
Appl. Set-Valued Anal. Optim. 3 (2021), No. 3, pp. 309-316
Available online at http://asvao.biemdas.com
https://doi.org/10.23952/asvao.3.2021.3.05

MINIMALITY CONDITIONS FOR CONVEX COMPOSITE FUNCTIONS AND AN
APPLICATION IN VECTOR OPTIMIZATION
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Abstract. We prove both necessary and sufficient conditions for weak sharp minima of convex composite
functions, where the latter requires neither the (lower semi-)continuity of the convex function nor the
restriction on Banach spaces, and permits an application to vector optimization in connection with the
notion of super efficiency.
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Weak sharp minimum.

1. INTRODUCTION

Let X be a real normed space, x ∈ A ⊆ X, h : X −→ R ∪ {+∞} with h(x) 6= +∞. Then we say
that h has a sharp minimum on A at x if there exist r > 0, and a > 0 such that

h(v) ≥ h(x) + a‖v − x‖ for all v ∈ B(x, r) ∩ A,

where B(x, r) denotes the open ball with center x and radius r. This notion of minimality has
been proven to be useful in obtaining minimality conditions for convex composite functions,
i.e., functions g ◦ f with convex g and continuous / differentiable f ([1, 2]). However, simple
examples like the following show the need for a generalized concept that allows the possibility
of multiple minima. Consider the (nonconvex) convex composite function g ◦ f, where

f : R2 −→ R3, defined by f (p1, p2) := (p1, −p1, −p1p2),

and

g : R3 −→ R, defined by g(q1, q2, q3) := max {q1, q2, q3}.
It is easy to see that the origin can not be a sharp minimum of g ◦ f neither on B1 := R x R+ nor
on B2 := R2, whereas we have

(g ◦ f )(pi) − (g ◦ f )(yi) = (g ◦ f )(pi) ≥ |p1
i | = d(pi, Ci)

for i = 1, 2 and all yi := (y1
i, y2

i) ∈ Ci, pi := (p1
i, p2

i) ∈ Bi, C1 := {0} x R+, and C2 := {0} x
R, respectively. (d(·, S) stands for the distance function associated to a subset S, defined by d(p,
S) := inf {‖p − s‖ | s ∈ S}). Thus C1 and C2 are sets of weak sharp minima in the sense of the
definition below which is due to the concept introduced by Burke and Ferris [3].
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Definition. Let B be a subset of a normed space X, h : X −→ R ∪ {+∞}, /0 6= C ⊆ B ∩ dom h
(where dom h := {p ∈ X | h(p) 6= +∞}) and a > 0. Then, we say that C is a set of weak sharp
minima for h on B with modulus a if

h(v) ≥ h(y) + ad(v, C) for all v ∈ B, y ∈ C.

The characterizations for weak minima, where the function h is convex and lower semicontin-
uous, can be found in [4, 5]. Burke and Ferris [6] studied the Gauss-Newton method for convex
composite functions using the concept of weak sharp minima. So, it is of interest to obtain the
conditions for weak sharp minima of convex composite functions. In Section 2, we investigate
the characterizations for weak sharp minima within the framework of not necessarily complete
spaces, and analogous to the basic characterization theorems in [4]. Closely related results in
the context of error bounds can be found in a recent paper of Azé [7]. Section 3 provides an ap-
plication of Theorem 2.2, which states a sufficient minimality condition, in vector optimization.
This approach is quite different to the one followed in [8, 9], though it considers sharp minima
of a scalarization function.

Throughout this paper, X and Y are real normed spaces, and X* and Y* are their topological
duals, endowed with the dual norm, defined by ‖l*‖ := sup {|l*(z)| | ‖z‖ ≤ 1} for l* ∈ X* (Y*)
and z ∈ X (Y) , respectively. Furthermore, C is a closed convex subset of X as well as

g : Y −→ R ∪ {+∞} is a convex function and f : X −→ Y.

The closed unit balls of X, Y, X* and Y* are denoted by BX, BY, BX* and BY*, respectively, and
cor S stands for the algebraic interior of a set S. A nonempty subset K of Y is said to be a cone
if tK ⊆ K for any t ≥ 0 and a convex cone if, in addition, K + K ⊆ K. A cone is called pointed
if K ∩ (−K) = {0}.

As usual, we define

∂g(y) := {y* ∈ Y* | y*(z − y) ≤ g(z) − g(y) for all z ∈ Y},
dom ∂g := {y ∈ dom g | ∂g(y) 6= /0},

σM(l*) := sup {l*(v) | v ∈M} for M ⊆ X, l* ∈ X*,

σM(z) := sup {l*(z) | l* ∈M} for M ⊆ X*, z ∈ X or M ⊆ Y*, z ∈ Y,

N(A, x) := {v* ∈ X* | v*(w − x) ≤ 0 for all w ∈ A} for x ∈ A ⊆ X, the normal cone to A at x,

K* := {y* ∈ Y | y*(k) ≥ 0 for all k ∈ K} for a convex cone K ⊆ Y, the dual cone of K,

g′+(p, q) := inf {1
t

(g(p + tq) − g(p)) | t > 0} for p ∈ dom g, q ∈ Y,

and

M ◦ l := {y* ◦ l | y* ∈M } for l : X −→ Y, M ⊆ Y*.

2. CONDITIONS FOR WEAK SHARP MINIMA

In this section, we establish a sufficient and a necessary condition for the existence of weak
sharp minima of convex composite functions. Condition (2.4) in Theorem 2.3 is an adapted
version of the basic Fermat rule in convex optimization, i.e., 0 ∈ ∂h(x)+N(S, x) for a convex
function h and a convex set S.

First, we recall a sufficient condition for sharp minima that is provided by the following result
[1, Theorem 2.3].
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Theorem 2.1. Let A ⊆ X, let f be Fréchet-differentiable at x ∈ A, and let f (x) ∈ cor (dom g) ∩
dom ∂g. If there exists a > 0 such that

σ∂g( f (x))( f ′(x)(w− x)) ≥ a‖w− x‖ = σaBX∗ (w− x) f or any w ∈ A, (2.1)

then g ◦ f has a sharp minimum on A at x.

Inequality (2.1) leads us to a sufficient condition for weak sharp minima that is stated in the
next theorem. Recall that f is said to be Gâteaux-differentiable at p ∈X if there is some bounded
linear functional f ′(p) : X −→ Y such that

f ′(p)(h) = lim
t−→0

1
t

(f (p + th) − f (p)) for any h ∈ X.

Definition. (cf. [10]) The function f is said to be uniformly differentiable on V ⊆ X if f is
Gâteaux-differentiable on V and

∀ ε > 0 ∃ δ > 0 ∀ p, q ∈ V : ‖p−q‖< δ ⇒ ‖ f (p)− f (q)− f ′(q)(p−q)‖< ε‖p−q‖.

Theorem 2.2. Suppose that x ∈ C ⊆ A ⊆ X, f (x) ∈ dom g and g( f (x)) = g( f (y)) for any
y ∈ C. Let a > 0, b > 0, c > 0, and r > 0 such that f is uniformly differentiable on B(x, r),
bBY ∗ ∩∂g( f (y)) 6= /0 f or any y ∈C ∩ B(x, r) and

σbBY∗ ∩ ∂g( f (y))( f ′(y)(w−y)) ≥ σaBX∗ ∩ N(C, y)(w−y) f or all w∈ A, y∈C ∩ B(x, r) (2.2)

as well as

∀ α > 0, v ∈ A\C ∃ z ∈C, L∗ ∈ N(C, z) ∩ BX∗ : L∗(v− z) ≥ c‖v− z‖ − α. (2.3)

Then, there is a number s > 0 with

g( f (v)) ≥ g( f (y)) +
ac
2

d(v, C)

for all v ∈ B := {u ∈ A ∩ B(x, s) | d(u, C) ≤ cs} and y ∈ C. In particular, C ∩ B(x, s) is a set
of weak sharp minima for g ◦ f on B ∩ {p ∈ X | d(p, C) = d(p, C ∩ B(x, s))} with modulus
ac
2

.

Proof. Choose 0 < r0 ≤ r such that

‖ f (p)− f (q)− f ′(q)(p−q)‖ ≤ ac
2b
‖p−q‖

for all p, q ∈ B(x, r0). Now, take v ∈ B \ C and α ∈ ]0, cs[, where s :=
r0

3
. From (2.3), one has

L*(v − z) ≥ c‖v − z‖ − α for some z ∈ C, L* ∈ N(C, z) ∩ BX*. Since

d(v, C) = max {l*(v)−σC(l*) | l* ∈ BX∗} [11, Theorem 3.8.2]

≥ sup {l*(v− y) | y ∈C, l* ∈ BX∗ ∩ N(C, y)},

it follows that

‖v− z‖ ≤ 1
c
(L*(v − z)+α) ≤ 1

c
(d(v, C)+α) < s+ s.

Hence
‖x− z‖ ≤ ‖x− v‖+‖v− z‖ < s+2s = r0.
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For any y ∈ C, we have

g( f (v))−g( f (y))

= g( f (v))−g( f (z))

≥ σbBY∗ ∩ ∂g( f (z))( f (v)− f (z))

≥ σbBY∗ ∩ ∂g( f (z))( f ′(z)(v− z))−σbBY∗ ∩ ∂g( f (z))( f (z)− f (v)+ f ′(z)(v− z))

≥ σaBX∗ ∩ N(C, z)(v− z)−b
ac
2b
‖v− z‖

≥ aL∗(v− z)− ac
2
‖v− z‖

≥ ac‖v− z‖−aα− ac
2
‖v− z‖

≥ ac
2

d(v, C)−aα.

Since α is arbitrary in the interval ]0, cs[, we have the desired inequality. �

Remark 2.1. Condition (2.3) holds for any Banach space X and c ∈ ]0, 1[ (see [12, Proposition
1.3]).

With regard to condition (2.2), we have the following result.

Proposition 2.1. Let C ⊆ A ⊆ X (A convex). Let f be be Gâteaux-differentiable on C, let g be
continuous, and let ∂g be norm bounded on f (C). Then, the condition (2.2) of Theorem 2.2 is
fulfilled if

(g◦ f )′+(y, v− y) ≥ ad(v− y, cl(R+(C− y)))
for some a > 0 and all v ∈ A, y ∈ C.

Proof. Let b > 0 be chosen so that ∂g(f (C)) ⊆ bBY∗ . Now apply a chain rule [13, Propositions
2.47 and 2.49] to g ◦ f : This function is directionally differentiable on C, and it follows

σbBY∗ ∩ ∂g( f (y))( f ′(y)(v− y)) = σ∂g( f (y))( f ′(y)(v− y))

= g′+( f (y), f ′(y)(v− y))

= (g ◦ f )′+(y, v− y)

≥ ad(v− y, cl(R+(C− y)))

= σaBX∗ ∩ N(C, y)(v− y),

where v ∈ A, y ∈ C, due to ∂d(· ,cl(R+(C− y)))(0) = BX∗ ∩ N(C, y). �

Next, we give a necessary condition for weak sharp minima.

Theorem 2.3. Let f be continuous at x ∈ C ⊆ A ⊆ X (A convex), Gâteaux-differentiable on C
with f ′ bounded on C ∩W (W a neighborhood of x). Let g be continuous at f (x) ∈ dom g, and
let a > 0 and c > 0. If C is a set of weak sharp minima for g ◦ f on {u ∈ A | d(u, C) ≤ c} with
modulus a, i.e., g( f (w)) ≥ g( f (y))+ad(w, C) for all w ∈ {u ∈ A | d(u, C) ≤ c} and y ∈ C,
then there exist d > 0 and s > 0 such that

aBX∗ ∩ N(C, z) ⊆ dBX∗ ∩ (∂g( f (z))◦ f ′(z))+N(A, z) = ∂g( f (z))◦ f ′(z)+N(A, z) (2.4)

for each z ∈ B(x, s) ∩ C.
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Proof. Since g is continuous at f (x), we can find s0 > 0, and d0 > 0 such that

|g(y0)−g(y1)| ≤ d0‖y0− y1‖ for all y0, y1 ∈ B( f (x), s0).

Furthermore, there are s1 > 0, s2 > 0, d1 > 0 with f (B(x, s1)) ⊆ B(f (x), s0) and ‖ f ′(y)‖ ≤ d1
for any y ∈ B(x, s2) ∩ C. Setting s := min {s1 , s2} and picking arbitrary z ∈ B(x, s) ∩ C, v ∈ A,
one has z+ t(v− z) ∈ {u ∈ A | d(u, C)≤ c} for sufficiently small t ∈ ]0, 1]. Hence

1
t
(g( f (z+ t(v− z)))−g( f (z)))≥ a

t
(d(z+ t(v− z), C)−d(z, C)).

Using [13, Propositions 2.47 and 2.49], we have

σ∂g( f (z)) ◦ f ′(z)(v− z) = g′+( f (z), f ′(z)(v− z))

= (g◦ f )′+(z, v− z)

≥ ad(· , C)′+(z, v− z)

= σaBX∗ ∩ N(C, z)(v− z).

It follows from [2, Lemma 2.1] that

aBX∗ ∩ N(C, z) ⊆ ∂g(f (z)) ◦ f ′(z) + N(A, z).

Moreover,
1
t
(g( f (z+ t p))−g( f (z))) ≤ d0

t
‖ f (z+ t p)− f (z)‖

for any p ∈ X and sufficiently small t ∈ ]0, 1]. Hence,

σ∂g( f (z))( f ′(z)(p)) = g′+( f (z), f ′(z)(p))≤ d0‖ f ′(z)(p)‖ ≤ d0 d1‖p‖. (2.5)

Thus (2.4) holds for d := d0 d1 due to ∂g( f (z)) ◦ f ′(z)⊆ dBX∗ . �

Remark 2.2. Let the assumptions of Theorem 2.3 be fulfilled. Suppose that X and Y are Banach
spaces, f is continuously differentiable, and f ′(x) is surjective. Then, one obtains condition
(2.2). To see this, we apply [14, Lemma 3.6]. We can find m > 0, and r ∈ ]0, s] such that

mBY ⊆ f ′(u)(BX) for any u ∈ B(x, r),

which implies the surjectivity of f ′(u) for any u ∈ B(x, r). Now, let z ∈ B(x, r) ∩ C, q ∈ Y. There
exists p ∈ X such that f ′(z)(p) = q. It follows from (2.5) that

σ∂g( f (z))(q) = σ∂g( f (z))( f ′(z)(p)) ≤ d0‖ f ′(z)(p)‖ = d0‖q‖.
Hence ∂g( f (z)) ⊆ d0BY ∗ , which shows that (2.2) holds with b = d0.

3. AN APPLICATION IN VECTOR OTIMIZATION

In the sequel, let K ⊆ Y be a convex, closed, pointed cone, and consider the vector optimiza-
tion problem

Minimize f (v), v ∈ A⊆ X , with respect to K,

which consists in finding efficient points of f (A) with respect to the ordering cone K. For any
strict minimum x of the scalarization function d(f (·)− f (x), −K) on A, f (x) is an efficient point
of f (A) in the usual sense, i.e.,

( f (A)− f (x)) ∩ −K = {0}.
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If C is a set of weak sharp minima for d(f (·) − f (y), −K) on A, where y ∈C, we have at least

( f (A\C)− f (y)) ∩ −K = /0.

It is therefore obvious to deal with this optimization problem by applying known results on
sharp and weak sharp minima of convex composite functions, respectively.

Assume that f is Fréchet-differentiable at x ∈ A and R+(A−x) has a weakly compact base. If
for each w ∈ A \ {x} there exists l* ∈ K* with l*( f ′(x)(w−x)) > 0, then, due to [2, Theorem
3.1], x is a sharp minimum of d(f (·) − f (x), −K) on A ∩ B(x, r) for some r > 0. Since

‖ f (v)− f (x)‖ ≤ ‖v− x‖+‖ f ′(x)(v− x)‖ ≤ (1+‖ f ′(x)‖)‖v− x‖

for v ∈ B(x, s), r ≥ s > 0 sufficiently small and therefore

d( f (v)− f (x), −K) ≥ a‖v− x‖ ≥ a
1+‖ f ′(x)‖

‖ f (v)− f (x)‖

for v ∈ A ∩ B(x, s) and some a > 0, by [15, Theorem 4.6], we have that f (x) is a super efficient
point of f (A ∩ B(x, s)) in the sense of Borwein and Zhuang [16] and Zheng [17], i.e.,

∀ ε > 0 ∃ δ > 0 : R+( f (A ∩ B(x, s))− f (x)) ∩ (B(0, δ )−K) ⊆ B(0, ε).

With regard to the notion of weak sharp minima, Theorem 2.2. allows us to prove the result
stated below (note that ∂d(· , −K)(Y ) ⊆ BY ∗ for the application of this theorem).

Theorem 3.1. Let f be uniformly continuous on A ⊆ X, x ∈ C ⊆ A and d( f (x), −K) =
d( f (y), −K) for any y ∈ C. Let a > 0, c > 0, r > 0 such that f is uniformly differentiable
on B(x, r) and

σ∂d(·, −K)( f (y))( f ′(y)(w− y)) ≥ σaBX∗ ∩ N(C, y)(w− y) f or all w ∈ A, y ∈C ∩ B(x, r),

as well as

∀ α > 0,v ∈ A\C ∃ z ∈C, L∗ ∈ N(C, z) ∩ BX∗ : L∗(v− z) ≥ c‖v− z‖ − α.

Then, there exists s > 0 such that the following is true:

∀ ε > 0 ∃ δ > 0 ∀ v∈B : ∃ y∈C ( f (v)− f (y)∈B(0, δ )−K)⇒∃ z∈C ( f (v)− f (z)∈ B(0, ε)),

where B := {u ∈ A ∩ B(x, s) | d(u , C) ≤ cs}.

Proof. From Theorem 2.2, there exists some s > 0 with

d( f (v), −K) ≥ d( f (y), −K)+
ac
2

d(v, C)

for all v ∈ B = {u ∈ A ∩ B(x, s) | d(u, C)≤ cs}, y ∈ C. Now take an arbitrary ε > 0 and choose
γ > 0, δ > 0 such that

‖ f (p)− f (q)‖< ε for p, q ∈ A with ‖p−q‖< γ

and
|d(h, −K)|< acγ

4
for ‖h‖< δ .

Consider

f (v) − f (y) = h − k ∈ (f (B) − f (C)) ∩ (B(0, δ ) − K),
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where v ∈ B, y ∈ C, h ∈ B(0, δ ), k ∈ K. We can pick y* ∈ ∂d(· , −K)(0) = K* ∩ BY ∗ such that
y*(h − k) = d(h − k , −K) as well as z ∈ C with d(v, C) ≥ ‖v − z‖ − γ

2
, and obtain

acγ

4
> d(h, −K)

≥ y∗(h)

≥ y∗(h− k)

= d(h− k, −K)

= d( f (v)− f (y), −K)

≥ d( f (v), −K)−d( f (y), −K)

≥ ac
2

d(v, C)

≥ ac
2
(‖v− z‖− γ

2
),

which implies ‖v− z‖< γ and thus ‖ f (v)− f (z)‖< ε. �

4. CONCLUSIONS

This paper provides necessary and sufficient conditions for weak sharp minima of convex
composite functions, defined on not necessarily complete normed spaces. An application of the
sufficient condition in vector optimization is also given. However, it would be eligible to obtain
sharper results than the one stated in Theorem 3.1 by using appropriate notions of efficiency.
In view of the setting, future research should achieve results based on more general notions of
(weak) sharp minima, for instance, within the framework of metric spaces.
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