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SECOND-ORDER OPTIMALITY CONDITIONS AND DUALITY FOR
NONSMOOTH MULTIOBJECTIVE OPTIMIZATION PROBLEMS
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Abstract. We introduce new notions on second-order generalized convexity types, and establish second-
order necessary and sufficient conditions for the local weak efficiency of nonsmooth multiobjective
optimization problems involving inequality, equality and set constraints in terms of the Pales-Zeidan
second-order directional derivatives. These notions of 2-generalized convexity are advantage for deriv-
ing optimality conditions in case that the set constraint is convex. Second-order duality theorems of
Mond-Weir type are also given.
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1. INTRODUCTION

In recent years, second-order necessary optimality conditions have been extensively investi-
gated due to their enlargement upon first order necessary conditions. Recently, many results on
second-order optimality conditions for optimization problems with C>,C'!,C!, and C%! data
were established; see, e.g., [1]-[16] and the references therein. Second-order optimality con-
ditions were derived by Aghezzaf and Hachimi [1], Ben-Tal [2], and Jiménez and Novo [11]
for optimization problems with twice differentiable functions, by Ginchev and Ivanov [6] for
continuously differentiable scalar problems, and by Ivanov [9] for scalar problems involving
Lipschitz second-order Hadamard differentiable functions, In 2015, Constantin [3] established
second-order necessary conditions for the Lipschitz optimization problems with inequality con-
straints by using second-order directional derivatives. Recently, Luu [13] derived primal and
dual second-order necessary conditions for the weak efficiency of nonsmooth vector equilibrium
problems involving inequality, equality, and set constraints by using the Péles-Zeidan second or-
der directional derivatives. Second-order Karush-Kuhn-Tucker necessary optimality conditions
for weak efficiency were established under suitable second-order constraint qualifications.

The purpose of this paper is to develop new second-order necessary and sufficient optimality
conditions for efficiency and some duality results for nonsmooth vector optimization problems
involving inequality, equality, and set constraints. The paper is organized as follows. Some
basic tools, such as, definitions, lemmas etc are presented in Section 2.
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Section 3 is devoted to developing second-order necessary conditions for local weak efficient
solutions and efficient solutions of nonsmooth vector optimization problems involving inequal-
ity, equality, and set constraints. In Section 4, we introduce the notions of generalized convexity
types involving 2-convexity, 2- qusiconvexity, and 2-pseudoconvexity. These notions are advan-
tage for deriving optimality conditions in case that the set constraint is convex. This section also
deals with the second-order sufficient conditions for weak efficiency with the assumptions on
the 2-generalized convexity. Section 5, the last section, gives the second-order duality theorems
of Mond-Weir type.

2. PRELIMINARIES

Let f be a real-valued function defined on R”, which is locally Lipschitz at x € R". Recall
from [5] that the Clarke generalized derivative of f atx € X in a direction v € X is defined as

O v) := limsup flxt1v) —f(x)‘

x—Xx,t0 !

Following [17], the Pdles—Zeidan second-order upper generalized directional derivative of f at
X in the direction v is defined as

fGE+1v) = f(X) —1f0Fv)

O v) := limsup2 2 :

t10
Let f: R" — R be Fréchet differentiable at X € X, and let V(%) be its gradient at X. The
following limit is called second-order directionally derivative at X in the direction v € R"
x+tv)— f(x) —tVf(x
110 t

Remark 2.1. (a) If f is continuously Fréchet differentiable near x with the Fréchet derivative
V£ (%), then f is Lipchitz near X, and fO(x;v) = Vf(%)v (Vv € X). This is false, when V f(x) is
not continuous at Xx.

(b) If f: R” — R is continuously Fréchet differentiable near X and second-order directionally
differentiable at X in a direction v € X, then (see [3])

@) = f (®%v).

Let f be a mapping from R” into R™. Recall that f is Gateaux differentiable at X if there
exists a continuous linear mapping A; from X into Y such that

fGE+tv)=f&x) +tA1(v)+o(t) (VveR"),

where ||o(7)||/t — 0 ast — 0. A; is said to be the Gateaux derivative of f at ¥ and is denoted by
f4(%). Note that a mapping, which is Géateaux differentiable at X, may be not continuous at X.

Let us denote (v)? := (v,v) € R” x R". The mapping f is twice Gateaux differentiable at ¥ if
f 1s Gateaux differentiable at X and there exist continuous multilinear symmetric mappings Ay
from R" x R" into R™ (continuous linear symmetric in 2 variables), such that

2

FE+1) = F(E) +1A1 (V) + %Azw)z +o(?) (W eRY),

where A = f4(%), |lo(t?)||/t* — 0 as t — 0. Note that the symmetric means it does not change
under permutation of variables. For the correctness of this definition, the symmetric multilinear
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mapping A, should be uniquely determined by the respective form v — Ay (v)? (see [12]). The
continuous multilinear symmetric mapping A, is the second-order Gateaux derivative of f at X,
and is denoted by fc(;z) (X). Thus for a function f which is 2-times Gateaux differentiable at x, f
can be expanded as

2
FE+1) = FE) +1f@0) + 5 [ G 0P + o) (W e RY).

In the case that f is twice Fréchet differentiable at X, we have the following Taylor expansion:

fEHV) =fE)+VfE))+ %sz(f) (V) +r(v),

where V f(X) is the first order Fréchet derivative of f at X, V2 f(%)(X) is the Hessian or second-
order Fréchet derivative of f at X, and ||r(v)||/||v||* — 0, as v — 0. .

Let C be a nonempty subset of R”. Following [4], an element u € X is called a tangent vector
to C atx € clC iff

1
lim—d(x+tu;C) = 0, 2.1
im - (X +1u;C) (2.1)

where d(x;C) stands for the distance from x to C, and cIC is the closure of C. The set of all
tangent vectors to C at X is denoted by 73C, and is called the tangent cone to C at X. Note that
TxC 1s a nonempty closed cone containing 0 € X. Moreover, (2.1) is equivalent to the existence
of a function 7y : (0, 4e) — X with y(r) — 0 as ¢ ] 0, and

X+t(u+y(t) eC (Vr>D0).

Adapting the definition in [4], an element v € X is said to be a second-order tangent vector to
C at X iff there exist u € X such that

1 12
lim=d(x+tu+ —v;C)=0. 2.2
im 5 (x+ U+ v ) (2.2)
The vector u satisfying (2.2) is said to be associated with v. Denote by T%C the set of all second-
order tangent vectors to C at x. Observe that v € TXZC with the associated vector u is equivalent
to the existence of a function ¥; : (0,+e) — X with y;(¢) — 0 as ¢ | 0, and
2
X+tu+ §(v+ 11(t)) € C (Vt > 0).

Moreover, v € TXZC implies that u € 73C, and T%C is a nonempty cone containig 0 € X (see [4]).

Remark 2.2. It is easy to see that, for x € C; NG,
1) ’Z}C(Cl ﬂCz) C TzC1 NT:Cy;
(i) T2(C) NC,) C T2C1NTEC,.

The following lemma plays an important role in the proof of second-order necessary opti-
mality conditions in Section 3 in the case that C is convex.

Lemma 2.1. Assume that C is convex. Then, for x € C,
a)C—x C IzC;
b)C—xC T;?C; forxe(C,x—Xx¢€ TXZC with the associated vector x —x € TzC.
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Proof. a) Since C in convex, for x € C,t € [0,1],x+¢(x —X) € C. Hence, for y(t) = 0, one
obtains X+7(x —X+ ¥(t)) € C, which means that x —X € TzC.

b) For ¢ small enough, ¢ := t—l—% € [0,1]. For y(t) =0,x+t(x—X) + %(x—f#— 1(t)) €C,

which means that x —x € T;C with the associated vector x —x € TxC. O

Let f be a function from R” to R”. So, f = (f1,...,fr)- Letg:=(g1,...,8m) : R" > R™ h:=
(h1,...,hy) : R" — R, and C a subset of R"”. We denote J := {1,...,r},I:={1,...,m},L:=
{1,...,0}.

We set
M= {xec: gi(x) <0,i € 1,h;(x) :O,jeL::{l,...,E}}.

Let us consider the following vector optimization problem:
min{f(x): x € M}. (MP)

To derive second-order necessary conditions for (MP), we introduce the following assump-
tions.

Assumption 2.1. a) Functions f; (k € J) and gi(k € I) are locally Lipschitz, Giteaux differ-
entiable, and regular in the Clarke sense at X € C with Giteaux derivative fé;’k (x) and g/GJ.(X),
respectively;

b) h; (j € L) are twice continuouosly Fréchet diferentiable at X with Hessian V24 (%) (h is of
the class C?).

A vector X is called a local weak efficient solution (local efficient solution) iff there is a
number 6 > 0 such that there is no x € M N B(X; ) such that

filx) < fi(x)  (VkeJ),
(resp. fi(x) < fi(X) (Vk € J), fi(x) < f;(%) at least ones € J),

where B(X;0) stands for the open ball of radius 6 around X.
We set

I(x) :={iel:gx) =0},
H:={xeX: h(x) =0},
Io(%u) == {i € I(%) : g :(F)u = 0}
Adapting the definition in [8], a vector u € X is called critical at X € M iff
fe®@u<0 (Vkel),
<0 (Viel(x)),
VhiX)u=0 (VjeL),

3. SECOND-ORDER NECESSARY OPTIMALITY CONDITIONS

From [16, Theorem 4.1], we can obtain the following second-order Karush-Kuhn-Tucker
necessary conditions for efficiency.
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Theorem 3.1. (Second-order necessary optimality condition) Let X € M be a local efficient
solution of (MP). Assume that Assumption 2.1 is fulfilled, C is convex, (C —%) N KerVh(x) # 0,
and the following regularity condition ( RC) holds

(RC) Y viVhjEv=0(WeTIC) = vy ==V =0, (RC)
JEL

and the following constraint qualification (CQ1) holds: there exist (ug,vo) € KerVh(¥) x T2C
such that

, 1
fo.s(®vo+ 3 IO up) < 0 (Vk € J,k#s),

1
86.i(X)vo + Qg?o(i up) < 0 (Vi € Ip(¥;uo)), (CQl)

1 :
th()_C)VQ + Evzhj(X)(u(),u()) =0 (VjeL).
Then, for every x € X+ (C —X) N VA(X), there exist 1 >0 (Vk € J),A #0, u; > 0(i € I) and
Vi (j € L) such that

fo. @G-+ Y Mfor@ea-%+ Y wigs ®)(x—7)

ked ks i€l (x)

1 1
+ Y viVhi(E)(x—x) + Efsoo(x;x—)_c) +5 Y AP Ex-3)
jeL ke ks

—|— Z i (x;x — %) Zvjv% X)(x—X,x—X) >0,
zel jGL
;,Ligi()_c) =0 (Vl S I),
Hige (%) (x —X) =0 (Vi € I(x)),
M) (¥ = x0) = O (VK € I,k # ).
Proof. We first observe that i (j € L) is twice continuously Fréchet differentiable at X. One
has V2h;(X)(u,u) = h"(x,u). Since X is a local efficient solution of (MP), for s € J, it is a local
solution of the following scalar problem:
min f(x),
s.L. fk(X)SfS(X)(kGJ,k#S),
gilx)<0(iel),
hj(x)=0(j € L),
xeC.

We invoke [16, Theorem 4.1] to deduce that, for every critical direction u € (C —X) NKerVh(x),
there exist 44 > 0 (Vk € J),A #0, u; >0(i € I), and v; € R(j € L) such that

fgk v+ Y ferEv+ Y migs(x ®)v+ Y v;iVhi(E)v >0 (Vv € T2C), (3.1)
keJskets icl(x) jeL

1oo(x,,u)+l Yy ,1kf190()—c;u)+% Zu,-gi (Xou) + = Zv,Vh %) (u,u) =0, (3.2)

2 2 kEJ;k+#s icI(x) JGL
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pigi(x) =0 (Viel), (3.3)
Higgi(F)u =0 (Vi € I(X)), (3.4)

and
1igg,; (%) (x —%) = 0 (Vi € I(X)). (3.5)

From Lemma 2.1, C —X C T:CNT2C. Hence, for every critical direction u € (C —x) NKerVA(%),
(3.1)-(3.5) hold. From Lemma 2.1, forx € C,x—Xx € T%C with the associated vector x — X, and
(3.1)-(3.5) hold with u = v = x — x. The conclusion follows. O

We can also prove another second-order Karush-Kuhn-Tucker necessary conditions for weak
efficiency.

Theorem 3.2. (Second-order necessary optimality condition) Let X € M be a local weak effi-
cient solution of (MP). Assume that Assumption 2.1 is fulfilled, C is convex, and the regularity
condition (RC) holds, and the constraint qualification (CQ2) holds:

1
86T+ 587 (X,up) <0 (Vi € Io(T:uo)),
! (CQ2)
Vhi(x )vo+2V h;(®)(uo,u0) = 0 (Vj € L).

Suppose that (C —%) N KerVh(x) # 0. Then, for every x € X+ (C —X) N KerVh(X), there exist
M>0(NVkeld),A#0,u;>0(i€l), and v; e R(j € L) such that

Zlkak (x—X)+ Z W1iVgi(x)(x —X)

keJ zel( )
1
+Zvthj( X)(x—X)+ = Z/'Lk xx—f)%—i'zi 1ig? (xx — %)
JEL ke] i€l(x)

- % Y viV2h;(x)(x—%,x —X) >0,
JjeL
Higi(x) =0 (Viel),
Hig, (%) (x —%) = 0 (Vi € I(X)).

Proof. It follows from Remark 2.1 that &, where j € L, is twice continuously Fréchet differen-
tiable at ¥. One has V24 (%) (u,u) = h" (%,u). Since X is a local weak efficient solution of (MP),
we invoke [16, Theorem 4.1] to deduce that, for every critical direction u € KerVA(X), there
exist 4 >0 (VkeJ),A #0,u; >0(i €I),and v; € R(j € L) such that

Y Mfoi@v+ Y wigs ®v+ Y viVhE)v >0 (W € T2C), (3.6)
keJ i€l (x) JEL
—ZM xu+ Zugxm+ Y viV2h(x)(u,u) >0, (3.7)
keJ zel( ) ]EL
nigi(x) =0 (Vi€ 1), (3.8)

and
,u,-g’GJ-()‘c)u =0 (VieI(x)). (3.9)
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By Lemma 2.1, C —X C TxC N T2C. Hence, for every critical direction u € (C —X) NKerVA(%),
(3.6)-(3.9) hold. Also by Lemma 2.1, forxe C, x—x € TXZC with the associated vector x — X,
and (3.6)-(3.9) hold with u = v = x —x. The conclusion follows. O

4. SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS

To derive second-order sufficient optimality conditions for (MP), we introduce some notions
ofthe 2-generalized convexity (second-order generalized convex types. Let C be a subset of R"
and x € C.

Definition 4.1. (i) A function f : R” — R, which is locally Lipschitz and Gateaux differentiable
at x, is called 2-convex (second-order convex type) at X on C C R" iff, for all x € C,

£~ F@) 2 f6@ )+ (w5~

(i1) The function f is called 2-pseudoconvex (second-order pseudoconvex type) at x on C C
R™ iff, for all x € C, the following implications hold:

FHE =)+ 5 P T) 2 0 = f(x) > (7).

(ii1) The function f is called 2-quasiconvex (second-order quasiconvex type) at x on C iff, for
all x € C, the following implication hold:

10 < F3) = f6@ =)+ 5/ xx-) <0,

Remark 4.1. (a) It should be noted here that a 2-convex function is also 2-quasiconvex and
2-pseudoconvex.

(b) From [16, Remark 2.1 (b)), for x € C, fP(x;x—%) = f (x:x—x). If f (T;x—%) > 0,
Vx € C, then the fact that f is 2-convex at X on C implies that it is convex at X on C.

In fact, since f is 2-convex at X on C,

FE) = f® 2 Vi@ E=3) +f (Fx—%) > V,(®)(x—3).

Hence, f is convex at X on C.

(c) Analogously, in the case that f is continuously twice Fréchet differentiable near X and
second-order directionally differentiable at X, if f” (¥;x—X) <0, Vx € C, then if f is convex at
x on C implies that it is 2-convex at X on C.

Remark 4.2. Recall that Ginchev and Ivanov [6] defined: For a given function f : R" — R,
which is Fréchet differentiable at X and second-order directionally differentiable at X in every
direction x — X such that f(x) < f(x), Vf(X)(x—X) =0, f is said to be second-order pseudocon-
vex at x on C C R" iff, for all x € C, the following implications hold:

(@) f(x) < f(X) = V() (x—%) < 0;
(b) f(x) < f®) and Vf(X)(x—%) =0 => f (Fx—%) <O0.

Note that if f is second-order pseudoconvex in the sense of Ginchev and Ivanov [6], then it
is 2-pseudoconvex in the sense of our Definition 4.1 (ii).
From Definition 4.1, we have the following remark.



48 D.V.LUU

Remark 4.3. (a) If, for all x € C, the following implication holds
f6(®) =0,and fO(%x=%) > 0= f(x) > f (%),

then f is 2-pseudoconvex at X on C in the sense of Definition 4.1 (i).
(b) If, for all x € C, the following implication holds

f(x) < f(®)and f5(F) (x — %) =0 = fP(F;x—%) <0.
then f is 2-quasiconvex at X on C in the sense of Definition 4.1 (ii).

The following examples illustrate Remarks 4.1 (a), and 4.3 (a).

Example 4.1. Let f(x) = x>, =0, f;(0) = V£(0) =0, and f%(0;x) = V2f(0)x> = 2x>. Then
f is 2-convex at x = 0. We also have fOO(O;x) = 2x> > 0,Vx € R. Hence, f is convex at X =0
on R.

[—2,2]. We have f;(—1) =

Example 4.2. Give a function f on R: f(x)=(x+ =
= € C. By Remark 4.1 (a), f is

V=1 =0 fO(~Lix+1)=f (~Lx+1)
2-pseudoconvex at X = —1 on C .

)x:lC
1)?>0, vx

2(x+

The following example illustrates Remark 4.3 (b).

Example 4.3. Give a function f on R: f(x) = —(x—1)?,x =1, C = [-2,2]. We have f;(1) =
V(1) =0. f(x) = —(x—1> < f(1)=0. fO%;x—1) = f (1;x— 1) = =2 < 0. By Remark
4.3 (b), f is 2-quasiconvex at X = 1 on C.

We now introduce the notion of strictly 2-pseudoconvex (second-order strict pseudoconvex
type).

Definition 4.2. A function f : R” — R, which is locally Lipschitz and Gateaux differentiable at
X, is called strictly 2-pseudoconvex function at X on C C R" iff, for all x € C,x # X, the following
implications hold:

fo®) (x—3%) + %foo()_c;x—?c) >0= f(x) > f(%).

Example 4.4. Give a function f(x) = |x|,X = 0,C = [~1,1]. Then f(0;x —x) = f/(0)x =
x| (Vx € R). f9°(0;x — ) = 0(¥x € R). We also have f(x) = |x| > 0= f(x)(Vx#0). Thus f is
strictly 2-pseudoconvex at X on C.

Recall that a function f is said to be pseudoconvex at X iff
xeR"VFX)(x—X) > 0= f(x) > f(x).

By [9], every Fréchet differentiable pseudoconvex function is second-order pseudoconvex in
the sense of Ginchev-Ivanov [6]. The converse does not holds in general.

Example 4.5. [9] Consider the following function
2
X7, x>0,
XxX) =
J () {—xz, x <0,

This function is not pseudoconvex at x = 0. But it is second-order pseudoconvex at x = 0.
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We now can formulate a second-order sufficient condition for weakly efficiency of (MP).
We can see that the generalized convexity is advantage for establishing second-order optimality
conditions for optimizations where the set constraint is convex.

Theorem 4.1. Letx € M. Suppose that g (i € 1(X)), fe(k € J, k#s),%h;(j € L) are 2-quasiconvex
atx on M, C is convex, and (C —X) N\ Ker Vh(X) # 0. Assume that, for every x € C, there exist
M >0 (Vkeld),A#0,u;>0(i€l), and v; (j € L) such that, for every x € M,

Zlkfck (x=%)+ Y Hige () (x—%)+ Y v;Vhj(F)(x—3)

keJ zel() JEL

+- Z?ka,goxx X) + Y wig(®x—x)) (4.1)
keJ zel()

+= Zv]Vh X)(x—X,x—X) >0,
]GL

Moreover, suppose that A f is 2-pseudoconvex at X on M. Then X is a weakly efficient solution
of (MP).

Proof. Denote A := (A ..., A,) and f5(%) := (fém(x),...,f(/;r( ), fO0 = (20 .., f99). For
each i € I(X), we have g;(x) <0 = g;(x), Vx € M. By virtue of the 2-quasiconvexity of g at X on
M, it follows that

86i(x =)+ %g?oa;x —%) <0. (42)
In view of the 2-quasiconvexity of A ; at X on M, it holds that
Vh()_c)(x—)_c)—l—%Vzhj(X)(x—)_c,x—i) =0, VxEM. (4.3)
From (4.1)-(4.3), we conclude that
lfé;()_c) (x—%)+ %lfoo()_c;x—)_c) >0, Vx e M.
In view of the second-order pseudoconvexity of A f, we obtain that
Af(x) >Af(X), VxeM.

Thus, X is a solution of the following problem

(P1) min f(x),
s.t. gi(x) <0(iel),
hj(x)=0(j € L),
xecC.

Note that the feasible set of (P;) is M. Hence, X is a weak solution of problem (MP). The proof
is complete. U

From Theorem 4.1, we obtain the following consequence.
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Corollary 4.1. Let X € M. Suppose that gi(i € (X)), fx(k € J),£h;(j € L) are 2-convex at
X on M, C is convex, and (C —X) N KerVh(X) # 0. Assume that, for every x € C, there exist
A >0(Vkeld),A#0, u;>0(i€l), and v; (j € L) such that

Y Mfoi® -+ Y mige®(x—%) + Y v;Vhi(x)(x—3)

keJ i€l(x) JEL
1 o 1 o
+- Y M@ -0+ 5 Y wig(®x—x))
2 & 2 &
i€l(X)
| o
+§j€ZLVjV hj(x)(x—%,x—X) >0,

Moreover, suppose that A f is 2- pseudoconvex at X on M. Then X is a weakly efficient solution
of (MP).

Proof. Since f;, Vk € J, is second-order convex at X on M and A; > 0, Vk € J, A f also is 2-
convex at X on M. Hence, A f is second-order pseudoconvex at X on M. Since g;, Vi € I(X), and
+h;,Vj € L are 2-convex at X on M, they are 2-quasiconvex at X on M. Thus all hypotheses of
Theorem 4.1 are fulfilled. From Theorem 4.1, we have the desired conclusion immediately. [

By an argument analogous to that used for the proof of Theorem 4.1, we have the following
theorem.

Theorem 4.2. Let X € M. Suppose that, for some s € J, f; is second-order pseudoconvex at
XonM, gi,iclX), fi,k € J,k#s,xhj,j € L are 2-quasiconvex at X on M, C is convex,
and (C —X) N Ker Vh(X) # 0. Assume that, for every x € X+ (C —X) N Ker Vh(X), there exist
u; >0(iel)and v (j € L) such that

fos® =%+ Y wige(®)(x—%)+ ) v;Vh;X)[)
i€l(x) JEL
Voo oy, L 00~ =) L 2 (% FX—T
+ Efs (Xx—X)+ 5 Z wigi (X x—X%) + 5 Z viVehi(X)(x—X,x—X) >0,
icl(x) JjeL
Then X is a weakly efficient solution of (MP).

Theorem 4.2 can be illustrated by the following example.

Example 4.6. Given the following functions and sets
f=(f1.12): filx) = al, o) = = (x € R),C = [0, 7].
g(x) =x(x—1),h(x) =sin10x,x = 0.
Then
f61@x=3) = x|, (0 —3) = 0;
f62(®) (=) = 0,3 (tx %) = 0;
g/G(X) (x—%) = —x, g% (F®mx —%) = 2%
VA(E)(x —%) = x, % xx — %) = 0.
Consider the multiobjective optimization problem:

(Py) min f(x) s.t. g(x) <0,h(x) =0,x € C.
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Then the feasible set of this problem is as: M = {0, {5, %, oo, ForAdi=1,A4=0u=v=1,

condition (14) in Theorem 4.1 holds. It is easy to see that for A = (1,0), A f is 2-pseudoconvex
at x = 0 on M, g and +h are second-order quasiconvex at X = 0 on M. Thus all hypotheses of
Theorem 4.1 are fulfilled to Problem (P»). Applying this theorem yields that x = 0 is a weakly
efficient solution of (P,).
5. SECOND-ORDER DUALITY
We consider the following second-order dual problem of Mond-Weir type (MWD):
max f(u) := (fi(u),..., fr(u)),
s.L ) fou() e —u)+ ), pigi(u)(x—u)+ Y viVh(u)(x—u)

keJ i€l(u) JjeL
1 1
o XA Er—w) 5 Y gl (wx—u) (MWD)
keJ i€l(u)

1
+ 5 Z ViV2h(u)(x — u,x —u) >0,
JEL
h(u)=0,xeC; W >0,i€el.
Denote by M| the feasible set of (MWD).
To derive duality theorems, we introduce the following assumption.

Assumption 5.1. a) Functions f; (k€ J:={1,...,r};g;i (i € I(X) are locally Lipschitz, Giteaux
differentiable, and regular in the Clarke sense at u € C with Gateaux derivative f/G, (1), g/G’l-(u),
respectively;

b) h; (j € L) are twice continuouosly Fréchet diferentiable at u with Hessian V2h;(u) (h is of
the class C?).

We now can state a second-order weak duality theorem for (MP) and (MWD).

Theorem 5.1. ( Weak Duality) Let x and (u,A, L, V) be the feasible points for Problems (MP)
and (MWD), respectively. Assume that Assumption 5.1 is fulfilled, and A f is 2-pseudoconvex
at uon C, gi(i € I(u)),+h;(j € L) are 2-quasiconvex at u on M, C is convex, and (C —X%) N
KerVh(u) # 0. Suppose that h is a function of the class C? in a neighborhood of u. Then

Fx) £ f(u).

Proof. For every i € I(u),gi(x) <0 =g;(u), Vx € M. By the 2-quasiconvexity of g; at u on M,
one obtains

/ 1
gGJ(x—u)—kEg?O(u;x—u) <0(VxeM). (5.1

Thanks to the 2-quasiconvexity of £4; at u on M, we deduce that
1
Vhj(u)(x—u)+ ivzh(u)(x— u,x—u)=0(xeM),
which together with (5.1) yields that

Af () (x — u) + %/’Lfoo(u;x— u) >0,Vx € M.
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Thanks to the 2-pseudoconvexity of A f at u on M, we arrive at A f(x) > A f(u), Vx € M. Hence,
u is a solution of the following problem

minA f(x),

s.t. gi(x) <0(iel),

hj(x) =0(j € L),

xeC.
Hence, f(x) £ f(u) (Vx € M). The proof is complete. O

We give a strong duality theorem for (MP) and (MWD).

Theorem 5.2. (Strong duality) Let X be a local weak efficient solution of (MP). Assume that
Assumption 5.1 holds, and all hypotheses of Theorem 3.2 are fulfilled. Then there exist A=
Aty Ar), A £ 0, o= (Hy, - |1,), | 20 (Vi€ D), V= (Vi,...,Vy),V; € R (Vj € L) such
that ()_C,I,E,V) is a feasible point of (MWD), and the value of the objective functions of (MP)
and (MWD) at X and ()_C,I,E,V), respectively, are equal. Moreover, if the assumptions of Theo-
rem 5.1 hold, then ()_C,I,E,V) is a weakly efficient solution of (MWD).

Proof. Since X is alocal weakly efficient solution of (MP), we can invoke Theorem 3.2 to deduce

that there exist A := (A1,...,4,),A #0, T := (Ly,...,},),H; =0 (Vi€ 1), V:=(Vy,...,V)),V; €
R such that
Zlkf(;k (x—X)+ Z .Ung X)(x—x +ZVJVh X)(x —X)
keJ i€l(x) JEL
1 _ _ -
+ = Ig}lk (X;x —X) 2.2 ,¢%°(xx—X%)
i€l(x)

+5 Zvjvzh,-(x)(x—x,x—x) >0
JeL

Then, (X,I,H,V) is a feasible point of (MWD), and the value of the objective functions of
(MP) and (MWD) at x and ()_C,I,E,V), respectively, are equal. If the assumptions of Theorem
5.1 hold, we conclude from Theorem 5.1 that, for every feasible points (u,A,,Vv) of (MWD),
f (%) £ f(u). Hence, there is no (u, A, i, v) € M; such that f(X) < f(u). Hence, (%,A,1I,V) is a
weakly efficient solution of (MWD). ]

Theorem 5.3. (Converse duality) Let x and (E,I,H,V) be feasible points of (MP) and (MWD),
respectively. Assume that Assumption 5.1 holds is fulfilled at u, M, := (C —u) N KerVh(u) # 0;
Af is strict second-order pseudoconvex at i on My, and g;(i € 1(u)),+h;(j € L) are second-
order quasiconvex at u on M. If

izkfk() Z kfi(7), (5.2)

then u =X.
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Proof. Assume the contrary that u # X. Since (E,I,H,V) is a feasible of (MWD), we have that,
for every x € x4 M5,

Y Aifoa@(x—u)+ Y Hige(u Z —u)
keJ i€l (n) JEL
1 00 ) (5.3)
+= Z)Lk (#;x —17) +5 Y g (ﬁ;x—ﬁ)+E Y viVPh;(a)(x—1,x— 1) > 0.
keJ i€l (n) JEL
We have g;(x) < 0= g;(u) for every i € I(u), x € X+ M;. In view of the 2-quasiconvexity of g;
at u on M,, we have

() (x 1)+ 58— ) < 0. 5.4

We also have /(x) =0 = h;(u), for all j € L, x € X+ M,. By virtue of the 2-quasiconvexity of
+h; at u on M;, we have

Vh; (i) +%V2hj(ﬁ)(x—ﬁ,x—ﬁ) =0. (5.5)

Combining (5.3), (5.4), and (5.5) yields that

Y Aoy ¥ 0w -1) >0,

keJ icl(u)
which is equivalent to
— 1—
Af (@)(x—1)+ 5itfoo(ﬁ;x—a) > 0.

This contradicts (5.2). Hence, u = x. The proof is complete. 0J

6. CONCLUSION

This paper is the continuity of results presented in [16] to the nonsmooth vector equilibrium
problems involving inequality, equality, and set constraints in terms of the Pales-Zeidan second-
order generalized directional derivatives. We introduced new notions of 2-generalized convex-
ity, and established second-order necessary conditions for the weak efficiency of the nonsmooth
vector optimization problems involving inequality, equality and set constraints. Second-order
sufficient optimality conditions are established with assumptions on 2-generalized convexity.
It can be seen that these notions of the generalized convexity are advantage for establishing
second-order optimality conditions for the optimization problems with the set constraint to be
convex. The second-order necessary conditions obtained here are new and significant replen-
ishes of those obtained in [16] for the nonsmooth optimization problems with equality, inequal-
ity, and set constraints.
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