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Abstract. We study a Halpern-type algorithm with both inertial and error terms for the approximation
of fixed points of strictly pseudocontractive mappings and zeros of inverse strongly monotone operators
in real Hilbert spaces. Our algorithm is illustrated via numerical examples in both finite and infinite
dimensional real Hilbert spaces. Our results extend recent results of [Y. Shehu, O.S. Iyiola, F.U. Ogbuisi,
Iterative method with inertial terms for nonexpansive mappings: applications to compressed sensing,
Numer. Algor. 83 (2020), 1321-1347] from the class of nonexpansive mappings to the much more
general class of strictly pseudocontractive mappings.
Keywords. Strictly pseudocontractive mappings; Nonexpansive mappings; Halpern-type algorithm;
Inertial terms; Strong convergence.

1. INTRODUCTION

Let H be a real Hilbert space with inner product 〈., .〉 and induced norm ||.||. Let C be a
nonempty closed convex subset of H.

Definition 1.1. A mapping T : C→C is said to be L-Lipschitzian if there exists L≥ 0 such that
||T x−Ty|| ≤ L||x− y||, ∀x,y ∈C. T is said to be a contractive if L ∈ [0,1), and T is said to be
nonexpansive if L = 1. T is said to be demiclosed at p if whenever {xn}∞

n=1 is a sequence in C
which converges weakly to x∗ ∈C and {T xn}∞

n=1 converges strongly to p, then T x∗ = p.

Let PC : H → C denote the metric projection (the proximity map) which assigns each point
x ∈ H to the unique nearest point in C, denoted by PC(x). It is well known that z = PC(x) if and
only if 〈x− z,z− y〉 ≥ 0, ∀y ∈C, and that PC is nonexpansive.

Definition 1.2. A mapping T : C→C is said to be k-strictly pseudocontractive [1] if there exists
k ∈ [0,1) such that ‖T x−Ty‖2 ≤ ‖x− y‖2 + k‖(x−T x)− (y−Ty)‖2, ∀x,y ∈C.

The class of k-strictly pseudocontractive mappings is more general than the class of nonex-
pansive mappings.
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Definition 1.3. T is demicontractive in the terminology of Hicks and Kubicek [2] or (satisfies
condition A) in the terminology of Maruster [3] if F(T ) = {x ∈C : T x = x} 6= /0 and there exists
k ∈ [0,1) such that

‖T x− p‖2 ≤ ‖x− p‖2 + k‖x−T x‖2, ∀x ∈C; p ∈ F(T ).

In the iterative approximation of fixed points of nonexpansive maps and strictly pseudocon-
tractive mappings, the iterative schemes of Mann [4]:

xn+1 = (1−αn)xn +αnT xn, n≥ 1;

and Ishikawa [5]:

xn+1 = (1−αn)xn +αnT [(1−βn)xn +βnT xn], n≥ 1,

where {αn}∞
n=1 and {βn}∞

n=1 are suitable sequences in [0,1], play an important role. However,
the two iteration schemes yield the weak convergence only, and require the “compactness”
assumption either on the operators or the domain of the operators or even both to yield the
strong convergence. Often, strong conditions are needed to impose on the fixed-point set, F(T ),
to obtain the strong convergence by using the Mann or the Ishikawa iteration process (see, for
example, [6, 7]). For example, in [6], Qihou required that F(T ) is finite, where T is a continuous
pseudocontractive-type self-mapping of a nonempty convex compact of a Hilbert space, and, in
[7], Zegeye, Shahzad and Alghamdi required that the interior of F(T ) is nonempty, where T
is a Lipschitz pseudocontractive self-mapping of a nonempty closed convex subset of a Hilbert
space. Recently, many new schemes have been studied to achieve the strong convergence with
mild assumptions on the operators, their domains, their fixed point sets and other necessary
components (see, for example, [8, 9, 10, 11, 12, 13, 14]).

In [15], Shehu, Iyiola and Ogbuisi introduced and studied a Halpern-type algorithm with both
inertial and error terms for approximating fixed points of nonexpansive mappings in real Hilbert
spaces. They proved the following main convergence theorem.

Theorem 1.1. ([15, Theorem 4.2]) Let H be a real Hilbert space and let T : H→ H be a non-
expansive mapping with a nonempty fixed point set F(T ). Let {xn} be the sequence generated
from arbitrary x0,x1 ∈ H by{

yn = xn +θn(xn− xn−1),
xn+1 = αnx0 +βnyn + γnTyn + en, n≥ 1,

where {αn},{βn},{γn} are sequences in (0,1); {εn} is a positive sequence and {en} ⊆ H is a
sequence of errors, and these sequences satisfy the conditions:
(i) lim

n→∞
αn = 0, ∑

∞
n=1 αn = ∞, εn = o(αn), where εn = o(αn) means lim

n→∞

εn
αn

= 0;

(ii) αn +βn + γn = 1, ∀n≥ 1 and liminf
n→∞

βnγn > 0;

(iii) either ∑
∞
n=1 ‖en‖< ∞ or lim

n→∞

‖en‖
αn

= 0;

(iv) θ ∈ [0,1), 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , εn

‖xn−xn−1‖},xn 6= xn−1,

θ , otherwise.

Then {xn} converges strongly to z = PF(T )x0.
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It is our purpose in this paper to extend the strong convergence result of this Halpern-type
algorithm with both inertial and error terms to the class of strictly pseudocontractive mappings.
Our strong convergence theorems extend the corresponding convergence theorems of [7] for
nonexpansive mappings to the much more general class of strictly pseudocontractive mappings.
Strong convegence of the algorithm is also proved for the iterative approximation of zeros of in-
verse strongly monotone operators. Implementation of our algorithm is illustrated by numerical
examples in both finite and infinite dimensional real Hilbert spaces.

2. PRELIMINARIES

We need the following results to prove our main convergence theorem.

Lemma 2.1. Let H be a real Hilbert space. Then, the following equalities and inequalities
hold:
(i) ‖x+ y‖2 = ‖x‖2 +2〈x,y〉+‖y‖2, ∀x,y ∈ H.
(ii) ‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉, ∀x,y ∈ H.
(iii) ‖αx+βy‖2 = α(α +β )‖x‖2 +β (α +β )‖y‖2−αβ‖x− y‖2, ∀x,y ∈ H; ∀α,β ∈ R.
(iv) ‖αx+βy+γz‖2 =α‖x‖2+β‖y‖2+γ‖z‖2−αβ‖x−y‖2−αγ‖x−z‖2−βγ‖y−z‖2, ∀x,y∈
H; ∀α,β ,γ ∈ [0,1], α +β + γ = 1.

Lemma 2.2. ([16]) Let C be a nonempty closed convex subset of a real Hilbert space H and let
T : C→C be a k−strictly pseudocontractive mapping. Then
(i) (I−T ) is demiclosed at 0, i.e, if xn ⇀ x ∈C and xn−T xn→ 0, then x = T x.
(ii) F(T ) = {x ∈C : T x = x} is closed and convex.

Lemma 2.3. ([17]) Let {Γn} be a sequence of real numbers. Assume {Γn} does not decrease
at infinity, that is, there exists at least a subsequence {Γnk} of {Γn} such that Γnk ≤ Γnk+1 for
all k ≥ 0. For every n≥ n0, define an integer sequence {τ(n)} as

τ(n) = max{k ≤ n : Γk ≤ Γk+1}.

Then τ(n)→ ∞ as n→ ∞, and, for all n≥ n0, max{Γτ(n),Γn} ≤ Γτ(n)+1.

Lemma 2.4. ([18]) Let {an}∞
n=1, {cn}∞

n=1, {en}∞
n=1 ⊂ R+ = [0,∞), {bn}∞

n=1 ⊂ (0,1) and
{dn}∞

n=1 ⊂ R be sequences such that

an+1 ≤ [1−bn + cn]an +dn + en, n≥ 1.

If ∑
∞
n=1 cn < ∞ and ∑

∞
n=1 en < ∞, then

(i) If dn ≤Mbn for some M ≥ 0, then {an}∞
n=1 is bounded.

(ii) If limn→∞ bn = 0; ∑
∞
n=1 bn = ∞, and limsupn→∞

dn
bn
≤ 0, then limn→∞ an = 0.

3. MAIN RESULTS

Theorem 3.1. Let H be a real Hilbert space and let T : H → H be a k-strictly pseudocontrac-
tive mapping with a nonempty fixed point set F(T ). Let {xn} be the sequence generated from
arbitrary x0,x1 ∈ H by {

yn = xn +θn(xn− xn−1), n≥ 1,
xn+1 = αnx0 +βnyn + γnTyn + en, n≥ 1,

(3.1)
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where {αn},{βn},{γn} are sequences in (0,1), {εn} is a positive sequence and {en} ⊆ H is a
sequence of errors satisfying the conditions:
(i) lim

n→∞
αn = 0, ∑

∞
n=1 αn = ∞, εn = o(αn), where εn = o(αn) means lim

n→∞

εn
αn

= 0;

(ii) αn +βn + γn = 1, ∀n≥ 1, βn ≥ k, ∀n≥ 1 and liminf
n→∞

γn[βn− (1−αn)k]> 0;

(iii) either ∑
∞
n=1 ‖en‖< ∞ or lim

n→∞

‖en‖
αn

= 0;

(iv) θ ∈ [0,1), 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , εn

‖xn−xn−1‖},xn 6= xn−1,

θ , otherwise.

Then, Algorithm (3.1) converges strongly to z = PF(T )x0.

Proof. Let p ∈ F(T ). Using Lemma 2.1 and the properties of T , we obtain

‖xn+1− p‖2 = ‖αn(x0− p)+βn(yn− p)+ γn(Tyn− p)‖2 +‖en‖2

+2〈en,αn(x0− p)+βn(yn− p)+ γn(Tyn− p)〉
≤ αn‖x0− p‖2 +βn‖yn− p‖2 + γn‖Tyn− p‖2 +‖en‖2

−αnβn‖x0− yn‖2−αnγn‖x0−Tyn‖2−βnγn‖yn−Tyn‖2

+2‖en‖[αn‖x0− p‖+βn‖yn− p‖+ γn‖Tyn− p‖]
≤ [βn + γn]‖yn− p‖2 +αn‖x0− p‖2− γn[βn− k]‖yn−Tyn‖2

−αnβn‖x0− yn‖2−αnγn‖Tyn− x0‖2 +‖en‖2

+2αn‖en‖‖x0− p‖+2(βn + γnL)‖en‖‖yn− p‖
≤ [(βn + γn)+2(βn + γnL)‖en‖]‖yn− p‖2 +αn‖x0− p‖2 +2αn‖en‖‖x0− p‖

+‖en‖2− γn[βn− k]‖yn−Tyn‖2−αnβn‖yn− x0‖2

−αnγn‖Tyn− x0‖2 +2(βn + γnL)‖en‖. (3.2)

Furthermore,

‖yn− p‖2 = ‖xn− p‖2 +θ
2
n ‖xn− xn−1‖2 +2〈θn(xn− xn−1),xn− p〉

≤ ‖xn− p‖2 +θ
2
n ‖xn− xn−1‖2 +2θ‖xn− xn−1‖‖xn− p‖

≤ ‖xn− p‖2 +θ
2
n ‖xn− xn−1‖2 +2θn‖xn− xn−1‖‖xn− p‖2 +2θn‖xn− xn−1‖

= [1+2θn‖xn− xn−1‖]‖xn− p‖2 +θ
2
n ‖xn− xn−1‖2 +2θn‖xn− xn−1‖. (3.3)

Substituting (3.3) into (3.2), we obtain

‖xn+1− p‖2 ≤ [(βn + γn)+2(βn + γnL)‖en‖]{[1+2θn‖xn− xn−1‖]‖xn− p‖2

+θ
2
n ‖xn− xn−1‖2 +2θn‖xn− xn−1‖}+αn‖x0− p‖2 +2αn‖en‖‖x0− p‖

+‖en‖2− γn[βn− k]‖yn−Tyn‖2−αnβn‖yn− x0‖2

−αnγn‖Tyn− x0‖2 +2(βn + γnL)‖en‖
≤ [1−αn +2(βn + γn)θn‖xn− xn−1‖

+2(βn + γnL)‖en‖(1+2θn‖xn− xn−1‖)]‖xn− p‖2

+[(βn + γn)+2(βn +Lγn)‖en‖][θ 2
n ‖xn− xn−1‖2 +2θn‖xn− xn−1‖]

+αn‖x0− p‖2 +2αn‖en‖‖x0− p‖+‖en‖2 +2(βn + γnL)‖en‖. (3.4)
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If lim
n→∞

‖en‖
αn

= 0, we can express (3.4) as follows

‖xn+1− p‖2 ≤ [1−αn +αn{2(βn + γn)
θn

αn
‖xn− xn−1‖

+2
‖en‖
αn

(βn + γnL)(1+2θn‖xn− xn−1‖)}]‖xn− p‖2

+αn{[(βn + γn)+2αn(βn + γnL)
‖en‖
αn

][αn(
θn

αn
)2‖xn− xn−1‖2

+2
θn

αn
‖xn− xn−1‖]+‖x0− p‖2 +2αn

‖en‖
αn
‖x0− p‖

+αn(
‖en‖
αn

)2 +2
‖en‖
αn

(βn + γnL)}. (3.5)

The hypothesis of our Theorem imply that there exists D > 0 such that

2{[(βn + γn)+2αn(βn + γnL)
‖en‖
αn

][αn(
θn

αn
)2‖xn− xn−1‖2

+2
θn

αn
‖xn− xn−1‖]+‖x0− p‖2 +2αn

‖en‖
αn
‖x0− p‖

+αn(
‖en‖
αn

)2 +2
‖en‖
αn

(βn + γnL)} ≤ D, ∀n≥ 1. (3.6)

Furthermore, there exists a positive integer N such that

{2(βn + γn)
θn

αn
‖xn− xn−1‖+2

‖en‖
αn

(βn + γn)(1+2θn‖xn− xn−1‖)} ≤
1
2
, ∀n≥ N. (3.7)

Thus, substituting (3.6) and (3.7) into (3.5), we obtain

‖xn+1− p‖2 ≤ [1−σn]‖xn− p‖2 +Dσn, n≥ N,

where σn =
αn
2 . It now follows from Lemma 2.4 that {xn} is bounded. If ∑

∞
n=1 ‖en‖< ∞, let N

be a positive integer such that

2
θn

αn
(βn + γn)‖xn− xn−1‖ ≤

1
2
, ∀n≥ N.

Furtherfore, let M1 > 0,M2 > 0 and M3 > 0 be such that

2(βn + γn)(1+2θn‖xn− xn−1‖)≤M1, ∀n≥ 1,

2(βn + γn)[αn(
θn

αn
)2‖xn− xn−1‖2 +2

θn

αn
‖xn− xn−1‖]

+‖x0− p‖2 +2‖en‖‖x0− p‖ ≤M2, ∀n≥ 1,

and

[2(βn + γnL)(θ 2
n ‖xn− xn−1‖2 +2θn‖xn− xn−1‖+1)+‖en‖]‖en‖ ≤M3, ∀n≥ 1.
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From (3.4), we obtain

‖xn+1− p‖2

≤ [1−αn +αn(2
θn

αn
(βn + γn)‖xn− xn−1‖)

+2(βn + γn)(1+2θn‖xn− xn−1‖)‖en‖]‖xn− p‖2

+αn(2(βn + γn)[αn(
θn

αn
)2‖xn− xn−1‖2 +2

θn

αn
‖xn− xn−1‖]

+‖x0− p‖2 +2‖en‖‖x0− p‖

+[2(βn + γnL)(θ 2
n ‖xn− xn−1‖2 +2θn‖xn− xn−1‖+1)+‖en‖]‖en‖, ∀n≥ N.

Thus,

‖xn+1− p‖2 ≤ [1− αn

2
+M1‖en‖]‖xn− p‖2 +M2

αn

2
+M3‖en‖

= [1−σn +δn]‖xn− p‖2 +M2σn +λn, ∀n≥ N.

where σn =
αn
2 , δn = M1‖en‖, and λn = M3‖en‖. It now follows from Lemma 2.4 that {xn} is

bounded. Furthermore,

‖yn− p‖2 = ‖xn +θn(xn− xn−1)− p‖2

= ‖xn− p‖2 +2θn〈xn− xn−1,xn− p〉+θ
2
n ‖xn− xn−1‖2

≤ ‖xn− p‖2 +2θn〈xn− xn−1,xn− p〉+θn‖xn− xn−1‖2. (3.8)

Observe that

‖xn−1− p‖2 = ‖xn−1− xn + xn− p‖2

= ‖xn− p‖2−2〈xn− xn−1,xn− p〉+‖xn− xn−1‖2,

which implies

2〈xn− xn−1,xn− p〉=−‖xn−1− p‖2 +‖xn− p‖2 +‖xn− xn−1‖2. (3.9)

Substituting (3.9) into (3.8), we obtain

‖yn− p‖2 ≤ ‖xn− p‖2 +θn[−‖xn−1− p‖2

+‖xn− p‖2 +‖xn− xn−1‖2]+θn‖xn− xn−1‖2

= ‖xn− p‖2 +2θn‖xn− xn−1‖2

+θn[‖xn− p‖2−‖xn−1− p‖2].
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On the other hand, we have

‖xn+1− p‖2 = ‖αnx0 +βnyn + γnTyn + en− p‖2

= ‖αn(x0− p+
en

αn
)+βn(yn− p)+ γn(Tyn− p)‖2

≤ ‖βn(yn− p)+ γn(Tyn− p)‖2 +2〈αn(x0− p+
en

αn
),xn+1− p〉

= βn(βn + γn)‖yn− p‖2 + γn(βn + γn)‖Tyn− p‖2−βnγn‖yn−Tyn‖2

+2〈αn(x0− p+
en

αn
),xn+1− p〉

≤ βn(βn + γn)‖yn− p‖2 + γn(βn + γn)[‖yn− p‖2 + k‖yn−Tyn‖2]

−βnγn‖yn−Tyn‖2 +2〈αn(x0− p+
en

αn
),xn+1− p〉

= (βn + γn)
2‖yn− p‖2− γn[βn− (βn + γn)k]‖yn−Tyn‖2

+2〈αn(x0− p+
en

αn
),xn+1− p〉

≤ (1−αn)‖yn− p‖2− γn[βn− (1−αn)k]‖yn−Tyn‖2

+2〈αn(x0− p+
en

αn
),xn+1− p〉. (3.10)

Using (3.10) in (3.10), we obtain

‖xn+1− p‖2 ≤ (1−αn)[‖xn− p‖2 +2θn‖xn− xn−1‖2 +θn[‖xn− p‖2−‖xn−1− p‖2]]

−γn[βn− (1−αn)k]‖yn−Tyn‖2 +2〈αn(x0− p+
en

αn
),xn+1− p〉

= (1−αn)‖xn− p‖2− γn[βn− (1−αn)k]‖yn−Tyn‖2

+2θn(1−αn)‖xn− xn−1‖2 +θn(1−αn)[‖xn− p‖2−‖xn−1− p‖2]

+2αn〈x0− p+
en

αn
,xn+1− p〉. (3.11)

Set Γn = ‖xn− p‖2, ∀n≥ 1. It follows from (3.11) that

Γn+1 ≤ (1−αn)Γn− γn[βn− (1−αn)k]‖yn−Tyn‖2

+θn(1−αn)(Γn−Γn−1)+2θn(1−αn)‖xn− xn−1‖2

+2αn〈x0− p+
en

αn
,xn+1− p〉. (3.12)

We consider two cases.

Case 1. Suppose that there is N ∈N such that Γn+1 ≤ Γn, ∀n≥ N. Then limn→∞ Γn exists and it
follows from (3.12) and the hypothesis of the theorem that limn→∞ ‖yn−Tyn‖= 0. Thus, from
the hypothesis of the theorem, Lemma 2.2, and Lemma 2.3, some standard arguments (see for
example [17, 15]) yield that {xn} converges strongly to z = PF(T )x0.

Case 2. Suppose that there is no N ∈ N such that {Γn}∞
n=N is monotone decreasing. We again

follow the techniques presented in ([17, 15]) to obtain that {xn} converges strongly to z =
PF(T )x0. �

If T is demicontractive, then we have the following result.
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Corollary 3.1. Let H be a real Hilbert space. Let T : H→H be a demicontractive mapping with
constant k ∈ [0,1) and let (I−T ) be demiclosed at zero. Let {xn} be the sequence generated
from arbitrary x0,x1 ∈ H by Algorithm (3.1):{

yn = xn +θn(xn− xn−1), n≥ 1,
xn+1 = αnx0 +βnyn + γnTyn + en, n≥ 1,

(3.13)

where {αn},{βn},{γn} are sequences in (0,1), {εn} is a positive sequence and {en} ⊆ H is a
sequence of errors and the sequences satisfy the conditions:
(i) lim

n→∞
αn = 0, ∑

∞
n=1 αn = ∞, εn = o(αn), where εn = o(αn) means lim

n→∞

εn
αn

= 0;

(ii) αn +βn + γn = 1, ∀n≥ 1, βn ≥ k, ∀n≥ 1 and liminfn→∞ γn[βn− (1−αn)k]> 0;
(iii) either ∑

∞
n=1 ‖en‖< ∞ or limn→∞

‖en‖
αn

= 0;
(iv) θ ∈ [0,1), 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , εn

‖xn−xn−1‖},xn 6= xn−1,

θ , otherwise.

Then {xn} converges strongly to z = PF(T )x0.

Next, we give some real sequences, which satisfy the restrictions on the parameters: αn =
1−k

2(n+1) , βn = 1+k
2 + 1−k

2(n+1) , γn = 1− 1+k
2 −

1−k
n+1 , εn = 1

(n+1)2 , en = c
(n+1)2 , where c ∈ H is any

fixed vector.

Remark 3.1. In [16], Osilike and Udomene showed that if T is k-strictly pseudocontractive,
then the operator Tβ = (1−β )I +βT is nonexpansive for every β ∈ (0,1− k].

Thus, the following theorems directly follow from the Theorem 1.1 and Theorem 4.4 of [15],
respectively.

Corollary 3.2. Let H be a real Hilbert space and let T : H→ H be a k-strictly pseudocontrac-
tive mapping with a nonempty fixed point set F(T ). Let {xn} be the sequence generated from
arbitrary x0,x1 ∈ H by {

yn = xn +θn(xn− xn−1), n≥ 1,
xn+1 = αnx0 +βnyn + γnTβ yn + en, n≥ 1, (3.14)

where {αn},{βn},{γn} are sequences in (0,1), {εn} is a positive sequence and {en} ⊆ H is a
sequence of errors and the sequences satisfy the conditions:
(i) lim

n→∞
αn = 0, ∑

∞
n=1 αn = ∞, εn = o(αn), where εn = o(αn) means lim

n→∞

εn
αn

= 0;

(ii) αn +βn + γn = 1, ∀n≥ 1 and liminf
n→∞

βnγn > 0;

(iii) either ∑
∞
n=1 ‖en‖< ∞ or lim

n→∞

‖en‖
αn

= 0;

(iv) θ ∈ [0,1), 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , εn

‖xn−xn−1‖},xn 6= xn−1,

θ , otherwise.

Then, Algorithm (3.14) converges strongly to z = PF(T )x0.
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Corollary 3.3. Let H be a real Hilbert space and let T : H → H be a demicontractive map-
ping with constant k ∈ [0,1) and let (I−T ) be demiclosed at zero. Let {xn} be the sequence
generated from arbitrary x0,x1 ∈ H by Algorithm (3.14):{

yn = xn +θn(xn− xn−1), n≥ 1,
xn+1 = αnx0 +βnyn + γnTβ yn + en, n≥ 1,

where {αn},{βn},{γn} are sequences in (0,1), {εn} is a positive sequence and {en} ⊆ H is a
sequence of errors and the sequences satisfy the conditions:
(i) lim

n→∞
αn = 0, ∑

∞
n=1 αn = ∞, εn = o(αn), where εn = o(αn) means lim

n→∞

εn
αn

= 0;

(ii) αn +βn + γn = 1, ∀n≥ 1, and liminf
n→∞

βnγn > 0;

(iii) either ∑
∞
n=1 ‖en‖< ∞ or lim

n→∞

‖en‖
αn

= 0;

(iv) θ ∈ [0,1), 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , εn

‖xn−xn−1‖},xn 6= xn−1,

θ , otherwise.

Then, Algorithm (3.14) converges strongly to z = PF(T )x0.

We remark that Algorithm (3.1) takes less time to be implemented than Algorithm 3.14,
which is implemented with an auxiliary operator (see our examples below).

Zeros of inverse-strongly monotone operators

Definition 3.1. An operator A : H → H is said to be inverse-strongly monotone if there exists
α > 0 such that

〈Ax−Ay,x− y〉 ≥ α‖Ax−Ay‖2, ∀x,y ∈ H.

It is also said to be α-inverse-strongly monotone.

We may assume without loss of generality that α ∈ [0,1). It is easy to observe that if A is
α-inverse-strongly monotone, then the operator T = I−A is (1−α)-strictly pseudocontractive.
Thus we have the following.

Theorem 3.2. Let H be a real Hilbert space, and let A : H → H be an α−inverse-strongly
monotone mapping with A−10 = {x ∈ H : Ax = 0} 6= /0. Let T = I −A and let {xn} be the
sequence generated from arbitrary x0,x1 ∈ H by (3.1):{

yn = xn +θn(xn− xn−1), n≥ 1,
xn+1 = αnx0 +βnyn + γnTyn + en, n≥ 1,

where {αn},{βn},{γn} are sequences in (0,1), {εn} is a positive sequence and {en} ⊆ H is a
sequence of errors and these sequences satisfy the conditions:
(i) lim

n→∞
αn = 0, ∑

∞
n=1 αn = ∞, εn = o(αn), where εn = o(αn) means lim

n→∞

εn
αn

= 0;

(ii) αn +βn + γn = 1, ∀n≥ 1, βn ≥ k, ∀n≥ 1 and liminf
n→∞

γn[βn− (1−αn)k]> 0, k = (1−α) ∈
[0,1);
(iii) either ∑

∞
n=1 ‖en‖< ∞ or lim

n→∞

‖en‖
αn

= 0;

(iv) θ ∈ [0,1), 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , εn

‖xn−xn−1‖},xn 6= xn−1,

θ , otherwise.
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Then, Algorithm (3.1) converges strongly to z = PF(T )x0 = PA−10x0.

Definition 3.2. An operator A : D(A)⊆ H→ 2H is said to be monotone if

〈Ax−Ay,u− v〉 ≥ 0, ∀x,y ∈ D(A); u ∈ Ax, v ∈ Ay.

A is said to be maximal monotone if A is monotone and the graph of A, G(A) = {(x,u) : x ∈
D(A),u ∈ Ax} is not properly contained in the graph of any other monotone operator. The
resolvent of A with index λ > 0 is the mapping JA

λ
: H→ H given by JA

λ
x = (I +λA)−1x.

It is well-known that JA
λ

is single-valued, nonexpansive and 1-inverse-strongly monotone and
if A−10 = {x ∈ D(A) : 0 ∈ Ax} 6= /0, then x ∈ A−10 if and only if x ∈ F(JA

λ
). Furthermore, if A

and B are monotone, then x ∈ (A+B)−10 if and only if x ∈ F(JA
λ
(I−λB)) (see, for example,

[19]).
Let A : H→H be an α-inverse-strongly monotone operator and let B : H→ 2H be a maximal

monotone operator. Then, for 0 < λ ≤ 2α , we have that JB
λ
(I−λA) is nonexpansive and hence

strictly pseudocontractive. Thus, we have the following result.

Theorem 3.3. Let A : H→ H be α-inverse strongly monotone operator, and let B : H→ 2H be
a maximal monotone operator. Let 0 < λ ≤ 2α and let {xn} be the sequence generated from
arbitrary x0,x1 ∈ H by (3.1):{

yn = xn +θn(xn− xn−1), n≥ 1,
xn+1 = αnx0 +βnyn + γnTyn + en, n≥ 1,

where T = JB
λ
(I− λA), {αn},{βn},{γn} are sequences in (0,1), {εn} is a positive sequence

and {en} ⊆ H is a sequence of errors and the sequences satisfy the conditions:
(i) lim

n→∞
αn = 0, ∑

∞
n=1 αn = ∞, εn = o(αn), where εn = o(αn) means lim

n→∞

εn
αn

= 0;

(ii) αn +βn + γn = 1, ∀n≥ 1, βn ≥ k, ∀n≥ 1 and liminf
n→∞

γn[βn− (1−αn)k]> 0, k ∈ [0,1);

(iii) either ∑
∞
n=1 ‖en‖< ∞ or lim

n→∞

‖en‖
αn

= 0;

(iv) θ ∈ [0,1), 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , εn

‖xn−xn−1‖},xn 6= xn−1,

θ , otherwise.

Then, Algorithm (3.1) converges strongly to z = PF(T )x0 = P(A+B)−10x0.

4. NUMERICAL EXAMPLES

In this section, the numerical examples to demonstrate the convergence of the proposed Algo-
rithms (3.1) and (3.14) discussed are given in the real Hilbert space setting. From the examples,
we show graphically strong convergence results discussed in Section 3. All codes are writ-
ten in MATLAB, and implemented using an HP Elitebook 6930p computer with Pentium(R)
DUAL-CORE CPU T4200 with 2.00Hz and 2GB RAM.

Example 4.1. Let R denote the reals with the usual norm and define T : R→ R by

T x =
{
−3x+1, x ∈ (−∞,0],
1
2(x+2), x ∈ (0,∞).
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Then T is 1
2−strictly pseudocontractive. Let x0 = 0,x1 = 1, αn =

1
4(n+1) ;βn =

3
4 +

1
4(n+1) ;

γn = 1
4 −

1
2(n+1) ;εn = 1

(n+1)2 ;en = 1
(n+1)2 and θ = 1

2 . Then the Algorithms (3.1) and (3.14)
converge strongly to 2. The results are shown in Figure 1 and Table 1 below.

FIGURE 1. The convergence behaviors of the iterative algorithms

No.
of

iter. Algorithm (3.1) Algorithm (3.14)
n Time Time

(Secs.) xn ‖xn+1− xn‖ (Secs.) xn ‖xn+1− xn‖
136 0.1075635 2.0002320 0.0000036 0.1244865 2.0005200 0.0000068
246 0.2323397 2.0000690 0.0000006 0.2504222 2.0001500 0.0000013
321 0.3039775 2.0000400 0.0000003 0.3346608 2.0000800 0.0000006
435 0.4329729 2.0000220 0.0000001 0.4519594 2.0000400 0.0000002
556 0.0000000 0.0000000 0.0000000 0.5695135 2.0000300 0.0000001

TABLE 1. The numerical values of ‖xn+1− xn‖ for the two algorithms compared

Example 4.2. Let X = `2(R) = {x = {xi}∞
i=1 : xi ∈R and ∑

∞
i=1 |xi|2 < ∞}. Define T : X→ X by

T x =−3x. Then T is 1
2−strictly pseudocontractive. Let x0 = (1,0,0,0, . . .);x1 = (1

2 ,0,0,0, . . .),
αn = 1

4(n+1) ;βn = 3
4 +

1
4(n+1) ;γn = 1

4 −
1

2(n+1) ;εn = 1
(n+1)2 ;θ = 1

2 and en = c
(n+1)2 , where c =

(1,0,0,0, . . .). Then the Algorithms (3.1) and (3.14) converge strongly to 0 = (0,0,0, . . .) as in
Figure 2 and Table 2 below

Remark 4.1. The stopping criteria is ‖xn+1− xn‖ ≤ 10−7 for both Tables which imply that the
error of approximating the fixed point of the given mapping is negligible. From Figure 1 and
Table 1, as the consecutive terms of the sequence get close enough (as close as a difference
of 10−7), the sequence generated is seen to approach the fixed point of the mapping, which
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FIGURE 2. The convergence behaviors of the iterative algorithms

No.
of

iter. Algorithm (3.1) Algorithm (3.14)
n Time Time

(Secs.) ‖xn+1− xn‖ (Secs.) ‖xn+1− xn‖
21 0.0123282 0.0002369 0.0115707 0.0005230

104 0.0686563 0.0000018 0.0782150 0.0000037
215 0.1793904 0.0000002 0.1860124 0.0000004
271 0.2432082 0.0000001 0.2530258 0.0000002
343 0.0000000 0.0000000 0.3182514 0.0000001

TABLE 2. The numerical values of ‖xn+1− xn‖ for the two algorithms compared

is 2. A lower stopping criteria will make no much difference while a higher stopping criteria
will truncate the computation too early which might lead to higher computational error. Clearly
error = ‖xn−2‖ → 0 as n→ ∞, which shows that the algorithm converges to the desired fixed
point. The same holds for Figure 2 and Table 2.

5. CONCLUSION

A Halpern-type algorithm with both inertial and error terms for approximating fixed points
of strictly pseudocontractive mappings and zeros of inverse-strongly monotone operators in
real Hilbert spaces was discussed in this paper. Strong convergence results were proved for
a k-strictly pseudocontractive mapping and an averaged mapping involving k-strictly pseudo-
contractive mapping. Numerical examples were presented to illustrate the strong convergence
of the algorithms. In both examples shown above, it was observed that Algorithm (3.1) con-
verges faster than Algorithm (3.14). Indeed, Algorithm (3.1) reaches the stopping criteria of
‖xn+1− xn‖ ≤ 10−9 faster than Algorithm (3.14). The results presented in this paper extends



THE ITERATIVE ALGORITHM WITH INERTIAL AND ERROR TERMS 107

the recent results by Shehu, Iyiola and Ogbuisi [15] from the class of nonexpansive mappings
to the much more general class of strictly pseudocontractive mappings.
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