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STRUCTURE OF OPTIMAL TRAJECTORIES OF DYNAMICAL SYSTEMS WITH
A LYAPUNOV FUNCTION

ALEXANDER J. ZASLAVSKI

Department of Mathematics, The Technion – Israel Institute of Technology, 32000 Haifa, Israel

Abstract. In this paper we study the structure of optimal trajectories for discrete disperse dynamical
systems generated by the set-valued mappings introduced by Rubinov in 1980.
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1. INTRODUCTION

In [1, 2], Rubinov introduced a discrete disperse dynamical system generated by a set-valued
mapping acting on a compact metric space, which were recently studied in [1]-[7]. This dis-
perse dynamical system has prototype in the mathematical economics [1, 8, 9]. In particular,
it is an abstract extension of the classical von Neumann-Gale model [1, 8, 9]. Our dynami-
cal system is described by a compact metric space of states and a transition operator which is
set-valued. Dynamical systems theory has been a rapidly growing area of research which has
various applications to physics, engineering, biology, and economics. In this theory, one of the
goals is to study the asymptotic behavior of the trajectories of a dynamical system. Usually, in
the dynamical systems theory, a transition operator is single-valued. In [1]-[7], we studied the
dynamical systems with a set-valued transition operator. Such dynamical systems correspond
to certain models of economic dynamics [1, 8, 9].

Let (X ,ρ) be a compact metric space, and let a : X→ 2X \{ /0} be a set-valued mapping whose
graph

graph(a) = {(x,y) ∈ X×X : y ∈ a(x)}
is a closed subset of X×X . For each nonempty subset E ⊂ X , set

a(E) = ∪{a(x) : x ∈ E} and a0(E) = E.

By induction, we define an(E) for any natural number n and any nonempty subset E ⊂ X as
follows: an(E) = a(an−1(E)).

In this paper, we study the convergence and structure of trajectories of the dynamical sys-
tem generated by the set-valued mapping a. Following [1, 2], this system is called a discrete
dispersive dynamical system.
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A sequence {xt}∞
t=0 ⊂ X is called a trajectory of a (or just a trajectory if the mapping a is

understood) if xt+1 ∈ a(xt) for all integers t ≥ 0.
Let T2 > T1 be integers. A sequence {xt}T2

t=T1
⊂X is called a trajectory of a (or just a trajectory

if the mapping a is understood) if xt+1 ∈ a(xt) for all integers t ∈ {T1, . . . ,T2−1}.
Define

Ω(a) = {z ∈ X : for each ε > 0 there is a trajectory {xt}∞
t=0 such that liminf

t→∞
ρ(z,xt)≤ ε}.

Clearly, Ω(a) is a nonempty closed subset of (X ,ρ). In the literature the set Ω(a) is called a
global attractor of a. Note that, in [1, 2], Ω(a) is called a turnpike set of a. This terminology is
motivated by mathematical economics [1, 8, 9].

For each x∈ X and each nonempty closed subset E ⊂ X , put ρ(x,E) = inf{ρ(x,y) : y∈ E}. It
is clear that, for each trajectory {xt}∞

t=0, limt→∞ ρ(xt ,Ω(a)) = 0. It is not difficult to see that if,
for a nonempty closed set B⊂X , limt→∞ ρ(xt ,B)= 0 for each trajectory {xt}∞

t=0, then Ω(a)⊂B.
Let φ : X → R1 be a continuous function such that φ(z)≥ 0 for all z ∈ X , and

φ(y)≤ φ(x) for all x ∈ X and all y ∈ a(x). (1.1)

It is clear that φ is a Lyapunov function for the dynamical system generated by the mapping
a. It should be mentioned that in mathematical economics usually X is a subset of the finite-
dimensional Euclidean space, and φ is a linear functional on this space; see, e.g., [1, 8, 9]. Our
goal is to study approximate solutions of the following problem

φ(xT )→max,

{xt}T
t=0 is a program satisfying x0 = x,

where x ∈ X and a natural number T are given.
The following theorem was obtained in [7].

Theorem 1.1. The following properties are equivalent:
(1) if a sequence {xt}∞

t=−∞ ⊂ X satisfies xt+1 ∈ a(xt) and φ(xt+1) = φ(xt) for all integers t,
then {xt}∞

t=−∞ ⊂Ω(a);
(2) for each ε > 0 there exists a natural number T (ε) such that for each trajectory {xt}∞

t=0 ⊂
X satisfying φ(xt) = φ(xt+1) for all integers t ≥ 0 the inequality ρ(xt ,Ω(a)) ≤ ε holds for all
integers t ≥ T (ε).

For each x ∈ X , set

π(x) = sup{ lim
t→∞

φ(xt) : {xt}∞
t=0 is a trajctory and x0 = x}. (1.2)

The function π plays an important role in our study. The following two useful results were
also obtained in [7].

Proposition 1.1. Let x ∈ X. Then there is a trajectory {xt}∞
t=0 such that x0 = x, and π(x) =

limt→∞ φ(xt).

Proposition 1.2. The function π : X → R1 is upper semicontinuous.

It is clear that, for each x ∈ X and each y ∈ a(x), π(y) ≤ π(x), for each x ∈ X π(x) ≤ φ(x),
and that for each x ∈ X and each natural number n π(x)≤ sup{φ(y) : y ∈ an(x)}.

It is easy to see that the following proposition holds.
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Proposition 1.3. Let x ∈ X, and let {xt}∞
t=0 ⊂ X be a trajectory such that x0 = x. Then

limt→∞ φ(xt) = π(x) if and only if, for each integer t ≥ 0, π(xt+1) = max{π(z) : z ∈ a(xt)}.

The following useful result was also proved in [7].

Proposition 1.4. Let x ∈ X. Then π(x) = limn→∞ sup{φ(y) : ∈ an(x)}.

The following theorem is the first turnpike result obtained in [7]. It describes the structure of
optimal (with respect to the functional φ ) trajectories of a.

Theorem 1.2. Assume that the property (1) of Theorem 1.1 holds. Let ε > 0 and x ∈ X. Then
there exist δ > 0 and a natural number L such that for each integer T > 2L and each trajectory
{xt}T

t=0 satisfying x0 = x and φ(xT )≥ π(x0)−δ the following inequality holds:

ρ(xt ,Ω(a))≤ ε, t = L, . . . ,T −L.

In this paper we use the following property introduced in [7].
(P) If x1,x2 ∈Ω(a), and φ(x1) = φ(x2), then x1 = x2.
Note that the property (P) holds for many models of economic dynamics for which Ω(a) is a

subinterval of a line [1, 8, 9].
The next convergence result was established in [7].

Theorem 1.3. Assume that property (P) holds. Then each trajectory of a converges to an
element of Ω(a).

It is not difficult to see that the following result holds.

Proposition 1.5. Assume that property (P) holds and that {xt}∞
t=0 is a trajectory of a such that

limt→∞ φ(xt) = π(x). Then by Theorem 1.3, there exists F(x) = limt→∞ xt , and the equality
φ(F(x)) = limt→∞ φ(xt) = π(x) holds. Moreover, F(x) is a unique element of Ω(a) belonging
to φ−1(π(x)).

In the sequel if property (P) holds, then, for each x∈X , we denote by F(x) the unique element
of Ω(a)∩φ−1(π(x)).

The following theorem is the second turnpike result obtained in [7]. It describes the structure
of optimal (with respect to the functional φ ) trajectories of a.

Theorem 1.4. Assume that the property (P) and property (1) of Theorem 1.1 hold. Let ε > 0
and x ∈ X. Then there exist δ > 0 and a natural number L such that for each integer T > 2L
and each trajectory {xt}T

t=0 satisfying x0 = x and φ(xT ) ≥ π(x)− δ , the following inequality
holds:

ρ(xt ,F(x))≤ ε, t = L, . . . ,T −L.

Theorems 1.2 and 1.4 establish the turnpike properties for approximate solutions of the prob-
lem

φ(xT )→max,
{xt}T

t=0 is a program satisfying x0 = x,
where x ∈ X and a natural number T are given. In Theorem 1.2, the turnpike is the set Ω(a)
while in Theorem 1.4, the turnpike is a point F(x).

In the present paper, our goal is to obtain generalizations of these results (Theorems 3.1 and
4.1) which show that the turnpike properties still hold in the case when x0 is not necessarily x
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but a point close to x. In Theorems 5.1 and 7.1, we establish strong versions of the turnpike
when x ∈Ω(a). In this case, for a program {xt}T

t=0 satisfying the assumptions of Theorem 1.2,

ρ(xt ,Ω(a))≤ ε, t = 0, . . . ,T −L.

If it satisfies the assumptions of Theorem 1.4, then ρ(xt ,x) ≤ ε, t = 0, . . . ,T −L. Note that in
our results we assume that the function π is continuous at x. As it follows from the results
of [10], there exists an everywhere dense set Y ⊂ X which is a countable intersection of open
subsets of X such that π is continuous at all points which belong to Y .

It was also known that the function π is continuous at x ∈ X if the family of mappings {an :
n = 1,2, . . .} is equicontinuous at the point x (see the next section). This result was obtained in
[11].

It should be mentioned that turnpike properties are well known in mathematical economics.
The term was first coined by Samuelson in 1948 (see [12]) where he showed that an efficient
expanding economy would spend most of the time in the vicinity of a balanced equilibrium
path (also called a von Neumann path and a turnpike). This property was further investigated
for optimal trajectories of models of economic dynamics; see, e.g., [2, 8, 9] and the references
mentioned there. Recently, it was shown that the turnpike phenomenon holds for many im-
portant classes of problems arising in various areas of research [13]-[19]. For related infinite
horizon problems, we refer to [9, 20, 21, 22, 23, 24, 25].

The paper is organized as follows. Section 2 contains auxiliary results. Our first main result
(Theorem 3.1) is proved in Section 3 while our second main results (Theorem 4.1) is estab-
lished in Section 4. Our third main result (Theorem 5.1) is stated in Section 5. It follows from
Proposition 5.1 which is also stated in Section 5 and is proved in Section 6. Our last main result
(Theorem 7.1) is proved in Section 7. In Section 8, we present the main results of [11] which
follow easily from Theorems 3.1, 4.1, 5.1, and 7.1.

2. AUXILIARY RESULTS

For each x ∈ X and each r > 0, set B(x,r) = {y ∈ X : ρ(x,y) ≤ r}. It is clear that, for each
integer n ≥ 1, the graph of the mapping an is a closed subset of X ×X . The collection of all
nonempty subsets of X is equipped with the Hausdorff distance defined for each pair A,B ⊂ X
by

H(A,B) = max{sup
x∈A

ρ(x,B), sup
y∈B

ρ(y,A)}.

Let x ∈ X and n be a natural number. We say that the mapping an is continuous at the point x
if, for each ε > 0, there exists δ > 0 such that, for each point y ∈ X satisfying ρ(x,y)≤ δ ,

H(an(x),an(y))≤ ε.

Let x ∈ X . We say that the family of mappings {an : n = 1,2, . . .} is equicontinuous at the
point x if, for each ε > 0, there exists δ > 0 such that, for each natural number n and each point
y ∈ X satisfying ρ(x,y)≤ δ , H(an(x),an(y))≤ ε.

In [11], we obtained the extensions of Theorems 1.2 and 1.4 under the assumption that the
family of mappings {an : n = 1,2, . . .} is equicontinuous at the point x. It should be men-
tioned that this assumption holds for some models of economic growth which are prototypes
for discrete disperse dynamical systems. The following auxiliary result was obtained in [11].
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Proposition 2.1. Assume that x ∈ X and that the family of mappings {an : n = 1,2, . . .} is
equicontinuous at the point x. Then π is continuous at x.

The next auxiliary result was also obtained in [11].

Proposition 2.2. Assume that the property (1) of Theorem 1.1 holds and that z ∈ Ω(a). Then
there exists a sequence {yt}∞

t=−∞ ⊂ Ω(a) such that y0 = z, yt+1 ∈ a(yt) for all integers t, and
φ(yt) = φ(y0) for all integers t.

Proposition 2.3. Assume that x ∈ X, the mapping an(·) is continuous at the point x for all
natural numbers n, the function π is continuous at x, and that ε > 0. Then there exist δ > 0
and a natural number L such that, for each integer T > L and each trajectory {xt}T

t=0 satisfying
ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequality holds:

|φ(xt)−π(x)| ≤ ε, t = L, . . . ,T.

Proof. Since the function π is continuous at x, there exists δ1 ∈ (0,ε/4) such that

|π(x)−π(y)| ≤ ε/8 for all y ∈ B(x,δ1). (2.1)

Proposition 1.4 implies that there exists a natural number L such that

|π(x)− sup{φ(y) : y ∈ aL(x)}| ≤ ε/8. (2.2)

By the uniform continuity of φ , there exists δ2 ∈ (0,δ1) such that

|φ(ξ1)−φ(ξ2)| ≤ ε/8 for all ξ1,ξ2 ∈ X

satisfying ρ(ξ1,ξ2)≤ δ2. (2.3)

By the continuity assumption, there exists δ ∈ (0,δ2) such that

H(aL(x),aL(y))≤ δ2 (2.4)

for every y ∈ B(x,δ ). Assume that T > L is an integer and that a trajectory {xt}T
t=0 satisfies

ρ(x0,x)≤ δ , (2.5)

and
φ(xT )≥ π(x0)−δ . (2.6)

By (1.1) and (2.6), for all integers t = 0, . . . ,T , we have

φ(xt)≥ φ(xT )≥ π(x0)−δ . (2.7)

In view of (2.1) and (2.5), we obtain

|π(x)−π(x0)| ≤ ε/8. (2.8)

Equations (2.7) and (2.8) imply that, for all t = 0, . . . ,T ,

φ(xt)≥ π(x0)−δ ≥ π(x)−δ − ε/8. (2.9)

It follows from (2.4) and (2.5) that
z ∈ aL(x) (2.10)

such that ρ(z,xL)≤ δ2. By (2.3), we have

|φ(z)−φ(xL)| ≤ ε/8. (2.11)
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In view of (2.2), (2.10), and (2.11), we ahve

φ(xL)≤ φ(z)+ ε/8≤ sup{φ(ξ ) : ξ ∈ aL(x)}+ ε/8≤ π(x)+ ε/4. (2.12)

Equations (1.1) and (2.12) imply that, for all integers t = L, . . . ,T , φ(xt)≤ φ(xL)≤ π(x)+ε/4,
which together with (2.9) implies that |φ(x)−π(x)| ≤ ε for all integers t = L, . . . ,T. Proposition
2.3 is proved. �

3. THE FIRST MAIN RESULT

Theorem 3.1. Assume that the property (1) of Theorem 1.1 holds, x ∈ X, the mapping an is
continuous at the point x for all natural numbers n, the function π is continuous at x, and ε > 0.
Then there exist δ > 0, and a natural number L such that, for each integer T > 2L and each
trajectory {xt}T

t=0 satisfying ρ(x0,x) ≤ δ and φ(xT ) ≥ π(x0)− δ , the following inequalities
hold:

|φ(xt)−π(x)| ≤ ε, t = L, . . . ,T,

and
ρ(xt ,Ω(a))≤ ε, t = L, . . . ,T −L.

Theorem 3.1 easily follows from Proposition 2.3 and the following result.

Theorem 3.2. Assume that the property (1) of Theorem 1.1 holds, x ∈ X, the mapping an is
continuous at the point x for all natural numbers n, the function π is continuous at x, and
ε > 0. Then there exist δ > 0 and a natural number L such that, for each integer T > 2L and
each trajectory {xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequality
holds:

ρ(xt ,Ω(a))≤ ε, t = L, . . . ,T −L.

Proof. By Proposition 2.3, for every natural number n, there exist δn ∈ (0,n−1) and a natural
number Ln such that the following property holds:

(a) for each integer T > Ln and each trajectory {xt}T
t=0 satisfying ρ(x0,x)≤ δn, and φ(xT )≥

π(x0)−δn, we have |φ(xt)−π(x)| ≤ 1/n, t = Ln, . . . ,T. Assume that the theorem does not hold.
Then for each natural number n there exist an integer

Tn > 4n+4Ln +4 (3.1)

and a trajectory {x(n)t }
Tn
t=0 satisfying

ρ(x(n)0 ,x)≤ δn, (3.2)

φ(x(n)Tn
)≥ π(x(n)0 )−δn, (3.3)

and
max{ρ(x(n)t ,Ω(a)) : t = 2n+2Ln, . . . ,Tn−2n−2Ln}> ε. (3.4)

For each natural number n, it follow from (3.4) that there exist an integer

Sn ∈ [2n+2Ln,Tn−2n−2Ln]

such that ρ(x(n)Sn
,Ω(a))> ε. Let n≥ 1 be an integer. Property (a) and (3.1)-(3.3) imply that

|φ(x(n)t )−π(x)| ≤ 1/n, t = Ln, . . . ,Tn. (3.5)
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Set
y(n)t = x(n)t+Sn

, t =−Sn, . . . ,Tn−Sn, (3.6)
which implies that

ρ(y(n)0 ,Ω(a)) = ρ(x(n)Sn
,Ω(a))> ε. (3.7)

It follows from (3.5) and (3.6) that, for all integers t = Ln−Sn, . . . ,Tn−Sn,

|φ(y(n)t )−π(x)|= |φ(x(n)t+Sn
)−π(x)| ≤ 1/n. (3.8)

Extracting subsequences and using diagonalization process, we obtain that there exists a strictly
increasing sequence of natural numbers {n j}∞

j=1 such that, for each integer t, there exists yt =

lim j→∞ y(n j)
t . Since the graph of a is closed, we have that

yt+1 ∈ a(yt) for all integers t. (3.9)

By (3.7), we have
ρ(y0,Ω(a))≥ ε. (3.10)

From (3.8), we have that, for all integers t, φ(yt) = π(x). From (3.9) and the property (1)
of Theorem 1.1, this implies that yt ∈ Ω(a) for all integers t. This contradicts (3.10). The
contradiction we have reached proves Theorem 3.2. �

4. THE SECOND MAIN RESULT

Theorem 4.1. Assume that the property (P) and property (1) of Theorem 1.1 hold, x ∈ X, the
mapping an is continuous at x for all natural numbers n, the function π is is continuous at x, and
t ε > 0. Then there exist δ > 0 and a natural number L such that, for each integer T > 2L and
each trajectory {xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequalities
hold:

ρ(xt ,F(x))≤ ε, t = L, . . . ,T −L;
|φ(xt)−π(x)| ≤ ε, t = L, . . . ,T.

Proof. From property (P), we see that there is ε0 ∈ (0,ε/4) such that the following property
holds:

(P1)
if z1,z2 ∈Ω(a) satisfy |φ(z1)−φ(z2)| ≤ 4ε0, then ρ(z1,z2)≤ ε/4.

Since φ is uniformly continuous on X there is ε1 ∈ (0,ε0/4) such that

|φ(z1)−φ(z2)| ≤ ε0/4 (4.1)

for each z1,z2 ∈ X satisfying ρ(z1,z2) ≤ ε1, From Theorem 3.1, we see that there exist δ ∈
(0,ε1/2), and a natural number L such that the following property holds:

(P2) For each integer T > 2L and each trajectory {xt}T
t=0 satisfying

ρ(x0,x)≤ δ , (4.2)

φ(xT )≥ π(x0)−δ , (4.3)
we have

ρ(xt ,Ω(a))≤ ε1, t = L, . . . ,T −L, (4.4)
and

|φ(xt)−π(x)| ≤ ε1, t = L, . . . ,T. (4.5)
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Assume that an integer T > 2L, and a trajectory {xt}T
t=0 satisfies (4.2) and (4.3). By property

(P2), equations (4.4) and (4.5) hold. In view of (4.5) and the choice of ε0,ε1, we have

|φ(xt)−π(x)| ≤ ε, t = L, . . . ,T.

Assume that an integer t ∈ [L,T −L]. It follows from (4.4) that there is z ∈Ω(a) such that

ρ(xt ,z)≤ ε1. (4.6)

In view of (4.5), we have
|φ(xt)−π(x)| ≤ ε1. (4.7)

From (4.1) and (4.6), we have
|φ(z)−φ(xt)| ≤ ε0/4. (4.8)

Hence,
F(x) ∈Ω(a), φ(F(x)) = π(x). (4.9)

It follows from (4.7)-(4.9) that
|φ(z)−φ(F(x))|= |φ(z)−π(x)|

≤ |φ(z)−φ(xt)|+ |φ(xt)−π(x)|
≤ ε0/4+ ε1 ≤ ε0.

Property (P1) and (4.9) imply that ρ(z,F(x))≤ ε/4, which together with (4.6) yields that

ρ(xt ,F(x))≤ ρ(xt ,z)+ρ(z,F(x))≤ ε.

This completes the proof. �

5. THE THIRD MAIN RESULT

Theorem 5.1. Assume that the property (1) of Theorem 1.1 holds, x ∈Ω(a), the mapping an is
continuous at the point x for all natural numbers n, the function π is continuous at x, and ε > 0.
Then there exist δ > 0 and a natural number L such that, for each integer T > 2L and each
trajectory {xt}T

t=0 satisfying ρ(x0,x) ≤ δ and φ(xT ) ≥ π(x0)− δ , the following inequalities
hold:

|φ(xt)−π(x)| ≤ ε, t = 0, . . . ,T
and

ρ(xt ,Ω(a))≤ ε, t = 0, . . . ,T −L.

Theorem 5.1 follows from Theorem 3.1 and the following proposition which is proved in the
next section.

Proposition 5.1. Assume that the property (1) of Theorem 1.1 holds, x ∈Ω(a), the mapping an

is continuous at the point x for all natural numbers n, the function π is continuous at x, L0 is a
natural number, and ε > 0. Then there exist δ > 0 and a natural number L > L0 such that, for
each integer T > L and each trajectory {xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ ,
the following inequalities hold:

|φ(xt)−π(x)| ≤ ε, t = 0, . . . ,L0

and
ρ(xt ,Ω(a))≤ ε, t = 0, . . . ,L0.
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6. PROOF OF PROPOSITION 5.1

In the proof of Proposition 5.1, we use the following auxiliary result.

Lemma 6.1. Let ε > 0. Then there exist δ > 0 such that, for each integer T and each trajectory
{xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequalities hold:

|φ(xt)−π(x)| ≤ ε, t = 0, . . . ,T.

Proof. Since the function π is continuous at x there is δ1 ∈ (0,ε/4) such that

|π(x)−π(y)| ≤ ε/8 for all y ∈ B(x,δ1). (6.1)

Proposition 2.2 and (1.2) imply that π(x) = φ(x). Since φ is uniformly continuous on X , there
is δ ∈ (0,δ1) such that

|φ(ξ1)−φ(ξ2)| ≤ ε/8 (6.2)

for each ξ1,ξ2 ∈ X satisfying ρ(ξ1,ξ2) ≤ δ . Assume that T is a natural number and that a
trajectory {xt}T

t=0 satisfies
ρ(x0,x)≤ δ , (6.3)

and
φ(xT )≥ π(x0)−δ . (6.4)

It follows from (1.1) and (6.4) that, for all integers t = 0, . . . ,T ,

φ(xt)≥ φ(xT )≥ π(x0)−δ . (6.5)

By (6.1) and (6.3), we have
|π(x)−π(x0)| ≤ ε/8. (6.6)

In view of (6.5) and (6.6), for all integers t = 0, . . . ,T , we have

φ(xt)≥ π(x0)−δ ≥ π(x)−δ − ε/8.

Equations (6.2) and (6.3) imply that

|φ(x0)−φ(x)| ≤ ε/8. (6.7)

It follows from (1.1) and (6.7) that, for all integers t = 0, . . . ,T ,

φ(xt)≤ φ(x0)≤ φ(x)+ ε/8 = π(x)+ ε/8,

which together with (6.5) implies that, for all t = 0, . . . ,T , |φ(xt)−π(x)| ≤ ε. This completes
the proof. �

Proposition 5.1 easily follows from Lemma 6.1 and the following result.

Proposition 6.1. Assume that the property (1) of Theorem 1.1 holds, x ∈Ω(a), the mapping an

is continuous at the point x for all natural numbers n, the function π is continuous at x, L0 is a
natural number, and ε > 0. Then there exist δ > 0 and a natural number L > L0 such that, for
each integer T > L and each trajectory {xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ ,
the following inequalities hold:

ρ(xt ,Ω(a))≤ ε, t = 0, . . . ,L0.
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Proof. By Lemma 6.1, for each natural number n there exists δn ∈ (0,n−1) such that the follow-
ing property holds:

(a) for each integer T and each trajectory {xt}T
t=0 satisfying ρ(x0,x) ≤ δn and φ(xT ) ≥

π(x0)−δn, the following inequalities hold:

|φ(xt)−π(x)| ≤ 1/n, t = 0, . . . ,T.

Assume that the proposition does not hold. Then, for each natural number n, there exist an
integer Tn ≥ 4(n+L0 +1) and a trajectory {x(n)t }

Tn
t=0 satisfying

ρ(x(n)0 ,x)≤ δn, (6.8)

φ(x(n)Tn
)≥ π(x(n)0 )−δn, (6.9)

and
max{ρ(x(n)t ,Ω(a)) : t = 0, . . . ,L0}> ε. (6.10)

For each natural number n, it follows from (6.10) there exist an integer Sn ∈ [0,L0] such that

ρ(x(n)Sn
,Ω(a))> ε. (6.11)

Let n be natural number. Property (a), (6.8) and (6.9) imply that

|φ(x(n)t )−π(x)| ≤ n−1, t = 0, . . . ,Tn. (6.12)

Extracting subsequences and using diagonalization process, we obtain that there exists a strictly
increasing sequence of natural numbers {n j}∞

j=1 such that for each integer t there exists

xt = lim
j→∞

x(n j)
t ,Sn j = Sn1 for all natural numbers j. (6.13)

Since the graph of the mapping a is closed, for every integer t ≥ 0, we have xt+1 ∈ a(xt). By
(6.11)-(6.13), we have

ρ(xSn1
,Ω(a))≥ ε. (6.14)

In view of (6.11)-(6.13), we obtain φ(xt) = π(x) for all integers t ≥ 0. By Proposition 2.2,
for every integer t < 0, we have that there is xt ∈ X such that, for all integers t, xt+1 ∈ a(xt),
and φ(xt) = φ(x0). From the property (1) of Theorem 1.1, this implies that xt ∈ Ω(a) for all
integers t. This contradicts (6.14). The contradiction we have reached completes the proof of
this proposition �

7. THE FOURTH MAIN RESULT

Theorem 7.1. Assume that property (P) and the property (1) of Theorem 1.1 hold, x∈Ω(a), the
mapping an is continuous at the point x for all natural numbers n, the function π is continuous
at x, and and ε > 0. Then there exist δ > 0 and a natural number L such that, for each integer
T > 2L and each trajectory {xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following
inequalities hold:

ρ(xt ,x)≤ ε, t = 0, . . . ,T −L

and
|φ(xt)−π(x)| ≤ ε, t = 0, . . . ,T.
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Proof. By the property (P), there is ε0 ∈ (0,ε/4) such that the following property holds:
(P1)

if z1,z2 ∈Ω(a) satisfy |φ(z1)−φ(z2)| ≤ ε0, then ρ(z1,z2)≤ ε/4.

Since φ is uniformly continuous on X , there is ε1 ∈ (0,ε0/4) such that

|φ(z1)−φ(z2)| ≤ ε0/4 (7.1)

for all z1,z2 ∈ X satisfying ρ(z1,z2)≤ ε1.
Theorem 5.1 implies that there exist a natural number L and a positive number δ < ε1/2 such

that the following property holds:
(P2) for each integer T > 2L and each trajectory {xt}T

t=0 satisfying

ρ(x0,x)≤ δ , (7.2)

and
φ(xT )≥ π(x0)−δ , (7.3)

we have
ρ(xt ,Ω(a))≤ ε1, t = 0, . . . ,T −L, (7.4)

and
|φ(xt)−π(x)| ≤ ε1, t = 0, . . . ,T. (7.5)

Assume that an integer T > 2L and that a trajectory {xt}T
t=0 satisfies (7.2) and (7.3). In view of

(P2), we have (7.4) and (7.5) hold. Proposition 2.2 implies that

π(x) = φ(x). (7.6)

We have
x ∈Ω(a). (7.7)

Propositions 1.5 and 2.2, (7.6), and (7.7) imply that x = F(x). Assume t ∈ [0,T −L]. It follows
from (7.4) that there is z ∈ Ω(a) such that ρ(xt ,z) ≤ ε1. In view of (7.1) and (7.5), we have
|φ(xt)−π(x)| ≤ ε1 and |φ(z)−φ(xt)| ≤ ε0/4, which together with (7.6) imply that

|φ(z)−φ(x)| ≤ ε0/4+ |φ(xt)−π(x)| ≤ ε0/4+ ε1 ≤ ε0/2.

From Property (P1) and (7.7), we have ρ(z,x) < ε/4. Hence, ρ(xt ,x) ≤ ε. This completes the
proof. �

8. APPLICATIONS

It is easy to see that Theorems 3.1, 4.1, 5.1, and 7.1, respectively, combining with Proposition
2.1, implies the following main results of [11].

Theorem 8.1. Assume that the property (1) of Theorem 1.1 holds, x∈ X, the family of mappings
{an : n = 1,2, . . .} is equicontinuous at the point x, and t ε > 0. Then there exist δ > 0 and
a natural number L such that, for each integer T > 2L and each trajectory {xt}T

t=0 satisfying
ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequality holds:

ρ(xt ,Ω(a))≤ ε, t = L, . . . ,T −L;

|φ(xt)−π(x)| ≤ ε, t = L, . . . ,T.
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Theorem 8.2. Assume that the property (P) and the property (1) of Theorem 1.1 hold, x ∈ X,
the family of mappings {an : n = 1,2, . . .} is equicontinuous at the point x, and ε > 0. Then
there exist δ > 0 and a natural number L such that, for each integer T > 2L and each trajectory
{xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequalities hold:

ρ(xt ,F(x))≤ ε, t = L, . . . ,T −L,

|φ(xt)−π(x)| ≤ ε, t = L, . . . ,T.

Theorem 8.3. Assume that the property (1) of Theorem 1.1 holds, x ∈ Ω(a), the family of
mappings {an : n = 1,2, . . .} is equicontinuous at the point x, and ε > 0. Then there exist δ > 0
and a natural number L such that, for each integer T > L and each trajectory {xt}T

t=0 satisfying
ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequalities hold:

ρ(xt ,Ω(a))≤ ε, t = 0, . . . ,T −L;

|φ(xt)−π(x)| ≤ ε, t = 0, . . . ,T.

Theorem 8.4. Assume that property (P) and the property (1) of Theorem 1.1 hold, x ∈ Ω(a),
the family of mappings {an : n = 1,2, . . .} is equicontinuous at the point x, and ε > 0. Then
there exist δ > 0 and a natural number L such that, for each integer T > L and each trajectory
{xt}T

t=0 satisfying ρ(x0,x)≤ δ and φ(xT )≥ π(x0)−δ , the following inequalities hold:

ρ(xt ,F(x))≤ ε, t = 0, . . . ,T −L;

|φ(xt)−π(x)| ≤ ε, t = 0, . . . ,T.
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