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THE PROJECTION METHOD WITH INERTIAL EXTRAPOLATION FOR
SOLVING SPLIT EQUILIBRIUM PROBLEMS IN HILBERT SPACES
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Abstract. The purpose of this paper is to introduce an inertial-type iterative algorithm that does not
require any knowledge of the operator norm for approximating a solution of the split equilibrium problem
with pseudo-monotone bifunctions. Our proposed iterative method is based on the projection and inertial
techniques. Under suitable conditions, we present weak and strong convergence results in Hilbert spaces.
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Hilbert spaces.

1. INTRODUCTION

Let C be a nonempty closed and convex subset of a real Hilbert space H, and let f : C×C→R
be a bifunction. The equilibrium problem is to find x∗ ∈C such that

f (x∗,x)≥ 0, ∀x ∈C. (1.1)

We denote the set of solutions of problem (1.1) by EP( f ,C) in this paper, that is,

EP( f ,C) = {x∗ ∈C : f (x∗,x)≥ 0, ∀x ∈C}.

Equilibrium problems are fundamental in a broad range of mathematical and applied sciences
and a lot of problems in structural analysis, machine learning, management sciences and eco-
nomics, etc; see, e.g., [1, 2, 3, 4, 5]. The theoretical and algorithmic foundations as well as the
applications of the equilibrium problem have been extensively studied in the literature and are
attracting intensive attention; see, e.g., [6, 7, 8, 9, 10]. The equilibrium problem [11] has a lot
of applications in several very important mathematical problems such as optimisation problem,
saddle points problem, Nash equilibria problem in noncooperative games, convex differentiable
optimisation problem, variational operator inequalities problem, complementarity problems and
variational inequalities with multivalued mappings.

Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H1 and H2,
respectively. Let f1 : C×C→ R and f2 : Q×Q→ R be bifunctions and let A : H1→ H2 be a
bounded linear operator. Then the split equilibrium problem (SEP) is to find x∗ ∈C such that

f1(x∗,x)≥ 0, ∀x ∈C, (1.2)
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and y∗ = Ax∗ ∈ Q is such that

f2(y∗,y)≥ 0, ∀y ∈ Q, (1.3)

We denote the solution set of (1.2)-(1.3) by Ω = {x∗ ∈ EP( f1,C) : Ax∗ ∈ EP( f2,Q)}.
Recently, the SEP has received considerable attention; see, e.g., [12, 13, 18, 14, 15] and the

references therein. The proximal type algorithm which involves using the resolvent of a mono-
tone bifunction have featured prominently in the approximations of solution to SEPs (see, e.g.,
[16, 17]) and is mostly applicable when the equilibrium bifunctions are monotone. Hieu [18] in-
troduced an iterative method, which combines the extragradient-like method with the proximal
method for the approximation of solutions of SEPs in Hilbert spaces. The extragradient-like
methods are more applicable because they can be used to solve EPs with pseudomonotone bi-
functions and the subproblems can be numerically solved more easily than the subproblems in
the proximal method; see, e.g., [18, 19, 20, 21, 22]. However, the problems of solving opti-
mization subproblems and of finding shrinking projections [18] can be costly if bifunctions and
feasible sets have complex structures.

In 2016, Hieu et al. [22] proposed an iterative algorithm called the projected subgradient-
proximal algorithm, which combines the diagonal subgradient method, the projection method
and the proximal method for solving SEPs in Hilbert spaces. The advantage of this algorithm
over the iterative algorithm proposed in [18] lies in its simple nature and more importantly in
the fact that the metric projection, in general, is easier to compute than optimization problems
on the same feasible set. But this algorithm is not without its own set back as the step-size in
the second projection is chosen in a real interval which depends on the norm of operator. The
problem of finding or at least an estimate of the norm of an operator, in general, is not an easy
task in Hilbert spaces. To overcome this drawback, Hieu et al. in [22] come out with a modified
version of the first algorithm where the second projection is performed on feasible set while the
first projection is on a specifically constructed half-space, and thus, it is explicit. Moreover, it
involves a way of selecting an adaptive step-size in the second projection such that the prior
knowledge of operator norm is not required.

The two algorithms proposed in [22] involve the use of the proximal point method [23] (i.e.,
using the resolvent mapping of bifunction f2) and as it is well known, the computation of the
value of resolvent mapping in general is not easy. Thus, this raises the natural question of
whether it is possible to construct an algorithm for solving SEP which only uses the projec-
tion method. Hieu [24] gave an affirmative answer to this question by proposing an iterative
algorithm that is designed only by the use of the projection method for solving SEPs.

Precisely, the iterative algorithm proposed in [24] is as follows:

Algorithm 1.1. Initialization: Choose x0 ∈ C and four non-negative parameter sequences
{ρn}, {βn}, {εn} and {µn} satisfying the following conditions.

c1. ρn ≥ ρ > 0, βn > 0, εn ≥ 0.
c2. ∑

∞
n=1

βn
ρn

=+∞, ∑
∞
n=1

βnεn
ρn

<+∞, ∑
∞
n=1 β 2

n <+∞.

c3. 0 < a≤ µn ≤ 1
||A||2 .
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Assume that xn ∈C is known, and calculate xn+1 by the following steps:
Step 1: Select wn ∈ ∂εn f2(un, .)(un) where un = PQ(Axn), and compute

γn =
βn

max{ρn, ||wn||}
, yn = PQ(un− γnwn).

Step 2: Compute zn = PC(xn +µnA∗(yn−Axn)).
Step 3: Select gn ∈ ∂εn f1(zn, .)(zn) and compute

αn =
βn

max{ρn, ||gn||}
, xn+1 = PC(zn−αngn).

Set n : +n+1 and go to Step 1.

Obviously, when the operator norm is difficult to compute or approximate, the iterative al-
gorithm proposed in [24] suffers a set back since the step-size µn depends on ||A||. In iterative
methods, the need to speed up the convergence of iterative algorithms is a very natural problem
because algorithms with faster rate of convergence are always more effective and less costly. In
order to obtain the iterative algorithms with better rate of convergence than the previous ones in
the literature, many authors have studied inertial type algorithms such as, the inertial proximal
point algorithm [2, 25] (which is based upon a discrete version of a second order dissipative dy-
namical system [3, 4]), the inertial forward-backward splitting methods [26, 27, 28], the inertial
Douglas-Rachford splitting method [29], the inertial ADMM [30], and the inertial forward-
backward-forward method [31]. These results analysed the convergence properties of inertial
extrapolation type algorithms and demonstrated their improved performance numerically on
some imaging and data analysis problems.

Recently, Tian and Tong [32] proposed an inertial type algorithm for approximating a com-
mon solution of a variational inequality problem and a fixed point problem as follows:

Algorithm 1.2. Step 1: Choose x0,x1 ∈ H,µ ∈ (0,1),λ1 > 0.
Step 2: Set wn = xn +θn(xn− xn–1), and compute

yn = PC(wn–λnAwn).

Step 3: Compute

zn = PTn(wn−λnAyn),

where Tn = {x ∈ H|〈wn–λnAwn− yn,x− yn〉 ≤ 0}.
Step 4: Compute

xn+1 = (1–βn)wn +βnT zn

and

λn+1 =

 min
{

µ||xn− yn||2

||Axn−Ayn||2
,λn

}
, if ||Axn−Ayn|| 6= 0,

λn, Otherwise.
(1.4)

If wn = yn = xn+1, then wn ∈ F(T )∩V I(C,A), where F(T ) stands for the fixed point set of T
and V I(C,A) stands for the set of solutions of the variational inequality problem. Set n := n+1
and return to Step 2.
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In the work of Tian and Tong [32], one of the conditions imposed on the inertial term is
0≤ θn≤ θ ≤ 1

4 which is very restrictive on the inertial term. Long et al. [33] proposed an inertial
iterative algorithm with a very mild condition on the inertial term for solving split variational
inclusion problems as follows.

Algorithm 1.3. Assume that the sequence {θn} is non-decreasing such that 0≤ θn≤ θ < 1. Let
β > 0 and {λn} be a sequence of real numbers such that 0 < a≤ λn ≤ b < 1

L , where L := ||A||2
and the sequence {αn} is non-decreasing such that α < αn ≤ 1

1+θ+σ
, α > 0, σ > 0, Then {xn}

in H1 is generated as follows:
x0,x1 ∈ H1,
wn = xn +θn(xn− xn−1),

yn = JB1
β
(I−λnA∗(I− JB2

β
)A)wn,

xn+1 = (1−αn)xn +αnyn.

(1.5)

Again, we can see that the result of Long et al. [33] requires a prior knowledge of the operator
norm which may be problematic, since the operator norm in general is not easy to compute or
estimate.

Inspired by the recent interest on the inertial-type algorithms, and the results in Hieu [24],
Tian and Tong [32] and Long et al. [33], we propose an exclusively projection algorithm which
involves an inertial extrapolation step as well as a self adaptive step size which does not require
any knowledge of the operator norm for solving SEPs in real Hilbert spaces. Under some mild
assumptions on the associated bifunctions, the control sequences and the inertial factor, we
establish weak and strong convergence results using our proposed method.

The clear advantages of our result over the result of Hieu [24] is that our algorithm involves
an inertial extrapolation term which is not present in the algorithm of Hieu [24], whereas, the
convergence analysis of the algorithms proposed in Hieu [24] and Long et al. [33] require the
prior knowledge of the operator norm. Our proposed algorithm is independent of the operator
norm. Furthermore, our iterative algorithm utilizes the type of conditions on the inertial term as
in the work of Long et al. which is less restrictive than the condition imposed on inertial term
in the work of Tian and Tong [32]. Moreover our result partially extends the work of Tian and
Tong [32] from variational inequality problems to split equilibrium problems.

2. PRELIMINARIES

Let C be a nonempty closed and convex subset of a real Hilbert space H. The metric projec-
tion PC : H→C is defined by

PC := argmin{||y− x|| : y ∈C}.

Since C is nonempty, closed and convex, PC(x) exists and is unique.
The following two lemmas are trivial.

Lemma 2.1. The metric projection PC has the following properties.

i. 〈PC(x)−PC(y),x− y〉 ≥ ||PC(x)−P(y)||2; ∀x,y ∈ H,
ii. ||x−PC(y)||2 + ||PC(y)− y||2 ≤ ||x− y||2; ∀x ∈C,y ∈ H,

iii. z = PC(x)⇔ 〈x− z,y− z〉 ≤ 0; ∀y ∈C.
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Lemma 2.2. For each x,y ∈ H and α ∈ R, we have

||x+ y||2 ≤ ||x||2 +2〈y,x+ y〉.

||αx+(1−α)y||2 = α||x||2 +(1−α)||y||2−α(1−α)||x− y||2.

Lemma 2.3. [2] Let {ϕn},{δn} and {αn} be sequences in [0,+∞) such that

ϕn+1 ≤ ϕn +αn(ϕn−ϕn−1)+δn ∀n≥ 1,
∞

∑
n=1

δn <+∞

and assume that there exists a real number α with 0 ≤ αn ≤ α < 1 for all n ∈ N. Then the
following hold:

i. ∑
∞
n=1[ϕn−ϕn−1]+ < ∞, where [t]+ := max{t,0};

ii. there exists ϕ∗ ∈ [0,+∞) such that limn→+∞ ϕn = ϕ∗.

Lemma 2.4. [34] Let {an} and {bn} be two sequences of positive real numbers such that

an+1 ≤ an +bn, ∀n≥ 1,

with ∑n≥1 bn <+∞. Then the sequence {an} is convergent.

Lemma 2.5. Let C be a nonempty subset of H and {xn} be a sequence in H such that the
following two conditions hold:
(i) for every x ∈C, limn→∞ ||xn− x|| exists;
(ii) every sequential weak cluster point of {xn} is in C.
Then {xn} converges weakly to a point in C.

Lemma 2.6. [35] Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + γnδn, n≥ 0,

where {γn} is a sequence in (0,1) and {δn} is a sequence in R such that
(i) Σ∞

n=0γn = ∞,
(ii) limsupn→∞ δn ≤ 0 or Σ∞

n=0|δnγn|< ∞,
Then limn→∞ an = 0.

Definition 2.1. A bifunction f : C×C→ R is said to be

i. strongly monotone on C if there exists a constant γ > 0 such that

f (x,y)+ f (y,x)≤−γ||x− y||2;∀x,y ∈C;

ii. monotone on C if
f (x,y)+ f (y,x)≤ 0;∀x,y ∈C;

iii. pseudomonotone on C if

f (x,y)≥ 0⇒ f (y,x)≤ 0;∀x,y ∈C;

iv. strongly pseudomonotone on C if there exists a constant γ > 0 such that

f (x,y)≥ 0⇒ f (y,x)≤−γ||x− y||2;∀x,y ∈C.
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From the above definitions, it is clear that the following implications hold, (i)⇒ (ii)⇒ (iii)
and (i)⇒ (iv)⇒ (iii), but the converses in general are not true.

Recall that a function ϕ : C→ R is said to be convex on C if, for all x,y ∈C and t ∈ [0,1],

ϕ(tx+(1− t)y)≤ tϕ(x)+(1− t)ϕ(y).

The subdifferential of ϕ at x ∈C is defined by

∂ϕ(x) = {w ∈ H : ϕ(y)−ϕ(x)≥ 〈w,y− x〉;∀y ∈C}.

An enlargement of the subdifferential is the ε-subdifferential. The ε-subdifferential of ϕ at
x ∈C is defined by

∂εϕ(x) = {w ∈ H : ϕ(y)−ϕ(x)+ ε ≥ 〈w,y− x〉;∀y ∈C}.

It is clear that the 0-subdifferential coincides with the subdifferential. Let f : C×C→ R be a
bifunction. Throughout this paper, ∂ε f (x; ·)(x) is called the ε-diagonal subdifferential of f at
x ∈C.

3. MAIN RESULTS

In this section, we give our iterative algorithm and the convergence result. We shall assume
that the bifunction f1 : C×C→ R satisfies the following conditions:

A1. f1 is pseudomonotone and f1(x,x) = 0,∀x ∈C;
A2. f1(x, ·) is convex and lower semicontinuous on C and f1(·,y) is weakly upper semicon-

tinuous on C;
A3. the ε-diagonal subdifferential of f1 is bounded on each subset of C;
A4. f1 satisfies the following paramonotone condition

x ∈ EP( f1,C); y ∈C; f1(y,x) = 0⇒ y ∈ EP( f1,C).

We also require that f2 satisfies conditions A1-A4 on Q. Furthermore, it has been noted that
under conditions A1 and A2, the two sets EP( f1,C) and EP( f2,Q) are closed and convex. Thus,
since A is linear, the solution set Ω of problem (SEP) is also closed and convex.

Algorithm 3.1. For initial x0,x1 ∈C, λ1 > 0, µ ∈ (0,1) and non-negative parameter sequences
{ρn}, {βn}, {τn}, {θn} and {εn} satisfying the following conditions,

1. ρn ≥ ρ > 0, βn > 0, εn > 0,
2. ∑

∞
n=1

βnεn
ρn

<+∞, ∑
∞
n=1 β 2

n <+∞,

3. {τn} and {θn} are nondecreasing sequences,
4. 0≤ θn ≤ 1, τ < τn ≤ 1

2+σ
, τ > 0, σ > 0,

calculate xn+1 as follows:
Step 1. Set wn = xn +θn(xn− xn−1), and select vn ∈ ∂εn f2(un, ·)(un), where un = PQ(Awn), and
compute
γn =

βn
max{ρn,||vn||} , yn = PQn(un− γnvn), where Qn is the set defined by

Qn = {y ∈ H2 : 〈y−un,Awn−un〉 ≤ 0}.
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Step 2. Compute zn = PC(wn +λnA∗(yn−Awn)) and

λn+1 =

 min
{

µ||yn−Awn||2

||A∗(yn−Awn)||2
,λn

}
, if ||A∗(yn−Awn)|| 6= 0,

λn, Otherwise.
(3.1)

Step 3. Select gn ∈ ∂εn f1(zn, ·)(zn) and compute

αn =
βn

max{ρn, ||gn||}
,xn+1 = (1− τn)xn + τnPCn(zn−αngn).

The set Cn is defined by

Cn = {x ∈ H1 : 〈x− zn,wn +λnA∗(yn−Awn)− zn〉 ≤ 0}.

Remark 3.1. Clearly, the half spaces Cn and Qn contain C and Q, respectively.

Theorem 3.1. Let {xn} be the sequence generated by Algorithm 3.1 and suppose that Ω 6= /0.
Then {xn} converges weakly to some x+ ∈Ω.

Proof. Clearly, {λn} is a monotonically decreasing sequence. Moreover, if ||A∗(yn−Awn)|| 6= 0,
then

µ||yn−Awn||2

||A∗(yn−Awn)||2
≥ µ||yn−Awn||2

||A||2||yn−Awn||2
=

µ

||A||2
.

Therefore, {λn} is monotonically decreasing and bounded below, thus it converges.
Since x∗ ∈C, and C ⊂Cn, then x∗ ∈Cn. Therefore, letting hn = PCn(zn−αngn), we conclude

from Lemma 2.1(iii) that

〈x∗−hn,zn−αngn−hn〉 ≤ 0. (3.2)

From (3.2), we obtain

〈x∗−hn,zn−hn〉 ≤ αn〈gn,x∗−hn〉
= αn〈gn,x∗− zn〉+αn〈gn,zn−hn〉
≤ αn〈gn,x∗− zn〉+αn||gn||||zn−hn||. (3.3)

Also, since zn ∈ Cn, we have from Lemma 2.1(iii) that 〈zn− hn,zn−αngn− hn〉 ≤ 0, which
implies

||zn−hn||2 ≤ αn〈zn−hn,gn〉 ≤ αn||gn||||zn−hn||.
Hence,

||zn−hn|| ≤ αn||gn||.
Furthermore, from the definition of αn, we have

αn||gn||||zn−hn|| ≤ (αn||gn||)2 =
(

βn||gn||
max{ρn, ||gn||}

)2

= β
2
n

( ||gn||
max{ρn, ||gn||}

)2
≤ β

2
n . (3.4)

From assumption A1 and gn ∈ ∂εn f1(zn, ·)(zn), we have

f1(zn,x∗)+ εn = f1(zn,x∗)− f1(zn,zn)+ εn ≥ 〈gn,x∗− zn〉. (3.5)
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Again,

αn =
βn

max{ρn, ||gn||}
≤ βn

ρn
. (3.6)

It then follows from (3.3),(3.4),(3.5) and (3.6) that

〈x∗−hn,zn−hn〉 ≤ αn f1(zn,x∗)+
βnεn

ρn
+β

2
n . (3.7)

On the other hand,

2〈x∗−hn,zn−hn〉= ||x∗−hn||2 + ||zn−hn||2−||zn− x∗||2. (3.8)

Thus, from (3.7) and (3.8), we obtain

||hn− x∗||2 ≤ ||zn− x∗||2 +2αn f1(zn,x∗)−||zn−hn||2 +2
βnεn

ρn
+2β

2
n . (3.9)

By similar arguments as in (3.2)-(3.8), we have

||yn−Ax∗||2 ≤ ||un−Ax∗||2 +2γn f2(un,Ax∗)−||yn−un||2 +
2βnεn

ρn
+2β

2
n . (3.10)

Now,

||xn+1− x∗||2 = (1− τn)||xn− x∗||2 + τn||hn− x∗||2− τn(1− τn)||xn−hn||2

≤ (1− τn)||xn− x∗||2 + τn||zn− x∗||2 +2αnτn f1(zn,x∗)

−τn||zn−hn||2 +
2τnβnεn

ρn
+2β

2
n τn− τn(1− τn)||xn−hn||2. (3.11)

But

||zn− x∗||2 ≤ ||wn +λnA∗(yn−Awn)− x∗||2

= ||wn− x∗||2 +λ
2
n ||A∗(yn−Awn)||2

+2λn〈A(wn− x∗),yn−Awn〉. (3.12)

Moreover,

2〈A(wn− x∗),yn−Awn〉 = ||yn−Ax∗||2−||Awn−Ax∗||2−||yn−Awn||2. (3.13)

Therefore, from (3.10) and (3.13), we get

2〈A(wn− x∗),yn−Awn〉 ≤ ||un−Ax∗||2 +2γn f2(un,Ax∗)−||yn−un||2

+
2βnεn

ρn
+2β

2
n −||Awn−Ax∗||2−||yn−Awn||2. (3.14)

Also, since PQ is firmly nonexpansive, we have

2||un−Ax∗||2 = 2||PQ(Awn)−PQ(Ax∗)||2

≤ 2〈PQ(Awn)−PQ(Ax∗),Awn−Ax∗〉
= 2〈un−Ax∗,Awn−Ax∗〉
= ||un−Ax∗||2 + ||Awn−Ax∗||2−||un−Awn||2, (3.15)

which implies

||un−Ax∗||2 ≤ ||Awn−Ax∗||2−||un−Awn||2. (3.16)
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Combining (3.14) and (3.16), we have

2〈A(wn− x∗),yn−Awn〉 ≤ −||un−Awn||2−||yn−Awn||2

+2γn f2(un,Ax∗)+
2βnεn

ρn
+β

2
n . (3.17)

Substituting for 2〈A(wn− x∗),yn−Awn〉 into (3.12), we obtain

||zn− x∗||2 ≤ ||wn− x∗||2 +λ
2
n ||A∗(yn−Awn)||2−λn||un−Awn||2

−λn||yn−Awn||2 +2γnλn f2(un,Ax∗)+
2βnλnεn

ρn
+β

2
n λn. (3.18)

Recall that the limit of {λn} exists and λn
λn+1
≥ 1. Let λ = limn→∞ λn. Thus limn→∞

λn
λn+1

= 1.

Also, since µ ∈ (0,1), 1
µ
> 1, let κ =

1+ 1
µ

2 , then 1 < κ < 1
µ
. Hence, ∃N ∈ N,

such that ∀n > N, λn
λn+1

< κ. Therefore, for all n > N, we have 1−µκ > 0 and

||zn− x∗||2 ≤ ||wn− x∗||2 +λ
2
n

µ

λn+1
||yn−Awn||2−λn||yn−Awn||2

−λn||un−Awn||2 +2γnλn f2(un,Ax∗)+
2βnλnεn

ρn
+β

2
n λn

≤ ||wn− x∗||2−λn(1−µκ)||yn−Awn||2−λn||un−Awn||2

+2γnλn f2(un,Ax∗)+
2βnλnεn

ρn
+β

2
n λn. (3.19)

Thus,

||xn+1− x∗||2 = (1− τn)||xn− x∗||2 + τn||wn− x∗||2− τnλn(1−µκ)||yn−Awn||2

−λnτn||un−Awn||2 +2γnτnλn f2(un,Ax∗)+
2τnβnλnεn

ρn
+ τnβ

2
n λn

+2αnτn f1(zn,x∗)− τn||zn−hn||2 +
2τnβnεn

ρn
+2β

2
n τn

−τn(1− τn)||xn−hn||2. (3.20)

Furthermore,

||wn− x∗||2 = ||(1+θn)(xn− x∗)−θn(xn−1− x∗)||2

= (1+θn)||xn− x∗||2−θn||xn−1− x∗||2

+θn(1+θn)||xn− xn−1||2. (3.21)
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In view of hn− xn =
1
τn
(xn+1− xn), we conclude from (3.20) and (3.21) that

||xn+1− x∗||2

≤ (1− τn)||xn− x∗||2 + τn(1+θn)||xn− x∗||2− τnθn||xn−1− x∗||2

+τnθn(1+θn)||xn− xn−1||2− τnλn(1−µκ)||yn−Awn||2

−λnτn||un−Awn||2 +2γnτnλn f2(un,Ax∗)+
2τnβnλnεn

ρn
+ τnβ

2
n λn

+2αnτn f1(zn,x∗)− τn||zn−hn||2 +
2τnβnεn

ρn
+2β

2
n τn−

1− τn

τn
||xn+1− xn||2

≤ (1+ τnθn)||xn− x∗||2− τnθn||xn−1− x∗||2 + τnθn(1+θn)||xn− xn−1||2

−τnλn(1−µκ)||yn−Awn||2−λnτn||un−Awn||2 +2γnτnλn f2(un,Ax∗)

+2αnτn f1(zn,x∗)− τn||zn−hn||2−
1− τn

τn
||xn+1− xn||2 +(1+λn)δn

= (1+ηn)||xn− x∗||2−ηn||xn−1− x∗||2 +ξn||xn− xn−1||2

−τnλn(1−µκ)||yn−Awn||2−λnτn||un−Awn||2 +2γnτnλn f2(un,Ax∗)

+2αnτn f1(zn,x∗)− τn||zn−hn||2−
1− τn

τn
||xn+1− xn||2 +(1+λn)δn, (3.22)

where

δn :=
2βnεn

ρn
+β

2
n , ηn := τnθn, ξn := τnθn(1+θn).

Set

Γn := ||xn− x∗||2−ηn||xn− x∗||2 +ξn||xn− xn−1||2.

Since {τn} and {θn} are non-decreasing sequences, we have that {ηn} is a non-decreasing
sequence. Hence

Γn+1−Γn = ||xn+1− x∗||2− (1+ηn+1)||xn− x∗||2 +ηn||xn−1− x∗||2

+ξn+1||xn+1− xn||2−ξn||xn− xn−1||2.
≤ ||xn+1− x∗||2− (1+ηn)||xn− x∗||2 +ηn||xn−1− x∗||2

+ξn+1||xn+1− xn||2−ξn||xn− xn−1||2. (3.23)

It then follows from (3.22) and (3.23) that

Γn+1−Γn ≤ −τnλn(1−µκ)||yn−Awn||2− τnλn||un−Awn||2 +2γnτnλn f2(un,Ax∗)

+2αnτn f1(zn,x∗)− τn||zn−hn||2 +(1+λn)δn

+ξn+1||xn+1− xn||2−
1− τn

τn
||xn+1− xn||2. (3.24)

Now, since x∗ ∈EP( f1,C) and zn ∈C, we have f1(x∗,zn)≥ 0. Thus, by the pseudo-monotonicity
of f1, we have f1(zn,x∗) ≤ 0. Similarly, since Ax∗ ∈ EP( f2,Q), we also have f2(un,Ax∗) ≤ 0.
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Moreover, from [36], we have

1− τn

τn
−ξn+1 =

1
τn
−1− τn+1θn+1(1+θn+1)

≥ 2+σ −1− 2
2+σ

= σ +
σ

2+σ
≥ σ . (3.25)

Therefore, from (3.23), we have

Γn+1−Γn ≤ −
(1−αn

αn
−ξn+1

)
||xn+1− xn||2 +(1+λn)δn

≤ −σ ||xn+1− xn||2 +(1+λn)δn, (3.26)

which yields

Γn+1 ≤ Γn +(1+λn)δn. (3.27)

Using Lemma 2.4 and the fact that ∑
∞
n=1(1+λn)δn < ∞, we conclude that the sequence {Γn}

converges and consequently, {Γn} is bounded. Therefore, there exists Γ̄ > 0 such that Γn ≤
Γ̄ ∀n≥ 0. Clearly, from (3.27), we have

Γn ≤ Γ1 +
n−1

∑
i=1

(1+λi)δi. (3.28)

Furthermore,

Γn = ||xn− x∗||2−ηn||xn−1− x∗||2 +ξn||xn− xn−1||2

≥ ||xn− x∗||2−ηn||xn−1− x∗||2 (3.29)

and

ηn = τnθn ≤
1

2+σ
=: η < 1. (3.30)

It then follows from (3.29) and (3.30) that

||xn− x∗||2 ≤ ηn||xn−1− x∗||2 +Γn

≤ η ||xn−1− x∗||2 + Γ̄

...

≤ η
n||x0− x∗||2 + Γ̄(ηn−1 + · · ·+1)

≤ η
n||x0− x∗||2 + Γ̄

1−η
. (3.31)

Again,

Γn+1 = ||xn+1− x∗||2−ηn+1||xn− x∗||2 +ξn+1||xn+1− xn||2

≥ −ηn+1||xn− x∗||2. (3.32)
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From (3.31) and (3.32), we obtain

−Γn+1 ≤ ηn+1||xn− x∗||2

≤ η ||xn− x∗||2

≤ η
n+1||x0− x∗||2 + ηΓ̄

1−η
. (3.33)

It follows from (3.26) and (3.33) that

σ

k

∑
n=1
||xn+1− xn||2 ≤ Γ1−Γn+1 +

k

∑
n=1

(1+λn)δn

≤ Γ̄−Γk+1 +
k

∑
n=1

(1+λn)δn

≤ η
k+1||x0− x∗||2 + Γ̄

1−η
+

k

∑
n=1

(1+λn)δn

≤ ||x0− x∗||2 + Γ̄

1−η
+

k

∑
n=1

(1+λn)δn, (3.34)

which implies that
∞

∑
n=1
||xn+1− xn||2 < ∞ (3.35)

and

lim
n→∞
||xn+1− xn||= 0. (3.36)

From (3.22), we have

||xn+1− x∗||2 ≤ (1+ηn)||xn− x∗||2−ηn||xn−1− x∗||
+2||xn−1− xn||2 +(1+λn)δn. (3.37)

Thus, by (3.35), (3.37) and Lemma 2.3, we have that there exists l ∈ [0,∞) such that

lim
n→∞
||xn− x∗||2 = l. (3.38)

Again, from (3.21), we get

lim
n→∞
||wn− x∗||2 = l. (3.39)

From the definition of wn, we have

lim
n→∞
||wn− xn||= lim

n→∞
θn||xn− xn−1|| ≤ lim

n→∞
||xn− xn−1||= 0. (3.40)

Observe that

||xn+1− x∗||2 ≤ (1− τn)||xn− x∗||2 + τn||hn− x∗||2. (3.41)

This implies that

||hn− x∗||2 ≥ ||xn+1− x∗||2−||xn− x∗||2

τn
+ ||xn− x∗||2. (3.42)



THE PROJECTION METHOD WITH INERTIAL EXTRAPOLATION 251

Since {τn} is bounded, it follows from (3.38) and (3.42) that

lim
n→∞
||hn− x∗|| ≥ lim

n→∞
||xn− x∗||2 = l. (3.43)

On the other hand, from (3.9) and (3.19), we have

lim
n→∞
||hn− x∗||2 ≤ lim

n→∞
||zn− x∗||2 ≤ lim

n→∞
||wn− x∗||2 = l. (3.44)

Combining (3.43) and (3.44), we have that

lim
n→∞
||hn− x∗||2 = l. (3.45)

||xn−hn||=
1
τn
||xn+1− xn||2→ 0,n→ ∞. (3.46)

Also, from (3.22), we obtain

τnλn(1−µκ)||yn−Awn||2 + τnλn||un−Awn||2

−2γnτnλn f2(un,Ax∗)+ τn||zn−hn||2−2αnτn f1(zn,x∗)

≤ (1+ηn)||xn− x∗||2−ηn||xn−1− x∗||2

−||xn+1− x∗||2 +(1+λn)δn→ 0,n→ ∞. (3.47)

Therefore,
lim
n→∞
||yn−Awn||= lim

n→∞
||un−Awn||= lim

n→∞
||zn−hn||= 0

and
lim
n→∞

f2(un,Ax∗) = lim
n→∞

f1(zn,x∗) = 0.

Consequently,
||xn− zn|| ≤ ||xn−hn||+ ||zn−hn|| → 0,n→ ∞,

||yn−un|| ≤ ||yn−Awn||+ ||un−Awn|| → 0,n→ ∞,

and
||wn−hn|| ≤ ||wn− xn||+ ||xn−hn|| → 0,n→ ∞.

Since {zn} is bounded, there exists a subsequence {znk} of {zn} converging weakly to x+ ∈C.
Therefore, it follows from the upper semicontinuity of f1(·,x∗) that

f1(x+,x∗)≥ limsup
k→∞

f1(znk ,x
∗) = lim

k→∞
f1(znk ,x

∗) = lim
n→∞

f1(zn,x∗) = 0. (3.48)

Moreover, since x∗ ∈EP( f1,C) and x+ ∈C, we have f1(x∗,x+)≥ 0. Hence, by the pseudomono-
tonicity of f1, we get that f1(x+,x∗) ≤ 0. This with (3.48) implies that f1(x+,x∗) = 0. Using
condition A4, we conclude that x+ ∈ EP( f1,C). Since {znk} converges weakly to x+, we have
that {wnk} converges weakly to x+. Therefore, since A is continuous, we have that {Awnk}
converges weakly to Ax+. From limn→∞ ||un−Awn||= 0, we have that unk converges weakly to
Ax+. Hence by the same line of argument above, we conclude that Ax+ ∈ EP( f2,Q) immedi-
ately. �

Theorem 3.2. Let f1 be strongly pseudomonotone on C, i.e., f1(x,y)≥ 0⇒ f1(y,x)≤−γ||x−
y||2, ∀x,y ∈ C for some γ > 0. Suppose that 2αnγ > 1, ∑

∞
n=0 τn = ∞, and Ω 6= /0. Then, the

sequence {xn} generated by Algorithm 3.1 converges strongly to some x+ ∈Ω.



252 F.U. OGBUISI

Proof. By similar steps as in the proof of Theorem 3.1 and the fact that the strong pseudomono-
tonicity implies the pseudomonotonicity, we have that {xn} converges weakly to some x+ ∈Ω.
From (3.11), we have

||xn+1− x+||2 ≤ (1− τn)||xn− x+||2 + τn||zn− x+||2 +2αnτn f1(zn,x+)

−τn||zn−hn||2 +
2τnβnεn

ρn
+2β

2
n τn− τn(1− τn)||xn−hn||2

≤ (1− τn)||xn− x+||2 + τn||zn− x+||2 +2αnτn f1(zn,x+)

+
2τnβnεn

ρn
+2β

2
n τn. (3.49)

Since x+ ∈ EP( f1,C) and zn ∈C, we have that f1(x+,zn)≥ 0. Since f1 is strongly pseudomono-
tone, we have that f1(zn,x+)≤−γ||zn− x+||2. It follows from 2αnγ > 1 and (3.49) that

||xn+1− x+||2 ≤ (1− τn)||xn− x+||2 + τn||zn− x+||2−2αnτnγ||zn− x+||2

+
2τnβnεn

ρn
+2β

2
n τn

≤ (1− τn)||xn− x+||2 + 2τnβnεn

ρn
+2β

2
n τn. (3.50)

Applying Lemma 2.6 to (3.50) with an = ||xn−x+||2, γn = τn and δn =
2βnεn

ρn
+2β 2

n , we conclude
that {xn} converges strongly to x+ ∈Ω easily. �

4. THE APPLICATIONS TO THE SPLIT OPTIMIZATION PROBLEMS

Let g1 : C→R and g2 : Q→R be functions, where C and Q are nonempty closed and convex
subsets of real Hilbert spaces H1 and H2, respectively. Let A : H1 → H2 be a bounded linear
operator. The split optimization is to find x∗ ∈C such that

g1(x∗)≤ g1(x), ∀x ∈C (4.1)

and such that y∗ = Ax∗ satisfies

g2(y∗)≤ g2(y), ∀y ∈ Q. (4.2)

Let Ω1 be the solution set of the split optimization problem (4.1)-(4.2).

Lemma 4.1. [37, Proposition 4.1] Let g : C→R be an arbitrary function. Define the bifunction
f (x,y) := g(y)−g(x), ∀x,y ∈C. Then
(i). The bifunction f is paramonotone on C.
(ii). The solution set EP( f ,C) coincides with the solution set of the optimization problem

min{g(x) : x ∈C}. (4.3)

Therefore, if we let f1(x,y) = g1(y)−g1(x) and f2(x,y) = g2(y)−g2(x) and assume that g1
and g2 satisfy the following conditions on C and Q, respectively
(B1). g1 and g2 are weakly lower continuous and ε-subdifferential functions,
(B2). the mappings x 7→ ∂g1(x) and x 7→ ∂g2(x) are bounded on bounded subsets of C and Q,
Conditions (B1) and (B2) and Lemma 4.3 imply that f1 and f2 satisfy conditions (A1)-(A4).

Now, we show how Algorithm (3.1) can be adapted to solve split optimization problem (4.1)-
(4.2).
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Algorithm 4.1. For initial x0,x1 ∈C, λ1 > 0, µ ∈ (0,1) and non-negative parameter sequences
{ρn}, {βn}, {τn}, {θn} and {εn} satisfying the following conditions,

1. ρn ≥ ρ > 0, βn > 0, εn > 0,
2. ∑

∞
n=1

βnεn
ρn

<+∞, ∑
∞
n=1 β 2

n <+∞,

3. {τn} and {θn} are nondecreasing sequences,
4. 0≤ θn ≤ 1, τ < τn ≤ 1

2+σ
, τ > 0, σ > 0,

calculate xn+1 as follows:
Step 1. Set wn = xn +θn(xn− xn−1), select vn ∈ ∂εng2(un), where un = PQ(Awn), and compute
γn =

βn
max{ρn,||vn||} , yn = PQn(un− γnvn), where Qn is the set defined by

Qn = {y ∈ H2 : 〈y−un,Awn−un〉 ≤ 0}.

Step 2. Compute zn = PC(wn +λnA∗(yn−Awn)) and

λn+1 =

 min
{

µ||yn−Awn||2

||A∗(yn−Awn)||2
,λn

}
, if ||A∗(yn−Awn)|| 6= 0,

λn, Otherwise.
(4.4)

Step 3. Select qn ∈ ∂εng1(zn) and compute αn = βn
max{ρn,||qn||} ,xn+1 = (1− τn)xn + τnPCn(zn−

αnqn). The set Cn is defined by

Cn = {x ∈ H1 : 〈x− zn,wn +λnA∗(yn−Awn)− zn〉 ≤ 0}.

Corollary 4.1. Let {xn} be the sequence generated by Algorithm 4.1 and suppose that Ω1 6= /0.
Then {xn} converges weakly to some x+ ∈Ω1.

5. CONCLUSIONS

In this paper, a new inertial-type iterative algorithm, which does not require any knowledge
of the operator norm, was presented for solving the split equilibrium problem with bifunctions.
The new algorithm was devised without computing proximal or resolvent operators. The step
size is our algorithm is self-adaptive and we also added the inertial extrapolation term to speed
up the convergence of the iterative algorithm. A weak convergence theorem was proved under
standard conditions imposed on the cost functions and with the extra condition that f1 is strongly
pseudomonotone. We also obtained a strong convergence result.
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