)

(3.11)

Case 1. Assume that there exists ng € N such that Ds(g, x,) is decreasing for all n > ny. It then
follow that D¢(q,x,) is convergent and hence D¢(q,x,) — D¢(q,Xu+1) — 0 as n — oo. Thus,
from (3.11) and the conditions on o, B, 8,, N, and 6,, we get

1im[H”n_ynH2+Hxn_)’nHz] = 1im[an—Zn!|2+ Hxn_ZnHZ] =0,
n—oo Nn—yoo
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and lim, . p; (||V fx, — Txy||) = 0. Hence, limy,_ye ||ty — yu|| = limp_yeo ||X — yn|| = 0,
lim ||v, — z,|| = lim ||x, — z4|| = O, (3.12)
n—oo n—oo
and
lim ||V fx, — Txa|| = 0. (3.13)
n—oo
From (3.13) and the fact that V f* is uniformly continuous on bounded subsets of E*, we get
lim ||x, — V *Tx|| = 0. (3.14)
n—soo
Moreover, from (3.9) and Lemma 2.2, we obtain
D¢(xp,rn) = Df(xn, V[0V W=+ (1—04)Vfwy])
0Dy (xp,w) + (1 — @)D (g, wn)
= aan(xn;W) + (1 - an) [Ban<xmxn) + 6an(Xn, Vf*Txn)]
+(1 = ) [NuD ¢ (xn, un) + 6,D ¢ (X, V)] (3.15)
Thus, from Lemma 2.8, (3.12), (3.14) and (3.15), we get lim,, o D¢ (x,,7,) = 0, which implies
that lim,— ||x;, — r»|| = 0. Now, since {x,} is bounded in E, we have that there exists u € E
and a subsequence {x,, of {x,} such that x, — u and
limsup(x, —q,Vfw—Vfq) = I}im (Xn, —q,Vfw—=Vfq). (3.16)
—yo0

n—soo

IN

From (3.13) and the fact that 7 is relatively f-nonexpansive, we have u € Fy(T).
Next, we show that u € VI(C,A;)NVI(C,A;). Let

A x+Ncx, xeC,
Fix=
0, x¢C,

where No(x) = {v € E*: (x—z,v) > 0,Vz € C} is the normal cone to C. Then, Fj is a maximal
monotone mapping, and 0 € Fyx if and only if x € VI(C,A;) (see, e.g., [34]). Let (x,y) €
Gph(Fy). Theny € Ajx+ N¢(x) and y — A x € Ne(x). Thus, we obtain

(x—v,y—Ax) >0, WveC. (3.17)
Note that x and u,, are in C. We have (Vfx,, — %, A1y, — V fitn, ,utn, —x) > 0, which implies
that
Vf”nk - fonk
Y

(X —Up,, +A1yn) > 0.
From (3.17), we find that

(X—tp,y) > (x—uy,A1x)
Vfunk—fonk

Z <X—I/tnk,A1X>—<X—I/tnk, ‘|‘A1)7nk>
T

= (X—uy , A1x—Ajup,) + (X — tty, ,Atttn, —A1Yn,)

1

__<x_ M}’lkvvful’lk - fol’lk>
ng
1

Z <X—”nk;Alunk_A1ynk>_y_<x_unkavfunk_vfxnk>- (318)

ng
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Furthermore, from the fact that A; and V f are uniformly continuous, we obtain lim,, . ||Au, —
Ayu|| =0 and lim, e ||V fu, — V fx,|| = 0. Consequently, inequality (3.18) provides that (x —
u,y) > 0. Hence, by the maximality of F;, we obtain u € F; '(0). Therefore, u € VI(C,Ay).
Similarly, we get u € VI(C,A;). Thus u € VI(C,A;) NVI(C,A2) NF¢(T). It follows from
Lemma 2.4 (i) that

limsup(x, —q,V/w—Vfq) = lim (v, —q.Vfw—Vfq)

n—oo

= (u—q,Vfw—Vfqg) <0. (3.19)

Therefore, from (3.10), (3.19) and Lemma 2.10, we conclude that D¢(q,x,) — 0 as n — co. By
using Lemma 2.8, we conclude that x, — g as n — oo.

Case 2. Suppose that there exists a subsequence {n;} of {n} such that D¢(q,x,,) < Dy(q,Xn,+1),
Vi € N. It follows from Lemma 2.11 that there exists a nondecreasing sequence {my} C N such
that my — oo as k — oo and max{D¢(q,xm,),D¢(q,xk)} < D¢(q,%m+1), for all k € N. Thus,
from (3.11) and the conditions on o, B, 8,, N, and 6,, we get

klgloloHumk _ymkH :kh_{?onmk_ymkH :O’
00 e = 2l = i oo, =z =0

and

/}EEoHfomk _TxmkH =0.

Moreover, following the methods in Case 1, we get limy_c || X, — 7, || = 0, and

limsup(x,,, —q,Vfw—Vfq) <O0. (3.20)

k—>oo

Now, from (3.10), we obtain
Oy (D (q,%m) < Dp(qs%m.) = Dp(qs Xmr1) + Omy [ Xm — i |||V fw =V fq]
+ O (Xm, —q, Vfw =V [fq)
< Qg | Xy, — T ||V W = V fq|| + Oy (X — ¢, VW=V fq).

Consequently, since oy, > 0, we get

D (qsxm) < |Pom = rm [ IV fw =V fql| + (tm, — q, VW=V [q). (3.21)

Therefore, from (3.20) and (3.21), we obtain D s(g, %y, ) — 0 as k — co. But, we have D ¢(q, Xy, +1)
— 0 as k — o. Hence, the fact Dy(q,xx) < D¢(q,%m,+1) implies limy_,o. D f(g,x;) = 0. Using
Lemma 2.8, we conclude that x; — g as k — oo. O

We remark that the proof of Theorem 3.2 provides the following result for a common point in
the f-fixed point set of a Bregman relatively f-nonexpansive mapping and in the solution set of
variational inequality problems with a finite family of Lipschitz monotone mappings in Banach
spaces.

Theorem 3.3. Let f € .Z (E) be a strongly coercive, bounded and uniformly Fréchet differ-
entiable Legendre function, which is strongly convex with constant i > 0 on bounded sub-
sets of E. Let A; : C — E* be a L;-Lipschitz monotone mapping with constant L;, for i =
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1,2,--- N, and let T : C — E* be a Bregman relatively f-nonexpansive mapping such that
Q= ﬂi-VZIVI(C,Ai) NF¢(T) # 0. For arbitrary xo,w € C, define an iterative sequence by

Yni= ngf*(vfxn — YaAixn),

i = PLVF*(Vfx0 = YaAiyin,),

Wn = V[ (BaV X+ 0T + X1y MV fttn i),

X1 = PLVF (Y fw+ (1 0)V fwn),
where 0 <y <1, <7< B for L:=max{L;:i=1,2,--- N} and {B,},{6:},{nni} C [€,1) C
(0,1) such that By + 8, + Y Mni =1, for all n > 0. Then, {u,} converges strongly to x* =
PL(w).

If, in Theorem 3.2, C = E, then the Bregman projection Pg is reduced to the identity mapping

on E. Hence, VI(C,A;) = A;'(0) and VI(C,A;) = A;'(0). Thus, we obtain the following

corollary for a common point in the f-fixed point set of Bregman relatively f-nonexpansive
mappings and the zero point set of Lipschitz monotone mappings in Banach spaces.

Corollary 3.1. Let f € .Z(E) be a strongly coercive, bounded and uniformly Fréchet differ-
entiable Legendre function which is strongly convex with constant U > 0 on bounded subsets
of E. Let A; : E — E* be a Lj-Lipschitz monotone mapping with constant L;, for i = 1,2 and
T : E — E* be a Bregman relatively f-nonexpansive mapping such that Q = F¢(T) ﬂAl_l 0)N
AZ_1 (0) # 0. For arbitrary xo,w € E, define an iterative sequence by

Yn = VIV fxn— mA1xn),

Zn = VI (Vfxn — mAoxn),

wn = VI (BuV fxn+ 8, Txy + NV fu, + 6,V fvy),

Xnt+1 = Vf*(OCanW—f— (1- OCn)Van),
where u, = Vf*(Vfxy — mAiyn), vo = VI (Vfxy, — WmArz,), 0 < Y<h <7< %, for L :=
max{Li,L,} and {B,},{0.},{nn},{6.} C [€,1) C (0,1) such that B, + &, + N, + 6, = 1, for
all n > 0. Then, {x,} converges strongly to x* = Pg;(w).

(3.22)

If, in Theorem 3.2, A; =0, for i = 1,2, then we obtain a method of approximation for f-fixed
points of a Bregman relatively f-nonexpansive mapping in Banach spaces.

Corollary 3.2. Let f € .Z(E) be a strongly coercive, bounded and uniformly Fréchet differen-
tiable Legendre function, which is strongly convex with constant L > 0 on bounded subsets of
E. Let T : C — E* be a Bregman relatively f-nonexpansive mapping such that Fg(T) # 0. For
arbitrary xo,w € C, define an iterative sequence by

wp = VI (BV fxn+ 8, Txy),
Xnr1 = PEV (0, V fw+ (1= 04,)V fwy),

where {B,},{0,} C [€,1) C (0,1) such that B, + 6, = 1, for all n > 0. Then, {x,} converges
strongly to x* = Pr,(r)(w).

(3.23)

If, in Theorem 3.3, C = E and T = V£, the identity mappong on E, then we get the following
result for a common zero point of a finite family of Lipschitz monotone mappings in Banach
spaces.
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Corollary 3.3. Let f € .7 (E) be a strongly coercive, bounded and uniformly Fréchet differ-
entiable Legendre function, which is strongly convex with constant U > 0 on bounded subsets
of E. Let A;: E — E* be a L;-Lipschitz monotone mapping with Lipschitz constant L;, for
i=1,2,--- N such that Q = ﬁﬁ]Afl(O) % 0. For arbitrary xog,w € E, define an iterative
sequenc by

Vi = VI (Vfxn — adixn),

Uni = Vf*(VfXn = Aiyni),

Wi =V (Bu,oV fxn + X1 BuiV funi),

Xn+1 = VI (0, Viw+ (1 —0,)Viwy),
where 0 <y < % <¥<4%, for L:=max{L;:i=1,2,--- N} and {B,;} C [e,1) C (0,1) such
that YN o Bui = 1, for all n > 0. Then, {x,} converges strongly to an element x* = Pg(w).

(3.24)

If, in Corollary 3.1, E is a smooth, strictly convex and real reflexive Banach space, then
flx) = %||x| |? is a strongly coercive, bounded and uniformly Fréchet differentiable Legendre
function, which is strongly convex with constant 4 = 2 and conjugate f*(x*) = %||x*||2 This
yields that Vf = J, = J with Vf* = J, I'— J=1. Thus, we easily have the following results.

Corollary 3.4. Let E be a smooth, strictly convex and real reflexive Banach space with its dual
E* Let A; : C — E* be a Li-Lipschitz monotone mapping with Lipschitz constant L;, fori = 1,2,
and let T : C — E* be a relatively J-nonexpansive mapping such that Q = Fy(T) ﬁAl_l (0)N
Ay ! (0) # 0. For arbitrary xo,w € C, define an iterative sequence by

Yn= HCJ71<an - '}/nAlxn)a

n = HCJ_l (an - '}/nA2xn)a

wp = J N (Budxn + 8, T, + Nty + 6,Jv,),
Xpe1 = Hed Yo dw + (1 — 04)Iwy),

(3.25)

where u, = TcJ ™' (Jx, — YuA1yn), v = Hed ' (Jxy — 1Aoz,), 0 < Y<h<¥< 1, for L:=
max{Li,L>} and {B,},{0.},{nn},{6.} C [e,1) C (0,1) such that B, + 6, + N, + 6, = 1, for
alln > 0. Then, {x,} converges strongly to x* € Q.

Corollary 3.5. Let E be a smooth, strictly convex and real reflexive Banach space with its dual
E* Let A; : C — E* be a Li-Lipschitz monotone mapping with Lipschitz constant L;, fori = 1,2,
and let T : C — E be a relatively nonexpansive mapping such that Q = VI(C,A;)NVI(C,A2) N
F(T) # 0. For arbitrary xo,w € C, define an iterative sequence by

Yn = HCjil(an — YaA1Xn),

in = HCJ_I(an - '}/nAZXn)a

Wi = J N (Budx + 8y J T Xy + NyJtty + 6,v,,),
Xpr1 = Hed o dw+ (1 — 04)Jwy,),

(3.26)

where u, = TcJ ™' (Jx, — YuA1yn), v = Hed 1 (Jx, — YAoz,), 0 < Y<h<¥< % for L .=
max{Li,L,} and {B,},{0.},{nn},{6.} C [€,1) C (0,1) such that B, + &, + N, + 6, = 1, for
all n > 0. Then, {x,} converges strongly to x* € Q.
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If, in Corollary 3.4, we assume E = H, a real Hilbert space, and f(x) = %||x| 2, then Vf =
H=Iland Vf*=J, ' — J, were [ is identity mapping on H. Thus, we get the following results
in Hilbert spaces.

Corollary 3.6. Let H be a real Hilbert space. Let A; : C — H be a L;-Lipschitz monotone
mapping with Lipschitz constant L;, for i = 1,2, and let T : C — E be a quasi-nonexpansive
mapping such that (I —T) is demiclosed at 0 and Q = A; ' (0) ﬂAz_l (0)NF(T) # 0. For arbi-
trary xo,w € C, define an iterative sequence by

Yn = Pc(Xn — YaA1Xn),

Zn = Po(%n — YaA2xn),

Wi = Bpxn + 00T Xn + Nnttn + OV,
X1 = Po(0w + (1 — 04)wy),

(3.27)

where u, = Po(Xn — YpA1Yn), Vo = Po(xn — 1A2z,), 0 < Y<Hm<7y< % for L:=max{L;,L,}
and {Bn},{8:},{nn},{6,} C[e,1) C (0,1) such that B, + 8,+ Nu+ 6, = 1, for alln > 0. Then,
{xn} converges strongly to x* € Q.

4. CONCLUSION

In this paper, we gave the concepts of Bregman relatively f-nonexpansive mappings and in-
vestigate efficient iterative algorithms for the common solution problem of Bregman relatively
f-nonexpansive mappings and variational inequality problems with Lipschitz monotone map-
pings in reflexive real Banach spaces. Theorem 3.2 extends the results in [2, 4, 9, 12, 35] from
real Hilbert spaces to real reflexive Banach spaces. Corollary 3.5 extends of [13, Theorem 3.1]
from 2-uniformly convex and uniformly smooth real Banach spaces to smooth, strictly convex
and reflexive real Banach spaces.
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