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Abstract. This paper aims to study the generalized vector variational-like inequalities (in short, GVVLI).
A gap function and a generalized regularized gap function which are independent of the scalarization
parameter for the GVVLI. A result on error bounds for the GVVLI with generalized regularized gap
functions without any Lipschitz continuity is presented. Finally, we give examples to illustrate our
results. The results presented in the paper improve and generalize some known results in the literature.
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1. INTRODUCTION

A vector variational inequality (in short, VVI) was initially originated by Giannessi [1], who
developed the concept of VVI in the setting of finite-dimensional spaces. VVI plays a fruitful
role in operation research, economics, optimization, etc. Since the last three decades, many
generalizations of VVIs have been considered and formulated to solve different types of prob-
lems, such as equilibrium problems, boundary value problems, vector optimization problems;
see, e.g., [2, 3, 4, 5, 6] and the references therein.

In the study of variational inequalities, gap functions provide more advantages than other
methods. Gap functions play an important role to reduce variational inequalities into opti-
mization problems, which are easy to handle from viewpoint of computation. There are sev-
eral known methods to construct gap functions for VVIs in the literature; see, for example,
[7, 8, 9, 10, 11] and the references therein. One of the well-formed methods to establish a
gap function for VVI is the scalarization method. Generated gap functions from this method
depends on some scalarization parameters. In 2014, Sun and Chai [12] proposed the scalar-
valued gap function for generalized vector variational inequalities in the absence of scalariza-
tion parameters. On the other hand, Fukushima [13] introduced a regularized gap function for
classical variational inequalities. Further, Wu et al. [14] extend the Fukushima’s work by intro-
ducing a generalized regularized gap function for classical variational inequalities. Motivated
by [13, 14], we in this paper introduce a new type of generalized regularized gap functions
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for generalized vector variational-like inequalities (in short, GVVLI) without any scalarization
parameter and any Lipschitz continuity of monotone operator.

Gap functions provide efficient methods to establish error bounds for variational inequalities,
and error bounds play a key role in investigating the convergence analysis of optimization prob-
lems and variational inequalities. Error bounds give an upper estimate of the distance between
the feasible point and solution set of the considered problem. For more details on error bounds,
we refer to [15, 16, 17, 18, 19, 20] and the references therein.

We organized this paper as follows. In Section 2, we gather all the necessary definitions re-
lated to monotonicity and convexity. Section 3 is devoted to the formulation of the generalized
vector variational-like inequalities and generalized variational-like inequalities with their spe-
cial cases. In Section 4, without any scalarization techniques and any Lipschitz continuity, we
propose a gap function and its generalized regularized version for the GVVLI with some exam-
ples. In Section 5, we use the generalized regularized gap function to establish error bounds for
the GVVLL In the last section, Section 6, we provide an example that helps to understand the
numerical applicability of our proposed results.

2. PRELIMINARIES

Let K be a nonempty subset of R". Let (-,-) : R” x R” — R be an inner product, and let
||| be the corresponding norm. Consider the vector-valued mappings Aj,B; : R" — R" (j =
1,2,...,m) and a real valued mapping /; : R" — R (j = 1,2,...,m). For abbreviation, let

A= (A],Az,...,Am),B = (B],Bz,...,Bm) and H := (h],hz,...,hm),
and for every p,q € R", we denote

{A(p),q) == ((A1(p),9),(A2(P),q), - (An(P), 4))-
Definition 2.1. A mapping 1 : K x K — R" is said to be skew if, for all p,q € K,

n(p,q)+n(q,p) =0.

Motivated by Verma [21], we define the pseudocontractivity in terms of the mapping 1 :
K x K — R"

Definition 2.2. A vector-valued mapping F : R” — R" is said to be
(a) [21] (p, n)-strongly monotone if, for all p,q € R", there exists a positive integer p such
that
(F(p)—F(q),n(p.9)) > p lIp—qll.
(b) (g, n)-strongly pseudocontractive if, for all p,q € R”, there exists a positive integer ¢
such that

(F(p)=F(q).n(p.9) < ¢ lp—ql*

Definition 2.3. [22] A real-valued mapping f : R” — R is said to be convex if, for all p,q € R"
andall0 < A <1,

JAp+(1—=24)q) <Af(p)+(1—-2)f(q)
If —f is convex, then f is said to be concave. Moreover, if f is both convex and concave, then
f 1is said to be affine.

The following definition of the convexity can be adapted to vector-valued mappings.
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Definition 2.4. A vector-valued mapping F : R” — R” defined by F = (f1, f2,..., fm) is said
to be convex if, for each j = 1,2,...,m, mapping f; : R" — R is convex on R".

3. GENERALIZED VECTOR VARIATIONAL-LIKE INEQUALITIES

Let K be a nonempty, closed, and convex subset of R”. LetA;,B;: K - R", n: K x K — R"
be vector-valued mappings, and let #; : K — R (j = 1,2,...,m) be real valued mappings.

In this section, we propose the following generalized vector variational-like inequality, which
is to
find p* € K such that
(A(p") —B(p*),n(p,p")) +H(p) —H(p*) ¢ —intRY, Vp € K,
where R is the nonnegative orthant of R™, and intR'} is an interior of R”!. We denote by
sol(GVVLI) the solution set of the GVVLL If n(x,y) = x—y for all x,y € K and A = B, then
the GVVLI reduces to the generalized vector variational inequality, which was considered and
studied by Sun and Chai [12]. Moreover, if n)(x,y) =x—yforallx,y € K,A=B,and h; =0
foreach j=1,2,...,m, then the GVVLI reduces to the vector variational inequality, which was

proposed and studied by Giannessi [1].
For m = 1, the GVVLI turns to the following generalized variational-like inequality (GVLI):

(GVVLI) {

Find p* € K such that
(A1(p*) = B1(p*),n(p,p")) +m(p) —m(p*) 20, Vp € K.

For j =1,2,...,m, (GVLI)/ denotes the GVLI with A; and h;, and sol(GVLI)’ denotes the set
of solutions of (GVLI)/.
If H = B = 0, the origin of the nonnegative orthant, then the GV VLI reduces to the general-
ized vector variational-like inequality, considered and discussed by Yang and Yang [23].
Finally, we end this section by the following definition.

(GVLI) {

Definition 3.1. Let K be a nonempty subset of R”. A real-valued mapping ¢4 : K — R is said to
be a gap function for (GVVLI) if it satisfies the following assertions:

(a) 9(p) >0 forevery p € K,
(b) 4(p*) =0 p* € KNsol(GVVLI).

4. GAP FUNCTIONS FOR GVVLI

In this section, we investigate a gap function and its generalized regularized version for the
GVVLIL

4.1. Gap function. We propose the following gap function ¢ : K — R, which is independent
of the scalarization parameter for GVVLI:

Y(p) = Zgglgljigm{@j(l?) —Bj(p),n(p,q)) +hj(p)—hj(q)} (4.1)

Proposition 4.1. Let K be a nonempty, closed, and convex subset of R", and let ) : K x K — R"
be a skew mapping. Let 1(p,-) be affine for every p € K, and let hj : R" — R be convex for
each j =1,2,...,m. Then the function 4 given by (4.1) is well-defined.
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Proof. Assume that & (p,q) = lgmjigm{Mj(P) —Bj(p),n(p,q)) +hj(p) —hj(q)}. Then, ¥ (p) =

sup,ex{6(p,q)}, Vp € K. Since n(p,-) is affine for every p € K, and ; is convex for each
j=1,2,...,m, then, for every p,qi,go € Kand 0 < a < 1,
S(p,ogq1+(1—a)g2)

= lgljigm{@j(p) —Bi(p),n(p,oq+(1—a)g)) +hi(p) —hj(ag +(1—a)g)}

> min {a(A;(p) = Bj(p),n(p,q1)) + (1= @)(A;(p) = Bj(p);n(P;q2)) + &hj(p)

1< j<m
+ (1= a)hj(p) — ahjlgqr) — (1 —)hj(q2)}
= a&(p,q1)+ (1 - )5 (p,q2),
that is, &(p,-) is concave on closed and convex subset K for every p € K. Then & (p,-) attains

the maximum at a unique point in K. Hence, ¢ is well defined. 0

Theorem 4.1. Let K be a nonempty closed convex subset of R", and let 1 : K x K — R" be a
skew mapping. Let n(p,-) be affine for every p € K, and let hj : R" — R be convex for each
j=1,2,....m. Then the function 4 : K — R defined by (4.1) is a gap function for GVVLI.

Proof. (i) Since 4 (p) = mini< j<m{(A;(p) = B;(p),n(p,q)) +hj(p) —hj(9)}, Vp € K. By set-
ting g = p, it is easy to see that ¢ (p) > 0 for all p € K.
(ii) Let p* € K and 4 (p*) = 0. It follows that

sup min {(A;(p") —B;(p").n(p", q)) +h;j(p") —hj(q)} =0.
geK '=j=m

This guarantees that

min {(A;(p*) —B;(p*),n(p*, q)) +h;j(p*) —hj(q)} <0, Vg € K.

1<j<m

Then there exists a 1 < jo < m such that the inequality above reduces to

<Ajo(p*) _Bj0<p*)a 7?(1?*7 CI)) +hj0<p*) - hjo(Q) <0, Vg €K.

Since 7 is skew, then (A, (p*) —Bj,(p*),n(q,p*)) +hj,(q) —hj,(p*) > 0, Vg € K. It follows
that

(A(p*) —B(p*).n(q.p")) +H(q) —H(p®) ¢ —int RY, Vg € K.
This implies that p* € sol(GVVLI).
Conversely, let p* be a solution of GVVLI. Then, there exists a 1 < jj < m such that
{Ajo(P*) =Bjy(P"), (g, p*)) +hijo(q) — hjy(p*) 2 0, Vg € K,

Since 1) is a skew mapping, one concludes that

<Aj0([?*) —Bjo(p*), nr*, q)) +hj0<p*) - hjo(CI) <0, Vg €K,

and

12}-i£m{<‘41(p*) —Bj(p*):n(p*,q)) +hj(p*) —hj(q)} <0, Vg € K.

It follows that 4 (p*) < 0. In view of ¥(p) > 0, Vp € K, one has ¢4 (p*) = 0. This completes
the proof. U
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Example 4.1. Consider a closed convex subset K = [—1,1] x [~1,1] of R%. For n =1 and
m = 2, define four mappings A{,A, : K — R? and By, B, : K — R? by
Al(p) = (=3p1,1—4p2) and As(p)=(-3p1—pj,—8p2), Vp=(p1,p) €K,

and

Bi(p) = (=2p1,1—4p2) and By(p)=(-p1,—8p2), Vp=(p1,p2) €K.
Define three mappings /1,4, : K — R and 1 : K x K — R? by

h(p)=pi and ha(p)=pi N(p.q)=q—p, Yp=(p1,p2), Ya=(q1,42) €K.
Note that 4 and &, are convex on K, and 7 is skew and affine on the second argument. Then
GVLIs are given by
sol(GVLD' = {p € K : (A1(p) = Bi(p). (g, p)) +h1(q) —h(p) 2 0, ¥q € K}
={peK:—pi(p1—aq1)+4i —pi >0, Vg €K}
={(0,0)},
and
sol(GVLD? = {p € K : (A2(p) = B2(p),n(q, p)) +h2(q) —h2(p) 2 0, Vg € K}
—{peK:=2p1+p1)(p1—a1)+4i —pi >0, Vg €K}
={(0,0)}.

Therefore, ﬂ?z 150l(GVLI)/ = {(0,0)} # 0. From the definition of function ¢ : R? — R, we
obtain

G(p)= sup min {(A;(p)—Bj(p),n(p.q)) +hj(p) —hj(a)}
ge[-1,1]1=J=m

= swp {pi(p1—aq1)+pi—dqi}
qe[_171]
9 2
= sz-
Hence, ¢ is a gap function for GVLI.

4.2. Generalized regularized gap. Let.% : K x K — R be a mapping. For @ > 0, we define a
generalized regularized gap function ¢, : K — R for GVVLI:

Yo(p) =sup{ min {(4;(p)=B;(p),n(p.a))+h;(p)=hj(@)}—& F(p.a)}, VPEK. (42)
qek 1=J=m

Proposition 4.2. Let K be a nonempty, closed, and convex subset of R". Let N : K x K — R"
be a skew mapping, and let 1(p,-) be affine. Let % (p,-) be convex for every p € K, and let h;
be convex for each j=1,2,...,m. Then, for o« > 0, the 9, given by (4.2) is well defined.

Proof. Let&(p,q) = lg}iélm{ (Aj(p) —Bj(p):n(p,q)) +hj(p) —hj(q)}. Then

Go(p) = Sulg{é(p,q) —a7(p,q)}, VpeKk. (4.3)
q<

Since 1 (p,-) is affine for every p € K, and £, is convex for each j = 1,2,...,m, then it follows
from Proposition 4.1 that & (p, -) is concave. From the convexity of .Z (p,-), E(p,-) — a.% (p,")
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is concave for every p € K. Since K is closed and convex, then function &(p,-) — a.% (p,-)
attains its maximum at the unique point in K. Thus ¥ is well defined. UJ

From now on, we present some assumptions for the mapping .% : K x K — R as follows.

(P1) .% is continuously differentiable on K x K;
(P2) .7 is non-negative on K x K
(P3) Z(,-) is strongly convex on subset K for every t € K, i.e., 3 £ > 0 such that

T (v,p) — F(v,q) > (Va.F (v,q),p—q) +|p— q|*, ¥p.q,x €K;

where V;,.% denotes the gradient of .% (p, -) for every p € K
(P4) F(p,q) =0 p=g;
(PS) V,.%(t,.) is Lipschitz continuous for every t € K, i.e., 3 k¥ > 0 such that

V2.7 (¢, p) = Vo (v,q)|| < kllp—4ql|, Vp,q,x € K.
Lemma 4.1. If.7% : K x K — R satisfies (P1) - (P5), then
F(p,q) < (x=0)llp—ql*, Vp.geK.
Proof. 1t follows from (P3) that
F(p,p) = F(p,q) = (V2 Z(p,q),p —a) +L|p—dl*, Vp,q €K,
thatis, — % (p,q) > (V2 Z(p,q),p —q) +{||p — q||*, Vp,q € K. This implies

Z(p,q) <|IV2 Z(p,@)lp—dll = tllp —al*, Vp.q € K. (4.4)

From (P5), we have |V, % (p,p) — V2 Z(p,q)|| < x||p—¢||- In view of (P4), we obtain
V2 Z(p,q)ll < xllp—qll (4.5)
Using inequalities (4.4) and (4.5), we arrive at .7 (p,q) < (k —¢)||p —q||%, ¥p,q € K. The proof
is complete. O

Theorem 4.2. Let K be a nonempty, closed and convex subset of R", and let 1 : K x K — R" be
a skew mapping. Let n(p,-) be affine for every p € K, and let hj : R" — R be convex for each
Jj=12,....m If ¥ : K x K — R satisfy (P1) - (P5), then the function 9, (@ > 0) defined by
(4.2) is a gap function for GVVLIL

Proof. (i) By setting g = p in (4.2), we find that, for all p € K,

Ya(p) = 222{1?ji§’m{<Af(p) — Bj(p):n(p.q)) + hj(p) — hj(q)} — aF(p,q)} > 0.

(i) Let E(p,q) = lgnjigmﬂf\j(p) —Bj(p),n(p.q)) +hj(p)—hj(q)}. p* € K and o (p*) = 0.

Then, &(p*, q) < a.F(p*, q) for all g € K. For random p € K and every 0 < A < 1, let ¢ =
p+A(p*—p) for all p € K. It follows from Lemma 4.1 that

E(p p+A(p" —p)) <aF (p*, p+A(p* —p))
<a(k—0)|p+A(p*—p)—p|?
=a(k—0)(1=A)p—p*|*
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that is,

lgljiélmﬂAj(p*) —B;i(p*),n(p*, p+A(p*—p))) +hi(p*) —hj(p+A(p"—p))}

<a(k—0)(1=21)p—p*|.
Since, for each j =1,2,...,m, hj is convex, and for every p € K, n(p,-) is affine, then

@igm{(Aj(P*) =B(p"),An(p*, p*)+ (1 =2A)n(p", p)) +h;(p")

(") — (1 - Mhy(p)}
<a(k—0)(1-1)%p-p*|*

Hence,
(I-2) lgljigm{@j(P*) —B;(p*).n(p", p)) +hj(p*) —hj(p)}
<a(k—=0(1=1)p—p*II%,

and

Ig}.igmﬂf\j(z?*) —Bj(p*),n(p*, p)) +hj(p") —hj(p)}
<a(k—0)(1-A)|p-p*|*.
By taking A — 1, we arrive at min<;<n{(4,(p*) —B;(p*),n(p*, p)) +h;j(p*) —h;(p)} < 0.
Thus, there exists a 1 < jy < m such that
(Ajo(P") = Bjo(P*),n(P", p)) +hjy(P*) — hjy(p) < 0.

It follows that (A(p*) — B(p*),n(p,p*)) +H(p) —H(p*) ¢ int R”, Vp € K. Hence, we obtain
p* € sol(GVVLI).

Conversely, we assume that p* is a solution of GVVLI. Then, there exists a 1 < iy < m such
that

(Ajo(P") = Bjo(P"),n(q, P)) +hjo(q) = hjy(p*) = 0, Vg € K,

From the skew property of 1, we have

(A (") =B (p"),n(p", q)) +hjo(p*) —hjy(q) <0, Vg €K,

and hence,

(min 1A;(p7) = Bj(p").n(p" @)) +hj(p7) — hj(9)} <0, Vg € K.
that is, &(p*, ¢) < 0. This together with (4.3) yields that ¥y (p*) < 0. But % (p*) > 0 for all
p € K. So, 9 (p*) = 0. The proof is complete. O

Example 4.2. Consider K, Ay, A>, By, By, hy, hy, and i as same as in Example 4.1 and define
Z :R?xR?* = R by

1

1
Z(p.a) =5 —q1)2+5(pz — @), Vp=(p1,p2),Yq = (q1,42) € K.
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Clearly, .# satisfies conditions (P1) - (P5). From the definition of the function ¥, : R2 — R for
a > 0, we have

Ya(p) = sup { min {(A;(p)—Bj(p),n(p,q)) +hij(p)—hj(q)} —aF(p,q)}

[ 11} 1<j<m
(04 o
= swp {pi(pr—a)+pi—ai—S(p1—a1) =S (2—92)*}
qe[_l7”
9 2
~2(a+2)’"

Thus, ¥, is a gap function for GVVLI.

5. ERROR BOUNDS

In this section, we obtain the error bounds for GV VLI with the help of the gap function and
the generalized regularized gap function given by (4.2).

Lemma 5.1. IfA; : R" — R" is (pj, n)-strongly monotone, and B; : R" — R" is (g;, n)-strongly
pseudocontractive over K such that pj > Gj foreach j=1,2,...,m, then Aj—B;is (pj —¢;j,N)-
strongly monotone.

Proof. By the additivity property of inner products, for every p,q € R", we have

(A;j(p)—Bj(p),n(p,q))

=((A;(p) —Bj(p)) — (Aj(q) — Bj(q)) + (A;(q) — Bj(q)),n(p,9))

=((Aj(p)—A;(q)) — (Bj(p) —Bj(9)),n(p,q)) +((A;(q) — Bj(q)),n(P:q))

=((A4;(p) —Aj(q)),n(p.q9)) — {(Bj(p) —Bj(q)),n(p.,q)) +{(A;(q) — B;(q)).n(p,q))-
)-

From the (p;,n)-strongly monotonicity and (g;, 1
respectively, we conclude

(A;(p) = Bj(p)M(p.4)) = (A;(q) — Bj(q),n(p,q)) + (p; —s;)llp —al>
This completes the proof. 0

-strongly pseudocontractivity of A; and B,

Theorem 5.1. Let n : K X K — R" be a skew mapping, and let N (p,-) be affine for every
pEK. Foreach j=1,2,....m, let Aj: R" — R" be (pj,n)-strongly monotone, B : R" — R" be
(¢j,n)-strongly pseudocontractive with p; > g;, respectively over K, and hj : R" — R be convex.
Let % : K x K — R satisfy (P1)-(P5). Further, suppose that ﬂ;”:l sol(GVLI)/ is nonempty,

Y= 1<mlg (pj—¢j), and a, K, £ >0 such that & > o(k — (). Then
<j<m

d(p,50l(GVVLI)) < 1 VDap), WpeKk,
V(O —a(k—1))

where d(p,sol(GVVLI)) is the distance between sol(GVVLI) and point p.

Proof. By (4.3) and Lemma 4.1, for every g € K, we have

Yo(p) > E(pog)—a F(p,q) > E(p.q)—a(k—0)|p—ql*
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Since every (GVLI)’/ has same solution as Nty sol (GVLI)/, which is nonempty. If p* € K
is a solution, then p* is the solution to GVVLI. Note that ¥ (p) > mini<j<,{(A;(p) —

Bi(p),n(p,p*)) +hj(p) —hj(p*)} — a(x — )| p— p*||*. Suppose
(Aj(p) =Bj(p),n(p,p")) +hj(p) —hj(p*)

= min {(4;(p) = B;(p),n(p.p") +hj(p) = hi(p")}-

By using Lemma 5.1, we have

Ga(p) = (Aj(p*) —Bi(p"):n(p,p")) +hj(p) = hj(p") + (¥ —a(x =) |p—p*|%. (5.1)
Since p* is the solution of (GVLI)/, then

(Aj(p") = B;(p"),n(p,p")) +hj(p) —hj(p*) 2 0. (5.2)

Form (5.1) and (5.2), we obtain %y (p) > (9 — a(k —£))||p — p*||?. It follows that
1
lp=p*ll < Ya(p)-
V(0 —a(k—1))
This implies that
1
d(p, sol(GVVLI)) < Ya(p)-
V(0 —a(k—1))

This completes the proof. 0J

Similarly, by using gap function ¢, we obtain the following error bound for (GVVLI).

Corollary 5.1. Let 1 : K x K — R" be a skew mapping, and let 11 (p,-) be affine for every p € K.
Let Ay : R" — R" be (py,n)-strongly monotone. Lt By : R" — R" be (¢1,M)-strongly pseudo-
contractive with py > ¢1, respectively over K, and let hy : R" — R be convex. If sol (GVLI)! is

nonempty and & = py — Gy, then d(p,sol(GVLI)) < 4/ @, Vp € K, where d(p,sol(GVLI)) is
the distance between sol(GVLI) and point p.

6. NUMERICAL RESULT

Example 6.1. Let K = [—1,1] C R be a closed and convex subset, and let n : Rx R — R, be a
mapping given by
n(p,q9) =q—p, Yp,qek.
For n =1, m = 2, define four mappings A1,A; : K — R and B1,B; : K — R by
Ai(p)=-3p and As(p)=-3p—p> VpeKk
and
Bi(p)=-2p and By(p)=-p Vp€eK.
Then
A(p)=(=3p,~3p—p’) and B(p)=(-2p,~p), VYpeK.
Note that A} and A, are (3, 1)-strongly monotone and (3, 7n)-strongly monotone, respectively,

and B and B, are (2,1)-strongly pseudocontractive and (1, 1n)-strongly pseudocontractive, re-
spectively. Let hy,hp : R — R, n: R xR — R and .# : R x R — R be mappings defined by

h(p)=p* and m(p)=p* Vpek
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and

Z(p.a)=(p—a)°, Vp.qeKk.
Notice that 4 and h, are convex, 7 is skew and affine on the second argument, and .# satisfies
(P1) - (P5). Clearly, I = 1,k = 2, and the GVLIs are given by

sol(GVLD' = {p € K : (A1(p) = Bi(p),n(q. p)) +hi(q) —h1(p) > 0, ¥g € K}
={pek:—p(p—q)+4" —p* >0, Vg€ K} = {0}
and
sOl(GVLD® = {p € K : (A2(p) = B2(p),n(q: p)) +h2(q) = ha(p) > 0, Vg € K}
={pek:=2p+p’)(p—q)+4¢'—p*>0, Vg K} = {0}.
Therefore, we have ﬂ?zlsol (GVLI)/ = {0} # 0. From the definition of the function ¥ : R — R,
we obtain

4(p) = e min 1{4;(p) = Bj(p).n(p,a)) +hj(p) —hj(a)}
qe[-1,1]'=/=

= sup min {p(p—q)+p*—¢,2p+p)(p—q)+p*—q*}
ge[—1,1)1=j=m

= sup {p(p—q)+p°—q’}
q€[=1,1]
-9
T4
Hence, ¢(p) is a gap function for GVLI. By the definition of the function ¥, : R — R for
0 < a <1, wehave
Yo(p)= sup { min {{A;(p) —B;(p),n(p.q)) +hj(p) —hj(9)} — -7 (p,q)}

gel[-11) 1=I=m

= sup {pp—q)+p’—¢ —alp—q)°}
qe[_lvl}
9 2
“dirw’
Thus, ¥, (p) is a gap function for GVVLI. Therefore, all the conditions of Theorem 5.1 are
satisfied. Since0 < ¢ < 1,9 =1,k =2,and [/ = 1. Then

2
p.

1 B 1 9p2

V(@ —a(k—10) Yalp) = I-a2-1)\4(1+a)
. 3p S
Tovicer

Acknowledgments

The authors thank to the anonymous referees for their important suggestions and valuable
comments, which improve this paper a lot. The first author was supported by UGC (201819-
NFO-2018-19-OBC-UTT-71260), India, and the fourth author was supported by UGC (201819-
MANF-2018-19-UTT-100556), India.



GENERALIZED REGULARIZED GAP FUNCTIONS AND ERROR BOUNDS 93

REFERENCES

[1] F. Gianessi, Theorems of the alternative, quadratic programs and complimentarity problems, In: Cottle, R.-W.,
Gianessi F., Lions J.L. (eds.) Variational Inequalities and Complimentarity Problems, pp. 151-186. Wiley,
New York, 1980.

[2] Q.H. Ansari, E. Kobis, J.C. Yao, Vector Variational Inequalities and Vector Optimization, Springer, 2018.

[3] E. Kobis, M.A. Kobis, The weighted set relation: Characterizations in the convex case, J. Nonlinear Var.
Anal. 5 (2021), 721-735.

[4] D.D. Hang, T.V. Su, On optimality conditions for efficient solutions in constrained vector equilibrium prob-
lems in terms of Studniarski’s derivatives, J. Nonlinear Funct. Anal. 2020 (2020), Article ID 27.

[5] L.V. Nguyen, X. Qin, Weak sharpness and finite convergence for mixed variational inequalities, J. Appl.
Numer. Optim. 1 (2019), 77-90.

[6] T.V. Su, On the upper C-continuity on the solution set of general vector alpha optimization problems in
infinite-dimensional spaces, Commun. Optim. Theory, 2018 (2018), Article ID 2.

[7] X.Q. Yang, J.C. Yao, Gap functions and existence of solutions to set-valued vector variational inequalities, J.
Optim. Theory Appl. 115 (2002), 407-417.

[8] G.Y. Chen, C.J. Goh, X.Q. Yang, On gap functions for vector variational inequalities, In: Gianessi, F. (eds.)
Vector variational inequalities and vector equilibria: mathematical theories, pp. 55-70. Kluwer Academic,
Boston, 2000.

[9] L.V. Nguyen, X. Qin, Some results on strongly pseudomonotone quasi-variational inequalities, Set-Valued
Var. Anal. 28 (2020), 239-257.

[10] N.J. Huang, J. Li, J.C. Yao, Gap functions and existence of solutions for a system of vector equalibrium
problems, J. Optim. Theory Appl. 133 (2007), 201-212.

[11] J. Li, G. Mastroeni, Vector varitional inequalities involving set-valued mappings via scalarization with appli-
cations to error bounds for gap functions, J. Optim. Theory Appl. 145 (2010), 355-372.

[12] X.K. Sun, Y. Chai, Gap functions and error bounds for generalized vector variational inequalities, Optim.
Lett. 8 (2014), 1663-1673.

[13] M. Fukushima, Equaivalent differentiable optimization problems and descent methods for asymmetric varia-
tional inequality problems. Math. Program. 53 (1992), 99-110.

[14] J.H. Wu, M. Florian, P. Marcotte, A general descent framework for the monotone variational inequality
problem, Math. Program. 61 (1993), 281-300.

[15] C. Charitha, J. Dutta, Regularized gap functions and error bounds for vector variational inequality, Pacific J.
Optim. 6 (2010), 497-510.

[16] F.Facchinei, J.S. Pang, Finite-Dimensional Variational Inequalities and Complimentarity Problems, Springer,
Berlin, 2003.

[17] G.Y.Li, K.F. Ng, Error bounds of generalized D-gap functions for nonsmooth and nonmonotone variational
inequality problems, SIAM J. Optim. 20 (2009), 667-690.

[18] D. Aussel, B. Correa, M. Marechal, Gap functions for quasivariational inequalities and generalized Nash
equalibrium problems, J. Optim. Theory Appl. 151 (2011), 474-488.

[19] D. Aussel, J. Dutta, On gap functions for multivalued Stampacchia variational inequalities, J. Optim. Theory
Appl. 149 (2011), 513-527.

[20] Z.Khan, A F. Ansari, Gap function with error bound for random generalized variational-like inequality prob-
lem, J. Sci. Arts 4 (2020), 917-930.

[21] R.U. Verma, Approximation solvability of a class of nonlinear set-valued variational inclusions involving
(A,n)-monotone mappings, J. Math. Anal. Appl. 337 (2008), 969-975.

[22] R.T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, 1970.

[23] X.M. Yang, X.Q. Yang, Vector variational-like inequality with pseudo invexity, Optimization 55 (2006), 157-
170.



	1. Introduction
	2. Preliminaries
	3. Generalized Vector Variational-like Inequalities
	4. Gap Functions for GVVLI
	4.1. Gap function
	4.2. Generalized regularized gap

	5. Error Bounds
	6. Numerical Result
	References

