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Abstract. In this paper, a new method for solving variational inequalities for which the underline cost
function is strongly-pseudomonotone and Lipschitz continuous is proposed and linear convergence is
obtained in real Hilbert spaces under some mild assumptions.
Keywords. Linear Convergence; Pseudomonotone operator; Variational inequality.

1. INTRODUCTION

Throughout this paper, H is assumed to be a real Hilbert space with scalar product 〈., .〉 and
induced norm ‖ · ‖. Let C be a nonempty, closed and convex subset of H, and let A : H → H
be a continuous mapping. We consider the following variational inequality problem (for short,
VI(A,C)), which is consists of finding x ∈C such that

〈Ax,y− x〉 ≥ 0, ∀y ∈C. (1.1)

We denote by S the set of solutions of VI(A,C) (1.1).
It was shown in [1] that the sequence {xn} generated by the projected gradient method

xn+1 = PC(xn−λnAxn) (1.2)

converges linearly to the unique solution of VI(A,C) (1.1) provided that A is a strongly pseu-
domonotone Lipschitz continuous mapping, and 0 < a ≤ λn ≤ b < 2η

L2 . The strong conver-
gence of {xn} (but not linear convergence) was also obtained provided that ∑

∞
n=1 λn = ∞ and

limn→∞ λn = 0. It is generally known that the projected gradient method (1.2) fails when A is a
pseudomonotone operator.
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Motivated by the extragradient method introduced by Korpelevich [2]), Khanh [3] proposed
the following modified extragradient method for solving VI(A,C) (1.1):

x1 ∈C,
yn = PC(xn−λnAxn)
xn+1 = PC(xn−λnAyn), n≥ 1,

(1.3)

where A is strongly pseudomonotone Lipschitz continuous and 0 < a ≤ λn ≤ b < 2η

L2 , and ob-
tained the linear convergence of the algorithm. The strong convergence (but not linear conver-
gence) of the sequence {xn} generated by (1.3) was obtained in [4] provided that ∑

∞
n=1 λn = ∞

and limn→∞ λn = 0. One of the drawbacks of (1.1) is that if PC does not have a closed form
formula, then a minimization problem has to be solved twice per iteration in implementing ex-
tragradient method (1.3). In this case, the extragradient method (1.3) for solving VI(A,C) (1.1)
is not efficient.

In [5], Thong and Hieu studied the combination of subgradient extragradient method of Cen-
sor et al. [6] and the inertial extrapolation step: x1 ∈ H,

wn = xn +θn(xn− xn−1),
yn = PC(wn−λnAwn),
Tn := {w ∈ H : 〈wn−λnAwn− yn,w− yn〉 ≤ 0},
xn+1 = PTn(wn−λnAyn),

(1.4)

and obtained strong convergence results (but no linear convergence) of VI(A,C) (1.1) provided
that A is strongly pseudomonotone and Lipschitz continuous, ∑

∞
n=1 λn = ∞, limn→∞ λn = 0 and

0≤ θn ≤ 1
10 . This result can be reduced to the result in [7] if θn = 0.

The following simple example in R shows that both extragradient method (1.3) and iner-
tial subgradient extragradient method (1.4) cannot converge linearly to the unique solution of
VI(A,C) (1.1) when ∑

∞
n=1 λn = ∞ and limn→∞ λn = 0.

Example 1.1. Take C = R and Ax := x,x ∈ R. Then A is 1-strongly pseudomonotone and 1-
Lipschitz continuous. Also, VI(A,C) (1.1) has a unique solution x∗ = 0. Choose θn = 0 in (1.4).
For any x1 6= 0, extragradient method (1.3) and inertial subgradient extragradient method (1.4)
reduce to {

yn = xn−λnxn,
xn+1 = xn−λnyn,

that is
xn+1 = (1−λn)xn +λ

2
n xn.

Now, with limn→∞ λn = 0 and x1 6= 0, one can see that {xn} does not converge linearly to x∗ = 0.

Motivated by the results of Thong and Hieu [5], our aim in this paper is to introduce a new
projection method for VI(A,C) (1.1) when A is strongly pseudomonotone and Lipschitz contin-
uous, and obtain linear convergence results.

2. PRELIMINARIES

Definition 2.1. Recall that a mapping A : H→ H is said to be
(a) η-strongly monotone on H if there exists a constant η > 0 such that 〈Ax−Ay,x− y〉 ≥

η‖x− y‖2 for all x,y ∈ H;
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(b) monotone on H if 〈Ax−Ay,x− y〉 ≥ 0 for all x,y ∈ H;
(c) δ -strongly pseudo-monotone on H if there exists δ > 0 such that 〈Ay,x− y〉 ≥ 0⇒
〈Ax,x− y〉 ≥ δ‖x− y‖2, x,y ∈ H;

(d) pseudomonotone on H if, for all x,y ∈ H, 〈Ax,y− x〉 ≥ 0⇒ 〈Ay,y− x〉 ≥ 0;
(e) L-Lipschitz continuous on H if there exists a constant L > 0 such that ‖Ax− Ay‖ ≤

L‖x− y‖ for all x,y ∈ H.

Remark 2.1. Note that (a) implies (b); (a) implies (c); (c) implies (d); and (b) implies (d) in
the above definitions. If A is η-strongly pseudomonotone and Lipschitz continuous, it has been
shown (see, e.g., [8]) that VI(A,C) (1.1) has unique solution.

Definition 2.2. PC is called the metric projection of H onto C if, for any point u ∈ H, there
exists a unique point PCu ∈C such that

‖u−PCu‖ ≤ ‖u− y‖, ∀y ∈C.

PC satisfies (see, e.g., [9])

〈x− y,PCx−PCy〉 ≥ ‖PCx−PCy‖2, ∀x,y ∈ H.

Furthermore, PCx is characterized by the properties

PCx ∈C and 〈x−PCx,PCx− y〉 ≥ 0, ∀y ∈C.

This characterization implies that

‖x− y‖2 ≥ ‖x−PCx‖2 +‖y−PCx‖2, ∀x ∈ H,∀y ∈C.

Lemma 2.1. The following statements hold in H:

(i) ‖x+ y‖2 = ‖x‖2 +2〈x,y〉+‖y‖2 for all x,y ∈ H;
(ii) ‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉 for all x,y ∈ H

(iii) ‖αx+βy‖2 = α(α +β )‖x‖2 +β (α +β )‖y‖2−αβ‖x− y‖2,∀x,y ∈ H,α,β ∈ R.

Definition 2.3. Suppose that a sequence {xn} in H converges in norm to x∗ ∈ H. We say that
{xn} converges to x∗ R-linearly if limsupn→∞ ‖xn− x∗‖ 1

n < 1. We say that {xn} converges to
x∗ Q-linearly if there exists µ ∈ (0,1) such that ‖xn+1− x∗‖ ≤ µ‖xn− x∗‖ for all sufficiently
large n. It is well known that the Q-linear convergence implies the R-linear convergence, but
the reverse implication is not true.

3. MAIN RESULTS

We now give a linear convergence result via the following new method.

Theorem 3.1. Assume that A is η-strongly pseudomonotone and L-Lipschitz continuous on H.

Let γ ∈ (0, 1
2), 0 < λ < 2η

L2 and 0 < δ < λ (2η − λL2). Suppose that {xn} is generated by:
x0,x1 ∈ H, {

yn = xn +δ (xn− xn−1)

xn+1 = (1− γ)xn + γPC(yn−λAyn).
(3.1)

Then {xn} converges at least R-linear to the unique solution x∗ of V I(A,C)
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Proof. Define

wn = PC(yn−λAyn), ∀n≥ 1.

Then

〈yn−λAyn−wn,u−wn〉 ≤ 0, ∀u ∈C.

In particular, we get

〈yn−λAyn−wn,x∗−wn〉 ≤ 0.

Therefore,

2〈yn−wn,x∗−wn〉 ≤ 2λ 〈Ayn,x∗−wn〉 (3.2)

In view of x∗ ∈ S, we get

〈Ax∗,y− x∗〉 ≥ 0, ∀y ∈C.

By the strong pseudomonotonicity of A, one gets

〈Ay,y− x∗〉 ≥ η‖y− x∗‖2, ∀y ∈C.

Using Cauchy-Schwartz inequality, the Lipschitz continuity of A and the inequality 2ab≤ a2+
b2 ∀a,b ∈ R, we obtain

2λ 〈Ayn,x∗−wn〉 = −2λ 〈Awn,wn− x∗〉+2λ 〈Ayn−Awn,x∗−wn〉
≤ −2λη‖wn− x∗‖2 +2λ‖Ayn−Awn‖‖wn− x∗‖
≤ −2λη‖wn− x∗‖2 +2λL‖yn−wn‖‖wn− x∗‖
≤ −2λη‖wn− x∗‖2 +‖yn−wn‖2 +(λL)2‖wn− x∗‖2 (3.3)

Observe also that

2〈yn−wn,x∗−wn〉 = ‖yn−wn‖2 +‖x∗−wn‖2−‖(yn−wn)− (x∗−wn)‖2

= ‖yn−wn‖2 +‖xn+1− x∗‖2−‖wn− x∗‖2. (3.4)

Substituting (3.3) and (3.4) into (3.2) gives

‖yn−wn‖2 +‖wn− x∗‖2−‖yn− x∗‖2

≤−2λη‖wn− x∗‖2 +‖yn−wn‖2 +(λL)2‖wn− x∗‖2.

Therefore, ∀n≥ 1, we get(
1+λ (2η−λL2)

)
‖wn− x∗‖2 ≤ ‖yn− x∗‖2

i.e.,

‖wn− x∗‖2 ≤ 1
1+λ (2η−λL2)

‖yn− x∗‖2. (3.5)

Observe that

‖yn− x∗‖2 = ‖(1+δ )(xn− x∗)−δ (xn−1− x∗)‖2

= (1+δ )‖xn− x∗‖2−δ‖xn−1− x∗‖2 +δ (1+δ )‖xn− xn−1‖2 (3.6)
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and

‖xn+1− x∗‖2 = ‖(1− γ)(xn− x∗)+ γ(wn− x∗)‖2

= (1− γ)‖wn− x∗‖2 + γ‖wn− x∗‖2− γ(1− γ)‖xn−wn‖2

= (1− γ)‖xn− x∗‖2 + γ‖wn− x∗‖2− (1− γ)

γ
‖xn+1− xn‖2 (3.7)

which implies from (3.5) that

‖xn+1− x∗‖2 ≤ (1− γ)‖xn− x∗‖2 +
γ

1+λ (2η−λL2)
‖yn− x∗‖2

−(1− γ)

γ
‖xn+1− xn‖2. (3.8)

Using (3.6) and (3.8), we have

‖xn+1− x∗‖2

≤ (1− γ)‖xn− x∗‖2 +
γ

1+λ (2η−λL2)

(
(1+δ )‖xn− x∗‖2−δ‖xn−1− x∗‖2

+δ (1+δ )‖xn− xn−1‖2
)
− (1− γ)

γ
‖xn+1− xn‖2

= (1− γ)‖xn− x∗‖2 +
γ(1+δ )

1+λ (2η−λL2)
‖xn− x∗‖2

− δγ

1+λ (2η−λL2)
‖xn−1− x∗‖2 +

γδ (1+δ )

1+λ (2η−λL2)
‖xn− xn−1‖2

−(1− γ)

γ
‖xn+1− xn‖2.

Re-arranging gives

‖xn+1− x∗‖2 +
(1− γ)

γ
‖xn+1− xn‖2 ≤

(
1− γ +

γ(1+δ )

1+λ (2η−λL2)

)
‖xn− x∗‖2

+
γδ (1+δ )

1+λ (2η−λL2)
‖xn− xn−1‖2. (3.9)

Put

ξ
2 =

1
1+λ (2η−λL2)

∈ (0,1).

Then (3.9) becomes

‖xn+1− x∗‖2 +‖xn+1− xn‖2 ≤ ‖xn+1− x∗‖2 +
(1− γ)

γ
‖xn+1− xn‖2

≤
(
1− γ(1−ξ

2(1+δ ))
)
‖xn− x∗‖2

+γξ
2
δ (1+δ )‖xn− xn−1‖2

≤
(
1− γ(1−ξ

2(1+δ ))
)

×
(
‖xn− x∗‖2 +‖xn− xn−1‖2) , (3.10)
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due to γ ∈ (0, 1
2) and

γξ 2δ (1+δ )

1− γ(1−ξ 2(1+δ ))
< 1.

From 0 < δ < λ (2η−λL2) and γ ∈ (0, 1
2), we have 0 < γ(1−ξ 2(1+δ ))< 1. Denote

an := ‖xn− x∗‖2 +‖xn− xn−1‖2.

Then (3.10) becomes
an+1 ≤

(
1− γ(1−ξ

2(1+δ ))
)n

a1,

which implies that

‖xn+1− x∗‖2 ≤ an+1 ≤ (1− γ(1−ξ
2(1+δ )))na1.

Hence the proof. �

Corollary 3.1. Assume that A is η-strongly monotone and L-Lipschitz continuous on H. Let
γ ∈ (0, 1

2), 0 < λ < 2η

L2 and 0 < δ < λ (2η − λL2). Suppose that {xn} is generated by (3.1).
Then {xn} converges at least R-linear to the unique solution x∗ of V I(A,C).

Remark 3.1. Our proposed method (3.1) seems simpler than the methods (1.3) and (1.4), and
the linear convergence is obtained. Our method does not require extra projection onto the
feasible set C as in (1.3) and no extra projection onto the half-space as in (1.4).
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