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ON A VISCOSITY ITERATIVE ALGORITHM FOR VARIATIONAL INCLUSION
PROBLEMS AND THE FIXED POINT PROBLEM OF COUNTABLY MANY
NONEXPANSIVE MAPPINGS
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Abstract. In this paper, we propose a viscosity iterative algorithm for finding a common solution of
a common fixed point problem of a countable family of nonexpansive mappings and two variational
inclusion problems. We investigate the convergence of the proposed algorithm and a strong convergence
theorem is established in the setting of Banach spaces.
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1. INTRODUCTION-PRELIMINARIES

Let E be a real Banach space with the dual £, and let @ # C C E be a closed convex set.
Let T be a mapping on C. We use the symbol Fix(7) to denote the set of fixed point of 7.
Recall that T is said to be contractive if there exists a constant p € (0, 1) such that || 7x— Ty|| <
pllx—yll, Vx,y € C. T is said to be nonexpansive if ||7x—Ty|| < ||[x—y||, Vx,y € C. The class of
nonexpansive mappings has many real applications in various optimization problems; see, e.g.,
[1,2,3,4,5, 6] and the references therein.

Recall that the generalized duality mapping, J, (g > 1), from E into 2E" is defined by

Jo(x) == {x" € B (" ,x) = ||x[|, |x*]| = |||}, VxeE,
where (-,-) denotes the duality pairing between E and E*. In particular, J; is called the normal-
ized duality mapping and it is usually denoted by J. One knows that J,(x) = ||x||7~2J(x) for all
x#0.
The modulus of convexity of E is the function & : (0,2] — [0, 1] defined by

. [lx+ll
Og(e) =inf{l = =—=" 20y €E, x| =yl =1, [l —y] = €}.

The modulus of smoothness of E is the function pg : Ry :=[0,0) — R defined by

[lx+ Tyl + [lx — 7y
PE () = sup{ 5 —l:xy€E, [jx[| =]y =1}
A Banach space E is said to be uniformly convex if 8g(€) > 0, Ve € (0,2]. It is said to be
PE(T)

uniformly smooth if lim;_,y+ = 0. Also, it is said to be g-uniformly smooth with g > 1
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if 3¢ > 0 such that pg(t) < ct9, ¥Vt > 0. If E is g-uniformly smooth, then g < 2. It is known
that sequence space ¢, and Lebesgue space L, are min{p,2}-uniformly smooth for every p > 1
[7,8,9].

Let B : C — 2F be a set-valued operator with Bx # 0, Vx € C. Let ¢ > 1. An operator B is
said to be accretive if, for each x,y € C, 3j,(x —y) € J,(x —y) such that (u —v, j,(x—y)) >0,
Vu € Bx,v € By. Further, B is said to be m-accretive if (I + AB)C = E for all A > 0. For an
m-accretive operator B, we can define the mapping J? : (I+AB)C — C by J¥ = (I+ AB)™!
for each A > 0. Such J;lf is called the resolvent of B for A > 0. In the sequel, we will use
the notation Ty :=J2(I — AA) = (I+ AB)~'(I — AA), VA > 0. From Barbu [10], one has the
following resolvent identity: J7x = J§(5x+ (1 — §)J5x), VA, > 0, x € E. An accretive
operator B is said to be o-inverse-strongly accretive of order ¢ if, for each x,y € C, there exists
Jq(x—=y) € Jy(x —y) such that (u—v, j,(x—y)) > o||u—v||?, Vu € Bx,v € By for some o > 0.
If E = H a Hilbert space, then B is called o-inverse-strongly monotone.

In 2017, Chang, Wen and Yao [11] suggested a generalized viscosity implicit rule for finding
a point in (A + B)~'0, where A : E — E is an a-inverse-strongly accretive mapping of order ¢
and B : E — 2F is an m-accretive operator:

Xj1 = 0 f () + (1= o3 (I = AA) (tjj + (1 = t))xj1),  Vj>1,
where f is a contractive mapping, J5 = (I+AB)~1, 1 € (0,) and the sequences {t;},{c;} C
(0,1) are such that (i) lim; . ct; = 0, Yo =00 (ii) X7 |01 — o] < oo (iii) 0 < € <
1
ti<tjp1 <1;(iv)0 <A <( %Z)qj They proved the strong convergence of {x;} to a point of
(A +B)~'0, which solves some generalized variational inequality.
Recently, Sunthrayuth and Cholamjiak [12] proposed the following modified viscosity-type

extragradient method for a fixed point problem of a nonexpansive mapping and solution of the
inclusion problem of an ¢-inverse-strongly accretive mapping A and an m-accretive operator B

yj =% (xj— AjAx)),

zj =3 (xj = AjAyj +rj(y; —x})),

Xjp1=0jf(xj)+Bixj+7v;Szj, Vj>0,
where S is a nonexpansive mapping on C, ij = (I +1B)7"1, {ri} {o},{B;}. {v;}  (0,1)
and {A;} C (0,c0) are such that: (i) o;+ B;+7; = 1; (ii) limj_e0; = 0, Y7y 0 = oo (iii)
{Bj} Cla,b] € (0,1);and (iv) 0 < A < A; < A;/rj < p < (ag/x,) /471, 0 < r <rj< 1. They
proved the strong convergence of {x;} to a point of Fix(S) N (A + B)~'0, which solves some
generalized variational inequality.

In this paper, we consider the variational inclusion with two accretive operators and a com-
mon fixed point problem of a countable family of nonexpansive mappings. A viscosity method
is introduced and the strong convergence of the suggested method is obtained in a uniformly
convex and g-uniformly smooth Banach space with g € (1,2]. Our results improve and extend

the corresponding results in [11, 12, 13, 14, 15, 16, 17] to a certain extent.
For obtain our main convergence theorem, we need the following lemmas.

Lemma 1.1. [13] Let E be a g-uniformly smooth Banach space with g € (1,2]. LetA:C — E
be an a-inverse-strongly accretive mapping of order q. Then, for any given A > 0,

(1= 2A)x — (1= AA)Y |7 < [x—]|7 — A (ctg — 1,297 ) [ Ax—Ay]?, VxyeC,
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1
where k, > 0 is the g-uniform smoothness coefficient of E. In particular, if 0 < A < (%Z)q—l ,

then I — AA is nonexpansive.

Lemma 1.2. [9] Let g € (1,2] a fixed real number and let E be g-uniformly smooth. Then ||x +
V< x|+ gy, Jg(x)) + &4 |y||9, Vx,y € E, where &, is the g-uniform smoothness coefficient
of E.

Lemma 1.3. [9, 16] Let ¢ > 1 and r > 0 be two fixed real numbers and let E be uniformly
convex. Let B, := {x € E : ||x|| < r}. Then there exist strictly increasing, continuous and convex
functions g,h: Ri — Ry with g(0) =0 and h(0) = 0 such that

(@) [[px+ (1= py[|* < plxl|?+ (1= )yl = u(1 = w)g(llx = yll) for all x,y € B, and
ue0,1];

(D) | Ax~+py+vzl|? < Allx[|¥+pllyl|?+vl[zl|! = Aug(llx—yl) forall x,y,z € B-and A, u, v €
[0,1] with A+ +v = 1.

(e h{llx 1) < 119 = a{x, 1g0)) + (g = D9 for all ,y € By and jy(3) € Jy(v).

Lemma 1.4. [18] Let {S,,}:7_, be a sequence of self-mappings on C such that ¥ >_, sup ¢ ||Spx —
Sy—1x|| < oo. Then for each 'y € C, {S,y} converges strongly to some point of C. Moreover, let S
be a self-mapping on C defined by Sy = lim,_,c. S,,y, Vy € C. Then lim,,_,e SUp, . ||Snx — Sx|| =
0.

Lemma 1.5. [13, 19] The following statements hold:
(i) Fix(Ty) = (A+B)~'0, VA > 0;
(i) |y = Tayll <2[ly—Ty[| for0< A <randy € C.

Lemma 1.6. [20] Let E be strictly convex, and let {S,}_, be a sequence of nonexpansive
mappings on C. Suppose that (\;_oFix(Sy,) is nonempty. Let {A,} be a sequence of positive
numbers with Y. oA, = 1. Then a mapping S on C defined by Sx =Y, (A,Spx, Vx € C is
defined well, nonexpansive and Fix(S) = (,_ Fix(S,) holds.

Lemma 1.7. [21] Let E be uniformly smooth, T : C — C a nonexpansive mapping with Fix (T ) #
0 and f : C — C afixed contraction. For eacht € (0,1), let z; € C be the unique fixed point of the
contraction C > z+—tf(z2)+(1—1t)TzonC, i.e, zy =tf(z)+ (1 —t)Tz. Then {z} converges
strongly to a fixed point x* € Fix(T), which solves ((I — f)x*,J(x* —x)) <0, Vx € Fix(T).

Lemma 1.8. [22] Let {a,} be a sequence in [0,0) such that a,1 < (1 —s,)a, + $,Vn, ¥Yn >0,
where {s,} and { vy} satisfy the conditions: (i) {s,} C [0,1], Y. 5p = oo; (ii) limsup,_,., v, <0
or Y o |snVa| < oo. Then lim,_sea, = 0.

Lemma 1.9. [23] Let {T',} be a sequence of real numbers that does not decrease at infinity
in the sense that there exists a subsequence {I'y, } of {I'n} which satisfies T',, < Ty, 11 for each
integer i > 1. Define the sequence {T(n)},>n, of integers as follows:

t(n) =max{k <n:Ty <Tyi1},

where integer ny > 1 such that {k <ng: Ty < Tyi1} # 0. Then, the following hold:
(i) t(ng) < t(np+1) <--- and t(n) — oo;
(ii) Fr(n) < F‘E(n)—i—l and 'y, < Fr(n)+1 Vn > ny.
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2. MAIN RESULTS

From now on, we always suppose that C is a nonempty closed convex subset of a uniformly
convex and g-uniformly smooth Banach space E with ¢ € (1,2]. Let B,M : C — 2F be m-
accretive operators, and let A, F' : C — E be a-inverse-strongly accretive mapping of order ¢ and
B-inverse-strongly accretive mapping of order g, respectively. Let f : C — C be a p-contraction
with constant p € [0, é), and let {S,}>_, be a countable family of nonexpansive self-mappings

on C. Assume that Q := N>_,Fix(S,) N (A+B)~'0N(F +M)~10 #£ 0.

Algorithm 2.1. Initial Step. Give § € (0,1) and x( € C.

Iteration Steps. Given the current iterate x,, compute x,1 as follows:

Step 1. Calculate v,, = an (xn — AnAxy);

Step 2. Calculate u,, = an (Xn — ApAvy + 10 (vy — x0));

Step 3. Calculate x,,1 = (1 — &)S,u, + CJﬂ/In(anf(un) + (1 — ay)up — Wy Fuy), where {r,},
{0} € (0,1) and {A,},{n} C (0,00).

Setn:=n+1and go to Step 1.
Lemma 2.1. If {x,} is the sequence generated by Algorithm 2.1, then it is bounded.

Proof. Fix p € Q. Then

p=Sp =J8 (p—2uAp)=JE (1—r)p+ra(p—2Ap))

=Jjy (p— aFp) =I5 (0wp+ (1 — o) (p — 125 Fp)).

Using Lemmas 1.1, we have

vn=pll? < ||(1—7tnz4)xn—(1—7LnA)P||‘11
< [n = plI? = An(0g — kg Aa" ) [|Axy — Ap|9,

which hence leads to ||v, — p|| < ||x, — p||.- By the convexity of || - |4, we deduce that

u, — pll4
Lﬁ(<f!rn)xn+rn("n_%Avn»_((l_’”n)P+”n(P—%AP))Hq
< (1= r) ln = pll+ | (T = 22wy = (1 = E2) pl|
< (1= r)lln = 9+ rallbn — Pl — B (crg — S JAv — Ap|]
< (1 =)l = Pl 4 ralllva = Pl = Au(@q — 0,24 Ax, — Ap|¢
b (ag — ) [ v, — Ap)|]

'n

g—1
Ky M
q

= |50 =PIl = rad(0tqg — KAl ) |Axy = Apl|? — A (0tg — 525 | Av,, = Apl|2.

This ensures that ||u,, — p|| < ||x, — p||. We now put

Yn = ‘]ﬁ/ln(anf(”n) + (1 - a")u” B 'LL”FM”)
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for all n > 0. Since Jﬁ”n and I — 1“

||yn_p|| < ||(O‘nf(”n)+(1 _O‘n)(“n_ 1&_'&"1:”11)) - (anp+(1 _O‘n)(l’_ 1Bn
< (1= aw)|lun — pll+ 00| f(un) — £(P) || + ol f(P) — Pl
< (I=an(1=p))llun— pl + aul f(p) — Pl
<(I—op(l—p ))||xn pll+onllf(p) —pll
< max{|[x, — p|, Hf PH}

Hence, from the nonexpansivity of S,, we get

Ponrt —pll - < (1= &)ISuttn — pl| + Cllya— p
< (1=8)|lxa— p||+¢max{||xn— I, Lep=ply
< max{|x, — p|, Hf P||}

By induction, we have

ol < max{so — 220 v

<))l

207

Consequently, {x,} is bounded, and so are {u, }{vi},{yn}, {Snttn},{Axn},{Av,} and {Fu,}.

This completes the proof.

0

Theorem 2.1. Let {x,} be the sequence generalized by Algorithm 2.1. Suppose that the follow-

ing conditions hold:

(C2)0<r<ry,<land0<A <, <™ <X <(%)7,

q

1
(C3)0<a§1i‘—’&’z§b<(%’)ﬁ_

Assume that Y SUpP,cp ||Snt1x — Spx|| < oo for any bounded subset D of C. Let S : C — C be
a mapplng defined by Sx = 1im,_,e. Syx Vx € C, and suppose that Fix(S) = (\—o Fix(S,). Then

X, > x" € Q.
Proof. Fix x* € Q. Using Lemma 1.1 and Lemma 1.2, we get

[[yn —x*[|7

< 11— o) ((un — 755 Fun) — (¢ — 125 Fx*)) + 0 (f () — x*) ||

< (1= 04) | (tn — 75 Futn) — (x* — ]ﬁ'&an*)Hq

+q 06 (1= 0) T f () — x*, g (1 B (Fuy — Fx*))) + x50 | f (1)
< (1= o) [[[un — x| — 12 (Bg — 15 (755 )”_I)HFMn—Fx*IIq]

+qan(1 _O‘n)qilg(“n) f<X*) Jq(”n X*_ 1£L’an (F”n_FX*))>
04, (1= 04,) 471 (f (x*) —x*,J o (Un (Fun Fx*))) + k00 || f ()
< (1= o (1—gp))|Jun —x*(| — 1a(Bg — @( )| Fuy — x|

+q 0 (1= 05) T {(F (") = x*, Jg (tn —x* — 125 (Fun Fx*))) + Kq001]| f (itn)

_x*Hq

_X*H‘]

—x*|9.
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Using Lemma 1.3 (a), we have
%41 — 27|
< (L= O)ISnttn — x|+ Clyn — x| = C(1 = £)g([[Snttn — ynll)

< (1= )l =1+ €01 = (1= ) s =" = (B = (o)) [Fry = P
0 (1) ) =2yl =" = 2 (s = FX) ] ) =

— C(1 = )&l Snttn = yull)
< (1= 08 (1 =gp) xn —x*[| = (1 = 008 (1 = gp)) [rdn(0rg — A7) [ Ay — Ax™|7

K')an_] % n — *
g — ) [Av— A ] = Caa (B — g () [P — P~ £ (1)

Ly
l_an

X &([|Snttn — yul)) + £ g (1 — 06) T (F(x*) — x*, It — x* — (Fup — Fx*)))

+ Cicq o] || f (1) — 7|9
For each n > 0, we set
Ly = [Joen — |19,
& =, C(1—gp),
o = (1= 0, (1~ ) ruha(02q — Ky [Axy — Ax [+ A g — 220 v, — Ax* ]
+C (B — 14 (72 )T D) [Fuun — Fx*(|9 4§ (1 = §)g([Suttn — yall)
B = $qon(1 — o) T (f (x*) —x*, Jg (tn — x* — 15 (Fuun — Fx*))) + g out | (un) —x*|.

all

It follows that
l—‘nJrl < (1_8n)rn_nn+ﬁn7 anOa
and hence
L <(1—g)h+9, VYn>0.
We next show the strong convergence of {I',} by the following two cases:
Case 1. Suppose that there exists an integer ng > 1 such that {I',} is non-increasing. Then
I, — 1,11 — 0. It follows that
0< Mn < l—‘n _Fn—I—l + 19}1 - Snrn-

Since &, — 0, €, — 0 and ¥, — 0, we have 17, — 0. This ensures that lim,, e g(||Snttn — yu||) =
0,

lim ||Ax, — Ax*|| = lim ||Av, —Ax™|| =0, (2.1)
n—soo n—soo
and
lim ||Fu, — Fx*|| =0. (2.2)
n—oo

Note that g is a strictly increasing, continuous and convex function with g(0) = 0. So, it follows
that

r}l_{l;lo HSnun _Yn” =0. (2.3)
From x,, 11 = (1 — §)Spu, + Cy,, we get

,}1_{{}0 | Xn+1 —ynll = (1 — C)Y}I_{l}o [Snttn — yul| = 0. (2.4)
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On the other hand, noticing v, = Jffn (xn — ApAxy) and using Lemma 1.3, we get

vn =19 < (= Anoy) — (3 = AAx") Ty (v =)
< Ll1Con = AnAn) = (" = 20Ax) |7+ (g = 1)}y — 7]}
= ([ = An (A, = AX") v},
which together with Lemma 1.1 implies that

[V =219 < [ Gon = AnAxn) — (X% = ApAx")[| = B ([|x0 — An(Axn — AX™) — v [)

< [t — 2} — By ([ — A (A — Ax") — v ]))- (-3)

Since J% is firmly nonexpansive, we conclude from Lemma 1.3 (c) that
Yn—X = nJ (Un — O )Up — Unl'Up) — (X — Unl' X" ), Jg\Yn — X
[[n =21 < (0 f (un) + (1 = Ot — WnF ) — (5" = PnFx"), Ty (yn — X))

< 1) (1 it ) — (6 — ) |9 (g — 1)y —
—h(|| ot f (un) + (1 — 0t )ty — i (Fuap, — Fx*) _yn||)]7

[yn =x* |4 < |[(Qf (un) + (1 = )t — pnFun) — (x* — puFx*)|[|7
—h([[otf (un) + (1 — O )un — Un(Futy — Fx*) — yu[)
< (1 — o) ||t — 725 F ) — (x* — 725 Fx*) |9 4 0t | f () — x*[|
—h([|06f () + (1 — 04 )up — .un(F”n Fx )= Yull)
< (1 = o) [ — x| + Oy || f () — x*[|4
—h([[otnf (un) + (1 — Q) un — U (F ity — Fx*) = ynl]).
This together with (2.5) implies that

01 = x| < (1= O) [ Snstn — x* || 4 [ yn — x*[|4
< (1= Q) [lutn — x|+ C[(1 — 0 ) [lutr — x| + 0t | f () — x" ||
—h([[0tf (un) + (1 — )ty — L (F ity — Fx*) — ynl|)]
= (1= Coty)[[un —x*[|7+ G0t || f () — x*[|7
—Ch(|| 04 f () + (1 — 04 )1ty — W (Fty — FX*) — yu|)
< (1= Cou)[(1 = ra)lloen — ¥ (|7 4 ra[vin — x| 7] + SOt f (2t) — x|
—Ch(Hanf( n) + (1= 0 utn — W (Fuap — Fx) all)
< (1=Ca)Jxn —x*[|7 = (1 = S at) rnh (|| 260 — Au(Axy — AX™) —vnl|)
80| () = |4 = SR([| O f (1) + (1 — G )it — tta(Fty — Fx*) =y,
which immediately yields
(1= Gat)rnh (|20 — An(Axy — AX™) —vnl|)
+Ch([[ ot f (un) + (1 — )ty — o (F ity — Fx*) — ynl|)
< G| f(n) — x|+ (1 = Catn) |lxn — 2" [|9 = [|Jx41 — x7[|7
< G| f(un) = x|+ Ty — Dngr.

Since h; and h are strictly increasing, continuous and convex functions with /;(0) = k(0) = 0,
we conclude from o, — 0 and I, — ', — O that

,112130||xn—7tn(Axn —AX") = v :}}iigo||anf(un)+(l—Ocn)un—[,tn(Fun—Fx*)—ynH =0. (2.7)

(2.6)

Note that
1% — | < |2 — An(Axy — AX) — vy || + A ||Ax, — AXT|,
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and
[n =yl < 1[04 f (un) + (1 — )ty — Un(Frty — Fx*) — yu|
+ 0| f (tn) — tn| + || Frty — Fx*|).

So it follows from (2.1), (2.2) and (2.7) that

fim [} — vu]| = Tim [|ix — ya|| = O. 2.8)
n—yoo n—oo

In a similar way, we have
lup —x* |7 < (%0 — ApAvp + 1 (vn — X)) — (8 — 2pAX™), Iy (uy — x¥))
< %[”(Xn — MAvy + 10 (Vi — X)) — (X — ;LnAX*)||q+ (g— I)Hun _X*”q
—ho (%0 + rn(vn — x2) — Au(Avy, — Ax™) — uy||)],

which implies that

[un = x| < {|(6n — AnAvn + rn(va — xn)) — (x* = AnAx") ||
—ho(||xn + rn(vp — x5) — An(Avy, — Ax*) — uy|)
< [l = (17 = ha([|x0 + rn (v — Xn) — An(Avy — Ax™) — un ).
This together with (2.6) ensures that
g1 = [[ 7 < (1= )| Sptn —x"[[7 + Efyn —x"|
< (1= &) fun = x| + G(1 — 0 [|utn — (| 4 0t | f (1) — x| ]
< (1= G [ben = x| = ha (|0 + 1V = Xn) = An(Avi — Ax") — un]])]
+C 0| f (1) — x|
< [l — (|7 = (1 = Cotn) ha ([0 4 rn (v — Xn) — An(Avy — Ax") — un))
60| f (1) — X714,

So, it follows that
(1— Can)h2<||xn + 70 (Vi — Xn) — An(AVn _AX*) - ”nH) <Iy—Dhp + Caan(”n) _X*”q-

Since h; is a strictly increasing, continuous and convex function with /,(0) = 0, we find from
0, — 0and I, —I',,11 — O that

1i_r>n %0 + 70 (v — Xn) — An(Avy, — Ax™) —uy|| = 0. (2.9)
n—roo
Observe that

160 — unl| = ||xn + ra(va —xn) — Ap(Avy — AX®) — uy — 1y (v — X)) + A (Avy, — Ax¥) ||

<%0+ rn(vin — xn) — An(Avyy — Ax™) — || + ra||vie — Xu|| + An||Avy, — Ax*|.
So it follows from (2.1), (2.8) and (2.9) that
lim ||x, — u,|| = 0. (2.10)
n—soo
This together with (2.4) and (2.8) leads to
%41 = Xnll < [Xns1 =Yl + llyn — tnll + lttn —xu ]| = 0 (1 — o0).
On the other hand, taking into account

HSnxn _an < ”Snxn _SnunH + HSnun _ynH + Hyn - I/th + Hun —XnH
<2y — ttn || + | Snttn — Y| + [|yn — unl],
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we deduce from (2.3), (2.8) and (2.10) that lim,,_,c ||S;Xx;, — X, || = 0. Using Lemma 1.4 and the
assumption on {S,}>_,, we get lim, e ||Syx, — Sx,|| = 0. Therefore, we conclude that

For eachn > 0, we put T) := Jffn (I — A,A). Tt follows from (2.8) that
lim [|x, — Ty x,|| = lim ||x, —v,|| =0
n—yoo n—oo
Noticing 0 < A < A, for all n > 0 and using Lemma 1.5 (ii), we obtain
| Ty xn — Xu|| < 2[| T3, X0 —Xul| =0 (n—> o). (2.12)
In addition, for each n > 0, we put 7}, := Jﬁi (I — u,F). From (2.8) and a;,, — 0, we get

[ty — Ty, unl| < [Jun _J%(O‘nf(”n) + (1 = ) un — U Fuy) ||
+||Jﬁ/ln(anf(”n) + (1= o4p)up — i Fuay) _Jﬁ/i (ttn — tpFuy) |
< lttn = ynll + Q| f(un) — || = 0 (n = o0).

Since lim, . a(l — oy,) = a > 0, without loss of generality, we may assume that 3u > 0 such
that u <a(l—a,) < u, Yn > 0. Using Lemma 1.5 (ii), we obtain from (2.10) that

| Tuxn — x|l < | Tpxn — Tyt || + || Tt — ]| + [t — x|
< 2|\ — | + || Tuttn — | (2.13)
< 2||xn — un| +2|| Ty, ttn — || = 0 (n— o0).

We now define a mapping ¥ : C — C by Wx := v{Sx+ o Ty x+ (1 — vi — v2) Tyx, Vx € C with
V| + v, < 1 for constants vy, Vv, € (0,1). From Lemma 1.5 (i) and Lemma 1.6, we know that ¥
is nonexpansive and

Fix(¥) = Fix(S) NFix(T) ) NFix(Ty) = ﬂ Fix(S,)N(A+B)lon(F+M)"10 (= Q).

Taking into account
¥ = x| < V1 [[Sx60 = x| 4 V2l Tatn = x| 4 (1 = Vi = v2) || Tput0 — xal,
we deduce from (2.11)-(2.13) that
r}grolo | Wx, — x,|| = 0. (2.14)

Let z; = tf(z) + (1 —t)¥z Vr € (0,1). Then it follows from Lemma 1.7 that {z} converges
strongly to a point x* € Fix(¥) = Q, which solves
(I=f)x"J(x* = p)) <0, VpeQ.
It follows that
Izt = xal|? < (1 =0)7|[War —xul| + gt (f (2) = X0, Jg (21 — xn))
< (L=0)2(|Wzr — Yo + [[Worn — xal )7 + g2 (f (1) — 22, g (20 — X)) + gt || 20 — X0 |7
< (L =) (llzr = xall + [[¥on — 20 [))7 + g1 {f (1) — 2, g (20 — X)) + gt ||z — xa|7,
which immediately attains

(f(z) _Z“JQ(XH_Zt)) = s ;tt)q(HZt—an + ”lPxn_an)q"'_qr_l

120 = xa|.
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From (2.14), we have

, (1—1)? gt —1 (1—1)94qt—1

1 2 dgn—12)) < K K=

lgljoljp(f (1) = 21, Jq(xn — 21)) < o + " ( p”
where K is a constant such that ||z, — x,||? < K for all n > 0 and 7 € (0,1). It is clear that
(1—=t)2+qt—1)/qt = 0ast — 0. Since J, is norm-to-norm uniformly continuous on bounded

subsets of E and z; — x*, we get ||J,(x, —2;) — J4 (x4, —x*)|| = 0 as t — 0. So, we obtain

(@) = 2, Jg(xn = 21)) = (F(¥") =2, I (0 — 7))

< ) =" g (o — 20) = Jg(n =) |+ [(f (22) = F (") Jg (on = 20))|
O =21, Jg (0 = 21)))|

< ) = 11q (o — 21) = Tt =) [ + (1 + p) e — [ [l — 2|97

Thus, for each n > 0, we have
lin (£ (2) = 20:Jg (= 20)) = (F() =" Ty = 37)).
From (2.15), as t — 0, it follows that
limsup(f(x*) —x*,J;(x, —x¥)) <O. (2.16)

n—oo

By (C3), (2.1) and (2.10), we get
oty — % = 72 (Futy = Fx*) = (o = x*) | < Mot — x| + 725 | Fuy — Fx*||

Oty
< ||ty — xn|| + D||Fupy — Fx*|| = 0 (n— o0).
2.17)

K, (2.15)

Using (2.16) and (2.17), we have

limsup(f(x*) —x*, Jg(up —x* —

n—yoo 1— an

It follows from (2.8) that

41 =27 < (1= 0 G (1= gp))[Jxn — x*[|7
+8qon(1— 0)? ™ (f(x) =2 Jg(un —x* — 15 (Fun — Fx*))) + Sicq0uf | f (1) — |
= (1= (1—gp))llxn —x"[|7

g1 ) () " Ty = — 2 (Aun—Ax)) ko | f ()~ ¢

+0,,C(1 —gp)] T—qp + T—gp J

(2.18)
Note that {a,{(1—¢gp)} C [0,1], ¥y, {(1 —gp) =0 and

limsu [q(l = 0) (AT =2 Ty (g 3" 1%104,, (Au, — Ax"))) n quc,‘{‘l || f () —x*||4
i I—gp 1—gp
Applying Lemma 1.8 to (2.18), we deduce that I',, — 0 as n — co. Thus, x,, — x* as n — oo,

Case 2. Suppose that there exits {I';,,} C {I'»} such that I, <T'y,41, VI € N, where N is
the set of all positive integers. Define a mapping 7 : N — N by

] <o.

t(m) :=max{l <m:T; <1}
Using Lemma 1.9, we have

Uom) SUimy1 and Ty <Tppyig.
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Putting Ty, = ||x,

i [|xe ()1 =X | =0, (2.19)
and
limsup(f(x") —x*,Jg (g (m) — X" — T olm) (Fug(my —Fx"))) <0.
m—eo — Oz (m)

In view of I'z(,,) < I’z 41 and () > 0, we conclude that

* (lfarm)q_l * * * :ur *
ey =1 < EE 06 2"y = = 15 (Pt = F)

Kq m
1;p)||f(ur ) — x4,

and hence limsup,, . [|X¢(m) —x*||7 < 0. Thus, we have limy e ||x7() — x*[|9 = 0. Using
Lemma 1.2 and (2.19), we obtain
[eemy+1 = X7 = [z (my — x|
< G (m)+1 = Xe(m)r g (Xg(m) — X)) jr Kyl Xe(my+1 = Xe(m)l|?
< qllxe(my+1 = XemllIXem) — X7 + KgllXemyr1 — Xe(m) |9 =0 (m — o).
Taking into account I';, < I'z(,,)41, we have
[ = X1 < (xzmy = XN+ @l (my 11— X N %emy =19 + gl 11— X 17
It is easy to see from (2.19) that x,,, — x* as m — oo. This completes the proof. U

In the framework of Hilbert spaces, we have the following result immediately.

Corollary 2.1. Let C be a closed convex nonempty subset of a real Hilbert space H. Let f :
C — C be a p-contraction with constant p € |0, cl]), and let {S,}7_, be a countable family of
nonexpansive self-mappings on C. Suppose that B,M : C — 2! are both maximal monotone
operators, and A, F : C — E are a-inverse-strongly monotone mapping and B-inverse-strongly
monotone mapping, respectively. Assume that Q := (\-_oFix(S,) N (A +B)~'0N(F +M)~'0 #
0. For any given xo € C and € € (0,1), let {x,}_, be the sequence generated by

Vp = an (xn — AnAxy),

U, = an (X0 — AyAvy + ra (v — X)),

Xpr1 = (1= 8)Suun+ CJ%(OCnf(un) + (1 — ay)up — WFuy), Yn>0,
where the sequences {r,},{a,} C (0,1) and {A,},{u,} C (0,%0) are such that the following
conditions hold: (C1)lim,_e 0, =0and Y 0, =00, (C2)0<r<r,<land0<A <A, <
):—;‘ <A <205 (C3)0<a< lf’&n <b < 2B. Assume that Y ;=_SUp,cp ||Sn+1x — Spx|| < oo for
any bounded subset D of C. Let S : C — C be a mapping defined by Sx = lim,_,.. S,x Vx € C,

and suppose that Fix(S) = ;o Fix(S,). Then x,, — x* € Q, which is the unique solution to
((I=f)x*,p—x*) >0,Vp € Q, ie., the fixed point equation x* = Po f(x*).
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