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Abstract. This paper considers the nonsmooth multiobjective semi-infinite programming problems
with vanishing constraints. Using Clarke subdifferentials, we first obtain both necessary and suffi-
cient Karush-Kuhn-Tucker optimality conditions for nonsmooth multiobjective semi-infinite program-
ming problems with vanishing constraints. Then, the duality relations of types of Wolfe and Mond-Weir
dual problems are explored under convexity assumptions.

Keywords. Clarke subdifferentials; Constraint qualifications; Karush-Kuhn-Tucker optimality condi-
tions; Mond-Weir and Wolfe duality; Multiobjective semi-infinite programming problems.

1. INTRODUCTION

The mathematical programming problems with vanishing constraints, proposed in [1, 2], are
applied in reformulating many problems from structural topology optimization in certain en-
gineering applications. Several constraint qualifications and the corresponding Karush-Kuhn-
Tucker (KKT) necessary optimality conditions were given in [3, 4]. The paper [5] investigated
the concepts of stationary points of mathematical programming problems with vanishing con-
straints under a topological point of view on the critical point theory. In [6], strong KKT neces-
sary optimality conditions for multiobjective mathematical programming problems with vanish-
ing constraints were explored. The papers [7, 8] studied some constraint qualifications in terms
of Clarke subdifferentials and applied them in establishing the KKT optimality conditions for
nonsmooth mathematical programming problems. Some results on the duality for mathematical
programming problems with vanishing constraints were discussed in [9, 10]. In addition, the
semi-infinite programming problems, the optimization with an infinite number of constraints,
have been recently studied by many authors; see, e.g., [11, 12, 13, 14, 15, 16, 17, 18, 19, 20]
and the references therein. Employing the Clarke subdifferentials, the KKT sufficient optimal-
ity conditions for nonsmooth semi-infinite programming problems with vanishing constraints
were investigated in [21]. The papers [22, 23, 24] investigated KKT necessary and sufficient
optimality conditions and duality for smooth semi-infinite programming problems with vanish-
ing constraints. However, KKT necessary optimality conditions for nonsmooth semi-infinite
programming problems with vanishing constraints have not yet considered in [21]. Moreover,
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to the best of our knowledge, there is no paper dealing with duality for nonsmooth semi-infinite
programming problems with vanishing constraints.

Motivated by the above observations, in this paper, we establish Karush-Kuhn-Tucker op-
timality conditions and investigate duality problems for the nonsmooth multiobjective semi-
infinite programming problems with vanishing constraints. The paper is organized as follows.
The basic concepts and some preliminaries are recalled in Section 2. The KKT necessary and
sufficient optimality conditions for the semi-infinite programming problems with vanishing con-
straints in terms of Clarke subdifferentials are discussed in Section 3. Section 4, the last section,
is devoted to delving into Mond-Weir and Wolfe dual problems of the nonsmooth multiobjective
semi-infinite programming problems with vanishing constraints.

2. PRELIMINARIES

In this paper, the notation (-, -) is used to denote the inner product in the Euclidean space R".
By B(x, ), we designate the open ball centered at x with radius 6 > 0. For A C R", intA, clA,
dA, spanA, and coA stand for its interior, closure, boundary, linear hull, and convex hull of A,
respectively. The cone and the convex cone (containing the origin) generated by A are denoted
resp by coneA, and posA. It should be mentioned that, for the given sets Aj,A, in R”,

span(A; UA;) = spanA; + spanA; and pos(A; UAy) = posA| + posAj.

The negative polar cone, the strictly negative polar cone, and the orthogonal complement of A
are defined respectively by

A7 ={x" e R"|(x",x) <0, Vx € A},

A* = {x" e R"|(x",x) <0, Vx € A},
and
At = {x* e R"(x*,x) =0, Vx € A}.

It is easy to check that A C A~ and if A® # 0, then clA®* = A~. Moreover, the bipolar theorem
(see, e.g., [25]) states that A=~ = cl posA. For a given nonempty subset A of R", the contingent
cone [25] of A atx € clA is

T (A, %) ={xeR" |31 L 0,3y — x, Vk e N,X+ x; € A}.

Note that if A is a convex set, then .7 (A, %) = clcone(A — x). If (x*,x) > 0({x*,x) = 0) for all
x* € A*, where A* is a subset of the dual space of R”, we write (A*,x) > 0 ((A*,x) > 0, resp.).
The notion o(7*), for T > 0 and k € N, indicates a moving point such that o(7¥)/t* — 0 as
7 — 0T The cardinality of the index set I is denoted by ||. For an index subset I C {1,...,n},
x7 = 0(x; > 0) stands for x; = 0 (x; > 0, respectively ) for all i € I.

For the set-valued map F : R” = R", the domain and graph of F are defined respectively by

domF :={x e R" | F(x) #0},grF :={(x,y) e R"xR" |y e F(x)}.
The system of the neighborhoods of a set A C R", denoted by % (A), is defined by
U(A):={U CR"|UisopenandU D A}.
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When A is a compact set, the subsets B(A, 1) = {x € R" | d(x,A) < n} form a system of the
neighborhoods of A. In the case that A = X, % (%) is the system of the neighborhoods of . The
Painlevé-Kuratowski (sequential) outer (or upper) limit is defined by

LimsupF (x) = {y € R" | 3x, € domF : x; — X, 3yx € F(xx), yk — ¥},
F

X—X
F _ _
where x — X means that x; € domF and x; — X.

Definition 2.1. [16, 25, 26] Let F : R” = R™ and x¥ € domF'.

(i) F is upper semicontinuous at ¥ if, for any U € % (F (X)), there exists 8 > 0 such that
F(B(x,6)) C U. If F(X) is a compact set, F is upper semicontinuous at ¥ if, for any
N > 0, there exists 6 > 0 such that F(B(x,6)) C B(F(X),n).
(ii) F is closed at x if, for any (xg,yx) € grF and (xg,yx) — (X,y) € R” x R™, one has
y € F(X).
It is easy to justify that if F is upper semicontinuous at X and F () is compact then F is closed
at X and Limsup F (x) = F(X).
x£>)2
Definition 2.2. [27] Let X € R" and ¢ : R” — R be a locally Lipschitz function. The Clarke
directional derivative of ¢ : R” — R at i in direction u is defined by

0°(X,u) := limsup ¢(x+Tu) — 9 (x) '

70, x—% T

The Clarke subdifferential of ¢ at X is
9€9(x) == {x* e R"|(x*,d) < ¢°(%,d), Vd € R"}.
We recall the following properties from [27].

Lemma 2.1. Let ¢,y be the functions from R" to R, which are Lipschitz near x. Then, the
following assertions hold:

(i) the function v — ¢°(x,v) is finite, positively homogenous, subadditive on R", ¢°(x,0) =
0, 9°(%,v) = max (x*,v) and 3(¢°(x,.))(0) = I (%), where 0 denotes the subdif-

2*€9CH(F)
ferential in sense of convex analysis;

(i) €9 (%) is a nonempty, convex and compact subset of R";

(iii) 0C(19) (%) = 199 (%),YA € R and € (¢ + y)(x) C 99 (%) + I w(X);

(iv) if ¢ is convex on R" then d€¢ (%) = d¢(X). If ¢ is continously differentiable at X, then
9°9(%) = {Vo (D)},

(V) 0€9(x) = cof{x* € R" | Ty — X,xx & SUQy, Vf(xx) — x*}, where S is any set of
Lebesgue measure 0 in R" and Q is the set of points at which a given function ¢
fails to be differentiable;

(vi) if ¢ is locally Lipschitz on R", then x = d€ ¢ (x) is an upper semicontinuous set-valued
function;

(vii) if ¢ is locally Lipschitz on an open set containing [x,y], then ¢(x) — ¢ (y) = (x*,y — x),
for some c € [x,y) and x* € 9 (c).
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Example 2.1. (see [27, p. 64]) Let f,h: R> — R be defined by f(x) = max{h(x),x; —x1},
where h(x) = min{x;, —x;}. Then,

_ ; >
h(x):{ X2, ifxy > —xy,

X1, if xo < —xp,
and
) = h(x),  ifh(x) >x —xy,
xy —xp, ifh(x) <xp—xp,
. —Xxp > xp—x1, andxp > —x v < 1x; andx, > —x
Slnceh(x)sz—x1<:> 2 Z A2 1, 2 = 15 2 > 541 2 = 1
x| > Xp — X[, and x; < —xj. xy <2x1 andxp, < —xjq,

—X7, ifxeCp:={xcR?|x; < %xl,xz > —x1},
fx)=< xi, ifxcCy:={x€R?|xy <2x1,x0 < —x1},
xo—x1, ifx€Cy:={xcR?|xp> %xl,xz > —x1JU{x € R? | xp > 2x1,x < —x1 }.

'.'.X2='X1 Xo A
. X9=X/2 (-1’1)_ P o " a°f(0,0)
C; Cq
o X 1,0) X4
X9=-Xq (0;41)
Xp=2X4 C B, (0°£(0,0))

Figure 1. The graph of C;,C,,C; Figure 2. The graph of 9€£(0,0)
Since, for x = (1,0) € C1, ¥’ = (0,—1) € G2, and 2 = 2 € [0, 1],

Ax+(1-2)x = (%,—%) € Cy,

and
1 2

1
fAx+(1=A)") = 3 > 5.0—1— §'O =Af(x)+(1=1)f(x),
f is not convex on R2. However, we can check that f is Lipschitz on R?. Since dCy,dC>,dCs,

and dC; UJC,> U dC are the sets of Lebesgue measure 0 in R?, one seesthat

{(0,—1)}, ifx€C1\8C1,
co{(0,~1),(1,0)}, ifx € (9C1NAC>)\ {(0,0)},
{(1,0)}, ifxe G\ dCy,

() = { cof(1,0),(~1,1)}, ifx € (9C;10C5)\ {(0,0)}.
{(—-1,1)}, ifx e C3\ dCs,
co{(—1,1),(0,—1)}, ifxe (dC;NaCy)\{(0,0)},

| co{(0,-1),(1,0),(=1,1)}, ifx=(0,0).

Furthermore, we can verify that the set-valued map x = d€ f(x) is upper semicontinuous on
R?. For instance, for any > 0, there exists § = 1 such that d€ f(B5(0,0)) C € £((0,0)) C
B, (9€£((0,0))), which implies that 9 f is upper semicontinuous at X = (0,0).
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In view of [21], we consider the following multiobjective semi-infinite programming with
vanishing constraints (P):

R —min  £(x) = (fi (), ()
st. g(x)<0,reT,
hi(x)=0,i=1,...,q,

Hi(x) >0,i=1,...,1,
G,‘()C)H,()C) < O,i = 1,...,1,
where fi(i=1,....m), gt €T),hi(i=1,...,q), and G;, H;(i = 1, ...,1) are Lipschitzian functions
from R” to R. The index set T is an arbitrary nonempty set, not necessary finite. Let us denote
[:=A{1,...,m}, I :={1,....,q} and I; := {1,...,1}. The feasible solution set of (P) is
Q:={xeR"|g(x)<0(teT),hi(x) =00 €1I)),Hi(x) >0,G;(x)H;(x) <0(i € ;) }.

Recall some types of efficient solutions (see, e.g., [28]) of the multiobjective semi-infinite
programming with vanishing constraints as follows.
Definition 2.3. Let x € Q.

(i) x is a locally (Pareto) efficient solution of (P), denoted by x € locE(P), if there exists a
neighborhood U € 7% (x) such that there is no x € QNU satisfying

filx) < fix), Viel,
fio(x) < fiy(X), for at least one ip € 1.

(ii) xis a locally weakly (Pareto) efficient solution of (P), denoted by % € locWE(P), if there
exists a neighborhood U € % (%) such that there is no x € QN U fulfilling

filx) < fi(x),Viel.
If U = R", the word “locally” is omitted. In this case, the efficient solution sets / the weakly

efficient solution sets is denoted by E(P) / WE(P). It is straightforward that E(P) C WE(P).

The notation RE' signifies the collection of all the functions A : T — R taking values A;’s
positive only at finitely many points of 7', and equal to zero at the other points. For a given
¥ € Q,1,(%) := {r € T|g;(X) = 0} indicates the index set of all active constraints at x. The set of
active constraint multipliers at X € Q is

A = {2 eR g ) =0, eT}.

Notice that A € A(X) if there exists a finite index set J C I, () such that 4, > 0 for all r € J and
A =0forallt € T\J. For each x € Q, define

L(x) :={i € I | H;(%) > 0},

(x) :={i e | Hi(x) = 0},
Loo(®) = {i € 1) | Hi(®)

> 0,G;(%) =0},
I (%):={i € I | Hi(%) > 0,G;(%) < 0},
lo+(%) := {i € I | H;() = 0,G;i(x) > 0},
Ioo (%) := {i € I | Hi(¥) = 0,Gi(x) = 0},

and
I— (%) :={ie ;| Hi(x) =0,G;(x) < 0}.

Definition 2.4. Let x € Q.
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(i) The point ¥ is called a strong stationary point of (P) iff there exists (o, A8, A" A6 AH) €
R™ x A(%) x R x Rl x R! with ¥ o = 1,1{1( g = ,A,OHO( Ul (x) = 0

i€l
G —
M@t LI @ () = O
and lG o(®) > 0 such that
OeZa,8Cf, +Z)L§ac )+Z7Ll~h8ch,-( X)— Z?LH8CH —I—Z)LG8CG( X).
iel teT i€l i€l icl;

In the case that o > 0,Vi = 1,...,m, X is called a proper strong stationary point of (P)
(see [21]).

(ii) The point % is said to be a VC-stationary point of (P) iff there exists (c,A%,A", A% A1) ¢
- Lo R wi “ 1 aH _q )H
RY x A(X) x R? x R* x R" with %‘,Ioc,- =1, )LI+( 5 =0, }Lloo( Dl (7) = O
G _
ML @ o) = 0

and 7 (1) =

0€ Y adCfi(®) + ¥ Af% () + ¥ A 0Chi(%) — ¥ AHOCH (%) + Y. AC9CGi(®).

i€l teT i€ly i€l; i€l

> 0 satisfying

It is easy to see that if X €  is a strong stationary point of (P), then ¥ is a VC-stationary point
of (P).
For ¥ € Q and (A8,A", 19 AH) ¢ Rm x R? x R x RY, let us define

I (%) == {r e I(x) | 4’ > 0},
I (%) = {i € (%) | A > 0}, 1 (%) = {i € Iy(%) | A" < 0},

PHE) =i e LB | A >0},
@) = {ic (@) | A > 0}.1y (8) = {i e Io(®) | A <0},
. (0) = i € Do (8) | A1 > 0}, 1y, (%) = {i € o (9) | A < 0},
() = (i € Too(®) | A > 0}, 5 (%) := {i € (%) | A" < 0},
@ ={ich (0 A >0},

7o) = {i € Lo(%) | AT > 0},15(%) == {i € L.o(X) | 7 < 0},
If_(%):={i e L—(%) [ A¢ >0},
Iajr(i) ={icl (%) |17 > 0}, 1y, (%) := {i € Ip4 (%) | A8 <0},
I (%) := {i € Ioo(%) | AL > 0}, (%) := {i € Ioo(%) | AC < 0},
and
I (%) :={icl_(%)| A% > 0}.
Definition 2.5. (see [29, 30]) Let ¢ : R" — R be a locally Lipschitz function, Q C R”, and
X e Q.
(i) ¢ is said to be d€-convex at ¥ on Q if, for all x € Q,

9(x) = 9(%) > (999 (x),x — ).
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(ii) ¢ is said to be strictly d¢-convex at X on Q if, for all x € Q \ {x},
9(x) =9 (%) > (9°¢(¥),x— ).

(ii1) ¢ is termed Bc—pseudoconvex at ¥ on Q if, for any x € Q,
¢ (x) — ¢(¥) < 0= (9“9 (%),x— %) < 0.

(iv) ¢ is declared strictly 9-pseudoconvex at ¥ on Q if for all x € Q\ {x},
9(x) — 9(X) <0 = (9°¢(%),x— %) <O0.

(v) ¢ is said to be d€-quasiconvex at ¥ on Q if, for any x € Q,
9(x) = 9(%) <0= (0°¢(%),x—¥) <0.

Lemma 2.2. [31] Let {C;|t € T} be an arbitrary collection of nonempty convex sets in R", and

K =pos| U G |. Then, every nonzero vector of K can be expressed as a non-negative linear
tel’
combination of n or fewer linear independent vectors, each belonging to a different C;.

Lemma 2.3. [32] Suppose that S,T,P are arbitrary (possibly infinite) index sets, a; = a(s) =
(ai(s),...,an(s)) maps S onto R", and so do a; and a,. Suppose that the set co{as,s € S} +
pos{a;,t € T} +span{a,, p € P} is closed. Then the following statements are equivalent:

(ag,x) <0,5€S,S£0
I: (ar,x) <0,t €T has no solution x € R",
(ap,x) =0,peP
II: 0¢€cofay,s € S}t+pos{a;,t € T}+span{a,,p € P}.

Lemma 2.4. [33] If A is a nonempty compact subset of R", then

(1) coA is a compact set;
(i1) if O & coA, then posA is a closed cone.

3. KARUSH-KUHN-TUCKER OPTIMALITY CONDITIONS

In this section, we establish both KKT necessary and sufficient optimality conditions for
the nonsmooth multiobjective semi-infinite programming with vanishing constraints. For the
simplicity, we write the index set I, instead of I, (X). The other index sets are described similarly.
Firstly, we present the following constraint qualifications, which are similar to Abadie constraint
qualification in the literature:

(1) (ACQ) holds at x € Q if

(U % @) n(JnuE) n(J IHi@) n( |J —9H@) n(J 9°Gi(x))”
tel, i€l i€l i€lyUlp— ic€lio

C 7(Q,%),

(ii)(VC-ACQ) holds at ¥ € Q if
(U % @) n(Uom@) n(lJ oHi@) ' n( |J —0H@) n( |J 9°Gi(®)”

tel, i€l iclyy i€lyUly— i€l gUlpyo

C 7(Q,x).
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It is evident that (ACQ) implies (VC-ACQ). The following example illuminates that the re-
versal is not true in general.

Example 3.1. Let m =n =2 and [ = 1. Consider the following (P):
R2 —min  f(x) = (x] +x3,|x1]),
s.t. g,(x) =—1x1 <0,t€T =N,
H(x) = (3} +2x2) >0,
Grlx)H (x) = 1 /(27 +2x2) < 0.
Then, @ = {x € R? | x; > 0,x] +2x, = 0} U{x € R? | x; = 0,x, > 0}. For = (0,0) € Q, direct
calculations give that
T(Q,%) ={x€R?*|x; >0,x, =0}U{x € R* | x; = 0,x, >0},
I, =N,0% (%) = {(~,0)},t €T,
L =Ioy =l =0,Ip0 = {1},0°G (%) = [~1,1] x {0},0H, (%) = {(0,2)},
(U %g(x))” = {xe R? | x; >0},

r€l,
(U (0Hi(%))” = (=9°Hi (%)) = {x € R? | x > 0},
icly
( U 8CG,-()E))_ = (8CG1()E))_ ={xe R? | x; =0},
icly
(U 9%, (®) N ( U (—9°H;(%)))” = {x € R?|x; > 0,x, >0},
rel, icly
and
(U 8Cgt()2))*ﬂ(U (— 8CH U 8CG :{)CEJR2 | x; =0,x; > 0}.
tel, i€y i€lyo
Hence,
(U0 @) n(|J (-0°Hi(9))” ¢ 7(Q,%),
tely i€l
and

(U 9% @) n(J (-9°H:())) N (| 9°Gi(%)” € T (Q,%).

telg i€ly i€ly

Thus, (ACQ) does not hold at X and (VC-ACQ) holds at .

Proposition 3.1. Let X € locWE(P).
(i) If (ACQ) holds at X and the set

A :=pos Uacgt(f)u U ¢ (—dH;(%))U U 9°G;(x

tel, i€lyUlp— ic€lyp
+ span (U dCh;(x)U U JCH;(x )
i€l i€yt

is closed, then X is a strong stationary point of (P).
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(ii) If (VC-ACQ) holds at x and the set

Ap=pos | | Jo%a®U |J (-°HiE@)u |J 9°Gi(x)

tel, i€lyoUly— i€l ogUly
+ span (U Ch;(x)U U 8CHi()E)>
i€l ic€lyy

is closed, then x is a V C-stationary point of (P).

Proof. Owing to the similarity, we only prove (ii). As X € locWE(P), there exists U € % (X)
such that there is no x € QN U satisfying

filx) < fi(®), Viel (3.1)
First, we justify that
(Ua%m) N7 (Q,%)=0. (3.2)
iel

There are two possibilities.

Case 1. 0 € I°f;, (%) for some iy € I. Then, (Uje;9€ fi(%))” = 0. Hence, (3.2) holds.

Case 2. 0 ¢ 9€ f;(x) for all i € 1. Suppose to the contrary that there exists d € (U;e;d€f;(%))" N
T (Q,X). Asd € T(Q,%), there exist 7 | 0 and dy — d such that X + 1;dj, € Q for all k € N.
Since d € (Uie;d€f(%))" and 0 € 9€f;(%) for all i € I, one has

(E,d) <0, V& e€d“fi(x),Viel (3.3)

By the mean-value theorem in Lemma 2.2 (vii), for each k € N, there exists u; in the open
segment (¥, %+ ’L’,El)dlgl)), where r,ﬁl) = rk,dlgl) :=dj, and ék(l) € € f1(uy), such that

A+ - fi(®) = 5, a). (3.4)

Since 9¢ fi (uy) are compact in R” and {ij(l)} C {0%f1(u)}, {ﬁk(l)} is bounded in R”. From

the facts that u; — X, the mapping 9€ fi is upper semicontinuous at ¥, and {ﬁk(l)} is bounded in

R”", we deduce that there exists a subsequence of ij(]), also denoted by ék(]), such that ék(l) —

& € ICf1(X). If follows from (3.3) that (§;,d) < 0. We deduce from <§k(1),d,£1)> — (&1,d) <0
and (3.4) that

WMy _ ez

hE+5de ) —f[1(F)

mO

— g!M,alVy = (&,d) <0.

This leads that, for k large enough,

AGE+T M)~ £ ()

=0

<0,

which together with T,E]) > O(‘L’,E]) 1 0) implies that f; (¥ + *C,E])dlgl)) — f1(X) <0, for large k. So,
there exists a subsequence of {x+ T,El)dlgl)}, also denoted by {x+ T,El)dlgl)}, such that fj(x+



10 L.T. TUNG

( ) f1(¥) < 0. By applying the subsequence {x+ ‘L'k ,El)} for f, as in (3.4), we obtain
a subsequence {x+ T,E )d,E }of {x+ Tk k } such that

fie+12d?) — fi(x) <0,
HE+TYdY) - h(F) <0.

Continuing this process, we obtain a subsequence {+ T,Em)dlgm)} of {Xx+ 7xd;} in Q such that

filx+ ’L’,Em)d,gm)) — fi(¥) < 0 for all i = 1,...,m, which contradicts (3.1). Hence, the claim (3.2)
also holds for Case 2. Therefore, (3.2) fulfills. We conclude from (3.2) and (VC-ACQ) that

(Jo Sty n(lJ 9% @)~ n(lU om@) n(J 9°Hi(x))*-

il tely i€l i€lyy
N( U —8CH U ¢ Gi(x))” =
iclyUly_ l€1+0U[0()
This leads that there is no d € R” such that
( (0€fi(x),d) <0, Viel,
(0€g,(%),d) <0, Vtel,,
<achl<)z)vd> =0, Vi€ I,
(0€H;(%),d) =0, Vicl,,
(—9€H;(%),d) <0, Vi€lpUly,
(
\

0°Gi(x),d) <0, Vi€ loUly.

On the other hand, as co{|J d°f;(¥)} is a compact set, co{J d€ f;(¥)} + A; is closed. Ac-
icl icl

cording to Lemma 2.3, one has

0¢ccol JICF® +pos | | JoCe@mU |J (—CHE)U |J 9°GiH)

iel tely i€lyUly— i€l Ul
+ span (U omi(x)u aCHi(x)) .
i€l i€yt

This entails that
OeooU&C +posU8 g (x +spanU8 hi(x +spanU dCH;(%)
iel tel, icly i€ly+
+ pos U (—dCH;(%)) + pos U 9°G;(%).
i€lyoUly— i€l ogUly
By Lemma 2.2, we know that there exists (o, 18,1, 16 A1) € R x A(%) x R x R! x R! with
Yoy=1LAT=0,A >0, ;0  =0and A7 ;>0 such that

iel
0€Y adfi(®)+ Y A0 ®) + Y A"0hi(x)— Y A7 0°H (%) + Y AL 9°Gi(x).
il teT i€l i€l i€l
Hence, x is a VC-stationary point of (P). 0

Proposition 3.2. Let X be a strong stationary point of (P). Suppose that I UI+0 =0 and
gt €Lp) hi(i € I}),—hi(i € I, ), —Hi(i € I, Ul U1 ) are 9€-quasiconvex at  on Q.
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(i) If f:(i € I) are d¢-pseudoconvex at % on Q, then % is an efficient solution of (P).
(ii) If f:(i € I) are strictly d¢-pseudoconvex at  on Q, then % is a weakly efficient solution

of (P).

Proof. Since X is a strong stationary point of (P), there exists (o, A7 ARG AH) € R% x

R'i' x R? x R! x R!, where J is a finite subset of I, with Y o = 1, lﬁ =0, AII;)UIO, >0,
icl

A Gty ooty = 05 AL, > 0 and gl coCH(x)iel),Ef € dCg(R)(t €J), &l € Ch(%)(i €

1y),EH € 0°H;(%)(i € lo+ Ulpo Ulp-),EC € dCGi(%)(i € Lyo) such that

Yol + YA+ YA - Y A+ Y ACES =0 G3)

icl el i€l icly UlpoUly i€l g
For an arbitrary x € Q, one obtains that g,(x) < 0 = g,(¥) for each ¢ € I,. Thus, the 9¢-

quasiconvexity at X on Q of g,(r € I,) give us that (§°,x—x) <0, V¢ € J, which in turn together
with A5 € ]Rlﬂ leads that

<Zl,g§tg,x—)2> <0. (3.6)

teJ

We deduce from x,x € Q that h;(x) = h;(X) = 0,Vi € I;,. Hence,
hi(x) < hi(%),Vi € I and — hi(x) < —h(%),Vi€ I, .

We deduce from the above inequalities, the d€-quasiconvexity at ¥ on Q of h;(i € I; ) and
—hi(i € 1)) and 9€(—h;)(%) = =9 h;(¥)(i € I,) that

(Ehx—x)<O0Viel and (—&!'x—%) <0, Viel, .

This, taking into account the definitions of I; o1, results in

Y Alel x—x) <o. (3.7)
i€l

Again, we derive from x € Q that —H;(x) <0,Vi € I}, and thus, —H;(x) < —H;(X),i € f()++ Ul U
I, . Therefore, by the d€-quasiconvexity of —H;,i € I, Ulj U, at ¥ on ©Q, one concludes
that

1 )

(=& x—%) <0Vielf, Ul Ul . (3.8)

As Iio UIAO_Jr = (), we infer from (3.5) - (3.8) that

i€l teT i€l i€y UlpoUlh— i€l
>0

)

for all x € Q.
(1) Suppose to the contrary that X is not a weakly efficient solution of (P). This amounts to the
existence of a feasible point X € Q such that f;(X) < f;(X), Vi=1,...,m. The fact on f;(¥) < fi(¥)
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f

for each i and the d€-pseudoconvexity at X on Q of f;(i € I) give us the conclusion (&/

0. Combining this with & € R”! and ;" | o; = 1, we arrive at

Z oc,-éif,f—f <0,
icl
contradicting with (3.9).

(i1) Assume that X is not an efficient solution. Then there exists a feasible point X and at least
ip € I satisfying

I—3) <

{ f,()f)ﬁfl(f), ViGI\{io},
Jio (%) < fiy (%),

and hence, % # X. Since f;(i € I) are strictly d-pseudoconvex at ¥ on Q and x # X, one has
( l:f,i—@ < 0, Vi € I. Employing this with o € R and ¥/ | o; = 1 brings us that

Z(Xiélif7f—f <0,
icl

which contradicts (3.9). 0J

Proposition 3.3. Let X be a VC—stationaryA poinAt of (AP). Assume that f()_ " UI:O UI&) =0 and
gt €ly) hi(i € I}),—hi(i € 1, ), —Hi(i € I, Ul UL, ) are 9-quasiconvex at % on Q.

(i) If f:(i € I) are d€-pseudoconvex at %, then % on Q is an efficient solution of (P).

(ii) If f:(i € I) are strictly d¢-pseudoconvex at  on Q, then % is a weakly efficient solution

of (P).
Proof. The proof is analogous to those in Proposition 3.2. 0

Example 3.2. Let m =n =2 and [ = 1. Consider the following (P):
RY —min  f(x) = (x], 1] +13).
st. g(x)=—-mx; <0,€T =N,
Hy(x) = (33 +2x2) > 0,
Gi(x)H (x) = |x ’(X? +2x) <0.
Then, @ = {x € R? | x; > 0,x] +2x, = 0} U{x € R? | x; = 0,x, > 0}. For = (0,0) € Q, direct
calculations give that
T(Q,5) ={xecR?|x; >0,x0=0}U{xeR?|x; =0,x, >0},

€ £1(%) = {(0,0)},0° f2(%) = co{(1,0),(—1,0)} = [—1,1] x {0},
I, =N,0% (%) = {(~,0)},t €T,
Ly =1y, =Iy- =0,Ipp={1},0°G (%) = [-1,1] x {0},9°H; (%) = {(0,2)},
(%% x)” ={xeR*|x; >0},

rel,
(U (=0°Hi(®)” = (=0°Hi(¥))” = {x €R? | x» > 0},
(U 9°Gi(x))” = (8°G1 (%)) = {x e R* | x; =0},

i€ly
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and
(0% @) n(J (=9°Hi))" N (| 9°Gi(%))” = {x € R* | x; =0,x, > 0}
rel, i€l icly
Hence,
(U o%@) n(|J (=o°Hi(x) N (| 9°Gi(x))~ € 7(Q,%).
tel, i€l i€l

Thus, (VC-ACQ) holds at x. Moreover,

Ap=pos | | 9 (X)U U (—dH;(%))U U 0°Gi(%) | = {xeR? | x, <0}
telg i€ly i€ly
is closed. Because of the fact fi(x) > f;(X),Vi € I, Vx € Q, we assert that ¥ € WE(P). Thus, all

the assumptions in Proposition 3.1 (ii) are fulfilled. Now, let a; = o = %, lfl =0, /'LIG =0, and
A8 : T — R be defined by

1 .
g o bR lftzl,
A5(D) _{ 0, otherwise.
Then,
1 1 1
0,00 = 2(0,0)+5(1,0)+5.(=1,0)~0.(0,2) +0.(1,0)
1 1
€ 5(0,0)+§.[—1,1]><{0}+Z/I,g(—z,O)—,1{1(0,1)+le.[—171]><{0}7

teT

which means that ¥ is a VC-stationary point of (P). Furthermore, Iy = I, = Io, = I = 0. We
can check that g, (¢ € I,), fi(i € I) are d°-convex at ¥ on Q. For instance, since

()= () = |x1|+25 > {Bx1, B € [-1,1]} = (9 (%), x — %), Vx € Q,

f> is d¢-convex at X on Q. Hence, all the assumptions in Proposition 3.3 (i) are satisfied. Then,
it follows that x is an efficient solution of (P).

Example 3.3. [7] Let n =2 and m = [ = 1. Consider the following (P):

. —x if xp > x
Ry —min  f(x) = —xo+ |0 —x|= { x1—2x, i <,
5 )

Gz(x)Hg x) = (—xl).)Q <0.
Then, Q@ = {x € R? | x; > 0,x0 =0} U{x € R? | x; = 0,x, > 0}. For ¥ = (0,0) € Q, we have
T(Q,%) =Q,

I°f(%) = cof(—1,0),(1,-2)} = {(—1,0) + B((1,-2) — (~1,0)),
B el0,1]} ={(-1+2B,-2B),B €[0,1]},
Iy =Iop =Io— = 0,10 = {1,2},0°G(x) = {(0,—1)},0°H;(x) = {(1,0)},
9°Gy (%) = {(—1,0)},0Hy(x) = {(0,1)}
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and
(U _aCHi(x))i = ({((_1’07 <Oa _1)})7 :Ri’ (U aCGi(X))i = ({((_1707 (0’ _1)})7 :Ri'
Hence,

(U (-9°Hi(%))” ¢ 7(2.%),(|J (-9°Hi(%)))"n(|J 9°Gi(¥))” ¢ 7 (%),
i€l i€loo i€loo
i.e., both (ACQ) and (VC-ACQ) do not hold at *.
We can apply Proposition 3.1 to verify that both (ACQ) and (VC-ACQ) do not hold at X as
follows. Since

(0,0) = <_1 +2B7_2ﬁ) _;LIH(LO) _)’QH(()?1)+;LIG(O7_1)+A’ZG(_170)7B S [0,1],
where A1, A7 A6 A0 € R, we have
M4+ AT +28 = — LA A A0 A8 e R

which has no solution. Hence X is not a strong stationary point of (P), neither is x a VC-
stationary point of (P). Moreover, since A = A = —Ri are closed and X = (0,0) is a solution
of (P), we deduce from Proposition 3.1 that both (ACQ) and (VC-ACQ) do not hold at .

In addition, it should be noted that the smoothness condition of f(.) cannot be replaced by its
Lipschitzian condition in [7, Theorem 4.1]. However, the smoothness condition of f(.) could
be replaced by its Lipschitzian condition in Proposition 3.1 due to the assumptions (ACQ) and
(VC-ACQ), which are stronger than (WGCQ) in [7], utilized in Proposition 3.1.

4. DUALITY

In this section, we consider the Wolfe [34] and Mond-Weir [35] duality schemes for (P). For
X € Q, the index sets with respect to X are denoted identically to Section 3. In what follows, for
u,v € R™, we use the notations:

u<veu <vg, foralliel, u A4 vis the negation of u < v,
ui<v;, foralliel,
u; < vj, for atleastoneijy €/,
Note that X € locE(P) (X € locWE(P)) if there exists U € % (X) such that there is no x € QNU
satisfying £(x) < f(%) (f(x) < f(&).
4.1. The Mond-Weir type duality. Forxc Q, (u,a, A%, A" A¢ A7) c R" x R% x RE' x RY x
I [ i L H G G
R x R! with igl o =1, 7LI+ @ >0, 7LIO+ @ < 0and 7LI+_ > (), let us define
L(u, o0, A8 A" A9 A1) .= f(u).
In the line of [9, 23], we consider the Mond-Weir type dual problem as follows:
(Dpw (%)): R? —max L(u, o, A8, A" A6 A1) = f(u)
st.0€ Y 00 fi(u)+ ¥ Af9% (u)+ ¥ AoChi(u)— ¥ A1OCH (u) + ¥ ACICGi(u),
teT

ujv@{ u A v is the negation of u < v.

(¥)Ulp— (%)

iel iel, iel; iel;
Ag(u) >0(t € T),A'hi(u) = 0(i € I), — A H;(u) > 0(i € I}),A°Gi(u) > 0(i € I}),
L H G G
Loi=UAle 204 0 <047 muy 920

(u, 00,28, A0 A6 AH) e R" x R x R x RY x R x R
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The feasible set of (D (X)) is defined by
Quw (%) == {(u, a, A8, A" A6 AH) e R x R™ x RITT 5« RT x R x R |
0€Y 00fi(u)+ Y Af0%%(w) + Y A/ 0hi(u) — ¥ AT 0 H;(u) + Y. AF0€Gi(u),

iel teT i€l i€l i€l

Mg (u) >0(t € T),lihhi(u) =0(iely),—ATH(u)>0(i € Il),liGGi(u) >0(el)

H G G
Ya=1L4" 5 >047 o <0, ()U,O()>o}

icl
We designate by

prn Quw (%) := {u € R" | (u, 0, A8, A", 16 A1) € Quw (%)}

the projection of the set Q(x) on R”". The other Mond-Weir type duality problem of (P), which
is not dependent on %, is
(Dyw): R —max L(y, o, A8, A" LG A1) = £(y)
S.t. (y,OC,)Lg,)uh,AG,)LH) € Quw = .QMw(X).
xeQ
Definition 4.1. Let x € Q.
() (@,a, A8, A" A9 A1) € Quw(X) is said to be a locally efficient solution of (D (%)),
denoted by (i, &, A%, A", A9, A#) € locE (Dyw (%)), if there exists U € .4 (i) such that
there is no point (u o, ), 7Lh AG AT € Quw (%) NU satisfying

L(i, 0, A8, A" A% A7) < L(u, o, A%, 27, 2.9 1),

(i) (@, a,A%,A" 26 A1) € Quw (%) is called a locally weakly efficient solution of (Dysw (%)),
denoted by (u a, A8 A" AG A € locWE (Dyw (%)), if there exists U € .4/ (ii) such
that there is no (u o, A8, lh 7LG AHY € Quw (%) NU fulfilling

L(i,a, A8, A" 29 A" < L(u,a, A8, 2" 16 AH.
(iii) (v, @, A8, A1 LG AH) € Quw is alocally efficient solution of (D), denoted by (3, &, A2, A",

AG,AH) € locE (Dyw ), if there exists U € .4/ (¥) such that there is no (y, o, A8, A" A6 AH) €
Quw NU fulfilling

L3, 0,28, A" A6 A1) < L(y, o, A8, A" A6 A1),

(01

@iv) ;
(¥,
no (y,

A8 lh,ZLG, _/_lH ) € Quw is a locally weakly efficient solution of (Dyw), denoted
a, A%, A" A6 AH) € locWE (Dyyw), if there exists U € .4 (F) such that there is
o, A8 A" A6 A1) € Quw NU satisfying

L(F,a,28, A" A9 A1) < L(y, o, A8, A" L9 A1),
If U = R", the word “locally” is dropped.

3,
by

Proposition 4.1. (Weak Duality) Let x € Q and (y, o, A%,A" A% A1) € Quw. Suppose that
gt €I (x)),hi(i € I} (x)), —hi(i € I, (x)),Hi(i € Iy (x)), —Hi(i € IF (x) U] (%)), Gili e [y (x) U
If_(x) Ul (x) UL (x)), —Gi(i € I (x) ULy, (x) Ul (x)) are 9€-quasiconvex at y on Xyw =
Q UpI‘Rn.QMw.

(i) If fi(i € I) are 9€-pseudoconvex at y on Xppw, then f(x) £ L(y, A8, A" AG AH).

(ii) If fi(i € I) are strictly d€-pseudoconvex at y on Xpw, then f(x) £ L(y,A8, A" AG AH).
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Proof. For x € Q and (y,a, A8, A" A9, A1) € Quw = N Quw (%), we have
xeQ
81(x) <0(t € T),hi(x) = 0(i € I), Hi(x) > 0(i € 1), Gi(x)Hi(x) <0G € L),  (4.1)
0€Y ad“fiy)+ Y A% () + Y A0 hi(y) = Y. A 0H; () + Y AF9°Gi(y), (4.2)
icl teT icly icl icl

and

A8g:(y) > 0(r € T), Athi(y) =0(i € I,), — A H;(y) > 0(i € I,),A°Gi(y) > 0(i € I}), (4.3)

with %1 o =147 =047 () <OAL (), >0. We deduce from (4.2) that there ex-

ist & € ISy (i € 1), & € 9 (y)(1 € T), & € () (i € 1), & € I°Hi(y) (i € 1)), & €
d€G;i(y)(i € I) such that

Yol + Y ASEE+ Y Al =Y AE + Y AfEC =o. (4.4)
icl re] icl, icly icly
It follows from (4.1) and (4.3) that
8(x) <0< g(y),Vt € 1 (x),
hi(x) = hi(y) = 0,Vi € Il (x) UL, (x),
Hi(x) =0 <H;(y ),VzEIAO’(x),
—H;(x) <0 ),Vielf(x) Ul (x),

< —H(y
Gi(x) <0 < Gi(y), Vi € I (x) UTT(x) Ul (x) ULy~ (x),
and

—Gi(x) <0< —Gi(y), Vi € I 5 (x) Ul (x) Uly(x).
Thus, we deduce from the above inequalities, the d¢-quasiconvexity of g (¢ € IS (x)), hi(i €
10, —h{T€ ) () HICE y (), —HI€ T LI (), GlI € o) U (UG (a0
0 (%)), =Gi(i € I7(x) Uy, (x) ULy (x)) at y on Xy, and the definitions of the index sets that

(E8,x—y) <0, /lg>0wel+()

(&' x—y) O,A! > 0,Vi € I (x),
(=EF x—y) <0,A' <0,Vie I, (x),
(EH x—y)y <0, <0, Vie Iy (x),
(—EH x—y) <0, >0,vie il (x) UL (x),
(iiG,x—y> < O,)LiG >0,Vie Iio(x) Ulif (x) UI(%(X) Ulot (x),
and
(—E8 . x—y) <0,Af <0,Vie I (x) Uy, (x) Uy (x).
Employing this together with (4.4) gives us the inequality
Za,‘g’ X —) thgcﬁg-l—Zlhéh Z/IH'Q'H-l-Z?LGﬁl x—y ) >0. 4.5)
iel teT i€l iel; i€l;

(i) Suppose by contradiction that f(x) < L(y,a,A%,A" 4G AH), equivalently, fi(x) < fi(y),
i € I. The above inequalities and the pseudoconvexity of fij(i € I) at y on Xpw tell us that
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(&) x—y) <0, Vi € I, which along with & € R™ and ¥, o = 1 leads that < ): 0,E x—y) <0,
i€l
contradicting (4.5).

(ii) Assume by contradiction that f(x) < L(y, &, A8, A" ¢ AH). This is equivalent to

filx) < fily),  Viel,
fio(x) < fi,(y), for atleast oneip € 1,
which implies x # y Granting this, we can deduce from the strictly pseudoconvexity of f;(i € I)
at y on Xpsw that (le ,x—y) <0, Viel. This, taking into account & € R and ¥ o; = 1, yields
icl
that (Y Ot,-éif ,x—y) < 0, contradicting with (4.5). O
i=1

Corollary 4.1. (Weak Duality) Let X € Q and (u, 00, A%, A", 16 A7) € Quw (%). Suppose that
gt €I (%), hi(i € I} (%)), —hi(i €I, (%)), Hi(i € Iy (%)), —Hi(i e I (%) U} (%)), Gili e L[y (%) U
IT (%) Ul (%) VI (%), —Gi(i € I () Ul (%) Ul (%)) are quasiconvex at u on Xpw =
Q.U.Q.Mw()f).

(i) If f:(i € I) are pseudoconvex at u on X yyy, then f(x) A Z(u,/\g,lh,lG,lH).

(ii) If fi(i € I) are strictly pseudoconvex at u on Xy, then f (%) 2 L(u, A%, A", 16 AH).

Proposition 4.2. (Strong Duality) Let X € Q be a locally weakly efficient solution of (P). If
(VC-ACQ) holds at % and the set A, is closed, then there exists (0, A%, A", 19 A1) e R% x

I7| Iy ! i ~ — 1 1H H G
R RO xR xR with T 06 =1, Al =0, 300 2047 0 (9 = 0 and
Zﬁo( )Uloo( o = 0 such that (%,a,A8, A" 26 A € Quw (X). Assume further that g;(t € 15 (%)),

hii € ILF (%)), —hi(i € 1, (%)), Hi(i € I (%)), —H;(i € [T (®) Ul (%)), Gi(i € Iy (R) UL _(x)U
I3(%) Ulot (X)), =Gi(i e I,(x) Uy, ( %) Ulyg (%)) are 0°-quasiconvex at % on XMW
(i) If fi(i € I) are d€-pseudoconvex at % on Xy, then (%, 0,A%, A", A9, AH) is a weakly
efficient solution of Dy (X).
(ii) If f:(i € I) are strictly d-pseudoconvex at & on X ppy, then (%, 0, A8, 2" A9, AH) is an
efficient solution of Dyw (X).

Proof. By invoking Proposition 3.1 (ii), there exists (&,A%,A" 16, 1) ¢ R % A(x) x RY x

1 l H H G _ G
RYx R with © &= 1 A7] ) = 0. Aty (s) 2 O Ao, (om0 = 0 208 A (g g(s) = ©
such that
0e Y @dCfi(7)+ Y 480 e (%) + Y Aahi(x) — Y. AHoCHy(x) + Y. AC0CGi(3).
icl teT icly il icl

Since A8 € A(X), one has A%g;(X) = 0 for all € T. The fact that ¥ € Q guarantees that
Althi(%) = 0,Vi € I,. Furthermore, we deduce from QLIiI () = 0and H; (x) =0 forall i € Ip(X) that
—Z.HH-(‘) = 0 for all i € [;. In addition, we obtain from ),G (®)Ulps ()l (7) = 0 and G;(x) =0
forallie I+o( ¥) U loo () that A°G;(¥) =0 for all i € I;. Thus (%, 0, A8, 2" A6 A7) € Quw (%)
and f(x) = (x,oc,?tg,lh,QLG,ﬂtH). S

(i) Arguing by contradiction, suppose that (%, &, A%, A6, A1) is not a weakly efficient solu-
tion of Dysw (X). By denotation, there exists (u, &, A8, A", A% AH) € Quw (%) such that

f(x) = L(x, A8, A" A6, A7) < L(u, A8, A", 2.9 A1),
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which contradicts Corollary 4.1 (i), and thus, completes the proof.
(ii) Suppose to the contrary that (%, &, A%, A%, A#) is not an efficient solution of Dy (). In
other words, there exists (u, a, A8, /lh 7LG 7LH ) € Quw (X) such that

f(®) = L(x, A8, A" A6 AH) < L(u, A8, A" LG AH),

which contradicts with Corollary 4.1 (ii). So, we arrive at the conclusion. ]
4.2. The Wolfe type duality. Forx € Q, (u,,A8,A" 19 AH) € R" x R x Rm x RY x R x
- L H G G
R’ with igloc, =1, lu(x) >0, QLI(H()E) < 0and ), DU (®) 2 > 0, we define
L(u, 0, A%, A" 19 A" +| Y )+ Y A hi(u) = Y A Hi(w) + Y ACGi(u)
teT i€l i€l il

where e := (1,...,1) € R™. In the line of [9, 23], we consider the Wolfe type dual problem as
follows:

(Dw (%)): R™ —maxL(u, o, A%, A" A6 A1)

st.0€ Y 00 fi(u)+ ¥ Af9% (u)+ ¥ ArdChi(u) — ¥ A1OCH (u) + ¥ ACICGi(u),

i€l teT i€l i€l i€l
. H G
Lo =12l 2 0. 40 0 <047 g 92

(u, 00, A8, A1 A8 AH) e R x RM x RITT X RI < R < R
The feasible set of (Dy (X)) is defined by

Qu (%) = {(u,a,lg,kh,lc,/lH) ER"xR" xR x RT xR x R! |

Zai = 1»)LI+(JE) = O’)’Io+(f) < O’Ahf(f)UIOf(i) =0,

iel
0€ Y 00 fi(u)+ Y. AF% (u) + Y A0 hi(u) — Y AH9CH;(u) + ¥ A°9°Gi(u)
iel teT i€l i€l i€l

We designate by
preQw (%) == {u € R" | (u, o0, A%, A" A6 1) € Qy (%)}
the projection of the set Q(x) on R”. The other Wolfe type duality problem of (P), which is not

dependent on X%, is

(Dw) : R} —maxL(y, o, A8 A A6 A

+ (Z Lg()+ Y, Ahi(y) = Y ATH () + Y liGGi(y)) e,

teT icly icl icl
st (0,0, A8,A8 29 A7) € Q= N Qw ().
xeQ
Definition 4.2. Let x € Q.

() (@,a,A8,A" A9 A1) € Qu (%) is a locally efficient solution of (Dy (X)), denoted by
(@, @, A8, ),h A6, 2H) € locE (Dy (%)), if there exists U € .4 (ii) such that there is no
(u,a,lg,lh,lG,lH) € Qu (x) NU satisfying

L(a, &, A8, A", 28, A1) < L(u,a, A%, A" AC AH).
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(i) (@,0,A%,A" 2% A1) € Qy (%) is a locally weakly efficient solution of (Dy (X)), de-
noted by (i, &, A%,A", 16, A1) € locWE (Dy (%)), if there exists U € .4 (ii) such that
there is no (u, a,lg,lh,/lG,),H) € Qu (x)NU fulfilling

L(i,a, A8, A" A6 A1) < L(u, o, A8, A", 16 A1),

(iii) (7, a, A8 AD QG AH ) € Qyy is said to be a locally efficient solution of (Dy), denoted by
(7,28, Ah A6, 21) € locE(Dy), if there exists U € .4/ (¥) such that such that there
is no (y, Ot,?L ,lh,lG,lH) € Qw NU satisfying

L7, A8, A" A6 A1) < L(y, &, A%, A" A9 A1),

(iv) (3,0, A8 ,Zh,ic_;,lfl ) € Qy is called a locally weakly efficient solution of (Dy), de-
noted by (¥, @, A8, A" 16 AH) € locWE (Dy), if there exists U € .4 (¥) such that there
isno (y, o, A8, A" A6 AH) € Qy NU satistying

LF,A8, 2" A6 A1) < L(y, o, A8, A" 2.9 A1),
It U = R", the word “locally” is omitted.

The following propositions describe the weak duality relations between (P) and the dual
problems (Dy (X)) and (Dw).

Proposition 4.3. (Weak Duality) Let x € Q and (y, o0, A8, A" A6 AH) € Qy. Suppose that g, (t €
I (x)),hi(i € IF (x)), —hi(i € 1, (x)),Hi(i € Iy (x)),—Hi(i € IT(x) U] (x)), Gi(i € I}(x) U
IF_(x) ULy (x) ULS (%)), —Gi(i € I (x) Uy, (x) Uly(x)) are 9-convex at y on Xy := QU
PrenQw.

(i) If fi(i € I) are d€-convex at y on Xy, then f(x) A L(y,a, A, A" 1¢ AH).

(ii) If fi(i € I) are strictly d€-convex at y on Xy, then f(x) £ L(y,a, A%, A" LG AH).

Proof. Forx € Qand (y,a, A%, A" A6 AH) € Qy = N Qw(X), one obtains
xeQ

g(x) <O0(t €T),hi(x) =0(i € I,),Hi(x) > 0(i € I),Gi(x)H;(x) <0(i € I}), (4.6)

and
0€Y ad“fin)+ Y A%+ Y A0 hi(y) — Y A 0CH;(y)+ Y. AF9°Gi(y)  (4.7)
i€l teT i€l i€l i€l
with
H G G
;a, =LA 0 2047 ) S04 (i 20 (4.8)

It follows from (4.7) that there exist élf €dfi(y)iel),Ef €9 (y)teT), &€ dmi(y)(i e
1),EH € 0°H;(y)(i € I),EF € 9°Gi(y) (i € I}) such that

Y &/ + Y Ases+ Y Alel - Y AMER + Y ACEC = 0. (4.9)
icl =y icl, i€l icl)

Therefore, we conclude from (4.6), the d¢-convexity of g (¢ € I (x)),hi(i € I (x)), —hi(i €
L (x)),Hi(i € Iy (x)), —H;(i € [} (x) UI} (x)),Gi(i € ITo(x) UIT_(x) Ul (x) UL~ (x)), —Gi(i €
I (x) Uy, (x) ULy (x)) aty on Xy and the definitions of the index sets that

g(y)+ (& x—y) <gilx) 0,45 >0,vr € I (x),
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hi(y) + (EM x —y) < hi(x) =0,A]' > 0,Vi e LF(x),
—hi(y) + (=P x—y) < —hi(x) =0,A < 0,Vi e I, (x),
Hi(y) + (&', x—y) < Hi(x) = 0,4 <0,vi € [j (x),
H;(y) + (- é x—y) < —Hi(x) <0,Af" > 0,vi € [T (x)
—Hi(y) + (=&, x—y) < —Hi(x) = 0,4 > 0,vi € [ (x),
Gi(y)+ (EF x—y) < Gi(x) = O,?LiG > 0,Vi elio(x)ul&)(x),
Gi(y) + (E°,x—y) < Gi(x) < 0,A° > 0,Vi € IT_(x) UL (x),
—Gi(y) + (—&F,x—y) < —Gi(x) = 0,47 < 0,Vi € I o(x) Uly(x),
—Gi(y) + (—&F,x—y) < —G(x) < 0,47 <0,Vi € I, (x).
The above inequalities imply that

Y g3+ Y Alhi(y) = Y ATH () + Y ASGily)

+
_|_

4 Y

teT i€l i€l i€l
+ Z a‘tgétg + Z lihgih - Z AzngH + Z liGgiGax -y <O0.
teT i€l i€l i€l

This together with (4.9) proves that

Zalgl ,X y <Zlg€tg+zlhéh Z)LHéz +ZAG€I ,X y>
(4.10)

icl teT i€l icl; i€l
> Z Agi(y)+ Z Alhi(y Z A H;(y) + Z AL Gi(y)
teT i€l i€l i€l
(i) Suppose that
fx) < L(y,a, A5, A" A6 A5, (4.11)

Then, we deduce from (4.11) and o € R” that (o, f(x) — L(y, @, A8, 2", A9 AH)) < 0, which is
equivalent to

in:oc,-(ﬁ(x)—fi( ) Za, (Z Agi(y +Zlhh ZAHH )+Z?L,~GG,~(y)) <0.

i=1 i=1 teT i€l i€l i€l

The above inequality together with Z o; = 1 yields that

i (i) — ) < ¥ Age() + ¥ AMG) — Y ATHG) + Y ASGy).  (@412)
=1 teT i€l i€l i€l

The 9€-convexity of f;(i € I) at y on Xy confirms that (éif,x —y) < filx) — fi(y), Vi € I, which
leads that

~.

(Y il . x—y) < Y e fix) — £i(0)- (4.13)
i=1 i=1
We verify from (4.12) and (4.13) that

za@ x—) (mgt )+ ¥ A () = YA H () + Y ACGi()

teT icly il i€l )
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which contradicts (4.10).
(i1) Assume that
f(x) 2Ly, 0, A8,A7,29,21), (4.14)

We claim that x # y. If otherwise, we use (4.14) and x = y to derive that

- (Z Mg () + Y Ahi(y) = Y A Hi(y) + inGGi(y)) e=0. (4.15)

teT i€l il icl
Observe by y = x € Q and (4.8) that

2(V)=g(x)<0,VreTand A € R'f',

hi(y) = hi(x) = 0,Yi € I, A € R,i € I,

Hi(y) = Hi(x) > 0,¥i € I (x),A[" () >0,
Hi(y) = H;(x) = 0,Vi € Ip(x), A € R, Vi € In(x),

y
Gi(y) = Gi(x) = 0,Vi € Lo(x) Uloo(x), A7 € R, Vi € Lo(x) Ulpo(x),
Gi(y) = Gi(x) > 0,¥i € Ioy (x), A o) =0,

and

Gi(y) = Gi(x) <0,Vie Iy (x)Ulp- (X)a%i(x)ulo, () = 0-
The above inequalities leads that

Y g0+ Y Athi(y) = Y A Hi(y) + Y A8Gi(y) <0.

teT i€l iel; i€l

Hence, a; > 0,Vi € I, contradicts (4.15), which in turn implies x # y. On the other hand, we
deduce from (4.14) and a € R™ that (e, f(x) — L(y, &t, A%, A" A6, 1)) < 0. In other words,

i‘, o (fi(x) = fily Z, (Z&gz )+ Y Alhi(y) = ) A Hi( )+Z%GG,-(y))§0.

m
Employing this together with )} o; = 1 gives us the inequality
i=1

i o(fi(x) = i) < Y Ahg(3)+ Y A'ni(y) = Y APH(y)+ Y. A°Gi(y).  (4.16)

= teT i€l icl; i€l

~.

Since f;(i € I) are strictly d°-convex at y on Xy and x # y, we have

(& x—y) < filx) - fily), Viel,

which implies that

m

(Y 0l i y) < Y (i) — ). 4.17)
=1

i=1
It follows from (4.16) and (4.17) that
m
(Y &/ (), x—y) < Y dg o)+ Y Am() = Y AT H() + Y ASGily)
i=1 teT i€l i€l i€l
which contradicts (4.10). L]
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Corollary 4.2. (Weak Duality) Let ¥ € Q and (u, o, A%, A" A6, A1) € Qu (X). Suppose that
gt €I (%), (i € If (%)), —hi(i € I (%)), Hi(i € Iy (%)), —H; (i € IT (¥) VI (%)), Gi(i e I (%) U
I7 (x )UISE)( ¥) Ul (%)), —Gi(i € I, (%) ULy, (¥) Ul (X)) are d€-convex at u on Xy := QU
Qyy ().

(i) If fi(i € I) are d€-convex at u on Xy, then f(x) 4 L(u, 0, A8, A" LG AH).

(ii) If f:(i € I) are strictly d€-convex at u on Xy, then f(%) £ L(u, o, A8, A" 26 A1),

Proposition 4.4. (Strong Duality) Let X € Q be a locally weakly efficient solution of (P). If (VC-

ACQ) holds at % and the set Ay is closed, then there exists (o, A%, A" A 7LH) e R7 x RL' X
I ! H

R x R x R with Al = 0, Aoy 5 2 O A i (un- ) = 0 99 AL um(s) = 0

such that (x,Oc,?Lg,QLh,AG,lH) € Qw(x) and f(x ) L(%,a, A%, 2" A6 A1), Assume further

that g(t € I (%)), hi(i € I, (%)), —hi(i € I, (%)), H;(i € Iy (% )) (l € I+( ) UL (%)),Gi(i €
IFy(X) UL (X) UL (X) UL (%)), —Gi(i € I ,(X) U +(X)U Iy (%)) are 0€-convex at % on Xy .
(i) If fi(i € I) are d€-convex at % on Xy, then (%,0,A%,A", A6 A1) is a weakly efficient

solution of Dy (). S
(ii) If f:(i € I) are strictly d€-convex at X on Xy, then (%, &, A%, A" LG, A1) is an efficient
solution of Dy (X).

Proof. In view of Proposition 3.1 (ii), there exists (&, 12,1, 1, ﬁ_,H ) ER™ x A(¥) x RY x R x

! H H G _ G
R w1th7L 5 = =0, 7L oo (£) Ul () >0, ll+_(x)u10+(x)u10 0= 0 and 7L T o(E)Uloo (5) > ( such that
0eY a0°fi(®)+ Y A% (%) + Y A/ 0%n(x) — Y. AToCH (%) + Y A79°Gi(%).
iel teT i€l i€l i€l
Since A% € A(X), one has Afg,(¥) = 0 for all r € T, and thus, tEZT Afg,(%¥) = 0. The fact that
X € Q guarantees that )’ Z.hhi(f) = 0. Moreover, we observe by /Ttﬁ ® = 0 and H;(x) = 0 for
i€l _
all i € Ip(X) that IGZIZXHH( %) = 0. Analogously, as AG () Ul ()0 (¥) =0 and G;(x) = 0 for
all i € I,o(%) Ulpo (%), we know that ¥ A.¢G;(%) = 0. Thus, (%, a&,18,1", 19 A7) € Qy (%) and
i€l
Y dg®+ Y Anix) = Y ATH (%) + Y. A°9Gi(x) =0,
teT i€l i€l i€l

which is nothing else but the following equality f () = L(%, &, A8, A" 29 A1),
(i) Now, arguing by contradiction, let us suppose that (%, @, A%, ),h 7LG QLH ) is not a weakly
efficient solution of Dy (¥). By definition, there exists (u, o, /'L lh 7LG /'LH ) € Qu (%) such that

L(%, 0, A8, A" A6 A1) < L(u, o, A5, A" 2.9 A1),
This shows that
F(%) < L(u, 0, A8, A A6 A1),
which contradicts Corollary 4.2 (i). So, (%, a,A%,A", 19 AH) is a weakly efficient solution of

(D (%))- o
(ii) Reasoning to the contrary, let us assume that (%, &, A%, A", A%, A1) is not an efficient solu-
tion of Dy (X). Then, it guarantees the existence of (u, o, 7L lh 7LG AH) € Qw (%) such that

L(x, 0, A8, A" A6 A1) < L(u, 00, A8, A" A9 A1),
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Consequently,
f(®) 2 L(u, 00,45, 2", 29 2.
which contradicts Corollary 4.2 (ii). So, (%, &,A%,A", A6, A#) is an efficient solution of (Dy (%)).
O

Example 4.1. Let m =n =2 and [ = 1. Consider the following (P):
R2 —min  f(x) = (x7 +x3 4+ 2x2, |x1| + |x2]),
st. gx)=—-mx1 <0,teT =N,
Hi(x) =x1+2x >0,
G (x)H(x) = x1(x1 +2x) <0.
Then, Q = {x € R? | x; > 0,x; +2x; = 0} U {x € R? | x; = 0,x, > 0}. Moreover,

I f1(x) = {(2x1,2x2 +2)},0 fo(x) = co{ (1, £1),(—1,%+1)} = [-1,1] x [-1,1],

98 (x) = {(=1,0)},1 € T,0°G1(%) = {(1,0)},9°H1 (%) = {(1,2)}.
For any x € Q,

(Dpw (%)) : RZ —max L(u, o, 18,19, 17)

= (uf + 3+ 2uy, ur| + |ua|) + (Z(—tul) — Af (uy + 2uy) +7LlGu1> (1,1)

teT

s.t. (0,0) € oy (2u,2up +2) + 0n.[—1,1] x [-1,1] + ¥ A5 (—1,0) — AH(1,2) + AF(1,0),

teT
<0, ifl el (%),
AZQ >0, iflel_(x)Ul-(%),
ER? if 1 €I+0( )UIOO(x)a
(u, 0,48, AC A7) e R x R xRT x R x R,
Taking ¥ = (0,0) € Q, one has
T (Q.%) = Q,9f1(%) = {(0,2)},9 o(7) = [~ 1, 1] x [~ 1, 1],
I, =N,0%, (%) = {(~,0)},t € T,(l 9%, (%)) = {x e R?|x; >0},
rel,
I =loy =1- =0,1p0 = {1}78CG1()€) = {(170)}78CH1(X) = {(172)}7
( U (—dH;(%)))” = {x € R? | x; +2x; > 0}, ( U 9°Gi(x))” = {x e R? | x; <0},

>0, iflel (%),

_ 1 2H
o +op =1, { cR, iflely(x),

i€ly i€lyy

and
(U 9% (%))~ N( U (—0°H;(%)))" N ( U 9°Gi(x))” ={xeR?|x; =0,x, > 0}.
l‘EIg i€ly i€l

Hence,

(U @) n(J (=0°H:i(x) " n(J 9°Gi(%))” € 7(Q,%),
t€l, i€l icly

leading that (VC-ACQ) satisfies at X. Moreover,

Alpos(U3cg,(f)UU (—0H(®)U | 9°Gy( ){xER2x2<O}

tG]g i€ly i€ly
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is closed. Notice that
¥ (x) - %x%—xl S()Zfl()f), ifx € {XGRZ | %‘ >x1 > 0,x1 4+ 2x :O},
WU B4 20 >0=f1(%), ifxe{xeR?|x =0,x >0}
f2(x) > f2(X),Vx € Q,

Thus, ¥ € WE(P), but X ¢ E(P). Hence, all the hypotheses of Proposition 4.4 (i) are fulfilled.
Now, if we select & = 1,00 = 3,Af = 1, A7 =0 and

vo-{ 3 o

0, otherwise,

then
(0,0) = 2(0,2)42(1,0)+ 2.(=1,0) = 2.(1,2) 40.(1,0)
) - 4 ) 4 ) 2' ) 4' ) M 9
1 3 _ ¢ v Lop G
€ 4(0,2)+4.[ 1,1] x [ 1,1]+[§/1,( t,0) 4./11 (0,1)+A7.[-1,1] x {0},
and,

1) = o, (9) = lo () = 0,Joo() = {1}, 2 = 3,40 =01 € Io(9),

(
which gives the result (X, ,Zg A0, € QW( ¥) and f(¥) = L(%, &, A%,1%, A1), Note that,
for the above (%, &,A%,AC, A7), I A 00(®) = {1}, Ipg(X) = I3 (¥) = I5y(¥) = 0. Moreover, we can
verify that f1, f>,g/(t € I*( ), —H;(i € [{;(%)) are d¢-convex at ¥ on R2. Hence, Proposition
4.4 (i) asserts that (¥, &, 1%, 1%, A7) is a weakly efficient solution of (Dy (¥)).
We can check directly that (¥, &,A8,A% Af) is a weakly efficient solution of (Dy (%)) as
follows. Firstly, we conclude from X = (0,0) and I (X) = Ip4(X) = Ip— = 0,1p0(%) = {1} that

Qw (%) = {(u,a,/lg,ﬂtf;,?tf{) eR: xR2xRT xRxR| o+ =1,A7 e R,AC € R,

(0,0) € a1 (2u1,2ur +2) + 0. [ 1, 1] x [-1, 1]+ Y A5 (—1,0) —/1{’(1,2)+7LF(1,0)}.

t€T
Now, for an arbitrary u € Qy (%), the d¢-convexity of g(t € I (%)), Hi(i € Iy (%)), —H;(i €
15,(%)),Gi(i € I})), —Gi(i € Iyy) at u on R? and the definitions of the index sets leads us to the
inequalities
—1,0), X —u) < g (%) =0,4 > 0,Vr € I, (%),
' 1,1),%—u) < H (%) = 0,Af' <0,if 1 € [,(%),
—Hy(u) + (—(1,1),f—u) < —H; (%) = 0,A7 > 0,if | € [(%),
1,0) (%) = 0,47 > 0,if 1 € I}(%),
and
~G1(u) +(—(1,0),x—u) < —G1 (%) = 0,4 < 0,if 1 € Ip(%).
We deduce from the above inequalities and u € Qy (X) that there exists (B;,8:) € [—1,1] x
[—1, 1] satisfying

(o (2uy,2up +2) + 0 (B1, B2), X — u) <Z?Lg —1,0) /1{’(1,1)+7LF(1,0),X—M>

teT
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Y hgi(u) = Y AT Hi(u)+ Y APGi(u) | . (4.18)
teT il i€l
Reasoning by contraposition, suppose that (%, &, A8, ZlG , 1{1 ) is not a weakly efficient solution
of (D (%)). Then there exist (u, o, A8, A%, AH) € Qu (%) such that

Lz, 0,25, A8, A1) < L(u, o, A%, A8 AH).

Utilizing this along with f(¥) = L(%,&,A%,A%,Af), a € R and ): o; =1 gives us that
i=1

(a, f(X) — L(u, 0, A8, A6, A")) < 0, which is equivalent to say that

Za, fi(x — Y Agi(w) = Y A Hi(w)+ Y, A%Gi(u) | <.

teT i€l iel;

The above relation together with (4.18) derives that

2
Y ai(fi(®) — fi(w) < (o1 (2u1,2ur +2) + 0 (B, B2), X —u) ,(B1, B2) € [-1,1] x [—1,1].
i=1

(4.19)
On the other hand, since fi, f> are d¢-convexity at u on R?, one has

<(2u1,2u2—|—2),i—u> < fl(x) _fl(u)a
(B, B2), X —u) < fo(X) = fo(u),

which, taking into account @ € R, justifies that

2
(a1 (2uy,2up +2) + o (Br,B2), X —u SZ fi(u)).

This contradicts (4.19).
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