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Abstract. In this paper, a three-term derivative-free method for solving a nonlinear system of equations
with convex constraints is proposed. In addition, by reformulating an `1-regularized problem into a
nonlinear system of equations, the proposed method is applicable to solving signal recovery and image
deblurring problems. Our method is based on the projection technique of Solodov and Svaiter (1998)
by incorporating a quasi-Newton-like direction with the Dai-Liao conjugate gradient parameter. The
proposed method is matrix–free and the search direction satisfies a certain descent condition. Under
the assumption that the underlying function is monotone and Lipschitzian, the global convergence of
the proposed method is established. Preliminary numerical experiments on some large-scale nonlinear
system of equations with convex constraints show that the proposed method is efficient. Furthermore,
we apply the proposed method to the `1-regularization problem in compressive sensing.
Keywords. Derivative-free method; Nonlinear monotone equations; Projection method; Quasi-Newton
method; Signal and image recovery.

1. INTRODUCTION

Iterative methods, such as the Newton method, the quasi-Newton method, and conjugate gra-
dient methods, have been widely investigated for general unconstrained optimization problem

min{ f (x) : x ∈ Rn}, (1.1)

where f : Rn→ R is a continuously differentiable function, and bounded from below. Unlike
quasi-Newton methods, which require the storage of n×n matrices in every iteration, conjugate
gradient (CG) methods require the storage of n×1 vectors at each iteration. Moreover, the CG
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methods are of particular interest due to their global convergence property and simplicity in
implementation. The CG methods generate an iterative sequence {xk} in the following manner

xk+1 := xk +αkdk, ∀k ≥ 0. (1.2)

The scalar αk > 0 denotes the step-length that is obtained via a suitable line-search strategy ,and
the vector dk is a search direction given by d0 :=−F(x0) and dk :=−F(xk)+βkdk−1, ∀k ∈ N,
where F := ∇ f , and βk (called the CG parameter) is a scalar that is updated in every iteration.

Under the differentiability assumption, a well-known necessary optimality condition for prob-
lem (1.1) is:

x∗ is a minimizer of f =⇒ ∇ f (x∗) = 0.
This fact is called the first-order necessary optimality condition for the minimizer x∗ of problem
(1.1). Therefore, we consider the following system of nonlinear equations

F(x) = 0. (1.3)

In this context, the gradient of f in problem (1.1) is viewed as the function F : Rn→ Rn in
problem (1.3), i.e., F := ∇ f . Hence, algorithms for solving the nonlinear system of equations
(1.3) can be used to solve problem (1.1).

In this paper, we consider the problem (1.3), where constraints given by a set Ψ ⊆ Rn are
involved, i.e., we look for a vector x ∈ Ψ ⊆ Rn for which (1.3) holds. The feasible set Ψ is
assumed to be nonempty, closed, and convex. Thus, we refer problem (1.3) as nonlinear system
of equations with convex constraints. Many mathematical problems arising from various ap-
plications, such as fixed point problems, differential equations, variational inequality problems
and so on, can be reformulated into problem (1.3) (see, e.g., [1, 2, 3, 4]). Moreover, problem
(1.3) also appears as a sub-problem in generalized proximal algorithms with Bregman distances
[5]. Optimization problems including least square errors and `1–regularizations can equally
be translated into problem (1.3) [6, 7]. These underline the importance of problem (1.3) and
efficient algorithms with minimal computational costs for solving it.

Let us recall the quasi-Newton algorithm for solving problem (1.1) with its iterative sequence
{xk} being updated via (1.2), and the vector dk being given by

dk :=−AkF(xk), k ≥ 0, (1.4)

where Ak is an n× n-matrix for each k. The search direction dk in (1.4) needs to satisfy the
following inequality

〈F(xk), dk〉 ≤ −c‖F(xk)‖2, c > 0. (1.5)
The matrix Ak in (1.4) is an approximation of the inverse Hessian of f at xk which can be
computed by using different types of an updating formula. One of the famous formula for
computing Ak is the following Broyden-Fletcher-Goldfarb-Shanno (BFGS) update

Ak := Ak−1 +

(
1+

yT
k−1Ak−1yk−1

yT
k−1sk−1

)
sk−1sT

k−1

yT
k−1sk−1

−

(
sk−1yT

k−1Ak−1 +Ak−1yk−1sT
k−1

yT
k−1sk−1

)
, (1.6)

where sk−1 := xk − xk−1, yk−1 := F(xk)−F(xk−1), and it is assumed that yT
k−1sk−1 6= 0. By

replacing the matrix Ak−1 in (1.6) by an identity matrix, that is, Ak−1 = I, (1.6) becomes

Ak = I +

(
1+

yT
k−1yk−1

yT
k−1sk−1

)
sk−1sT

k−1

yT
k−1sk−1

−

(
sk−1yT

k−1 + yk−1sT
k−1

yT
k−1sk−1

)
. (1.7)
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Multiplying F(xk) from the right on (1.7) gives

AkF(xk) =F(xk)+

[(
1+

‖yk−1‖2

〈yk−1, sk−1〉

)
〈sk−1, F(xk)〉
〈yk−1, sk−1〉

− 〈yk−1, F(xk)〉
〈yk−1, sk−1〉

]
sk−1

− 〈sk−1, F(xk)〉
〈yk−1, sk−1〉

yk−1.

(1.8)

Substituting (1.8) into (1.4) gives

dk =−F(xk)+

[
〈yk−1, F(xk)〉
〈yk−1, sk−1〉

−
(

1+
‖yk−1‖2

〈yk−1, sk−1〉

)
〈sk−1, F(xk)〉
〈yk−1, sk−1〉

]
sk−1

+
〈sk−1, F(xk)〉
〈yk−1, sk−1〉

yk−1.

(1.9)

Since the coefficient of sk−1 and yk−1 are scalars, the search direction dk in (1.9) can be written
in the form of a three-term CG direction, i.e.,

dk :=−F(xk)+βksk−1 +
〈sk−1, F(xk)〉
〈yk−1, sk−1〉

yk−1,

where the scalar βk is a suitable CG parameter.
Recently, the hyperplane projection of Solodov and Svaiter [8] has influenced many re-

searchers to extend CG methods for problem (1.1) to the nonlinear system of equations (1.3).
For example, Dai and Liao [9] introduced two CG methods, which are based on the modi-
fied conjugacy condition proposed by Perry [10]. Their numerical results show that one of
their methods is promising. However, the sequence of the search directions generated by their
algorithms may not satisfy the descent condition (1.5). As a result, Babaie-Kafaki and Ghan-
bari [11] proposed a family of descent Dai-Liao CG methods for solving the general uncon-
strained optimization problem (1.1). Subsequently, Abubakar and Kumam [12] extended one of
the methods in [11] to solve unconstrained monotone nonlinear equations by combining their
method with the hyperplane projection technique of Solodov and Svaiter. Under some suitable
assumptions, they proved the global convergence of the method. Preliminary numerical exper-
iments conducted on some test problems show that their method works well. This method was
later modified by Abubakar, Awwal and Kumam [13] to solve nonlinear monotone equations
with convex constraints. Their algorithm was shown to have good numerical performance and
successfully used to deal with signal recovery problems in compressive sensing. Motivated
by the approach of Babaie-Kafaki and Ghanbari [11], Ahmed, Sabiu and Waziri proposed an-
other modified Dai-Liao CG method for solving a nonlinear system of equations based on an
extended secant equation in [14]. Under the assumption that the function F is continuously
differentiable and Lipschitzian, they proved the global convergence of their method. Numerical
results show that their method performs numerically better than the existing method developed
by Fang and Ni [15]. Dai-Liao CG-like methods for solving unconstrained optimization prob-
lems (1.1) have been extensively studied over the years. However, to the best of our knowledge,
not much study has been done in the literature on using them to solve the system of nonlinear
monotone equations of the form (1.3). In this paper, motivated by the above discussion, partic-
ularly, the three-term CG search direction (1.9), we propose a Dai-Liao-like projection method
for solving a system of nonlinear monotone equations (1.3) with convex constraints. The pro-
posed method neither requires differentiability assumption nor matrix storage. The sequence
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of the search directions generated by the developed algorithm satisfies the sufficient descent
condition (1.5). Under the assumption that the function F is Lipschitzian and monotone, we
establish the global convergence of the method. We present preliminary numerical experiments
on some nonlinear monotone equations with convex constraints to demonstrate the efficiency of
the proposed method. Subsequently, we successfully apply the proposed method to solve signal
and image recovery problems. Throughout this paper, we denote by Rn

+, ‖ · ‖2 and 〈·, ·〉 the set
{(x1,x2, . . . ,xn)

T ∈ Rn | xi ≥ 0, i = 1,2, . . . ,n}, the Euclidean norm in Rn, and the Euclidean
inner product in Rn, respectively.

The remaining part of this paper is organized as follows. In Section 2, we describe the
three-term Dai-Liao-like projection method and its global convergence. In Section 3, we report
numerical experiments to show the efficiency of the proposed method. We describe the appli-
cation of the proposed algorithm in Section 4, and give our conclusions in Section 5, the last
section.

2. THREE-TERM DAI-LIAO LIKE PROJECTION METHOD AND ITS GLOBAL

CONVERGENCE

We begin this section by giving some preliminaries, and then we describe the details of the
proposed algorithm.

Definition 2.1. A function F : Rn→ Rn is said to be monotone if, for all x,y ∈ Rn,

〈F(x)−F(y), x− y〉 ≥ 0. (2.1)

Definition 2.2. A function F : Rn→ Rn is said to be Lipschitzian if there exists some positive
constant, say L, such that, for all x,y ∈ Rn,

‖F(x)−F(y)‖ ≤ L‖x− y‖. (2.2)

Assumption 2.1. The solution set of problem (1.3) is nonempty, and the function F : Rn→ Rn

is monotone and Lipschitzian. That is, F satisfies (2.1) and (2.2).

We recall that the Dai and Liao two-term CG method in [9] generates a sequence {xk} via
(1.2), where the CG parameter βk := β DL

k is obtained by the modified conjugacy condition and
is given by

β
DL
k :=

〈F(xk), yk−1− tsk−1〉
〈yk−1,dk−1〉

, t ≥ 0, (2.3)

yk−1 := F(xk)−F(xk−1), and sk−1 := xk− xk−1. However, as mentioned above, the Dai-Liao
method with the CG parameter given by (2.3) may not generate descent directions. In addition,
for some functions, the inner product 〈yk−1, dk−1〉 may become zero which will make the pa-
rameter β DL

k (2.3) undefined. See Remark 2.1 for more details of the scalar product 〈yk−1,dk−1〉
at the denominator of the CG parameter (2.3).

Motivated by the three-term search direction (1.9), (2.3), and the approach of Zhang, Zhou
and Li [16], we propose the following search direction

dk :=

−F(xk), if k = 0,

−λkF(xk)+β T DLP
k sk−1 +

〈sk−1, F(xk)〉
〈ηk−1, sk−1〉

ϑk−1, if k > 0,
(2.4)
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where λk is a scalar parameter to be determined in such a way that the search direction dk given
by (2.4) satisfies inequality (1.5). The CG parameter βk := β T DLP

k (TDLP stands for Three-term
Dai–Liao Projection algorithm) is given by

β
T DLP
k :=

〈F(xk), ϑk−1− tsk−1〉
〈ηk−1, sk−1〉

, (2.5)

where

ηk−1 := ϑk−1 +

(
1+max

{
0,−〈sk−1, ϑk−1〉

‖sk−1‖2

})
sk−1, (2.6)

ϑk−1 := F(xk)−F(xk−1)+ rsk−1, r > 0, sk−1 := xk−xk−1, and xk 6= xk−1. Obviously, it is clear
that the CG parameter β T DLP

k given by (2.5) is well–defined (see Remark 2.1 for more details).

Remark 2.1. To show that β T DLP
k is well-defined, by the definition of ηk−1 given by (2.6), we

consider two cases as follows:
If max

{
0,− 〈sk−1, ϑk−1〉

‖sk−1‖2

}
6= 0 in the definition of ηk−1 in (2.6), then

〈sk−1, ηk−1〉=
〈

sk−1, ϑk−1 + sk−1−
〈sk−1, ϑk−1〉
‖sk−1‖2 sk−1

〉
= 〈sk−1, ϑk−1〉+‖sk−1‖2− 〈sk−1, ϑk−1〉

‖sk−1‖2 ‖sk−1‖2

= ‖sk−1‖2 > 0, if xk 6= xk−1.

Otherwise,

〈sk−1, ηk−1〉= 〈sk−1, ϑk−1〉+‖sk−1‖2

= 〈sk−1, F(xk)−F(xk−1)+ rsk−1〉+‖sk−1‖2

= 〈sk−1, F(xk)−F(xk−1)〉+ r‖sk−1‖2 +‖sk−1‖2

≥ (r+1)‖sk−1‖2 > 0.

The last inequality follows from the definition of sk−1, and the monotonicity of F. This means
that 〈sk−1, ηk−1〉> 0. Hence, β T DLP

k is well-defined.

Remark 2.2. In order to determine λk such that (1.5) is fulfilled for dk given by (2.4), we
proceed as follows: Let k > 0. By taking the inner product of F(xk), and dk defined in (2.4), we
obtain

〈F(xk), dk〉=−λk‖F(xk)‖2 +2
〈F(xk), ϑk−1〉〈F(xk), sk−1〉

〈ηk−1, sk−1〉
− t
〈F(xk), sk−1〉2

〈ηk−1, sk−1〉

≤ −λk‖F(xk)‖2 +2
〈F(xk), ϑk−1〉〈F(xk), sk−1〉

〈ηk−1, sk−1〉

≤ −λk‖F(xk)‖2 +2
‖F(xk)‖2‖ϑk−1‖‖sk−1‖

〈ηk−1, sk−1〉

=−
(

λk−2
‖ϑk−1‖‖sk−1‖
〈ηk−1, sk−1〉

)
‖F(xk)‖2.

(2.7)

The first inequality in (2.7) was obtained by dropping the third term in the preceding line since
the denominator is positive from Remark (2.1). The second inequality was obtained by applying
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the Cauchy-Schwarz inequality. Therefore, for the search direction (2.4) to satisfy inequality
(1.5), we only need

λk ≥ c+2
‖ϑk−1‖‖sk−1‖
〈ηk−1, sk−1〉

, c > 0, for all k ∈ N.

Without loss of generality, we choose the following value of λk in the proposed method as

λk := c+2
‖ϑk−1‖‖sk−1‖
〈ηk−1, sk−1〉

, for all k ∈ N. (2.8)

On the other hand, let x ∈Rn be any point and define its projection onto the feasible set Ψ as
PΨ(x) := argmin{‖x−y‖ : y ∈Ψ}. This projection operator PΨ(x) is nonexpansive as shown in
the following Lemma.

Lemma 2.1. [17] Let Ψ be a nonempty closed convex subset of Rn. For any x,y ∈ Rn, the
following inequality holds

‖PΨ(x)−PΨ(y)‖ ≤ ‖x− y‖. (2.9)

If y ∈Ψ, then PΨ(y) = y. Hence,

‖PΨ(x)− y‖ ≤ ‖x− y‖. (2.10)

In what follows, we present the steps of the proposed Three-term Dai-Liao like Projection
(TDLP) algorithm for solving a system of nonlinear monotone equations according to (1.3).

Algorithm 1: Three–term Dai–Liao Projection (TDLP)
Input: Give an initial point x0 ∈Ψ, parameters σ > 0, r > 0, t > 0, c > 0, κ > 0,

ρ ∈ (0,1), and stopping tolerance Tol ≥ 0. Set k := 0.
Step 1: Compute F(xk) and set dk :=−F(xk).
Step 2: If ‖F(xk)‖ ≤ Tol, then xk is a solution and the iteration process stops.
Step 3: Set

wk := xk +αkdk, (2.11)
where αk := κρ i such that i is the smallest nonnegative integer satisfying

−〈F(xk +κρ
idk), dk〉 ≥ σκρ

i‖dk‖2‖F(xk +κρ
idk)‖1/q, q≥ 1. (2.12)

Step 4: If ‖F(wk)‖= 0, then stop. Else, compute the next iterate

xk+1 := PΨ

[
xk−
〈F(wk), xk−wk〉
‖F(wk)‖2 F(wk)

]
, F(wk) 6= 0. (2.13)

Step 5: Set k := k+1 and update dk by using (2.4), (2.5) and (2.8), and repeat the
process from Step 2.

Next, we give a pictorial description of the metric projection of Algorithm 1 where
ζk := 〈F(wk), xk−wk〉

‖F(wk)‖2 .
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FIGURE 1. The illustration of the metric projection of Algorithm 1 adopted from
the Figure 1 of Abubakar et al. [18]

Remark 2.3. The search direction dk generated by Algorithm 1 satisfies the sufficient descent
condition

〈F(xk), dk〉 ≤ −c‖F(xk)‖2 < 0, for all k = 0,1,2, . . . , c > 0. (2.14)

Remark 2.4. The line search strategy (2.12), proposed in [19], is well defined. That is, for all
k ≥ 0, there always exists a step-size αk satisfying (2.12) in a finite number of iterations.

Suppose on the contrary that there exists some k0 such that, for any i = 0,1,2, . . . , (2.12) does
not hold, that is, −〈F(xk0 +κρ idk0), dk0〉 < σκρ i‖dk0‖2‖F(xk0 +κρ idk0)‖1/q, q ≥ 1. By the
continuity of F and 0 < ρ i < 1, (i = 0,1,2, . . .), letting i→ ∞ yields 〈F(xk0), dk0〉 ≥ 0, which
contradicts (2.14). Hence, line search (2.12) is well-defined.

Lemma 2.2. Let x̂ be a solution of problem (1.3) and let F be monotone and Lipschitzian
function. Let the sequences {dk}, {wk} and {xk} be generated by (2.4), (2.11), and (2.13) as
well as the sequence of scalars {αk} be in Algorithm 1. Then the following assertions hold:

(i) {xk} and {‖F(xk)‖} are bounded and lim
k→∞
‖xk− x̂‖ exists;

(ii) {wk} and {‖F(wk)‖} are bounded;
(iii) lim

k→∞
αk‖dk‖= 0;

(iv) lim
k→∞
‖xk+1− xk‖= 0.
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Proof. (i) From property (2.10), we have∥∥∥∥PΨ

(
xk−
〈F(wk), xk−wk〉
‖F(wk)‖2 F(wk)

)
− x̂
∥∥∥∥≤ ∥∥∥∥xk−

〈F(wk), xk−wk〉
‖F(wk)‖2 F(wk)− x̂

∥∥∥∥ . (2.15)

Since x̂ is a solution of problem (1.3), it holds that F(x̂) = 0. Therefore, 〈F(x̂), wk− x̂〉= 0. By
the monotonicity of F , we have 〈F(x̂), wk− x̂〉 ≤ 〈F(wk), wk− x̂〉. This means

〈F(wk), xk−wk〉= 〈F(wk), xk−wk〉+ 〈F(x̂), wk− x̂〉
≤ 〈F(wk), xk−wk〉+ 〈F(wk), wk− x̂〉
= 〈F(wk), xk−wk +wk− x̂〉
= 〈F(wk), xk− x̂〉.

(2.16)

By (2.15), (2.16) and the definition of xk+1 in (2.13), we obtain

‖xk+1− x̂‖2 ≤
∥∥∥∥xk− x̂− 〈F(wk), xk−wk〉

‖F(wk)‖2 F(wk)

∥∥∥∥2

= ‖xk− x̂‖2−2
〈F(wk), xk−wk〉
‖F(wk)‖2 〈F(wk), xk− x̂〉+ 〈F(wk), xk−wk〉2

‖F(wk)‖2

≤ ‖xk− x̂‖2−2
〈F(wk), xk−wk〉
‖F(wk)‖2 〈F(wk), xk−wk〉+

〈F(wk), xk−wk〉2

‖F(wk)‖2

= ‖xk− x̂‖2− 〈F(wk), xk−wk〉2

‖F(wk)‖2 (2.17)

≤ ‖xk− x̂‖2.

This implies that, for all k ≥ 0, ‖xk+1− x̂‖ ≤ ‖xk− x̂‖ ≤ ‖xk−1− x̂‖ ≤ . . .≤ ‖x0− x̂‖, where x0
is one of the given starting points. Therefore, lim

k→∞
‖xk− x̂‖ exists, and {xk} is bounded.

Let u1 := L‖x0− x̂‖. Since F is Lipschitzian, for all k ≥ 0, we have

‖F(xk)‖= ‖F(xk)−F(x̂)‖
≤ L‖xk− x̂‖
...

≤ L‖x0− x̂‖
= u1. (2.18)

(ii) By the definition of wk in (2.11), (2.16), and the boundedness of {xk}, we obtain that, for all
k ≥ 0, {wk} is bounded.

By the Lipschitzian of F and the boundedness of {wk}, there exists some constant, say u2,
such that, for all k ≥ 0,

‖F(wk)‖= ‖F(wk)−F(x̂)‖
≤ L‖wk− x̂‖
...

≤ L‖w0− x̂‖
= u2. (2.19)
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where u2 := L‖w0− x̂‖.
(iii) From (2.17), we can deduce that

〈F(wk), αkdk〉2 ≤ ‖F(wk)‖2(‖xk− x̂‖2−‖xk+1− x̂‖2). (2.20)

By the definition of αk in Step 3 of Algorithm 1 and (2.12), we have

σ
2
α

4
k ‖dk‖4‖F(wk)‖2/q ≤ 〈F(wk), αkdk〉2. (2.21)

Combining (2.20) and (2.21), we obtain

σ
2
α

4
k ‖dk‖4‖F(wk)‖2/q ≤ ‖F(wk)‖2(‖xk− x̂‖2−‖xk+1− x̂‖2). (2.22)

Since lim
k→∞
‖xk− x̂‖ exists, we conclude from (2.19) and (2.22) that

σ
2 lim

k→∞
α

4
k ‖dk‖4 ≤ lim

k→∞
‖F(wk)‖2−2/q(‖xk− x̂‖2−‖xk+1− x̂‖2)

≤ u2−2/q
2 lim

k→∞
(‖xk− x̂‖2−‖xk+1− x̂‖2)

= 0.

This implies,

lim
k→∞

αk‖dk‖= 0. (2.23)

(iv) Using (2.9), (2.11), (2.13), (2.23), and the Cauchy–Schwarz inequality, we have

lim
k→∞
‖xk+1− xk‖= lim

k→∞

∥∥∥∥PΨ

[
xk−
〈F(wk), xk−wk〉
‖F(wk)‖2 F(wk)

]
−PΨ(xk)

∥∥∥∥
≤ lim

k→∞

∥∥∥∥xk−
〈F(wk), xk−wk〉
‖F(wk)‖2 F(wk)− xk

∥∥∥∥
≤ lim

k→∞

‖F(wk)‖‖xk−wk‖
‖F(wk)‖2 ‖F(wk)‖

= lim
k→∞
‖xk−wk‖

= lim
k→∞

αk‖dk‖

= 0.

This completes the proof. �

Theorem 2.1. Let {xk} be a sequence generated by Algorithm 1. Suppose that F is Lipschitzian
and the solution set of problem (1.3) is nonempty. Then,

lim
k→∞

inf‖F(xk)‖= 0. (2.24)

Furthermore, {xk} converges to the solution of problem (1.3).

Proof. First, we show that the search direction dk generated by Algorithm 1 is bounded for all
k ≥ 0.
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For k = 0, we have from (2.4) and (2.18) that ‖d0‖= ‖F(x0)‖ ≤ u1. For k > 0, by the defini-
tion of ϑk−1 and the Lipschitz continuity of F, we have

‖ϑk−1‖= ‖F(xk)−F(xk−1)+ r(xk− xk−1)‖
≤ ‖F(xk)−F(xk−1)‖+ r‖xk− xk−1‖
≤ L‖xk− xk−1‖+ r‖xk− xk−1‖
= (L+ r)‖sk−1‖, r > 0.

Substituting (2.5) and (2.8) into (2.4), we obtain

‖dk‖=
∥∥∥∥−λkF(xk)+β

T DLP
k sk−1 +

〈sk−1, F(xk)〉
〈ηk−1, sk−1〉

ϑk−1

∥∥∥∥
≤ c‖F(xk)‖+2

‖ϑk−1‖‖sk−1‖
〈ηk−1, sk−1〉

‖F(xk)‖+2
‖F(xk)‖‖ϑk−1‖‖sk−1‖
〈ηk−1, sk−1〉

+
t‖F(xk)‖‖sk−1‖2

〈ηk−1, sk−1〉

≤ c‖F(xk)‖+4
‖ϑk−1‖‖sk−1‖
‖sk−1‖2 ‖F(xk)‖+

t‖F(xk)‖‖sk−1‖2

‖sk−1‖2

≤ c‖F(xk)‖+4
(L+ r)‖sk−1‖2

‖sk−1‖2 ‖F(xk)‖+
t‖F(xk)‖‖sk−1‖2

‖sk−1‖2

= c‖F(xk)‖+4(L+ r)‖F(xk)‖+ t‖F(xk)‖
= [c+4(L+ r)+ t]‖F(xk)‖
≤ [c+4(L+ r)+ t]u1.

By letting M := [c+4(L+ r)+ t]u1, we have

‖dk‖ ≤M, for all k ∈ N0. (2.25)

Now, we suppose on the contrary that (2.24) does not hold. Then, there exists a sufficiently
large K such that, for all k≥ K, ‖F(xk)‖ ≥ ε, where ε > 0 is a given positive constant. Suppose
α ′k := ρ−1αk, and define w′k := xk +α ′kdk. If αk 6= κ. Then, α ′k does not satisfy (2.12), i.e.,

F(w′k)
T dk +σα

′
k‖F(w′k)‖1/q‖dk‖2 > 0.

Since x̂ is in the solution set of problem (1.3), by the Lipschitzian of F and the boundedness of
‖dk‖ in (2.25), we obtain, for all k ≥ 0,

‖F(w′k)‖= ‖F(w′k)−F(x̂)‖
≤ L‖xk +α

′
kdk− x̂‖

≤ L‖xk− x̂‖+Lα
′
k‖dk‖

≤ L‖x0− x̂‖+Lα
′
k‖dk‖

≤ u1 +Lρ
−1

αkM

≤ u1 +Lρ
−1M,

where u1 := L‖x0− x̂‖. The last inequality follows from the fact that αk ≤ 1, for all k≥ 0. Now,
letting u3 := u1 +Lρ−1M, we have

‖F(w′k)‖ ≤ u3. (2.26)
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From (1.5), (2.2), and the Cauchy–Schwarz inequality, we have, for all k ≥ 0,

c‖F(xk)‖2 ≤−〈F(xk), dk〉

<−〈F(xk), dk〉+ 〈F(w′k), dk〉+σα
′
k‖F(w′k)‖1/q‖dk‖2

= 〈F(w′k)−F(xk), dk〉+σα
′
k‖F(w′k)‖1/q‖dk‖2

≤ ‖F(w′k)−F(xk)‖‖dk‖+σα
′
k‖F(w′k)‖1/q‖dk‖2

≤ Lα
′
k‖dk‖2 +σα

′
k‖F(w′k)‖1/q‖dk‖2

= ρ
−1

αk(L+σ‖F(w′k)‖1/q)‖dk‖2.

This further gives

αk‖dk‖ ≥
ρc‖F(xk)‖2

(L+σ‖F(w′k)‖1/q)‖dk‖
≥ ρcε2

(L+σu1/q
3 )M

, (2.27)

where the last inequality follows from (2.25) and (2.26). Taking the limit of (2.27), we obtain

lim
k→∞

αk‖dk‖ ≥
ρcε2

(L+σu1/q
3 )M

,

which clearly contradicts (2.23). Hence, assertion (2.24) holds.
Furthermore, by the continuity of F and the boundedness of {xk}, there exists some accu-

mulation point x̂ of {xk} such that F(x̂) = 0. Since {‖xk− x̂‖} converges (according to Lemma
2.2) and x̂ is an accumulation point of {xk}, it follows that {xk} converges to x̂. This completes
the proof. �

3. NUMERICAL EXPERIMENTS

In this section, we present some numerical experiments to assess the performance of the pro-
posed method as well as its computational advantage in comparison with two existing methods.
We compare the performance of our method described in Algorithm 1 (TDLP) with the meth-
ods of Zheng, Yang and Liang [20] (denoted as CGPM) and Abubakar et al. [21] (denoted
as DCG). The executed algorithms were written on Windows 10 ASUSTek personal computer
with Intel(R) Core(TM) i7-7500U processor with 8.00GB of RAM and CPU of 2.70GHz using
MATLAB R2017a software. In order to get the best possible results, the following parameters:
κ = 1, ρ = 0.8, σ = 0.01, r = 0.01, q = 5, c = 10 and t = 0.1 were chosen for Algorithm 1
(TDLP). For the other two methods, their parameters were chosen as reported in their respective
papers. Furthermore, all runs were terminated whenever ‖F(xk)‖ < 10−6. If this condition is
not satisfied after 1000 iterations, failure is declared.

In order to test the performance and efficiency of the methods, the following test prob-
lems taken from existing literature are used for the experiment where the function F is taken
as F(x) = ( f1(x), f2(x), . . . , fn(x))T . The associated initial points for these test problems are
given as x1 = (0.1,0.1, . . . ,0.1)T , x2 = (1

2 ,
1
22 , . . . ,

1
2n )T , x3 = (2,2, . . . ,2)T , x4 = (1, 1

2 , . . . ,
1
n)

T ,

x5 = (1− 1
n ,1−

2
n , . . . ,0)

T , and x6 = rand(0,1), Problems 1-9 are solved with dimensions
n = 1000, 5000, 10000, 50000, and 100000 while Problem 10 is solved with dimension n = 4.
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Problem 1 [22]

f1(x) = ex1−1,

fi(x) = exi + xi−1−1, f or i = 1,2, . . . ,n−1 and Ψ = Rn
+.

Problem 2 [22]

fi(x) = 2xi− sin |xi|, i = 1,2, . . . ,n and Ψ = Rn
+.

Problem 3 [23]

fi(x) = exi−1, i = 1,2, . . . ,n and Ψ = Rn
+.

Problem 4 [24]

f1(x) = x1− ecos(h(x1+x2)),

fi(x) = xi− ecos(h(xi−1+xi+xi+1)), i = 2, . . . ,n−1,

fn(x) = xn− ecos(h(xn−1+xn)), h =
1

n+1
and Ψ = Rn

+.

Problem 5 [23]

fi(x) = xi− sin(|xi−1|), i = 1,2, . . . ,n−1

and Ψ = {x ∈ Rn :
n

∑
i=1

xi ≤ n, xi ≥−1, i = 1,2, . . . ,n}.

Problem 6 [25]

fi(x) = (exi)2 +
3
2

sin(2xi)−1, i = 1,2, . . . ,n and Ψ = Rn
+.

Problem 7 [12]

f1(x) =
5
2

x1 + x2−1,

fi(x) = xi−1 +
5
2

xi + xi+1−1, i = 2, . . . ,n−1,

fn(x) = xn−1 +
5
2

xn−1 and Ψ = Rn
+.

Problem 8 [26]

fi(x) =
i
n

exi−1, f or i = 1,2, . . . ,n and Ψ = Rn
+.

Problem 9 [27]

xi =
n

∑
i=1

x2
i , c = 10−5,

fi(x) = 2c(xi−1)+4(xi−0.25)xi, i = 1,2, . . . ,n and Ψ = Rn
+.

Problem 10 [22] Let F : R4→ R4 be defined by

F(x) =


1 0 0 0
0 1 −1 0
0 1 1 0
0 0 0 0




x1
x2
x3
x4

+


x3

1
x3

2
2x3

3
2x3

4

+


−10

1
−3
0

 ,
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and Ψ = {x ∈ Rn :
4
∑

i=1
xi = 3, xi ≥ 0, i = 1,2,3,4}.

The metrics used for the comparison are ITER (number of iterations), FVAL (number of
function evaluations), and TIME (CPU time in seconds), where their information together with
NORM (norm of the objective function at the solution) are reported. The Tables of the numerical
results are available in the following link https://github.com/AMBakoji/CGAIS-CGWOIS.
The NORM values indicate whether an algorithm successfully leads to an approximate solution
of a particular problem or not.

Now, from the NORM values reported in the Tables, we see that the three methods: TDLP,
CGPM, and DCG solved all the test problems successfully. Considering the ITER values re-
ported in the Tables, though all the three methods recorded relatively low ITER, it can be seen
that the TDLP method recorded the least values of ITER in most cases. Similarly, if we con-
sider the FVAL values recorded by the TDLP, CGPM, and DCG, the TDLP method needs the
smallest FVAL to obtain the solutions of the test problems. Last, the TIME presented in the
Tables show that the three methods obtain the solutions of most of the test problems in less than
one second, however, for some problems with DIM=100000, the TDLP method requires more
computing time than the CGPM and DCG methods. This might be as a result of a number of
parameters needed to be computed by the TDLP method. Taking everything into consideration,
we see that the TDLP method works well and outperform the CGPM and DCG methods.

In order to have a graphical view on the numerical performance of TDLP relative to CGPM
and DCG, we summarized the information on the Tables (https://github.com/AMBakoji/
CGAIS-CGWOIS) and employ the performance profile proposed by Dolan and Morè in [28]. Fig-
ure 2 illustrates the performance profile of the three algorithms based on ITER, while Figure
3 demonstrates the performance profile based on FVAL and lastly, Figure 4 shows the perfor-
mance profile based on TIME. Based on the performance profile of Dolan and Moré, it can
be observed from Figure 2, 3 and 4 that the TDLP method is comparable or superior to the
CGPM method and also superior to the DCG method in terms of the number of iterations and
the number of function evaluations.
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FIGURE 2. Performance profiles based on number of iterations

https://github.com/AMBakoji/CGAIS-CGWOIS
https://github.com/AMBakoji/CGAIS-CGWOIS
https://github.com/AMBakoji/CGAIS-CGWOIS
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FIGURE 3. Performance profiles based on number of function evaluations
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FIGURE 4. Performance profiles based on CPU time (in seconds)

4. THE APPLICATIONS IN COMPRESSIVE SENSING

Compressive sensing (CS) plays an important role in medical sciences, biological engineer-
ing and other areas of science and engineering [29, 30]. The CS problem deals with recovering
a sparse signal, say x, from the following linear system Ax = b, where the vector b ∈ Rk is
the observation, and the linear operator A ∈ Rk×n(k << n) is the sensing matrix. In an at-
tempt to search for the sparsest among the solution set, the above system of the linear equa-
tion is converted into the following so-called ”`0-norm” optimization problem with constraints
minx{‖x‖0 : Ax = b}, where ‖x‖0 is given by the number of non-zero components of a vector
x ∈ Rn. Because ‖ · ‖0 is not positively homogeneous, it is not a norm. However, due to the
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difficulty associated with `0–norm problems, an alternative approach is to replace it with the
`1–norm (see [31]), that is,

min
x
{‖x‖1 : Ax = b}. (4.1)

where ‖x‖1 :=
n
∑

i=1
|xi|. Under some suitable conditions, problem (4.1) has been shown to pro-

duce the desired results with acceptable degrees of accuracy. When the measurements are af-
fected by some noise, the constraint in (4.1) is usually relaxed to the following regularized least
squares problem

min
x

τ‖x‖1 +
1
2
‖Ax−b‖2

2, (4.2)

where τ is a positive regularization parameter, and ‖x‖2 denotes the Euclidean norm of x ∈ Rn.
Iterative methods for solving problem (4.2) have been investigated; see, e.g., [6, 32, 33, 34]

and the references therein. Due to the fact that the proposed algorithm (TDLP) is derivative-
free, it can be applied to handle nonsmooth problems that are in the form of (1.3) effectively.
Therefore, we solve the nonsmooth problem (4.2) in a different way by converting it into the
form of (1.3). Fortunately, Xiao, Wang and Hu [7] translated problem (4.2) into a nonlinear
system of equations based on the work of Figueiredo, Nowak and Wright [34] as follows:

Let x be any vector in Rn. Then, x can be split into positive and negative parts, that is,
x = u− v, u≥ 0, v≥ 0, where u ∈ Rn, v ∈ Rn, and ui = (xi)+, vi = (−xi)+, for all i = 1,2, ...,n
with (·)+ =max{0, ·}. The `1-norm of a vector x can be represented as ‖x‖1 = eT

n u+eT
n v, where

en = (1,1, ...,1)T ∈ Rn. Hence, the `1-norm problem (4.2) can be transformed as

min
u,v

1
2
‖b−A(u− v)‖2

2 + τeT
n u+ τeT

n v, such that τ ≥ 0, u≥ 0, v≥ 0. (4.3)

However, from [34], problem (4.3) can also be rewritten as a quadratic programming problem
with box constraints

min
z

1
2

zT Dz+ cT z, such that z≥ 0, (4.4)

where z =
[

u
v

]
, c = τe2n +

[
−x
x

]
, x = AT b and D =

[
AT A −AT A
−AT A AT A

]
.

Clearly, D is a positive semi–definite matrix, which implies that problem (4.4) is a convex
quadratic problem. Xiao, Wang and Hu [7] translated problem (4.4) into a linear variable in-
equality problem, which is equivalent to a linear complementary problem. Furthermore, they
pointed out that z is a solution of the linear complementary problem if and only if it is a solution
of the nonlinear equation: F(z) = min{z, Dz+ c} = 0, where F(·) is said to be continuous
and monotone, see [7, 35]. Hence, solving problem (4.2) is equivalent to solve problem (1.3).
Therefore, Algorithm 1 can be applied to solve problem (4.2) effectively.

Next, we employ the TDLP Algorithm in the reconstruction of sparse signal and image
restoration problems. We begin the experiment with the reconstruction of one dimensional
sparse signal of length n from k observation. The quality of the recovery to the original signal
x is assessed by the mean square error (MSE) defined by MSE := 1

n‖x− x̃‖2, where x̃ is the
restored signal. Due to the limited memory of the PC, we select a small signal with a signal
size of n = 4096, k = 1024 and the original signal contains 128 randomly non-zero elements.
In addition, the measurement b is distributed with noise, i.e, b = Ax+µ , where A is a randomly
generated Gaussian matrix, and µ is the Gaussian noise distributed normally with mean 0 and
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variance 10−4. To evaluate the performance of the TDLP Algorithm in signal recovery prob-
lems, we compare it with the method of Gao, He and Liu in [36] denoted as AFP Algorithm.
However, we choose the parameters: ρ = 0.8, κ = 10, q = 5, c = 10, t = 0.1, σ = 0.001,
and r = 0.001 for the TDLP Algorithm while all the parameters for the AFP Algorithm are
as contained in the respective paper. For fairness in comparison, each code was run from the
same initial point, same continuation on the parameter τ and observed only the behaviour of the
convergence of each method to have a similar accurate solution. The experiment was initialized
with x0 = AT b and terminates when

| f (xk)− f (xk−1)|
| f (xk−1)|

< 10−5,

where f (xk) := 1
2‖y−Axk‖2

2 + τ‖xk‖1 is the objective function. In Figure 5, we provide the nu-
merical results consisting of the original sparse signal, the measurement and the reconstructed
signal by the TDLP and AFP Algorithms. In addition, in Figure 6, we give a visual illustration
of the numerical performance of each Algorithm relative to their convergence behavior from
the view of the merit function values and relative error as the number of iterations and com-
puting time increases. Comparing the two algorithms in Figure 5, it is not difficult to see that
the original signal is recovered by the two algorithms. However, the TDLS Algorithm won in
decoding sparse signal in compressive sensing. This is reflected by the lesser number of itera-
tions, computing time and most importantly lesser MSE. To further illustrate the efficiency of
the TDLP Algorithm relative to AFP, we repeated the experiment on 20 different noise samples.
Each time the experiment is run, the TDLP Algorithm proves to be more efficient than the AFP
Algorithm in almost all the experiments in terms of the number of iterations, CPU time and the
MSE. See the summary in Table 1.

Next, we test the performance of the TDLP Algorithm in restoring blurred images. We
considered the following well–known inbuilt gray test images: (P1) Lena, (P2) House, (P3)
Peppers and (P4) Barbara for the experiments. We used five different Gaussian blur kernels
with a standard deviation v to compare the performance of the TDLP Algorithm with that of
the AFP Algorithm proposed in [36] To assess the performance of each algorithm tested with
respect to the metrics that indicate better quality restoration, in Table 2 we reported the objec-
tive function (ObjFun) at the approximate solution, the MSE, the signal–to–noise–ratio (SNR),
which is defined as

SNR := 20× log10

(
‖x̃‖
‖x− x̃‖

)
,

and the structural similarity (SSIM) index that measures the similarity between the original im-
age and the restored image [37] for each of the 20 experiments. The MATLAB implementation
of the SSIM index can be obtained at http://www.cns.nyu.edu/~lcv/ssim/. The original,
blurred, and the restored images by each of the algorithm are given in Figure 7. The figure
demonstrate that both algorithms can restore the blurred images. In Table 2, it can be observed
that, under the five Gaussian blur kernel, the quality of the restored images by the TDLP Algo-
rithm are much better than the ones restored by the AFP. This is reflected by the smaller values
of the ObjFun and MSE. Similarly, the larger SNR and SSIM indicate that the restored images
from the blurred images by the TDLP are much more closer to the original ones than the ones
recovered by the AFD Algorithm in most cases.

http://www.cns.nyu.edu/~lcv/ssim/
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FIGURE 5. Reconstruction of sparse signal. From top to bottom is the original
signal (First plot), the measurement (Second plot) and the reconstructed signals
by AFP (Third plot) and TDLP (Fourth plot)
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resent the number of iterations (top and bottom left) and the CPU time in sec-
onds (top and bottom right), the y–axis represent the MSE (top left and right)
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TABLE 1. Twenty experimental results of `1–norm regularization problem
ITER TIME MSE

AFP TDLP AFP TDLP AFP TDLP

90 80 1.41 1.41 2.02E-05 2.21E-05
80 66 1.41 1.05 2.19E-05 2.09E-05
88 79 1.36 1.33 1.69E-05 1.69E-05
87 77 1.38 1.25 1.95E-05 2.51E-05
83 75 1.28 1.23 2.42E-05 2.43E-05
77 90 1.23 1.64 2.07E-05 1.90E-05
89 68 1.36 1.13 2.07E-05 1.19E-05
93 84 1.42 1.48 2.32E-05 2.33E-05
94 87 1.33 1.34 1.88E-05 2.08E-05
89 78 1.28 1.20 2.12E-05 2.12E-05
86 76 1.27 1.19 3.09E-05 3.13E-05
89 68 1.28 1.09 2.29E-05 2.87E-05
91 82 1.30 1.39 2.57E-05 2.58E-05
89 76 1.34 1.25 2.83E-05 2.83E-05
81 78 1.20 1.34 1.77E-05 1.76E-05
84 81 1.49 1.33 3.17E-05 3.18E-05
83 78 1.13 1.27 2.79E-05 2.99E-05
79 77 1.19 1.30 1.60E-05 1.60E-05
79 76 1.13 1.17 4.41E-05 3.32E-05
89 74 1.28 1.23 4.39E-05 4.37E-05

Average 86 77.5 1.30 1.28 2.48E-05 2.46E-05
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Blurred
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FIGURE 7. The original images (first row), the blurred images (second row),
the restored images by the TDLP Algorithm (third row) and the AFP Algorithm
(fourth row)
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TABLE 2. Efficiency comparison for image restoration between the TDLP and
the AFP Algorithms under different Gaussian blur kernels Pi(v)

Image ObjFunn MSE SNR SSIM

TDLP AFP TDLP AFP TDLP AFP TDLP AFP

P1(1×10−4) 5.73E+06 6.09E+06 33.60 47.70 27.19 25.66 0.90 0.88
P1(1×10−1) 5.77E+06 6.10E+06 33.86 47.75 27.15 25.66 0.89 0.88

P1(0.25) 5.78E+06 6.12E+06 34.21 47.86 27.11 25.65 0.89 0.88
P1(1) 5.86E+06 6.21E+06 35.96 48.28 26.89 25.61 0.80 0.87

P1(6.25) 6.41E+06 6.08E+06 48.48 51.14 25.59 25.36 0.80 0.85

P2(1×10−1) 1.61E+06 1.72E+06 39.99 62.34 27.24 25.31 0.88 0.86
P2(1×10−1) 1.62E+06 1.72E+06 40.18 62.39 27.10 25.30 0.88 0.86

P2(0.25) 1.62E+06 1.73E+06 40.52 62.53 27.18 25.29 0.88 0.85
P2(1) 1.64E+06 1.75E+06 42.07 62.88 27.01 25.27 0.87 0.85

P2(6.25) 1.78E+06 1.90E+06 53.46 65.92 25.97 25.06 0.80 0.83

P3(1×10−1) 1.44E+06 1.55E+06 10.02 13.22 22.38 21.17 0.86 0.84
P3(1×10−1) 1.43E+06 1.55E+06 10.04 13.22 22.37 21.17 0.86 0.84

P3(0.25) 1.44E+06 1.55E+06 10.03 13.23 22.37 21.17 0.86 0.84
P3(1) 1.46E+06 1.57E+06 10.22 13.29 22.29 21.15 0.85 0.84

P3(6.25) 1.60E+06 1.73E+06 11.00 13.53 21.97 21.07 0.82 0.82

P4(1×10−4) 5.61E+06 5.95E+06 19.43 22.57 19.36 18.71 0.77 0.73
P4(1×10−1) 5.62E+06 5.96E+06 19.45 22.57 19.35 18.71 0.77 0.73

P4(0.25) 5.63E+06 5.98E+06 19.48 22.57 19.35 18.71 0.77 0.73
P4(1) 5.71E+06 6.06E+06 19.62 22.61 19.32 18.70 0.76 0.73

P4(6.25) 6.28E+06 6.67E+06 20.55 22.82 19.11 18.66 0.72 0.72

5. THE CONCLUSION

In this paper, we proposed a three-term Dai-Liao-like projection algorithm for solving a sys-
tem of nonlinear monotone operator equations with convex constraints. Under some mild con-
ditions, the global convergence of the proposed algorithm is established and the generated se-
quence of iterations converges to a solution of problem (1.3). Computational results obtained
from solving a large-scale nonlinear monotone equation with convex constraints show that our
method is robust and effective, and outperforms the CGPM and DCG algorithms. Finally, Al-
gorithm 1 was applied for solving the `1-regularized problem arising in compressive sensing.
Computational results from reconstruction of sparse signal and restoration of blurred images
show that the proposed algorithm is practical and efficient.
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