Appl. Set-Valued Anal. Optim. 4 (2022), No. 1, pp. 55-71
Available online at http://asvao.biemdas.com
https://doi.org/10.23952/asva0.4.2022.1.04

A MODIFIED INERTIAL PROJECTION AND CONTRACTION METHOD FOR
SOLVING BILEVEL SPLIT VARIATIONAL INEQUALITY PROBLEMS

G.C. UGWUNNADI'Z, C. IZUCHUKWU?*, L.0. JOLAOSO?#, C.C OKEKE?, K.O0. AREMU?¢

' Department of Mathematics, University of Eswatini, Kwaluseni, Eswatini
2Department of Mathematics and Applied Mathematics,

Sefako Makgatho Health Sciences University, Ga-Rankuwa, Pretoria, South Africa
3Department of Mathematics, The Technion-Israel Institute of Technology, Haifa, Israel
4Department of Mathematics, College of Physical Sciences,

Federal University of Agriculture, Abeokuta, Ogun State, Nigeria
>School of Mathematics, University of the Witwatersrand, Private Bag 3, Johannesburg 2050, South Africa
Department of Mathematics, Usmanu Danfodiyo University Sokoto, Sokoto State, Nigeria

Abstract. The main purpose of this paper is to study a bilevel split variational inequality problem in
two real Hilbert spaces. We propose a new modified inertial projection and contraction method for
solving this problem when one of the cost operators is pseudomonotone and Lipschitz continuous, but
not sequentially weakly continuous. Strong convergence of the proposed method is established and
numerical examples are given to support our theoretical findings.
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1. INTRODUCTION

Let H; and H, be real Hilbert spaces endowed with (.,.) and norm ||-||. Let C and Q be
nonempty, closed and convex subsets of real Hilbert spaces H| and H,, respectively. Let B :
H| — H; be a bounded linear operators, and let A, F; : Hy — Hj and F;, : Hy — H> be nonlinear
mappings. The bilevel split variational inequality problem (BSVIP) is defined as follows:

Finding z* € T such that (F|(z"),z—z") >0, Vz €T, (1.1)
where I':= {z* € VI(C,A) : Bz € VI(Q, F,)} is the solution set of the following split variational
inequality problem (SVIP) introduced by Censor et al. [1]:

Finding z* € C solves (A(z"),u—z") >0, Vu e C (1.2)
such that
x* = Bz" € Q solves (F>(x*),y—x") >0, Vy € Q, (1.3)
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and VI(C,A) and VI(Q, F}) denote the solution sets of variational inequalities (1.2) and (1.3),
respectively. Censor et al. [1] proposed and studied the following method for solving the SVIP
(1.2)-(1.3) as follows: For x; € H,

Xntl = Pc(I—AA)()Cn + TB*(PQ(I—A,FQ) —I)an), n>1, (1.4)

where A and F, are B and fB,-inverse strongly monotone, and A and 7 satisfy some conditions.
They proved weak convergence of the sequence generated by (1.4) to a solution of problem
(1.2)-(1.3). The SVIP (1.2)-(1.3) is a very interesting union of classical variational inequality
problem (1.2), which was first introduced by Stampacchia [2] and have been used as a strong
methodology in studying traffic equilibrium control problems, machine learning, medical imag-
ing, see, e.g., [3, 4, 5] for more details. A special case of the SVIP, when A = F, = 0, is the split
feasibility problem (SFP) introduced and studied by Censor and Elfving [6], which has been
studied and applied in many fields such as phase retrieval, medical image reconstruction, signal
processing, radiation therapy treatment planning, and so on; see, e.g, [7, 8, 9] for more details.
It is also known that problem (1.2) is equivalent to the fixed point problem:

Finding z* € C such that z* = P (" — AAZ"), (1.5)

where A > 0 and P is the metric projection of H; onto C. Many methods have been developed
for solving the VIP (1.2). One of the methods is the extragradient method which was proposed
and studied by Korpelevich [10] and Antipin [11] in finite dimensional Euclidean spaces as
follows:

x1 € C, yp = Pc(x, — AAXy), Xpt1 = Po(x, — AAyy), Vn > 1, (1.6)

where A is a monotone and L—Lipschitz continuous operator. Under the assumption that
VI(C,A) is nonempty, the sequence generated by (1.6) converges to a pointin VI(C,A). This ex-
tragradient method may be costly in computation, since it requires two orthogonal projections at
each iteration. There are some methods to overcome this difficulty, one of which is the subgradi-
ent extragradient method introduced by Censor et al. [12], where the second projection onto the
constrained set is replaced with a projection onto a specific constructible half-space. Another
method, which was proposed by Tseng [13], is called the Tseng’s extragradient method. The
method only requires one projection onto the feasible set. Since the subgradient extragradient
method and Tseng’s extragradient methods requires only one projection onto the constrained set
in each iteration, they have attracted the attention of many researchers working in this field; see,
e.g., [14, 15, 16, 17] and the references therein. However, there is also a setback in terms of the
applicability of subgradient extragradient method and Tseng’s extragradient method which is
the fact that the stepsize depends on the knowledge of the Lipschitz constant. The third method
is the projection and contraction method (PCM), proposed and studied by He [18] (see also Sun

[19D):
X1 €H,
Yn = PC(xn - AAxrz)»
d(xn,yn) = (xn —yn) — A(Ax, — Ayp),
xn+1 = Xp — '}’nnd(xnd’n)a vn Z 17

(1.7)



INERTIAL PROJECTION AND CONTRACTION METHOD 57

where y € (0,2),A € (0,1/L) and 0, := W. He [18] established that the sequence

{xn} generated by (1.7) converges weakly to a solution of (1.2). Since PCM requires only one
projection onto the feasible set C, it reduces the computational cost per each iteration. This
attracted the attention of many researchers who devoted their studies to improving the PCM in
many different ways; see, e.g., [20, 21, 22] and the references therein. To speed up conver-
gence rate of algorithms, Polyak [23] studied the heavy ball method, an inertial extrapolation
process for minimizing a smooth convex function. Since then, many authors have introduced
this technique in different methods for solving VIPs (see, e.g., [24, 25, 26, 27, 28] for details).
In particular, Cholamjiak et al. [28] introduced the following inertial PCM for solving the VIP
with pseudomonotone operator:

( Xo,X1 € H,

Wp = Xp+ Gn(xn _xn—l)7
Yn = PC(Wn - ;LAWn);

Zn = Wi — YMnd (Wn, Yn), (1.8)
d(Wn,yn) = (Wn —yn) — A(Aw, — Ayy),
n — <Wn*)7nad(wn,)’n)>

e ld(wnyn)>

(X1 = (1 — 0ty — 8,)xn + Ozn, VR > 1,

where A is L-Lipschitz continuous, pseudomonotone, and sequentially weakly continuous, y €
(0,2),A € (0,1/L), {7} C (0,%0), Ty = o(0n), {@} C (a,1 = 8,) for some a >0, {5,} C
(0,1),0 >0 and 6, is selected such that 0 < 6, < 6, and 6, := min{@ #} if X, #£ X, 13

[ —xp—1]]
otherwise, 8, = 6. They proved that the sequence {x,} generated by (1.8) converges strongly
to the solution of the VIP. We note that Algorithm (1.8) requires to know the Lipschitz constant
of operator A, which is often unknown or difficult to estimate in practice.

A special case of the BSVIP (1.1), when H; = H,, F; = 0 and B = I(identity mapping), is
known as a bilevel variational inequality problem (BVIP). The BVIP covers many aspects of
mathematical programs with equilibrium constraints [29], bilevel convex programming models
[30], and the minimum-norm problems with the solution set of variational inequalities [31].
Using the projection and contraction method, Thong et al. [32] studied the BVIP as follows:

(xl € H,

Yn = Pe(xp — AAxy),

Zn = Xp — AMud (Xn, Yn),

d(Xn,yn) = (Xn = Yn) — An(Axn — Ayn),

n o <xn_))n7d(xn7Yn)>
e Hd(xmyn)Hz ’

Xn+1 =2n — anyF(Zn), Vn > I,

(1.9)

\
where A is L;-Lipschitz continuous, pseudomonotone, and sequentially weakly continuous, F' is

B —strongly monotone and L, —Lipschitz continuous, & € (0,2),u € (0,1), 40 >0,0<y< i—‘j,
2

{a,} € (0,1) such that lim, o0, = 0, Y7 O = o and A, 1= min{ln7ﬂ|\/|4|fvz—j\ny|,l||} if

Ax, # Ay,; otherwise, A, = A,. They proved that the sequence {x,} generated by (1.9)
converges strongly to the unique solution of the BVIP. Very recently, Tan et al. [33] proposed the
following inertial subgradient extragradient method and inertial Tseng’s method, respectively,
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for solving the BVIP:

Xo,Xx1 € H,
Wi = X + 0, (X — X 1),
Yn = Po(wn — AnAwy)
T ={x€H: (Wy— 2Awy — yn,x — yn) < 0},
Zn = Pr,(Wn — AnAyn),
| Xnt1 = 20— o YF (2n), VR > 1,

(1.10)

and

(xo,xl e H,

Wn = X+ 0 (X — X—1),

Yn = Pc(Wn — AnAwy), (1.11)
Zn = Yn — An(Ayn — Awy),

(Xn+1 = Zn — QuYF (20), V0 > 1.

Under some assumptions on the parameters, they proved that Algorithms (1.10) and (1.11)
converge strongly to the unique solution of the BVIP when A is L;-Lipschitz continuous,
pseudomonotone and sequentially weakly continuous, and F is 3 —strongly monotone and L;-
Lipschitz-continuous.

Motivated by the above works and using the idea presented in (1.5), letting S(x) := Pp(x —
AF>(x)), A > 0, we obtain that VI(Q,F,) = Fix(S) (Fix(S) denotes the fixed points set of S).
In this case, we redefine BSVIP (1.1) as follows: Suppose that A : H; — H; is pseudomonotone
and K-Lipschitz continuous (not sequentially weakly continuous), F : Hy — Hj is —strongly
monotone and L—Lipschitz continuous, B : H; — H; is a bounded linear operator with B # 0,
and S : H, — H; is a k-generalized demimetric mapping with k¥ > 0. Our goal is to study the
following BSVIP:

Finding z* € T such that (F(z"),z—2z") >0, Vz €T, (1.12)

where I' := {z* € VI(C,A) : Bz* € Fix(S)}. We then propose a modified projection and con-
traction method with inertial extrapolation steps, and prove that the sequence generated by this
algorithm converges strongly to a unique solution of BSVIP (1.12). We also give some numer-
ical examples to show the efficiency of our proposed method.

2. PRELIMINARIES

Let C be a closed convex subset of a real Hilbert space H. Then, for each x € H, there exists
a unique point z = P¢(x) such that ||x —z|| = ing\ |x — y||. The operator Pc : H — C is called the
ye

metric projection from H onto C. We have that z = Pc(x) if and only if the following relation
holds (x —z,y—z) <0,Vy eC.
Recall that an operator A : H — H is said to be:

(a) L—Lipschitz continuous with L > 0 if

||Ax = Ay|| < L{}x—yl[, Yx,y € H,
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(b) B-strongly monotone if there exists f > 0 such that
(Ax—Ay,x—y) = Bllx—yI[?, ¥x,y € H;
(c) monotone if
(Ax —Ay,x—y) > 0,VYx,y € H,
(d) pseudomonotone if
(Ax,y—x) > 0= (Ay,y—x) >0, Vx,y € H.

It is clear that (b) = (¢) = (d), but the converses are not true in general. Recall that a
mapping S : C — X with Fix(S) # 0 is said to be x-generalized demimetric if there exists
k € R\ {0} such that ||x — Sx||> < k(x —u,x — Sx), for all x € C and u € Fix(S). LetS: C — X
be a 6-generalized demimetric mapping with 8 € R\ {0}. Then F(T) is closed and convex;
see, [34].

The following lemma is trivial.

Lemma 2.1. Let H be a real Hilbert space. Then, for all x,y € H and o € R, the following hold
) [l =12 = [¥l2+ 12 = 2(x,),

(i) |Pe+yI]* < []x]* + 20 x+y),

(i) [Jocxc+ (1 - a)yl|* = allx|] + (1 - a)[]y[]* — a(l - a)|lx—y[|*.
Lemma 2.2. [35] Let H be a real Hilbert space, and let F : H — H be a [3-strongly monotone
and L—Lipschitz continuous mapping on H. If oo € (0,1), 1 € [0,1 — ] and u € (0, ZL—é}) then,
for all x,y € H, ||[(1 = 1)x — auF (x)] — [(1 = n)y — auF ()]|| < (1= — a7)|lx— [, where
t=1—/T—pB—pL2) € (0,1).
Lemma 2.3. [36] Let C be a nonempty closed and convex subset of a real Hilbert space H,

and let A : C — H be a pseudomonotone and continuous operator. Then, x* € VI(C,A) <
(A(z),z—x*) > 0,VzeC.

Lemma 2.4. [37] Let {a,} be a nonnegative sequence of real numbers, {r,}, and {s,} be
sequences of real numbers such that {r,} is in (0,1) with condition Y,._, r, = oo. Assume that
an+1 < (1= rp)an + rusy, Vo > 1. If limsupy_,, sp, < 0 for every subsequence {ay } of {an}

satisfying the following condition: liminfy_,. (ank+1 — ank) >0, then lima, = 0.
n—soo

3. MAIN RESULTS

In this section, we introduce our method for solving the bilevel split variational inequality
problem. We begin with the following assumptions.

Assumption 3.1. Let H; and H; be two real Hilbert spaces. Suppose the following conditions
are satisfied:
(A1) the feasible set C is a nonempty closed, and convex subset of H;, and the solution set
I #0;
(A2) A: H; — H; is pseudomonotone, and K—Lipschitz continuous on H; with K > 0;
(A3) A: H; — H, satisfies the following condition

whenever {x,} CC, x, =z, onehas |Az| < lirr_1>ianAx,,H;
n—oo
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(A4) F : H — H is B—strongly monotone and L—Lipschitz continuous on H; with L > 0
such that § = 1 — /1 — 6(2f3 — 6L2), where ¢ € <0 ﬁ)

(AS) B : Hi — H; is a bounded linear operator such that B # 0 and S : H, — H, is k-
generalized demimetric with k € (0,0) such that S is demiclosed at the origin;

(A6) {c,} is a positive sequence with cn = o(by), {an} C (b,1—b,) for some b > 0, {A,}
satisfles 0 <c <A <d < <BE and {b,} C (0,1) satisfies hrn 1 b, =0and Y7 by = ee.

HB |

We remark here that Assumption (A3) is strictly weaker than the sequentially weakly contin-
uous assumption which has frequently been used i for solving pseudomonotone VIPs recently.
An example of an operator satisfying condition (A3) but not sequentially weakly continuous
is A(x) = x||x|| (see [38, Remark 3.2]). Let x* € H; denote the unique solution of the BSVIP
(1.12). We present the following modified inertial projection and contraction method for solving
BSVIP (1.12).

Algorithm 3.1. Initialization: Choose o € (0,2), 71 >0, u € (0,1), and 6 € [0,1), and let
X0,X1 € Hj be arbitrary.

Iterative Steps: Calculate x,,. | as follows:

Step 1. Given the iterates x,_; and x,, for each n > 1, choose 6, such that 0 < 6, < 6,,, where
Cn

6 :min{O _—
! 7||xn—xn,1||

}, if x, # x,_1; otherwise, set 6, = 0.
Step 2. Set
Yn =Xp+ en(xn _xn—l)
and compute
Wn = Pc(Yn — ThAyn).

Update

min{%, rn}, if Ay, # Aw,,

Tyl = (3.1)
Tn, Otherwise.
Step 3. Compute
Vn=Yn— anndm
where
<)7n — Wn, dn>

d, = Yn—Wp — Tn(Ayn _Awn)v NMn = ) if d, 7& 0; otherwise Nn = 0.

||| |2
Step 4. Compute
Up = vy — Au,B*(I — S)Bvy,
Xp+1 = apxn+ (1 —ay)u, — b,6F u,.
Set n :=n+1 and return to Step 1.

Lemma 3.1. ([39, Lemma 3.1]) The sequence {t,} generated by Algorithm 3.1 is non-increasing
and

limt,=7> min{ﬁ,rl}.

n—oo K
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Lemma 3.2. Let {x,} be a sequence generated by Algorithm 3.1 under Assumption 3.1. Then
{xn} is bounded.

Proof. Letx* €. Since w, € C, we have (Ax*,w, —x*) > 0, which implies by the pseudomono-
tonicity of A that (Aw,, w, —x*) > 0. Note that

<yn — Wn — TuAyn, Wn _X*> > 0. 3.2)
It follows that (y, — wy, — T,(Ay, — Awy,),w, — x*) > 0. Thus, (w, —x*,d,) > 0. From Step 3,
(3.2), and Lemma 2.1(i), we have
vn =P = lyn— x| =200,y — X", dy) + || adn ||
= |lyn _X*H2 —20Mu(Yn — Wny dn) — 20N, (W — X", dy) + || AN,dy| ’2

< lyn _X*Hz — 20N (Yn — Wnydn) + ||O”7ndn||2

2—o

= A =x1F = =l vl (33)

On the other hand, we have
0
[[yn =" < Hxn—X*Ian-b—"\!xn—xn—lll-
n

From Step 1, we have g—"Hxn —Xu—1|] < 7%, which together with (A6) implies that lgn %Hxn -

n n n—soon
Xn—1|| = 0, so {g_ZHXn — xp—1||} is bounded. Thus, there exists a constant M > 0 such that
g—:||xn —xp—1|| £ M for all n > 1. Hence, ||y, —x*|| < ||x, —x*|| 4+ b,M, which together with
(3.3), and the fact that o € (0,2), obtains

[vn = x| < {lyn = x| < [Jea — x"(| + buM. (3.4)
urthermore, from Step 4, the fact that 5 1S K-generalized demimetric with K€ > 0, and A, <
Furth from Step 4, the f hat S is K-g lized demi ic with 0, and A
—2 have
«fiBI2> Ve

Hun—x"‘H2 = an—x*HZ—27Ln<an—Bx*,(I—S)an)+7L,%]|B*(I—S)anH2
. 22, .
< o= |P = =21 = 8)Bral P A B*( = $)Bvi|
. 2
< =12 A (Aal1BI = ) 11— $)Bra (3.5)
< v —x*| 2 (3.6)

From Lemma 2.2, (3.4) and (3.6), we have

bt =11 < (1= an)n = baOF ()] — [(1 = @) — by F ()]
+al o=+ b0 |F (7))
< (1= b28) |t — 2"l | +anllta = 5°| + a0 [F ()|
< (1= b28) [b = ]|+ buM) + aa ba — 27 |+ by [F ()|
. M +o||F(x*
< (10,8 + by UL
< max{|b —2°[1, 6~ (M + o[ F ()]}
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Hence,
[ =1 < max { [lxy = "1, 67 (M + S| ()]]) }.
This proves that {x, } is bounded, so are {u,},{v,}, {y»}, and {Fu,}. O

Lemma 3.3. Let {y,} and {w,} be sequences generated by Algorithm 3.1 under Assumption
3.1. If there exist subsequences {yy, } and {wy, } of {y,} and {w,}, respectively such that {y,, }
converges weakly to a point, say z in H; and klim |[Wn, —Yn, || =0, then z € VI(C,A).

—>00

Proof. Since wy, = Pc(yn, — Tn,Ayn, ), We have (y,, — Ty AYn, — Wn,, X —wy,) <0, Vx € C, which
implies that

<ynk - Wnkax_ Wi’lk> S T”lk <Aynk7x_ WVlk>

= Ty <Aynk7)7nk - Wnk> + Ty, <Aynk7x _ynk>-

Hence,

1
_<ynk — Wpy, X — Wnk> + <A)’nkawnk _)’nk> < <Aynk»x—)’nk>- (3.7)

Since {yy, } converges weakly to a point z € H, then it is bounded. Using the hypothesis ||w,, —
V|| = 0 as k — oo, we have that {w, } and {Ay,, } are also bounded. From Lemma 3.1, we

have klim Ty, > 0. Thus, passing limit as k — oo in (3.7), we obtain ligninf(Aynk,x — V) >0,
—>00 —>

Vx € C. We also have

<AWnk,.x—Wnk> - <AWnk_AYnkax_ynk>+<A)’nkax_)’nk>
+(AWngs Y = Way) - (3.8)
From klim ||[¥n, —wn,|| = 0, and the fact that A is Lipschitz continuous, we have klim ||Ayn, —
—300 —>0

Awy, || = 0, which together with (3.8) yields that

lilzninf(Awnk,x—an >0, VxeC.
—o0

Now, let {&} be a decreasing sequence in (0, 1) such that & — 0 as k — . For each k > 1, we
denote by N, the smallest nonnegative integer such that

(Awp;, X —wp,) +& >0, Vj > Ni. (3.9)

It is clear that {N;} is increasing from the fact that {g;} is decreasing. Also, for each k > 1,

A .
M((v:V—NN:))IIZ’ we obtain (A(wy, ), zn,) = 1 for

each k > 1. Thus, for each k > 1, (Aka,x+ EKIN, — ka> > 0. Since A is pseudomonotone on
Hj, we have (A(x+ &zn,),x+ &zn, —wn,) > 0. Hence,

since {wy, } C C, we have A(wy,) # 0. Letting zy, =

(Ax,x —wn,) > (Ax —A(x+ &zn, ), X + &N, — WN,) — E(AX, 2N, ) (3.10)

Now, since {yy, } converges weakly to z and ||wy,, —yn, || — 0 as k — oo, then we have that {w,, }

converges weakly to z as k — oo. Since {wnk} C C, and C is closed, then z € C. We assume that

Az # 0 (otherwise z is a solution). From (A3), we obtain that 0 < ||Az|| < lilgn inf|[Awy, ||. Also,
—»00
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using the fact that {wy, } C {wy, } and & — 0 as k — oo, we have

. limsup &
0 < limsup||gzn, || = 1imsup< k ) <o =
oA =B T 1) = Timind A

Hence, klim &zy, = 0. Thus, the right-hand side of (3.10) tends to zero as k — o. That is,
—»o0

lilgninf<Ax,x —wy,) > 0. Therefore, for all x € C,
—>00

Ax,x—z) = lim (Ax,x —wy, ) = liminf(Ax,x —wy,) > 0.
k k
k—>°° k—}oo

From Lemma 2.3, we have that z € VI(C,A). This completes the proof. UJ

Lemma 3.4. Let {x,} be a sequence generated by Algorithm 3.1 under Assumption 3.1. Then
foralln > 1, we have

i =P < (1 6,8l =1+ 6,8 (ol 51+ 2560 0 J.11)
where x* is the unique solution of the BSVIP (1.12).
Proof. From Lemma 2.1 and Lemma 2.2, we have

bt =P = |[{[01 = @n)utn = a0 F ()] = [(1 = @) = b, 0 F ()] |

2
+an(x, —x*) — b,oF (x*)

< ||[(1 = an)up — byOF (u,)] — [(1 = an)x* — by OF (x*)] 4 an(x, —X*)HZ
12b,0 (F(x*),x" — Xpi1)
2
< {110 = @n)itn = baoF ()] = [(1= an)x” = buoF ()| + anl v —2°1]}

+2b,0(F(x"),x" —xpt1)
< 1 =an—bp8]||un — x*||* + an |30 — x*||? 4+ 2b, 6 (F (x*),x* — xp41).

From Step 2, we have
P = [l — X P 42600 (ot — X%, x — X 1) + O[]0 — X1 ||

< [on =P 4 O [ — x| [21 0 — X1 ] + Bl |0 — X1 ]

< — X2 4 O] P — 201 | M (3.12)

||yu_x

for some constant M; > 0. So, combining (3.3), (3.5), and (3.12), we obtain

2—o
H”n_X*H2 < ||xn_X*||2+9n||xn_xanHMl _TH)’n_Vn“z

2
- (| [BI| = )| (1 = ) Bva . (3.13)



64 G.C. UGWUNNADI, C. IZUCHUKWU, L.O. JOLAOSO, C.C. OKEKE, K.O. AREMU

From (3.12) and (3.13), we have
1 =22 < (1= an = bu8)|xn — X |* + 65(1 = an — bu8) | Pin — 201 [ M

2—o
_T(l _an_bn5)“yn_vnH2

2
+Au(1—ay _bng)()thBHz_ E)H(I_S)BVnHZ

+ap||xn — x*[|? 4 25,6 (F (x*),x* — x4 1)
2—-«a
—

IN

(1 _bn5)||xn_X*||2+9n||xn_xn71||M1 l—ay,—by 6)||yn_vn||2

2 -
a1 = an = ba8) (A |BI = 2|1 = S)Bral P4 2,0 (F ()"~ 3111)
< (1= b,8) |30 — x| > + 6,260 — X1 ||M1 4 26,6 (F (x*),x* — x41),
which yields the desired conclusion. UJ

Theorem 3.1. Let {x,} be a sequence generated by Algorithm 3.1 under Assumption 3.1. Then,
{xn} converges strongly to the unique solution of the BSVIP (1.12).

Proof. From Lemma 2.4 and (3.11), we only need to show that

timsup sl =]+ 25 )4 =) <0,

k—oo

for every subsequence {||x,, —x*||} of {||x, —x*||} satisfying the following condition:
timinf([ 1 "]~ s, ~]]) > 0. (3.14)

Now, let {||x,, —x*||} be a subsequence of {||x, —x*||} such that (3.14) holds. Then

Himinf(| g, 1 —x*| > = [}, —x*( )
k—yo0

= timinf [ (s =511 = [, =2 1D P =271+ b =571 )]
> 0. (3.15)
Thus, from (3.14) and (3.15), we obtain

. 2—a
hmsup(T(l — an, — by ||yn, — VnkHZ

k—yo0

2
g (= g |BIP) (1 = an = 85, (1 = $)Bvi |1

IN

limsup((l—bnkS)Hxnk—x*Hz—i-b nk||xnk — Xp—1]|M)

k—yo0

nk b
25, O|IF ) |1 =" = o =)
= —timinf(| [ty =5 = b, —°|7) <O,
k—oo
which implies that

. (22—« 2
1 (== (1= — 8 [y, =g P+ A (= A |1BI2) (1= — 83, ) (1= ) B |2 ) =
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Thus,
Tim ||y, = v, || =0 (3.16)
and
lim || (1 — S)ank|| =0. (3.17)
k—yo0

On the other hand, we have

dn | < [lyne = Wil + T [|Ayn, — Awy, |

T,

< (1+‘u ng )Hynk_wnkH (3.18)
Tnk-i-]

and
<y”k_W”k’d"k> = ||ynk_wnkH2_Tnk<ynk_Wnk7A)’nk_Awnk>

> ||ynk_WnkHz_TnkHynk_WnkHHAynk_AwnkH
T

> (1= ) = w2 (3.19)
Tnk+1

Since v, = yy, — Ny, dy,, we find from (3.18) and (3.19) that

o- <ynk _Wnk’dnk> > a(TnkJrl - [,L‘an)
||dnk|| o Tnk—H +I*“:nk

||Vnk_)’nk||:0”7nk||dnk||: Hynk—wnk||,

which implies that

Thp+1 + Ty
a(Tnk+1 - “Tnk)

[Yne = wa || < Vi = Vg || (3.20)

From Lemma 3.1, we have
lim Tnk+1 —f—‘LLTnk _ 1 +,u,
k=0 Ty 11 —UTy, 1 —1
which shows that 4 1 #% U 5 hounded. Hence, combining (3.16) and (3.20) yields that
Tnk+l ufnk g y
klglt}J |V, — W, || = 0. This together with (3.16) implies klg1010| [V, —wp, || = 0. Observe that

0

[y, =% || = b - b—:kllxnk —Xp—1]] = 0 as k — o. (3.21)
k
Hence, we have klim || X, — v, || = 0, and klim |[xn, —wp,|| = 0. Since {x,,} is bounded, there
—300 —>0

exists a subsequence say {xnkj} of {x,, } that converges weakly to say z € H; as j — oo. Then,
from (3.21), we have that {ynkj} converges weakly to z as j — co. From Lemma 3.3, we obtain
that z € VI(C,A).

Next, we show that Bz € F(S). Observe that {Vnkj} converges weakly to z as j — oo, and B
is a bounded linear operator. Then, {ank_,-} converges weakly to Bz € H,. Combining (3.17)
and demiclosedness of S, we obtain that Bz € F(S). In view of Step 4 and (3.17), we have that
||X”lk - unk” < ||x”lk _vnk|| ‘J")'nkHB*HH(I_S)ankH — 0 as k — eo. Thus

1 —2m || < (1= i) 1t — Xy || + B O] [F (|| — O a5 k — oo, (3.22)
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Slncexnk — z, we have limsup(F (x*),x* —x,, ) = lim (F (x*),x* —x,, ) = (F (x*),x" —z). Since
J—roo J

k—yoo
x* is the unique solution of BSVIP in (1.12), we have
limsup(F (x*),x™ —x,,) = (F(x"),x" —2) <0. (3.23)
k—>o0

Thus, from (3.22) and (3.23), we have
limsup(F (x*),x" —xp,4+1) = limsup(F (x*),x" —x,,) = (F(x*),x" —z) <0.
k—>°° k—)oo
In view of Lemma 2.4, we conclude that lgn ||x, —x*|| = 0. Therefore, {x,} converges strongly
n—roo

to x™ as n — oo. O

4. NUMERICAL EXPERIMENTS

In this section, we discuss the numerical behavior of Algorithm 3.1 in both finite and infinite
dimensional Hilbert spaces. We also compare our method with the methods of Thong et al. [32]
(Algorithm (1.9)) and Tan et al. [33] (Algorithm (1.10) and Algorithm (1.11)). All codes are
written in Matlab 2016 (b) and performed on a personal computer with an Intel(R) Core(TM) i5-
2600 CPU at 2.30GHz and 8.00 Gb-RAM. In Tables 1-2, “Iter.” means the number of iterations
while “CPU” means the CPU time in seconds. In our computations, we choose 71 =1, a =

1.1, =05 and 6 = 5. Also, we take b, = 15, ay = 1 — by, Ay = < and 6, = 8, with

n+l x||B|
Cp = H% and 6 = 0.3.

Example 4.1. Let H; = R" and H, = R™. Define A : RN — R by A(x) = Mx + ¢, where the
matrix M is formed as: M =V Y V' where V =1— ﬁ and Y = diag(oy1, 012, -+ ,01y) are the
Householder and the diagonal matrix, and

cos yfp +1— C(cosN+1 +1)

jm .
O1; = COS + 1+ , j=1,2,--- N,
1J N+1 C_1 J

with C being the present condition number of M ([40, Example 5.2]). In the numerical com-
putation, we choose C= 104, q = 0, and uniformly take the vector v € RY in (—1,1). Thus,
A is pseudomonotone and Lipschitz continuous with K = ||M]|| (see [40]). Furthermore, we
generate the bounded linear operator B € RM*N with independent Gaussian components dis-
tributed in the interval (0, 1), and then normalize each column of B with the unit norm. We
set C = {x € RV :||x|| < 1}. The projection onto C is effectively computed in Matlab. We
define F : RY — RY by Fx = Dx+ p, where D is a symmetric and positive-definite matrix of
size N x N and p is a vector in RV, Clearly, F is ||D||-Lipschitz continuous. Moreover, since
D is symmetric and positive-definite, we have that (Dx — Dy) = (D(x —y)) > ||D||~!||x — y||?.
Hence, F is strongly monotone. Also, define S : R”™ — R by Sx = 2x. Since the solution of
the problem is unknown, we define the sequence TOL,, := ||x,1 — X,||%, and use the stopping
criterion TOL,, < € for the iterative processes, where € is the predetermined error. Moreover, we
consider different scenarios of the dimensions. That is, N = 100,300,500, 1000, and m = N /2
with starting points x; = (1,1,...,1)" and xo = (0,0,...,0)’". For this example, we take € = 107>
as the stopping criterion and obtain the numerical results reported in Table 1 and Figure 1.
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FIGURE 1. The behavior of TOL, with £ = 10~ for Example 4.1: Top Left:
= (300, 150); Bottom Left: (N,m) =
(500,250); Bottom Right: (N,m) = (1000, 500).

(N,m) = (100,50); Top Right: (N,m)

Table 1. Numerical results for Example 4.1 with € = 107°.

(N,m) Algorithm  Algorithm  Algorithm  Algorithm
3.1 (1.9) (1.10) (1.11)

(100,50) CPU Iter. 0.0371 1.1456 0.4401 0.4236
348 862 437 433

(300,150) CPU Iter. 0.0385 1.2824 0.4426 0.5568
662 6548 865 1797

(500,250) CPU Iter. 0.0180 1.1178 0.4499 0.1124
265 2893 501 344

(1000,500) CPU Iter. 0.0259 1.1948 0.1185 0.1134
322 2540 384 483
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Example 4.2. Let H; = (L(R), ||.||;,) = Hz, where L(R) := {x = (x1,x2,x3,...), x; € R:
1

oo oo 2
Y x> <o} and ||x]|;, := ( Y |xi|2) , Vx € [(R). Now, define the operator B: [,(R) — Ir(R)
i=1 i=1

by Bx = (0,x1,%,%,...), Vx € b(R). Then, B is a bounded linear operator on l>(R) with
adjoint B*y = (y2,%,%,...), Web(R). Let C={x € L(R) : |x;| < T, i=1,2,3,... }. Thus,
we have explicit formula for Pc. Now, define the operator A : I, (R) — I, (R) by

1
sz(ux\|+ )a,
l+a

for some o > 0. Then, A is pseudomonotone on 5(R) (see [41]). Furthermore, define the
mapping S : L (R) — L(R) by Sx = (0,x1,x2,...), and F : [,(R) — I,(R) by Fx = x—xp. Then,
F is strongly monotone and Lipschitz continuous.

We take € = 1073 as the stopping criterion and choose the starting points as follows:
Case 1: Take x| = I, )andxo = (3, %, 75, )

(1,3, o
Case 2: Take x| = (3, %,% -Yand xg = (1 %% )
Case 3: Take x| = (1, i é )andxo—(%,%,%, ).
Case 4: Take x; = (%, 4,5, ) and xo = (1,1, % ).
The numerical results reported in Table 2 and Figure 2.

Table 2. Numerical results for Example 4.2 with ¢ = 1078,

Cases Algorithm  Algorithm  Algorithm  Algorithm
3.1 (1.9) (1.10) (1.11)

1 CPU Iter. ~ 0.0654 1.0643 1.1005 1.0513
330 667 679 579

2 CPU Iter.  0.0340 1.0520 1.0709 1.0311
410 809 817 705

3 CPU Iter.  0.0349 1.0517 1.0998 1.0290
292 587 609 506

4 CPU Iter. ~ 0.0377 1.0722 1.0572 1.0298
329 668 673 582

5. CONCLUSION

A modified projection and contraction method with inertial extrapolation steps was intro-
duced and studied for solving the bilevel split variational inequality problem in two real Hilbert
spaces when one of the cost operators is pseudomonotone, Lipschitz continuous, but not se-
quentially weakly continuous. We proved that the proposed algorithm converges strongly to
the unique solution of the bilevel split variational inequality problem. Finally, we considered
some numerical examples of our proposed method in comparison with other state-of-the-art
methods for solving the bilevel split variational inequality problem. In all our comparisons, the
numerical results reveal that our method performs better than these other methods.
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