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A NEW ALGORITHM FOR SOLVING STRONGLY MONOTONE EQUILIBRIUM
AND MULTIVALUED VARIATIONAL INEQUALITY PROBLEMS
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Abstract. We propose a projection algorithm for solving strongly monotone equilibrium problems.
An error bound for the algorithm is derived, and the application to a strongly multivalued monotone
variational inequality is discussed. Some computational results are reported to show the efficiency and
behavior of the proposed algorithm.
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bifunction.

1. INTRODUCTION

Let C be a nonempty closed convex subset in Rn, and let f : C×C→ R be a bifunction. We
consider the equilibrium problem

find x∗ ∈C : f (x∗,x)≥ 0, ∀x ∈C. (EP)

As usual, we suppose that f (x,x) = 0 for every x∈C, and the function f (x, .) is convex, and sub-
differentiable on C. Although this problem has a simple formulation, it contains many important
problems, such as variational inequality problems, complementarity problems, fixed point prob-
lems, Nash equilibrium problems, and many others as special cases; see, e.g., [1, 2, 3, 4, 5] and
the references therein.

In recent years, many solution methods have been developed for solving Problem (EP) when
f possesses a certain monotonicity property. Strongly monotone equilibrium problem, which
is a important class of the equilibrium problem, arises as subproblems in the proximal and
Tikhonov regularization methods for ill-posed monotone problems; see, e.g., [6, 7, 8, 9]. A
basis iterative method for solving strongly monotone problems and paramonotone equilibrium
problems is the projection method, where, at current iterate xk, the next iterate xk+1 is defined
by taking xk+1 := PC(xk−αkgk) where the search direction gk is a certain point in the diagonal
subdifferential ∂2 f (xk,xk) of f at xk, and the stepsize αk > 0. In order to ensure the convergence
of {xk}, the search direction gk, and the step size αk must satisfy certain additional conditions.
In the algorithms proposed in [10, 11], gk is required to be the projection of xk onto ∂2 f (xk,xk),
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however, the step size αk much satisfy the condition ∑
∞
k=1 α2

k < +∞ in [12, 13]. The first con-
dition causes the difficulty when implementing the algorithm, while the second one makes the
algorithm slowly convergent. In order to overcome these disadvantages, another method, called
the auxiliary problem one, has been developed for strongly monotone equilibrium problems re-
cently. In the auxiliary problem method, the iterate xk+1 is defined as the unique solution of the
strongly convex program

min{ f (xk,y)+
1

αk
‖y− xk‖,y ∈C}. (CP)

To ensure the convergence, the stepsize αk should satisfy certain conditions depending on the
Lipschitz-type constant and the strong monotonicity modulus of the bifunction f (see [12]).
Note that if f (x,y) := 〈F(x),y− x〉, then Problem (CP) reduces to PC(xk−αkF(xk)).

In this paper, we propose a projection algorithm for a strongly monotone equilibrium prob-
lem, where, at each iteration k, the search direction gk can be any point in ∂2 f (xk,xk), and the
step size αk does not require to satisfy the condition ∑

∞
k=1 α2

k <+∞. Moreover, in the case that
f is Lipschitz-type on C, an error bound for the algorithm is derived which could be used to
estimate the number of iterations for obtaining an approximate solution.

The paper is organized as follows. The next section is devoted to the presentation of the
algorithm and its convergence analysis. In the third section, we apply the proposed algorithm
to the problem of finding an equilibrium point of a Walras model. We end the paper with some
computational results on the model.

2. ALGORITHM AND ITS CONVERGENCE ANALYSIS

First, let us recall some known concepts for the monotonicity properties of the bifunction.

Definition 2.1. Let C be a nonempty closed convex set in Rn and let f : C×C → R be a
bifunction. f is said to be

(i) monotone on C if

f (x,y)+ f (y,x)≤ 0, ∀x,y ∈C.

(ii) strongly monotone on C with modulus µ > 0 if

f (x,y)+ f (y,x)≤−µ‖x− y‖2, ∀x,y ∈C.

(iii) Lipschtz-type with constant L1,L2 > 0 on C if

f (x,y)+ f (y,z)≥ f (x,z)−L1‖x− y‖2−L2‖y− z‖2, ∀x,y,z ∈C.

It is known that if f is strongly monotone then (EP) admits a unique solution (see [10]).
As usual, let us denote by ∂2 f (x,x) the diagonal subdifferential of f at x ∈C as the subdif-

ferential of the convex function f (x, .) at x, that is,

∂2 f (x,x) := {g : 〈g,y− x〉 ≤ f (x,y)+ f (x,x) ∀y ∈C}.

Is is known [14] that f is strongly monotone (resp. monotone) on C if and only if its diagonal
subdifferential (as a multivalued mapping) is strongly monotone (resp. monotone).

We need the following lemma to prove the convergence of our algorithm.
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Lemma 2.1. [15] Let {λk} be a sequence of positive numbers satisfying

lim
k→∞

λk = 0,
∞

∑
k=0

λk =+∞,

and let {σk} be a sequence of real numbers satisfying limk→∞ σk = 0. Assume that {ak} is a
sequence of non-negative numbers such that

ak+1 ≤ (1−λk)ak +λkσk, ∀k ≥ 1.

Then {ak} converges to 0.

Ou algorithm is described as follows:

Algorithm 2.1. Choose a positive number sequence {αk} such that

lim
k→∞

αk = 0;
∞

∑
k=0

αk =+∞.

Initial iteration. Choose x0 ∈C and set k = 0.
Iteration k = 0,1, ....
Step 1: Compute gk ∈ ∂2 f (xk,xk).
Step 2: Compute

xk+1 := PC(xk−αkgk).

If gk = 0, then terminate: xk is the solution of the problem. Otherwise, replace k by k+ 1 and
go to Step 1.

Proposition 2.1. Let x∗ be the unique solution of Problem (EP). Then, for every k = 0,1, ..., the
following inequalities hold true

‖xk+1− xk‖ ≤ αk‖gk‖, (2.1)

and
‖xk+1− x∗‖2 ≤ ‖xk− x∗‖2 +2αk f (xk,x∗)+2α2

k ‖gk‖2. (2.2)

Proof. From the property of the projection, it follows that

〈xk+1− xk +αkgk,xk− xk+1〉 ≥ 0,

which is equivalent to
‖xk+1− xk‖2 ≤ αk〈gk,xk− xk+1〉.

Using the Cauchy-Schvarz inequality, we obtain (2.1).
By a simple algebraic manipulation, we have

‖xk+1− x∗‖2 = ‖xk+1− x∗− (xk+1− xk)‖2−‖xk+1− xk‖2

+2〈xk+1− x∗,xk+1− xk〉
= ‖xk− x∗‖2−‖xk+1− xk‖2

+2〈xk+1− x∗,xk+1− xk〉
≤ ‖xk− x∗‖2 +2〈xk+1− x∗,xk+1− xk〉.

(2.3)

Again from the properties of the projection, one has

〈xk+1− xk +αkgk,x∗− xk+1〉 ≥ 0.
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This inequality is equivalent to

〈xk+1− x∗,xk+1− xk〉 ≤ αk〈gk,x∗− xk+1〉
= αk〈gk,x∗− xk〉+αk〈gk,xk− xk+1〉. (2.4)

Using the convexity of f (xk, .) and recalling f (xk,xk) = 0, one has

〈gk,x∗− xk〉 ≤ f (xk,x∗)〉. (2.5)

Combining (2.1), and (2.3)-(2.5) we obtain

‖xk+1− x∗‖2 ≤ ‖xk− x∗‖2 +2αk f (xk,x∗)+2α
2
k ‖gk‖2,

which proves (2.2). �

Theorem 2.1. Let f be strongly monotone with modulus µ > 0, and let the diagonal subdiffer-
ential ∂2 f (x,x) be bounded on C for every x ∈C. Then

(i) {xk} converges to x∗;
(ii) if, in additional, that f satisfies the Lipschitz-type condition with constants L1,L2 > 0,

where L2 < µ , and that the diagonal subdifferential mapping ∂2 f is Lipschitz-continuous with
constant L > 0 on a ball Br(x∗) with some r > 0, then there exists an index k0 (depending on r)
such that

‖xk+1− x∗‖2 ≤
k

∏
i=k0

( 1
1+2σαi

)
‖xk0− x∗‖2,∀k > k0

where σ = µ−L2 > 0.

Proof. (i) From (2.2), and the strongly monotonicity of f , we have

‖xk+1− x∗‖2 ≤ ‖xk− x∗‖2 +2αk f (xk,x∗)+2αk f (x∗,xk)
+2α2

k ‖gk‖2

≤ ‖xk− x∗‖2−2αkµ‖xk− x∗‖2 +2α2
k ‖gk‖2.

(2.6)

On the other hand, by the boundedness of the diagonal subdifferential ∂2 f (xk,xk) for all k, it
follows that there exists ρ > 0 such that

0 < ‖gk‖ ≤ ρ, ∀k. (2.7)

Combining (2.6), and (2.7), we obtain

‖xk+1− x∗‖2 ≤ ‖xk− x∗‖2−2αkµ‖xk− x∗‖2 +2α2
k ρ2

≤
(
1−2µαk

)
‖xk− x∗‖2 +2αkµ

(
ρ2

µ
αk
)
.

(2.8)

From Lemma 2.1, we can deduce that limk→∞ xk = x∗.
(ii) Let r > 0. Since xk → x∗, we find that there exists k0 such that xk ∈ Br(x∗) for every

k > k0. For simplicity of notations, without loss of generality, we may assume that k0 = 0. By
applying the Lipschitz-type condition of f , we can write

f (xk,xk+1)+ f (xk+1,x∗) ≥ f (xk,x∗)−L1‖xk+1− xk‖2

−L2‖xk+1− x∗‖2,



STRONGLY MONOTONE EQUILIBRIUM AND MULTIVALUED VARIATIONAL INEQUALITY PROBLEMS 77

which is equivalent to

f (xk,x∗)− f (xk,xk+1) ≤ f (xk+1,x∗)+L1‖xk+1− xk‖2

+L2‖xk+1− x∗‖2

≤ f (xk+1,x∗)+ f (x∗,xk+1)
+L1‖xk+1− xk‖2 +L2‖xk+1− x∗‖2

≤ −µ‖xk+1− x∗‖2 +L1‖xk+1− xk‖2

+L2‖xk+1− x∗‖2.

(2.9)

Since gk+1 ∈ ∂2 f (xk+1,xk+1), we find by monotonicity of f that

〈gk+1,xk− xk+1〉+ f (xk,xk+1)≤ 0. (2.10)

Using (2.3), (2.4), (2.9), (2.10), the Lipschitz-type of f , and the Lipschitz property of the mul-
tivalued mapping ∂2 f (., .), we can write

‖xk+1− x∗‖2 ≤ ‖xk− x∗‖2 +2αk f (xk,x∗)+2αk〈gk,xk− xk+1〉
−‖xk+1− xk‖2

≤ ‖xk− x∗‖2 +2αk[ f (xk,x∗)− f (xk,xk+1)]
+2αk f (xk,xk+1)+2αk〈gk+1,xk− xk+1〉
+2αk〈gk−gk+1,xk− xk+1〉−‖xk+1− xk‖2

≤ ‖xk− x∗‖2−2αk(µ−L2)‖xk+1− x∗‖2

−[1−2αk(L+L1)]‖xk+1− xk‖2

≤ ‖xk− x∗‖2−2αkσ‖xk+1− x∗‖2,

(2.11)

from which it follows that
‖xk+1− x∗‖2 ≤

( 1
1+2σαk

)
‖xk− x∗‖2

≤ ∏
k
i=0
( 1

1+2σαi

)
‖x0− x∗‖2.

�

Note that, under the assumption ∑
∞
k=0 αk =+∞, it is easy to show that

∞

∏
k=0

( 1
1+2σαk

)
= 0,

from which we can deduce that, for every ε > 0, there exists an index kε ∈ N such that
k

∏
i=0

( 1
1+2σαi

)
‖x0− x∗‖2 < ε ∀k > kε .

Remark 2.1. From the strongly monotonicity of f on C, it is not hard to see that if u ∈C and
du ∈ ∂2 f (u,u), then ‖x∗− u‖ ≤ ‖du‖

µ
, where µ is the strong monotonicity modulus of f over

C. Thus, in the algorithm, we can replace C with C∩BR(u) with BR(u) being the closed ball
centered at u with radius R = ‖du‖

η
. Then {xk} is bounded, and therefore, the conditions on

theboundedness of {gk} and the Lipschiz continuity of the diagonal mapping can be omitted.

Next, we give an application to a multivalued variational inequality.
Let F : Rn→Rn be a multivalued mapping such that domF ⊆C. The multivalued variational

inequality problem is given as

find x∗ ∈C,g∗ ∈ F(x∗) : 〈g∗,y− x∗〉 ≥ 0, ∀y ∈C. (MVI)
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In the literature, there are many algorithms on solving single valued variational inequality
problems; see, e.g., [6, 8, 16, 17, 18, 19, 20, 21, 22] and the references therein. We also men-
tion here that there are rather few algorithms developed for multivalued variational inequality
problems [9, 10, 24, 25, 26].

Suppose that F(x) is compact and convex for every x ∈C. Let

f (x,y) := max
u∈F(x)

〈u,y− x〉.

Then ∂2 f (x,x) = F(x). Moreover, f is µ-strongly monotone on C if and only if F is. In this
case, Algorithm 2.1 reduces to the following one.

Algorithm 2.2. Choose a positive number sequence {αk} such that

lim
k→∞

αk = 0,
∞

∑
k=0

αk =+∞.

Initial iteration. Choose x0 ∈C and set k = 0.
Iteration k = 0,1, ....
Step 1: Compute gk ∈ F(xk).
Step 2: Compute

xk+1 := PC(xk−αkgk).

If gk = 0, then terminate: xk is the solution of the problem. Otherwise, replace k by k+ 1 and
go to Step 1.

Convergence results as well as the error bound for algorithm remain true for this algorithm.

3. SOME NUMERICAL RESULTS ON A WALRAS EQUILIBRIUM MODEL

Now we apply the proposed algorithms to solve Walras price equilibrium model originated
by Walras [23]. The model is based on the equilibrium relations between supply and de-
mand depending on prices. More precisely, the economy with perfect competition deals in
n-commodities, with two stake holders, producers, and consumers. Given a price vector p ∈Ω,
the producers (sectors) determine their supply S(p) ⊂ Ω, while the consumers determine their
demand D(p)⊂Ω. Then the excess demand mapping is defined by

E(p) = D(p)−S(p).

In some studies on price equilibrium models, the supply and/or demand mappings were given
as the solution-set of certain optimization problems.

In the sequel, we are interest in the case (often in practice) when the price-set Ω of the
commodity is given as

Ω := {p : pT := (p1, ..., pn) : pi ≥ lpi > 0, ∀i = 1, ...,n.}

In this case, since Ω is not a cone, we formulate the model in the multivalued variational in-
equality problem

Find p∗ ∈Ω,q∗ ∈ −E(p∗) : 〈q∗,u− p∗〉 ≥ 0, ∀u ∈Ω.

There are various methods for solving this problem when the cost operator −E is single valued
and has certain monotonicity properties; see, e.g., [6, 8, 14, 15, 17, 18, 19, 20, 21, 22]. When



STRONGLY MONOTONE EQUILIBRIUM AND MULTIVALUED VARIATIONAL INEQUALITY PROBLEMS 79

the cost operator is multivalued and monotone, the proximal regularization algorithms were
commonly used [9, 10, 24, 25].

The problem of finding a Walras equilibrium price p∗ of this model then can be converted
into the following multivalued variational inequality problem

find p∗ ∈Ω : ω
∗ ∈ F(p∗),〈ω∗,u− p∗〉 ≥ 0, ∀u ∈Ω. (MVIF)

where F(p) = S(p)−D(p) with S (supply mapping) being the solution mapping of the problem
of maximizing return of the producers that is given as

maxx pT x

subject to
{

Ax ≤ b,
x ≥ 0, p ∈Ω,

(3.1)

and D (demand mapping) is the solution mapping of the consumer problem given by the
solution-set of the mathematical program

maxx {u(x) = A∏
n
i=1 xαi

i }

subject to
{

pT x ≤ M,
x ∈ Cd, p ∈Ω,

(3.2)

where A= (ai j)m×n is the technique matrix, b∈Rm is vector of input resources, A,αi, i= 1, ...,n
are given positive numbers, and M > 0 is the given budget level. Moreover, we suppose that Ω

is the box in Rn given by

Ω :=
n

∏
i=1

[lpi,upi], lpi > 0, ∀i,

and Cd is the box in Rn given by

Cd :=
n

∏
i=1

[lxi,uxi], lxi ≥ 0, ∀i.

Obviously, u is a positively homogeneous with degree α = ∑
n
i=1 αi > 0.

Set
α̂ := min{αi, i = 1, ...,n},
d2 := max{u2

xi
: i = 1, ...,n}.

We have the following lemma for the monotonicity of mappings S and D.

Lemma 3.1. (i) The supply mapping S is monotone (in general multivalued) on Ω;
(ii) The mapping −D is single-valued and inverse strongly monotone on Ω with modulus

µ = α̂M
αd2 .

Proof. (i) For each p ∈ Ω, denote by S(p) the solution set of Problem (3.1). It is easy to see
that S(p) is nonempty for every p ∈Ω. Take two points p1, p2 ∈Ω, and x(p1) ∈ S(p1),x(p2) ∈
S(p2). It follows that

(p1)T x(p1) ≥ (p1)T x(p2),
(p2)T x(p2) ≥ (p2)T x(p1).

Adding these two inequalities, we obtain

〈x(p1)− x(p2), p1− p2〉 ≥ 0, ∀p1, p2 ∈Ω.

So, S is monotone on Ω.
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(ii) The problem defining D is equivalent to the following strictly convex optimization prob-
lem

min
x
{pT x−M

α

n

∑
i=1

αi lnxi : x ∈Cd}. (3.3)

Obviously, for every p ∈Ω, this problem has a unique optimal solution x(p) with xi(p)> 0 for
all i = 1, ...,n. Take p1, p2 ∈ S. From the optimality conditions for the convex program, we can
write

〈p1− M
α

∇

(
∑

n
i=1 αi lnxi

)
(x(p1)),x(p1)− x(p2)〉 ≥ 0,

〈p2− M
α

∇

(
∑

n
i=1 αi lnxi

)
(x(p2)),x(p1)− x(p2)〉 ≥ 0.

Adding these two inequalities, we obtain

〈−x(p1)+ x(p2), p1− p2〉 ≥ M
α ∑

n
i=1

αi[xi(p1)−xi(p2)]2

xi(p1)xi(p2)

≥ Mα̂

αd2‖x(p1)− x(p2)‖2, ∀p1, p2 ∈ S.
(3.4)

So, the mapping −D with −D(p) =−x(p) is strongly inverse monotone on Ω. �

It is easy to see that, for each p ∈Ω, the optimal solution of Problem (3.3) is given by{
xi(p) = Mαi

α pi
if Mαi

α pi
≤ uxi

xi(p) = uxi if Mαi
α pi

> uxi, i = 1, ...,n.

In order to solve Problem (MVI), we apply the proximal algorithm presented in [9]. In this
algorithm, at each iteration k, we have to solve the strongly monotone multivalued variational
inequality problem over Ω, where the cost mapping is

Φ(u,Dλ (pk)) = S(u)+
1
λk

(u−Dλ (pk)),

with

λk > 0,Dλ (pk) = pk +λkD(pk).

In the table below, we use the following headings

• N: the number of the tested problems;
• n: the number of types of goods;
• Average iter1: the average number of iterations for solving one strongly monotone in-

equality;
• Average time1: the average time (in second) needed to solve one strongly monotone

inequality;
• Average iter2: the average number of iterations for solving one problem to find an

equilibrium price;
• Average time2: the average time (in second) needed to solve one problem to find an

equilibrium price;

All other input data were generated randomly.
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N n Average iter 1 Average time 1 Average iter 2 Average time 2
10 5 636 5.33 3 15.98
10 10 973 6.71 18 120.73
10 20 1949 15.35 6 92.13
10 30 3050 6.25 4 99.25
10 40 5974 62.46 3 187.38
10 50 4677 50.94 3 152.81
10 100 5117 79.13 2 158.25
10 150 5249 82.03 3 246.08
10 200 6001 116.66 4 466.63
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