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GENERIC PROPERTIES OF OPERATOR-DEPENDENT NORMAL MAPPINGS
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Abstract. We introduce the notions of operator-dependent normality and operator-dependent weak nor-
mality with respect to a given convex function, which is uniformly continuous on bounded sets, and a
given operator. In 2001, Gabour, Reich and Zaslavski considered bounded sets and studied the proper-
ties of normal mappings and normal sequences of mappings with respect to an everywhere uniformly
continuous convex function. In 2020, Barshad, Reich and Zaslavski studied similar properties for not
necessarily bounded sets, and also introduced the more general notion of weak normality. In this paper,
we investigate the analogous properties regarding certain developments of these concepts and present
some applications to the minimization of convex functions.
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1. INTRODUCTION AND BACKGROUND

Let (X,]|-||) be a normed space with norm ||-||. Let K C X be a nonempty, closed and convex
subset of X, and let f : K — R be a convex function, which is bounded from below and uniformly
continuous on bounded subsets of K. In the case where K is an unbounded set, we also assume

lim f(x) = oo. (1.1)

X—ro
Set
inf f:=inf{f (x): x € K}.

Denote by B the set of all bounded mappings B : K — K, by 2 the set of all mappings A € B,
which satisfy

f(Ax) < f(x) foreachx € K (1.2)
and by 2. the set of all continuous mappings A € 2. For the set 2, we define a metric p :
Ax2A — R by

p(A,B): =sup{||Ax—Bx||: x€ K} ,A,B e 2.

Clearly, the metric space 2l is complete if (X, ||-||) is a Banach space, and the metric space 2. is
a closed subset of 2[. Denote by ) the set of all sequences of elements in 2l and by 971, the set
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of all sequences of elements in 2. For the set 91, we consider the following two uniformities
and the topologies induced by them. The first uniformity is determined by the following basis:

Ey(N,€) = {({An} B} ) €M X M: p (An,By) < €,n=1,... N},

where N = 1,2... and € > 0. This uniformity induces a uniform topology on 9, which we
denote by 7| and call the weak topology.
The second uniformity is determined by the following basis:

E2 (8) = {<{An}:zo:l 7{Bn}::1) S mxmp(AnaBn) <€ n= 172?"'}7

where € > 0. This uniformity induces a uniform topology on 9%, which we denote by 7, and
call the strong topology. Clearly, 1, is indeed stronger than 7;.

It is not difficult to see that the uniform spaces (91, 7; ) and (9%, 7,) are metrizable (by metrics
p1 and p,, respectively) and complete if (X, ||-||) is a Banach space. More information on
uniformities and uniform spaces can be found, for example, in [1].

Clearly, 9. is a closed subset of 9t with respect to the weak topology (and therefore with
respect to the strong topology) and hence complete with respect to both the strong and weak
topologies. Denote by 901, the set of all bounded sequences of elements in 2 and by 91, the
set of all bounded sequences of elements in 2. It can easily be verified that 9t;, and 91, are
closed subsets of 9t with respect to the strong topology. Evidently, the relative strong topology
on M, is determined by the metric d : 2, x M, — R defined by

d ({An} 21 ABubuzy) = sup{p (An, Bx) 1,1 {An}oy  {Butazy € M.
For each By € B, we set
dp, :=sup{|f (Box)| :x € K} andSp, :={x €K : f(x) <dp,}.

Note that the assumption that f is convex and uniformly continuous on bounded sets implies
that dp, is finite. Note also that the set Sp, is always bounded (in the case where K is unbounded
this follows from (1.1)) and hence f is uniformly continuous on it.

Definition 1.1. Let By € 5. A mapping A : K — K is said to be By-normal with respect to f if
for given € > 0, there is § (¢) > 0 such that for each x € Sp, satisfying f(x) > inf (f) + €, the
inequality

f(Ax) < f(x)—8(¢)
is true. A sequence {A,}, | of operators A, : K — K is said to be By-normal with respect to f
if for given € > 0, there is & (&) > 0 such that for each x € Sp, satisfying f (x) > inf (f) + € and
each integer n = 1,2, ..., the inequality

f(Anx) < f(x)—8(e)

holds.

Example 1.1. Let X = R and K = [0,). Define By € B by By (x) := |cosx| for each x € K,
271y, x <1,
2x—3-27" 1<x<3.27!

and define A : K — K by Ax := * ’ xl_ "foreachx€ K. Let f: K - R
X, 3:27 <x<2,
2, x>2,

be defined by f(x) := x? for each x € K. Evidently, f is convex and uniformly continuous
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on bounded sets. Clearly, A is Bp-normal with respect to f. We also have A € %, that is,
2. C A # 0 and therefore 9. C M # 0.

Definition 1.2. Let By € ®B. A sequence {A,}, _, of operators A, : K — K is said to be Bo-
weakly normal with respect to f if for given € > 0, there exists a sequence {9, },._; of positive
numbers such that limsup,,_,.,nd, = oo and for each positive integer n, each x € Sp, satisfying
f(x) >inf(f)+ € and each integer k = 1,2,...,n, the inequality

fAx) < f(x)— 6,
holds.

Remark 1.1. Assume By € 9B. It is not difficult to see that for each a € (0,1) and each
{An} i {Bn},—; €9, the convex combination, & {A,}, | + (1 — ) {B,},_,, is also an ele-
ment of 9 and if one of them is Bp-normal with respect to f, then the sequence @ {A,}, | +
(1—a){Bn},_, is also Bp-normal with respect to f. Each By-normal sequence of mappings
with respect to f is, in particular, Byp-weakly normal with respect to f, but not vice versa as is
shown in the following example.

Example 1.2. Let X = R and K = [0,). Let By € B be defined by By (x) := sin®x for each
x € K. For each positive integer n, define A, : K — K by

2!
(1—11_2 l) X, x <1,
2-1 2 2-1 2 1
A (3-2(1=n2) " )3 ((1-n2")" S0, 1<x<32
X, 3-271<x <2,
L 2, x> 2,

for each x € K. Let f: K — R be defined by f(x) := x? for each x € K. It is clear that f is
convex and uniformly continuous on bounded sets. Let € > O be arbitrary. For each positive
integer n, set 0, := n~2"'e. Then inf (f) =0, and for each x € Sp, such that f (x) > € and each
k=1,2,...,n, we have

Fla) = 1=k ) F@ S F) k2 e = F(x) =8 < f (x)— 8

Clearly, lim,,_,.n8, = o. Therefore the sequence {A,}, _, is Bo-weakly normal with respect
to f, but it is not Bp-normal with respect to f because lim,_,. f (A,x) = f (x) for each x € Sp,
such that f (x) > €. As a matter of fact, we also have {A,},_,; € M, that is, M. C M # 0.

In the sequel, we assume that the function f is clearly understood, and therefore we use
the notions of the operator-dependent normality and the operator-dependent weak normality
without referring explicitly to f.

The importance of concepts related to normality and weak normality for convex minimiza-
tion problems was plainly demonstrated in [2], [3] and [4], where the function f is uniformly
continuous on the set K. In this paper, we present analogous results under different assump-
tions. In contrast with previous studies, here the concepts of normality and weak normality are
considered with respect to a given operator By € ‘B and not globally, and the residual sets de-
pend on the operator By. This operator-dependent approach turns out to be useful for removing
the somewhat restrictive requirement on the function f to be uniformly continuous on all of
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K. We also present numerous applications of our results to generic minimization problems on
arbitrary closed balls.

The rest of our paper is organized as follows. In Section 2, we state our main results. Several
auxiliary results are presented in Section 3. Section 4 is devoted to the results concerning the
existence of residual sets of operator-dependent normal mappings, operator-dependent normal
sequences and of operator-dependent weakly normal sequences of mappings. In Section 5,
we provide some applications of operator-dependent normality and operator-dependent weak
normality to the study of certain minimization problems. The proofs of our main results, which
are stated in Section 2, are provided in Section 6. Finally, in Section 7, we present a few
corollaries of these results, which involve metric projections onto closed balls.

In all our results, we also assume that (X, ||-||) is a Banach space.

2. STATEMENTS OF THE MAIN RESULTS
In this section we state our three main results. We establish them in Section 6 below.

Theorem 2.1. Let By € B. Then there exist sets % C M, F), C FNMy,, F. C F NM. and
Fpe C FpNIM, of Bo-weakly normal sequences of mappings, which are countable intersections
of open (in the relative weak topology) and dense (respectively, in the weak topology, in the
relative strong topology, in the relative weak topology and in the relative strong topology) sets
in, respectively, MM, My, M. and My such that for each {A,},_| € F, the following assertion
holds:

For each € > 0, there exist a neighborhood U (in the weak topology) of {An},_, and a
positive integer N satisfying

f(BN .. .BlB()x) < inf(f) +é&

for each {B,},_, € U and each x € K.
Theorem 2.2. Let By € B. Then there exist a set % C 2 of By-normal mappings, which is
a countable intersection of open and dense sets in A, and a set #. C F NA. of Bo-normal
mappings, which is a countable intersection of open and dense sets in ., such that for each
A € Z, the following assertion holds:

For each € > 0, there exist a neighborhood U of A in A and a positive integer N satisfying

f(BYByx) <inf(f)+e¢

foreach B € U and each x € K.
Theorem 2.3. Let By € B. Then there exist sets F, C My, and Fp. C Fp NN, of Bo-normal
sequences of mappings, which are countable intersections of open (in the relative strong topol-
ogy) and dense (in the relative strong topology) sets in, respectively, N, and Ny, such that for
each {A,},_, € F, the following assertion holds:

For each € > 0, there exist a neighborhood U (in the strong topology) of {An},_, and a
positive integer N satisfying

f (Br(N) .. .Br(l)B()x) < ll’lf(f) + €

for each {By},_, € U, each mapping r: {1,2,...} —{1,2,...} and each x € K.

These theorems generalize the corresponding results in [3] and [4].



GENERIC PROPERTIES OF OPERATOR-DEPENDENT NORMAL MAPPINGS 137

3. AUXILIARY RESULTS

We first prove that there exists an operator A, : K — K, which is continuous and By-normal
for each By € 8.

Proposition 3.1. There exists an operator A, € 2., which is Bo-normal for each By € *B.

Proof. Given € > 0, there exists a positive integer j such that 2~/ < £. Without loss of general-
ity, we may assume that f does not attain its minimum on K. Therefore, there exists a function
p : K — N such that, for each x € K,

p(x)=min{i € N: f(x) >inf(f)+27'}. (3.1)
Clearly, there exists an open cover {V,} ek Of K such that, for each x € K,
(V€ Vi) f(y)>inf(f)+277W. (3.2)
For each x € K, by (3.1) and (3.2), we have
(VyeVa) p(y) <p(x) (3.3)

and there exists a, € K such that
f(ay) <inf(f)+27PW-1 (3.4)

Since metric spaces are paracompact Hausdorff spaces [5], there is a continuous partition of
unity {@y},.x subordinated to the cover {V,} .x. Thatis, for every x € K, ¢, : K — [0,1] is a
continuous function such that supp(¢,) C V and for each x € K, there is a neighborhood U, of
x and a finite sequence {x}/*; C K such that

(et Y ou()=land {z€X: 6. (y) >0} C {}™,. (3.5)
i=1

Since K is convex, the definition of a partition of unity implies that there exists a mapping
A, : K — K defined by (Vx € K)A.x := Y cx 9;(2)a;. Since for each x € K and each y € Uy,
we have by (3.5),

Ay =Y 0 () ay. (3.6)
i=1

Since ‘Pxf is continuous for each i = 1,...m,, it follows that A, is also continuous on K. Let
x € K satisty f(x) > inf(f) 4+ €. Then by (3.1), p(x) < j. Since f is a convex function, it
follows from (3.5) and (3.6) that

f(A*x)gmax{f<axlx> :ie{l...mx}}. 3.7)

Evidently, we may assume that ¢,x(x) # O for all i € {1...my}. Therefore, for each i €
{1...m,}, we have x € supp(q)xic) C Vir. Now, by (3.3) and (3.4), we have

f<ax;> <inf(f)+2_l’(xf)—1 <inf(f)+2 P01

for each i € {1...m,}. Using (3.7), we obtain that f (A,x) < inf(f)+2"?®~1. On the other
hand, by (3.1), inf(f) < f (x) — 277" and therefore

f(Awx) < f(x) —27P@~1, (3.8)
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Now, we choose & (¢) =27/~!. Since p (x) < j, it follows from (3.8) that A, is Bo-normal for
each By € 9B and satisfies (1.2). In the case where K is unbounded, since limy_,c f (x) = oo, it
follows from (3.4) that {a, : x € K} is bounded. Using (3.6), we conclude that A, € 2. even if
K is unbounded, as asserted. O

Note that, in contrast with [2], in the above proof we use the concept of a partition of unity
and not Michael’s selection theorem [6].

Lemma 3.1. Let By € &, let {A,},_, € MM be a By-normal sequence and let € > 0 be given.
Then there exist a number & > 0 and a neighborhood U of {A,},_, in 9 with the strong
topology such that, for each {B,}, | € U and each x € Sp, satisfying f(x) > inf(f) + &,
f(Bux) < f(x)—0 foreachn=1,2,....

Proof. Since {A,},_, is Bp-normal, there is 8y > O such that, for each n = 1,2,... and each
x € Sp, satisfying f (x) > inf(f) + €, we have

[ (Anx) < f (x) = bo. (3.9)

Since f is uniformly continuous on Sg,, there is § € (0,27'8) such that | £ (y) — f(z)| <27 '&
for each y, z € Sp, satisfying ||y —z|| < &. Set

U= {{Bu}y € M (A}, (Ba)oy) € B2 (8)}.

It is clear that U is a neighborhood of {A,}, _; in 9t with the strong topology. Assume that
{B,},_, € U and that x € Sp, satisfies f (x) > inf(f) 4 €. Then by (3.9), we have

f(Anx) < f(x) = 8o (3.10)
for eachn =1,2,.... The definitions of 6 and U imply that
|Anx — Bpx| <6,
and
| (Anx) = f (Bux)| <278

for eachn =1,2,.... When combined with (3.10), this implies that

F(Bx) < f(x) 42718 — 8 < f(x) — 5
foreachn=1,2,..., as asserted. O

Lemma 3.2. Let By € B, let {A,},_, € M be a By-weakly normal sequence and let € > 0 be
given. Then there exist a sequence of positive numbers {9y }y_, and a sequence {Uy}y_, of
neighborhoods of {A, },_, in 9 with the weak topology such that limsupy_,,, NSy = o and for
each positive integer N, the following assertion holds:

For each {B,},_| € Uy and each x € Sp, satisfying f (x) > inf(f) + €, we have f(Byx) <
f(x)— 6y foreachn=1,2,...,N.

Proof. Since {A,},_; is Bo-weakly normal, there is a sequence {0y }y_, of positive numbers
such that limsupy_,., N8}, = e and for each x € Sp, satisfying f (x) > inf(f) + €, we have

f(Anx) < f(x) =8y (3.11)
foral N=1,2... andeachn=1,2,...,N.
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Let N be a positive integer. Set 8y := 2~ 0y, Since f is uniformly continuous on Sg,, there
is a number &5 > 0 such that | f (y) — f (z)| < O for each y,z € Sp, satisfying ||y — z|| < 8y Set

Uy = {{Bu}met €M ({Audisy {Budoy) €E1 (N, 8Y) } -

Clearly, Uy is a neighborhood of {A, },_; in 9% with the weak topology. Assume that {B,,}, | €
Uy and that x € Sp, satisfies f (x) > inf(f) + €. Then, it follows from (3.11) that

f(Anx) < f(x) =8y (3.12)

for each n = 1,2,...,N. The definitions of 8y and Uy imply that ||A,x — B,x| < &y and
|f (Anx) — f (Bux)| < Oy for each n = 1,2,...,N. When combined with (3.12), this implies
that

f(Bux) < f (x)+ 8y — 6y = f(x) — Oy
foreachn=1,2,...,N. In this way, we have constructed two sequences {0y} y_; and {Un}y_;-
Using the By-weak normality of {A,}, _, and the definition of {dy }y_;, we have

limsup Ny = co.
N—oo

Hence, we see that the sequences {9y }y_; and {Un}y_, enjoy all the asserted properties. [

Let By € ‘B, let A, be the mapping the existence of which is guaranteed by Proposition 3.1,
and let {A,},_, be an arbitrary sequence in 1. For each y € (0,1), we define a sequence of
mappings {AZ}:::I LAl K — K, by

AV:=(1—-y)A,+YA,, n=1,2,.... (3.13)

By Proposition 3.1 and Remark 1.1, the sequence {AZ}:: | € M. For each y € (0,1) and for
eachN=1,2..., we have

N
(Vne{l,....N})p(A¥ A,) <2ymax {max {sup HAka} ,sup HA*xH} : (3.14)
xeK k=1 x€K
If, in addition, {A,},_, € 9, then
(Vne{1,2...})p (AY A,) < 2ymax {sup {sup HAka} ,sup HA*xH} ) (3.15)
xekK k=1 x€K
where sup {sup,cx [|Axx||},_; < . For an arbitrary operator A € 2, we define
AY = (1—7)A+7A.. (3.16)
Evidently,
p (A7, A) < 2ymax {sup |Ax]| ,sup [|A.x]| } : (3.17)
xeK xeK

Lemma 3.3. Let By € B. Then, for each € > 0, there exist a positive number 6 such that,
for each {A,},_, € M and each y € (0,1), there is a sequence {Un}y_, of neighborhoods
of {AZ}::l in 9N with the weak topology satisfying, for each positive integer N, the following
assertion: For each {B,}, | € Uy and each x € Sp, such that f(x) > inf(f) + €, we have
f(Bux) < f(x)—17y6 foreachn=1,2,... N.
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Proof. Let € > 0. Since A, is By-normal, there is a positive number 6’ such that, for eachx € § Bo
satisfying f (x) > inf (f) + €, we have

fAx) <f(x)-4"
Set § :=2718". Let {A,}_, € M and y € (0,1). The convexity of f implies that
f(ATx) < f(x) —yd’ (3.18)

foreachn=1,2.... Let N be a positive integer. Since f is uniformly continuous on Sg,, there
is a number 8” > 0 such that |f (y) — f (z)| < ¥ for each y,z € Sp, satisfying ||y —z|| < 8”. Set

Uy = {{Ba}pey € M: ({A2},21 {Bu}ozy) € E1 (N,8") }.

Clearly, Uy is aneighborhood of {A}}™_ in 9 with the weak topology. Assume that {B, };_, €
Uy and that x € Sp, satisfies f(x) > inf(f)+ €. The definitions of 8" and Uy imply that
|Anx — Bpx| < 8" and | f (Alx) — f(Bux)| < ¥8 foreachn=1,2,...,N. When combined with
(3.18), this implies that

J(Bux) < f(x)+7v86—y8" = f(x)—v5

foreachn=1,2,...,N. In this way, we have found a number § and constructed a sequence of
neighborhoods {Uy }y_; which have all the asserted properties. 0

4. RESIDUAL SETS OF OPERATOR-DEPENDENT NORMAL MAPPINGS,
OPERATOR-DEPENDENT NORMAL SEQUENCES OF MAPPINGS AND OF
OPERATOR-DEPENDENT WEAKLY NORMAL SEQUENCES OF MAPPINGS

Recall that a subset Z of a topological space Y is called residual if it contains a countable
intersection of open and dense subsets of Y. In the case where the space Y is completely
pseudo-metrizable, the Baire category theorem guarantees that Z is also a dense subset of Y.
In this section, we prove that there exist residual sets of operator-dependent normal mappings,
operator-dependent normal sequences of mappings and operator-dependent weakly normal se-
quences of mappings. More examples of applications of the concept of genericity to nonlinear
analysis can be found, for example, in [7].

Theorem 4.1. For each By € ‘B, there exist sets % C M, F, C FNMy, F. C F NIM,. and
Fpe C FpNIM,, which are countable intersections of open (in the relative weak topology) and
dense (respectively, in the weak topology, in the relative strong topology, in the relative weak
topology and in the relative strong topology) sets in, respectively, I, My, M. and My, such
that each sequence {B,}, | € F is Bo-weakly normal.

Proof. Define
T .= {}/ €(0,1): y= N~2"for some positive integer N} :
and for each positive integer N define
Ty = {ye T: }/<N_271}.
By (3.14) and Proposition 3.1, foreach N = 1,2. .., the set
AV = {{AT} At e, v e Ty}
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is dense in 91 with the weak topology, and the set
AY = AV, (A, € e, v T}
is dense in 901, with the relative weak topology. By (3.15) and Proposition 3.1, for each N =
1,2..., the set
Ay = {Aly s At € M, v T}
is dense in 901, with the relative strong topology, and the set

Ape = {{AT 1 - {And ) € M, Y€ T}
is dense in 91, with the relative strong topology.

Let g be an arbitrary positive integer. By Lemma 3.3, there exist a number J (¢) > 0 such
that, for each ({A,},_,,7) € M x T, there is a sequence {Uy ({An},—;,7)(q)}y—, of open
neighborhoods of {A,’; }::1 with the weak topology satisfying, for each positive integer N, the
following assertion:

For each {B,}, ; € Uy ({A,},_;,7) (¢) and each x € Sp, satisfying f (x) > inf (f)+279, we
have

[ (Bnx) < f(x) =75 (q) (4.1)
foreachn=1,2...,N.

For each pair of positive integers ¢ and N, set

Dan = Ugagz pemsry (Up2 (A7) (@)

DY n = Uan pem <y Uy-2 ({Anter 1) (@) N,

Dan = Yan=, pemxayUy2 {An}—1 1) (@) NN,
and

955\[ = Uan= pemextyUy2 {AnkZ1 5 7) (@) N9y

Clearly, the sets Z, v, .@5,]\,, .@; ~ and .@55\, are open (in the relative weak topology) and dense
(respectively, in the weak topology, in the relative strong topology, in the relative weak topology
and in the relative strong topology) sets in, respectively, DT, M, N, and N, for each pair of
positive integers g and N, because these sets contain, respectively, AV, Ag , AY and AZ\;. Define
T =00 et Dans Fo = Doy My Dons Fe = My My Doy and Fpe = N5 Ny
@53,. Evidently, .7, .%;,, %. and .%), are countable intersections of open (in the relative weak
topology) and dense (respectively, in the weak topology, in the relative strong topology, in the
relative weak topology and in the relative strong topology) sets in, respectively, 2, 901,, I,
and 2Ny,

Assume now that {B,},_, € .% and let € > 0 be an arbitrary positive number. Choose a
positive integer go such that 2790 < . Then, for each positive integer N, there exists a pair
({An},—1 W) € M x Ty such that

{Bn}:lozl € Umz ({An};;zl ;) (qo) -
It follows from (4.1) that, for each point x € Sp, satisfying f (x) > inf (f) + &€,

J (Bpx) < f(x) — O (qo) (4.2)

for each n = 1,2...,)/];2.
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Consider the sequences {yv}y_; and {}/152};: ,- Since for each positive integer N we have

W 2 > N, it is clear that there exists a strictly increasing subsequence {yﬁkz}ki1 of {m 2}:,:1.
For each positive integer M, set 8y := Yv . -
min{k: y]gkz ZM}
Since }/IQZ { > M, we conclude from (4.2) that, for each point x € Sp, satisfying
min k:yﬁkzzM

f(x) >inf(f)+e¢,

f (Bnx) < f (x) = 616 (qo0)
foreachn=1,2...,M. Since foreachk =1,2..., we have

0,2 =" = e,

yNk min{i:yﬁi zyﬁlf} k

it follows that

lim Y5268, > = lim Y = oo.
n—>ooyN/< v, n—>ooyNk

Hence {B,}, _, is Bo-weakly normal. This completes the proof of Theorem 4.1. ([l

Theorem 4.2. For each By € ‘B, there exist a set % C Iy, which is a countable intersection
of open and dense sets in 2, and a set F, C F N, which is a countable intersection of open
and dense sets in . such that each mapping B € % is By-normal.

Proof. By (3.17) and Proposition 3.1, the set
A={AY:Ae, ye(0,1)}

1s dense in 2, and the set
A ={AY:AeA, ye (0,1)}
is dense in 2A...

By Remark 1.1, for each A € 2 and each y € (0, 1), the mapping A” is Byp-normal. Assume
that ¢ is an arbitrary positive integer. By Lemma 3.1, for each (A,7) € 2Ax (0, 1), there exist
a number 9, (A,y) > 0 and an open neighborhood U, (A,7) of A” in 2 such that the following
assertion holds:

For each B € U, (A, y) and each x € Sp, satisfying f (x) > inf (f) +279, we have

f(Bx) < f(x)—6,. (4.3)
For each positive integer g, set
Dq = U(A,y)EQlX(OJ)Uq (A7),
Dy = Ua e« 0,1)Uqg (A7) N Ao
It is clear that the sets &, and & are open and dense sets in, respectively, 2( and 2. for
each g = 1,2..., because these sets contain, respectively, A and A.. Define .7 = Ng= 19, and
Fe = ﬂzle.@g . Evidently, .# and .%, are countable intersections of open and dense sets in,
respectively, 2 and 2.
Assume now that B € .#. Let € > 0 be an arbitrary positive number and choose a positive

integer go such that 2790 < &. There exists a pair (A4,y) € 2 x (0,1) such that B € Uy, (A,7). It
follows from (4.3) that for each point x € Sp, satisfying f (x) > inf(f)+ €, we have

f(Bx) <inf(f) — 0.
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Hence B is Byp-normal. This completes the proof of Theorem 4.2. U

Theorem 4.3. For each By € ‘B, there exist sets %, C FNMy, and Fp. C Fp, N My, which
are countable intersections of open (in the relative strong topology) and dense (in the relative
strong topology) sets in, respectively, My, and My, such that each sequence {B,}, | € F is
By-normal.

Proof. By (3.15) and Proposition 3.1, the set

Ap = AT Ak, €9, Y€ (0,1) )

is dense in 91, with the relative strong topology and the set

be = {{AT =1 {A}ior € M, Y€ (0, 1)

is dense in 91, with the relative strong topology.

By Remark 1.1, for each {A,},_; € 9t and each y € (0,1), the sequence {AZ}::I is Bo-
normal. Let ¢ be an arbitrary positive integer. By Lemma 3.1, for each pair ({A,},_,,7) €
M x (0,1), there exist a number &, ({A,},_,,7¥) > 0 and an open neighborhood U, ({A,},_,,7)
of {A}/}n:1 in 91 with the strong topology such that the following assertion holds:

For each {B,},_; € U,;({As},_,,7) and each x € Sp, satisfying f(x) > inf(f)+279, we
have

f (Bux) < f(x)— 84 (4.4)

foreachn =1,2,.... For each positive integer ¢, set

“@5 - U({An}n 1Y)EM, % (0,1) ({A }n 1 7Y> mmlﬁ
‘@bc = U({An}n 15Y) €M % (0,1) ({A }n 1 7’}/) M.

Clearly, the sets .@fl’ and .@fl’c are open and dense sets in, respectively, 91, and 901, for each
g =1,2..., because these sets contain, respectively, A, and Ap.. Define . = ﬂ;" 19” and

Fpe = Ny= lgbc Evidently, .% and .%, are countable intersections of open and dense sets in,
respectlvely, MMy, and Ny

Assume now that {B,},_, € .% and let € > 0 be an arbitrary positive number. Choose a
positive integer go such that 2790 < g. There exists a pair ({A,},_;,7) € M x (0,1) such
that {B,},_, € Uy, ({An},—; 7). It follows from (4.4) that for each point x € Sp, satisfying
f(x) >inf(f)+ €, we have

f (Bpx) <inf (f) — &y,

for each n = 1,2,.... Hence {B,},_, is Bo-normal. This completes the proof of Theorem
4.3. O]

5. APPLICATIONS OF OPERATOR-DEPENDENT NORMALITY AND OPERATOR-DEPENDENT
WEAK NORMALITY TO THE MINIMIZATION OF CONVEX FUNCTIONS

In this section we present several applications of the concepts of operator-dependent normal-
ity and operator-dependent weak normality to solving certain minimization problems.
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Theorem 5.1. Let By € B, let {A,},_, € M be By-weakly normal and let € > 0 be given. Then
there exist a neighborhood U of {A,},_, in 9N with the weak topology and a positive integer N
such that, for each {B,},_, € U,

f(BN .. ‘BlB()x) < inf(f) +é&
forall x e K.

Proof. Since {A,},_, is Bp-weakly normal, employing Lemma 3.2, we see that there exist a
positive integer N, a positive number oy > 0 satisfying SyN > dp, —inf (f), and a neighborhood
Uy of {A,}_, in 9 with the weak topology such that the following assertion holds:

For each {B,},_, € Uy and each x € S, satisfying f (x) > inf (f) + €, we have

[ (Bux) < f(x)— 8y (5.1)

foreachn=1,2,...,N.
Let {B,},_; € Uy. We claim that

f(By...B1Box) <inf(f)+¢€ (5.2)

for each x € K. Suppose to the contrary that this is not true. Then there exists x € K such that
f(By,...B1Box) > inf(f)+¢€,n=0,...,N.
From (5.1), it follows by induction that, foreachn =1,...,N,
f(Bp...B1Byx) < f(Box) —ndy.
This implies that
f(By...B1Box) < f(Box) —NOy < dp, — (dp, —inf (f)) = inf (f),

a contradiction. Therefore, (5.2) is, in fact, valid and Theorem 5.1 is proved. O

Theorem 5.2. Let By € *B, let A € A be By-normal and let € > 0 be given. Then there exist a
neighborhood U of A in 2 and a positive integer N such that, for each B € U,

f (BYBox) <inf(f)+e¢
forall x e K.

Proof. By Lemma 3.1, there exist a neighborhood U of A in 2( and a number § > 0 such that
the following property holds:
For each B € U and each x € Sp, satisfying f (x) > inf (f) + €, we have

f(Bx) < f(x)—4. (5.3)
Choose a positive integer N such that
ON > dp, —inf(f),
Assume that B € U. We claim that
f(B¥Box) <inf(f)+e (5.4)
for each x € K. Suppose to the contrary that this is not true. Then there exists x € K such that

f(B"Box) > inf(f)+¢€,n=0,...,N.
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From (5.3), it follows by induction that, foreachn =1,...,N,
f(B"Box) < f(Box) —nd.
This implies that
f (BVBox) < f (Box) —N& < dp, — (dg, —inf (f)) = inf (f),
a contradiction. Therefore, (5.4) is indeed valid, as claimed, and Theorem 5.2 is proved. O

Theorem 5.3. Let By € B, let the sequence {A,},_; € M be By-normal and let € > 0 be given.
Then there exist a neighborhood U of {A,},_, in 9 with the strong topology and a positive
integer N such that, for each {B,},._, € U and each mapping r: {1,2,...} —{1,2,...},

S (By)---By1)Box) <inf(f)+€
forall x e K.

Proof. By Lemma 3.1, there exist a neighborhood U of {A,}, _, in 9% with the strong topology
and a number 6 > 0 such that the following property holds:
For each {B,}, | € U and each point x € Sp, satisfying f (x) > inf(f) + €, we have

f(Bux) < f(x)—0 (5.5)

foreachn=1,2,....
Choose a positive integer N such that

SN > d, —inf(f),
Now assume that {B,},__ ; € Uand r:{1,2,...} — {1,2,...}. We claim that
f (Bywy---By1yBox) <inf(f)+e (5.6)

for each x € K. Suppose to the contrary that this is not true. Then there exists a point x € K
such that

f (Brn---By1yBox) > inf(f)+€,n=0,...,N.
Using (5.5) and induction, we see that, foreachn=1,...,N,
f (B,(n) . .B,(I)Box) < f(Box) —né.
This implies that
f (Bywy - - Br(1yBox) < f (Box) — N8 < dp, — (dp, —inf (f)) = inf (f),

a contradiction. Therefore, (5.6) is indeed valid, as claimed, and Theorem 5.3 is established. [

6. PROOFS OF THE MAIN RESULTS

Theorem 2.1 is a direct consequence of Theorems 4.1 and 5.1. Theorem 2.2 is a direct
consequence of Theorems 4.2 and 5.2. Theorem 2.3 is a direct consequence of Theorems 4.3
and 5.3.
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7. NORMALITY, WEAK NORMALITY AND METRIC PROJECTIONS ONTO CLOSED BALLS

Let d be the metric induced on K by ||-||. We denote by B (xg,r) the closed ball in (K,d) of
center xo and radius r > 0. Since K is convex, there exists a metric projection Pp(,, ) of K onto
B (xp,r). If X is a strictly convex Banach space, then this metric projection is unique. By taking
By = Pp(y,,) in our main results we obtain the following corollaries.

Corollary 7.1. There exist sets % C I, F, C FOMy, F. C . F NM. and Fp. C Fp M,
of P(x,,r-weakly normal sequences of mappings, which are countable intersections of open (in
the relative weak topology) and dense (respectively, in the weak topology, in the relative strong
topology, in the relative weak topology and in the relative strong topology) sets in, respectively,
M, My, M. and My, such that for each {A,},_, € F, the following assertion holds:

For each € > 0, there exist a neighborhood U (in the weak topology) of {A,},_, and a
positive integer N satisfying

f(BN .. .le) < lllf(f) +&

forall {B,},_, € U and x € B(xo,r).

Corollary 7.2. There exist a set F C 2L of Py, r-normal mappings, which is a countable
intersection of open and dense sets in 2, and a set F. C F N, of Pg(y, -normal mappings,
which is a countable intersection of open and dense sets in ., such that for each A € ¥, the
following assertion holds:

For each € > 0, there exist a neighborhood U of A in 2l and a positive integer N satisfying

f(BVx) <inf(f)+¢
forall Be U and x € B (xo,r).

Corollary 7.3. There exist sets 7, C My, and Fp. C Fp N M, of Py(y, r-normal sequences
of mappings, which are countable intersections of open (in the relative strong topology) and
dense (in the relative strong topology) sets in, respectively, 9N, and My, such that for each
{A,}_| € F, the following assertion holds:

For each € > 0, there exist a neighborhood U (in the strong topology) of {An},_, and a
positive integer N satisfying

f (Bywy---Br1)x) <inf(f)+e
forall {B,},_, € U, all mappings r: {1,2,...} —{1,2,... } and all points x € B (xo, r).
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