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OPTIMAL SOLUTIONS TO VARIATIONAL INEQUALITIES VIA BREGMAN
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Abstract. We study the existence of maximum and minimum solutions to generalized variational in-
equalities on Banach lattices. The main tools are the variational characterization of the Bregman gener-
alized projection and the order-theoretic fixed point theory.
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1. INTRODUCTION

Throughout this paper, we denote the set of real numbers and the set of natural numbers by
R and N, respectively. Let E be a Banach space and E∗ its dual space. If x ∈ E, then we denote
the value of x∗ ∈ E∗ at x by 〈x,x∗〉. For any sequence {xn}n∈N in E, we denote the strong
convergence of {xn}n∈N to x ∈ E by xn→ x and the weak convergence by xn ⇀ x as n→ ∞. To
see some geometric properties of Banach spaces, we refer the reader to [1]. Let C be a nonempty
subset of a Banach space E. Let f : C→ E be a map. We denote by Fix( f ) = {x ∈C : f x = x}
the set of fixed points of f . Let X be a topological space. In the sequel, we denote the set of all
nonempty subsets of X by P(X).

We recall the definition of the Bregman distances. Let E be a Banach space and g : E → R
be a strictly convex and Gâteaux differentiable function on a Banach space E. The Bregman
distance [2] (see also [3, 4]) corresponding to g is the function Dg : E×E→ R defined by

Dg(x,y) = g(x)−g(y)−〈x− y,∇g(y)〉, ∀x,y ∈ E. (1.1)

It is clear that Dg(x,y) ≥ 0 for all x,y in E. However, Dg is not symmetric, and Dg does not
satisfy the triangular inequality. When E is a smooth Banach space, setting g(x) = ‖x‖2 for all
x in E, we have that ∇g(x) = 2Jx for all x in E. Here J is the normalized duality mapping from
E into E∗. Hence, Dg(·, ·) reduces to the usual map φ(·, ·) as

Dg(x,y) = φ(x,y) := ‖x‖2−2〈x,Jy〉+‖y‖2, ∀x,y ∈ E.

Let E be a Banach space and g : E → R a strictly convex and Gâteaux differentiable function.
Working on the Bregman distance Dg (see (1.1)), the following Bregman three-point identity
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holds for every Banach space E [4]:

Dg(x,z) = Dg(x,y)+Dg(y,z)+ 〈x− y,∇g(y)−∇g(z)〉, ∀x,y,z ∈ E.

In particular,

Dg(x,y) =−Dg(y,x)+ 〈y− x,∇g(y)−∇g(x)〉, ∀x,y ∈ E. (1.2)

With the aid of Bregman distance, we introduce the notion of the Bregman order regularity, and
develop the approximation theory, the fixed point theorems results for the set-valued mappings
for variational inequality problems in general Banach spaces.

Let E be a Banach space whose (topological) dual we denote by E∗. Let C be a nonempty,
closed, and convex subset of E. Let Γ : C → E∗ be a function. The variational inequality
problem associated with C and Γ is denoted by V I(C,Γ), and consists of finding an x̂ ∈C such
that 〈Γ(x̂),x− x̂〉 ≥ 0, ∀x ∈ C. where Γ : C⇒ E∗ is any mapping, that is, Γ is a function that
maps C into 2X∗ \{ /0}. the generalized variational inequality problem associated with C and Γ

is to find an x̂ ∈C such that there exists a φ ∈ Γ(x̂) with

〈φ ,x− x̂〉 ≥ 0, ∀x ∈C. (1.3)

We refer to this problem succinctly as GVI(C,Γ). In turn, any x̂ ∈C such that (1.3) holds for
some ŷ ∈ Γ(x̂) is called a solution to GVI(C,Γ). If there is at least one solution to it, we say
that GVI(C,Γ ) is solvable. The first existence theorem for problem (1.3) was established by
Hartman and Stampacchia in 1966 (see [5]). Since the celebrated existence theorem of Hartman
and Stampacchia was obtained in 1966 (see [5]), the solvability of (generalized) variational
inequalities has been studied by many authors, especially, in the context where E is a Hilbert
space (so that E∗ can be taken as E). It was proved that the solutions to GVI(C,Γ) coincide with
the fixed points of the self-mapping PC ◦ (IE −Γ), where PC is the metric projection operator
onto C in a Hilbert space H. Unfortunately, this observation fails when the norm of E is not
induced by an inner product. However, partly motivated by this, Alber [6] introduced the notion
of the generalized metric projection operator πC : E∗→C in a uniformly convex and uniformly
smooth E. Noted that πC can be used instead of PC to convert a given solvability problem to a
fixed point problem in a uniformly convex and uniformly smooth Banach spaces. To see more
results on this subject, we refer to [7, 8, 10, 9, 11] and the references therein.

The theory of fixed points and variational inequality problems with the set-valued mappings
have been studied in the last forty years by using iterative methods; see, e.g., [12, 13, 14, 15].
Although there has been a large volume of literatures on the fixed point problem of nonlinear
mappings and variational inequality problems, most of them are geared towards exploiting the
symmetry property or the triangle inequality of metrics or using a seminorm (weak-norm) p or
a norm ‖ · ‖ on a vector space X (see, e.g., [16, 17, 18, 19, 20, 21, 22, 23]).

To the best of our knowledge, there is no study on the existence of variational inequality
problems via the Bregman distances and Bregman functions in general Banach spaces. Our
main focus in this paper is the existence of optimal solutions to the generalized variational
inequality (1.3) of a nonself-mapping Γ : C⇒ E∗ with the aid of the Bregman distance induced
by a strictly convex function g : E→ R in a reflexive Banach space E. Our results improve and
generalize many known results; see, e.g., [7, 16, 17, 24] and the references therein.
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2. PRELIMINARIES

In this section, we begin by recalling some facts and definitions, which will be used in the
sequel.

2.1. Gradient and Bregman distances. Let E be a Banach space. For any function g : E →
(−∞,+∞], the domain of g is defined by

domg = {x ∈ E : g(x)<+∞}.

g is said to be proper if the interior of its domain is nonempty. We call a function g : E → R
lower semicontinuous if {x ∈ E : g(x) ≤ r} is closed for all r in R. Let g : E → R be a proper
(i.e., g is not constantly +∞ on E), lower semicontinuous, and strictly convex function. Let
x ∈ int dom g and y ∈ E. The right-hand derivative of g at x in the direction y is defined and
denoted by

go(x,y) = lim
t↓0

g(x+ ty)−g(x)
t

.

The function g is said to be Gâteaux differentiable at x if limt→0
g(x+ty)−g(x)

t exists for any y. In
this case, go(x,y) coincides with ∇g(x), the value of the gradient ∇g of g at x. We call g Fréchet
differentiable at x (see, e.g., [25, p. 13] or [26, p. 508]) if, for all ε > 0, there exists δ > 0 such
that

| g(y)−g(x)−〈y− x,∇g(x)〉 |≤ ε‖y− x‖ whenever ‖y− x‖ ≤ δ .

The function g is said to be Fréchet differentiable if it is Fréchet differentiable everywhere.
It is well known that if a continuous convex function g : E → R is Gâteaux differentiable,
then ∇g is norm-to-weak∗ continuous (see, e.g., [25, Proposition 1.1.10]). If g is also Fréchet
differentiable, then ∇g is norm-to-norm continuous (see [26, p. 508]).

For any r > 0, let Br := {z ∈ E : ‖z‖ ≤ r}. A function g : E→ R is said to be

• strongly coercive if

lim
‖xn‖→+∞

g(xn)

‖xn‖
=+∞;

• locally bounded if g(Br) is bounded for all r > 0;
• locally uniformly convex on E (or uniformly convex on bounded subsets of E ([27, pp.

203, 221])) if the gauge ρr : [0,+∞)→ [0,+∞] of uniform convexity of g, defined by

ρr(t) = inf
x,y∈Br,‖x−y‖=t,α∈(0,1)

αg(x)+(1−α)g(y)−g(αx+(1−α)y)
α(1−α)

,

satisfies

ρr(t)> 0, ∀r, t > 0;

• locally uniformly smooth on E ([27, pp. 207, 221]) if the function σr : [0,+∞) →
[0,+∞], defined by

σr(t) = sup
x∈Br,y∈SE ,α∈(0,1)

αg(x+(1−α)ty)+(1−α)g(x−αty)−g(x)
α(1−α)

,
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satisfies

lim
t↓0

σr(t)
t

= 0, ∀r > 0.

Remark 2.1. For a locally uniformly convex map g : E→ R, we have

g(αx+(1−α)y)≤ αg(x)+(1−α)g(y)−α(1−α)ρr(‖x− y‖),

for all x,y in Br and for all α in (0,1).

Lemma 2.1. [28, 29] Let E be a Banach space, and let g : E → R be a Gâteaux differen-
tiable function, which is locally uniformly convex on E. Let {xn}n∈N and {yn}n∈N be bounded
sequences in E. Then the following assertions are equivalent.
(1) limn→∞ Dg(xn,yn) = 0.
(2) limn→∞ ‖xn− yn‖= 0.

For a proper lower semicontinuous convex function g : E → R, the subdifferential ∂g of g is
defined by

∂g(x) = {x∗ ∈ E∗ : g(x)+ 〈y− x,x∗〉 ≤ g(y), ∀y ∈ E}

for all x in E. It is well known that ∂g ⊂ E ×E∗ is maximal monotone [30]. For any proper
lower semicontinuous convex function g : E→ R, the conjugate function g∗ of g is defined by

g∗(x∗) = sup
x∈E
{〈x,x∗〉−g(x)}, ∀x∗ ∈ E∗.

It is well known that

g(x)+g∗(x∗)≥ 〈x,x∗〉, ∀(x,x∗) ∈ E×E∗,

and

(x,x∗) ∈ ∂g is equivalent to g(x)+g∗(x∗) = 〈x,x∗〉.

It is worth mentioning that if E is a reflexive Banach space, and g : E → R is a continuous,
convex, and Gâteaux differentiable function on E then we have from [31] that

g(x)+g∗(∇g(x)) = 〈x,∇g(x)〉.

We also know that if g : E→R is a proper, lower semicontinuous, and convex function, then
g∗ : E∗→ R is a proper, weak∗ lower semicontinuous, and convex function.

Definition 2.1. [26] Let E be a Banach space. The function g : E→ R is said to be a Bregman
function if the following conditions are satisfied:
(1) g is continuous, strictly convex, and Gâteaux differentiable;
(2) the set {y ∈ E : Dg(x,y)≤ r} is bounded for all x in E and r > 0.

Lemma 2.2. [25, 27] Let E be a reflexive Banach space, and let g : E→R be a strongly coercive
Bregman function. Then
(1) ∇g : E→ E∗ is one-to-one, onto, and norm-to-weak∗ continuous;
(2) 〈x− y,∇g(x)−∇g(y)〉= 0 if and only if x = y;
(3) {x ∈ E : Dg(x,y)≤ r} is bounded for all y in E and r > 0;
(4) domg∗ = E∗, g∗ is Gâteaux differentiable and ∇g∗ = (∇g)−1.
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Lemma 2.3. (see [32]) Let E be a Banach space, and let C be a nonempty and convex subset of
E. Let g : E→ R be a convex and Gâteaux differentiable function. Then, for x ∈ E and x0 ∈C,
Dg(x0,x) = miny∈C Dg(y,x) if and only if 〈y−x0,∇g(x)−∇g(x0)〉 ≤ 0, ∀y∈C. Further, if C is a
nonempty, closed, and convex subset of a reflexive Banach space E, and g : E→R is a strongly
coercive Bregman function, then, for each x ∈ E, there exists a unique x0 ∈ Q such that

Dg(x0,x) = min
y∈C

Dg(y,x). (2.1)

The Bregman projection Pg
C from E onto C is defined by Pg

C(x) = x0 for all x ∈ E. It is also well
known that Pg

C has the following property:

Dg
(
y,Pg

Cx
)
+Dg

(
Pg

Cx,x
)
≤ Dg(y,x) (2.2)

for all y ∈C and x ∈ E (see [25] for more details).

2.2. Generalized metric projection operators. There are various ways of extending the clas-
sical metric projection operator from Hilbert spaces to Banach spaces. Let E be a Banach space.
Denote the operator norm on the dual E∗ by ‖.‖∗, and consider the map V : E∗×E→R defined
by

V (ψ,x) := ‖ψ‖2
∗−2〈ψ,x〉+‖x‖2.

(As V (ψ,x)≥ (‖ψ‖∗−‖x‖)2 for all ϕ and x, this map is nonnegative-valued, see Alber [6] and
Li [17].)

For any nonempty, closed, and convex subset C of E, the Bregman generalized projection
operator onto C is the mapping Π

g
C : E∗⇒C defined by

Π
g
C(ψ) := {z ∈C : Wg(z,ψ)≤Wg(x,ψ) for all x ∈C}.

If E is a Hilbert space, then we can regard any ψ in E∗ as lying in E through the Riesz rep-
resentation theorem. So, in that case, we have Wg(x,ψ) = ‖x−ψ‖2 for each (ψ,x) ∈ E∗×E,
which, in turn, implies that Π

g
C is the standard metric projection operator onto C. More gener-

ally, provided that E is reflexive, Π
g
C has nonempty, closed, bounded, and convex values, and

it is single-valued if and only if E is strictly convex. For these results, and other important
properties of Π

g
C, we refer to [14, 33].

2.3. Variational characterization of Π
g
C. The variational characterization of the metric pro-

jection operator in the context of Hilbert spaces plays an important role in studying variational
inequalities. A similar characterization also holds for the generalized metric projection operator
in certain cases. To introduce this characterization, we now state the variational characteriza-
tion of Bregman generalized projection operators. If E is a reflexive Banach space, and C is a
nonempty, closed, and convex subset of E, then, for any ψ ∈ E∗,

x ∈Π
g
C(ψ)⇐⇒ 〈x− y,ψ−∇g(x)〉 ≥ 0 for every y ∈C. (2.3)

(For the proof, see Li [17].) A standard argument based on this characterization yields the main
connection between fixed point problems and variational inequalities.

Theorem 2.1. Let E be a reflexive Banach space, and let λ : E → (0,+∞) be a function. Let
C be a nonempty, closed, and convex subset of E, and let Γ : C⇒ E∗ be a set-valued mapping.
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Then, x̂ is a solution to GVI(C,Γ) if and only if x̂ is a fixed point of the mapping Π
g
C ◦(∇g−λΓ),

that is,

x̂ ∈Π
g
C (∇g(x̂)−λ (x̂)Γ(x̂)) .

Proof. Suppose that x̂ ∈C is a fixed point of Π
g
C ◦ (∇g−λΓ), that is, there exists ψ̂ ∈ Γ(x̂) such

that

x̂ ∈Π
g
C(∇g(x̂)−λ (x̂)ψ̂).

In view of Lemma 2.3, (2.2), and (3.2), we conclude that

Wg(x̂,∇g(x̂)−λ (x̂)ψ̂) = inf
y∈C

Wg(y,∇g(x̂)−λ (x̂)ψ̂)

= inf
y∈C

Dg(y,∇g∗(∇g(x̂)−λ (x̂)ψ̂)).

Employing Lemma 2.3, we are led to x̂∈ Pg
C(∇g∗(∇g(x̂)−λ (x̂)ψ̂). Hence, it follows from (2.1)

that

〈y− x̂,∇g(∇g∗(∇g(x̂)−λ (x̂)ψ̂))−∇g(x̂)〉 ≤ 0, ∀y ∈C.

This implies that

〈y− x̂,−λ (x̂)ψ̂〉= 〈y− x̂,∇g(∇g∗(∇g(x̂)−λ (x̂)ψ̂)−∇g(x̂)〉 ≤ 0, ∀y ∈C.

Hence 〈y− x̂,λ (x̂)ψ̂〉 ≥ 0, ∀y ∈ C, which means that (2.3) is valid. The converse implication
follows from reversing the steps of this argument. �

2.4. Posets and lattices. Let (X ,<) be a partially ordered set (poset), and let S be a subset
of X . An element x of X is called an <-upper bound for S if x < S, that is, x < y for each
y ∈ S. (The notation S < x is similarly understood.) We say that S is <-bounded from above
if x < S for some x ∈ X , and <-bounded from below if S < x for some x ∈ X . In turn, S is
said to be <-bounded if it is <-bounded both from above and below. As usual, we say that a
sequence {xm}m∈N in X is said to be <-bounded (from above/below) if {x1,x2, . . .} possesses
this property. If x ∈ S and x is an <-upper bound for S, we say that x is the <-maximum in S.
(The <-minimum element of S is similarly defined.) A nonempty subset S of X is said to be a
<-chain in E if either x< y or y< x hold for each x,y ∈ X .

The <-supremum of S is the <-minimum of the set of all <-upper bounds for S, and is
denoted by

∨
X S. (The <-infimum of S– denoted as

∧
X S- is defined as the 4-supremum of

S.) As conventional, we denote
∨

X{x,y} as x∨ y, and
∧

X{x,y} as x∧ y, for any x,y ∈ E. If
x∨ y and x∧ y exist for every x and y in X , we say that (E,<) is a lattice. Ff

∨
X S and

∧
X S

exist for every nonempty (<-bounded) S ⊆ X , we say that (X ,<) is a (Dedekind) complete
lattice. Finally, if Y is a nonempty subset of X , which contains

∨
X{x,y} and

∧
X{x,y} for every

x,y ∈ X , then it is said to be a <-sublattice of X . In turn, if Y contains
∨

X S and
∧

X S for every
nonempty S ⊆ Y , then it is said to be a subcomplete <-sublattice of X . (Easy examples show
that a <-sublattice of X , which happens to be a complete lattice with respect to < need not be a
subcomplete <-sublattice of X .)
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2.5. Order-preservation for mappings. Let (X ,<X) and (Y,<Y ) be two lattices. A map F :
X → Y is said to be order-preserving if

x<X y =⇒ F(x)<Y F(y)

for every x,y ∈ X . In turn, if Γ : X ⇒ Y is a mapping– by this we mean that Γ is a map
from X into 2Y \ { /0}. We say that Γ is upper order-preserving if x <X y implies that for every
y ∈ Γ(y) there is an x ∈ Γ(x) such that x<Y y. (It is easily checked that for any such Γ the map
x 7→

∨
Y Γ(x) is order-preserving, provided that it is well-defined.) Similarly, Γ is lower order-

preserving if x <X y implies that, for every x ∈ Γ(x), there is a y ∈ Γ(y) such that x <Y y. (For
any such Γ, the map x 7→

∧
Y Γ(x) is order-preserving provided that it is well-defined.) Finally,

Γ is said to be order-preserving if it is both upper and lower order-preserving. (If (X ,<X) and
(Y,<Y ) are sublattices of a given lattice (Z,<), then we use the phrase <-preserving instead of
order-preserving.) We say that Γ has topped (bottomed) values if there is a <Y -maximum (<Y -
minimum) in Γ(x) for each x ∈ X . A Riesz space is a lattice (X ,<), where X is a (real) linear
space whose linear structure is compatible with the partial order < in the sense that αidX + z
is a <-preserving self-map on X for every z ∈ X and real number α > 0. The positive cone of
(X ,<) is X+ := {x ∈ X : x < 0}, which is a (pointed) convex cone in X . A Riesz space (X ,<)
is called a normed Riesz space if X is a normed linear space whose norm ‖.‖ is compatible
with the partial order < in the sense that ‖x‖ ≥ ‖y‖ holds for every x,y ∈ X with |x| < |y|. If
(X ,<) is a normed Riesz space, it is readily checked that the lattice operations ∨ and ∧ are
continuous maps from X×X into X . As an immediate consequence of this fact, we find that X+

is a closed cone in E. (As X+ is convex, it is weakly closed as well.) In turn, this implies that
xm→

∨
X{x1,x2, . . .} for every convergent sequence {xm}m∈N in E with · · ·< x2 < x1.

2.6. Order-Dual. Let (E,<) be a Banach lattice. The dual of < is the partial order <∗ on E∗

defined as follows:

ψ <∗ φ ⇐⇒ 〈x,ψ−φ〉 ≥ 0 for every x ∈ E+.

It is well known that (E∗,<∗) is a Banach lattice, which is called the dual of (E,<). As usual,
we denote the positive cone of (E∗,<∗) by E∗+, and recall that x∈E+ if and only if 〈x,ψ〉≥ 0 for
every ψ ∈ E∗+. (This is easily proved by using the Hahn-Banach theorem; see Meyer-Nieberg
[34, Proposition 1.4.2]).

3. BREGMAN ORDER-REGULARITY

3.1. Bregman order-regular Banach lattices. In the context of Hilbert lattices, Isac [20]
shown that the metric projection onto any nonempty, closed, and convex sublattice is sure to
be order-preserving, and this plays a key role for the order-theoretic analysis of variational in-
equalities. Unfortunately, this property may not hold for generalized projection operator in the
context of even finite-dimensional Banach lattices; see, e.g., [16].

We now introduce a sufficient condition for the sublattices C of a reflexive Banach lattice E
that would ensure the order-preservation of the Bregman generalized projection operator onto
C. Let (E,<) be a Banach lattice. A <-sublattice Y of E is said to be Bregman regular if g(.) is
submodular on Y with respect to <, that is,

g(x∨ y)+g(x∧ y)≤ g(x)+g(y) for every x,y ∈ Y.
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Obviously, if (E,<) is itself Bregman regular, then every <-sublattice of E is Bregman reg-
ular. To see some facts and examples about the order-regularity and order-regular sublattices of
Banach lattices, we refer the reader to [16].

3.2. Bregman generalized projections onto Bregman regular sublattices. We mention that
the Bregman regularity of a sublattice of a reflexive Banach lattice guarantees the order-preservation
of the Bregman generalized projection operator onto this sublattice. The following result is the
aim of this topic.

Proposition 3.1. Let (E,<) be a reflexive Banach lattice, and let C be a Bregman regular <-
sublattice of E. Let g : E → R be a Gâteaux differentiable function, which is locally uniformly
convex on E. Then, Π

g
C is order-preserving.

Proof. Assume, on the contrary, that Π
g
C is not upper order-preserving. Then, there exist ψ and

φ in E∗ such that (i) ψ <∗ φ ; and (ii) there exists y ∈Π
g
C(φ) such that z< y is not valid for any

z ∈ Π
g
C(ψ). Let x in Π

g
C(ψ) be arbitrarily chosen. If we set z := x∨ y in (ii), then we deduce

that x∨ y does not belong to Π
g
C(ψ) while x∨ y ∈C due to the fact that C is a sublattice of E. It

follows from the definition of Π
g
C that Wg(x,ψ)<Wg(x∨ y,ψ), that is,

〈x∨ y− x,ψ〉< g(x∨ y)−g(x). (3.1)

On the other hand, as x∧ y ∈ C (because C is a sublattice of E), we deduce that Wg(y,φ) ≤
Wg(x∧y,φ), that is, 〈x∧y−y,φ〉 ≤ g(x∧y)−g(y). Employing the relation x∨y+x∧y = x+y,
we can express this inequality as

〈x∨ y− x,−φ〉 ≤ g(x∧ y)−g(y) (3.2)

Combining (3.1) and (3.2) amounts to

〈x∨ y− x,ψ−φ〉< g(x∨ y)+g(x∧ y)−
(
g(x)+g(y)

)
Thus, by Bregman <-regularity of C, we obtain 〈x∨ y− x,ψ − φ〉 < 0. In view of (i), since
ψ −φ ∈ E∗+, by the discussion in Section 2.5 we deduce that x∨ y− x does not belong to E+,
that is, x∨y< x is false. This is a contradiction. This proves that Π

g
C is upper order-preserving.

By the similar arguments, one can prove the lower order-preservation. This completes the
proof. �

4. OPTIMAL SOLVABILITY OF VARIATIONAL INEQUALITIES

4.1. Variational inequalities on bounded sublattices. In this section, we employ the fol-
lowing well-known result whose proof is based on theorder-theoretic fixed point theory. The
following result is a special case of the Abian-Brown fixed point theorem; see [34].

Theorem 4.1. Let (X ,<) be a complete lattice, and let f : X → X be a <-preserving self-map
on X. Then, for any x∗ ∈ Xwith f (x∗)< x∗, there is a fixed point x of f with x< x∗.

Our first main result identifies certain types of generalized variational inequalities on the
subcomplete sublattices of a suitable Banach lattice.

Theorem 4.2. Let (E,<) be a reflexive Banach lattice, and let C be a Bregman regular <-
sublattice of E. Let g : E → R be a Gâteaux differentiable function, which is locally uniformly
convex on E. Let C be a Bregman regular, closed, and convex subcomplete <-sublattice of E.
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Let Γ : C⇒ E∗ be a mapping such that ∇g−λΓ is upper (lower) order-preserving with topped
(bottomed) values, for some λ : C → (0,+∞). Then, there is a <-maximum (<-minimum)
solution to GVI(C,Γ).

Proof. We will only investigate the case that Γ is upper order-preserving. For the argument of
the lower order-preserving case, it can be processed analogously. For the simplicity notation,
we set Θ := ∇g−λΓ, and note that the set of all fixed points of Π

g
C ◦Θ− we denote this set by

Fix(Πg
C ◦Θ)- is equal to the set of all solutions to GV I(C,Γ) by Theorem 2.1. It suffices to show

that Fix(Πg
C ◦Θ) is a nonempty set that has a <-maximum. Let us define the map Ψ : C→ E∗

by

Ψ(x) :=
∨
E∗

Θ(x).

Since the values of Θ are topped by hypothesis, Ψ is well-defined. Let us verify that Ψ is order-
preserving. To this end, take any x and y in C with x< y, and fix an arbitrary φ ∈Θ(y). Since Θ

is upper order-preserving by hypothesis, there is a ψ in Θ(x) such that ψ <∗ φ . This entails that∨
E∗Θ(x) <∗ φ . Thus, as φ is arbitrary in Θ(y), we conclude that Ψ(x) is an upper <∗-bound

for Θ(y). Hence, Ψ(x) <∗
∨

E∗Θ(y) = Ψ(y). Thus we have that Ψ is order-preserving. This,
together with Proposition 3.1, implies that Π

g
C ◦Ψ is a<-preserving self-map on C. By Theorem

4.1 (with x∗ =
∧

E C), we have that there exists a fixed point of Π
g
C ◦Ψ. But, Fix(Πg

C ◦Ψ) ⊆
Fix(Πg

C ◦Θ). (If x is a fixed point of Π
g
C ◦Ψ, then, because Θ(x) is topped, we have Ψ(x)∈Θ(x).

Hence, x = Π
g
C(Ψ(x)) ∈Π

g
C(Θ(x)).) This implies that Fix(Πg

C ◦Θ) 6= /0. To complete the proof,
we must show that Fix(Πg

C ◦Θ) contains its <-maximum. Now, we set x∗ :=
∨

E Fix(Πg
C ◦Θ),

which belongs to C (because C is subcomplete). Since Π
g
C ◦Ψ is <-preserving, and Π

g
C is

order-preserving, the definition of x∗ amounts to

Π
g
C

(
Ψ(x∗)

)
< Π

g
C

(
Ψ
(
Fix(Πg

C ◦Θ)
))

<
∨
E

Π
g
C

(
Θ
(
Fix(Πg

C ◦Θ)
))

<
∨
E

Fix(Πg
C ◦Θ)

where the last ordering is obtained by the inclusion Fix(Πg
C ◦Θ)⊆ (Πg

C ◦Θ)(Fix(Πg
C ◦Θ)). This

amounts to Π
g
C(Ψ(x∗))< x∗. Given that Π

g
C ◦Ψ is a <-preserving self-map on C, therefore, we

may apply Theorem 4.1 to conclude that there is a fixed point x of Π
g
C ◦Ψ such that x < x∗.

As Fix(Πg
C ◦Ψ) ⊆ Fix(Πg

C ◦Θ), we also have x ∈ Fix(Πg
C ◦Θ). From the definition of x∗, we

must have x = x∗. This implies that x is a fixed point of Π
g
C ◦Θ, that is, Fix(Πg

C ◦Θ) contains its
<-maximum. �

When Γ is single-valued, we can improve the conclusion of Theorem 4.1 substantially, which
extends Theorem 4.2 of Nishimura and Ok [11] to the context of Banach lattices.

Theorem 4.3. Let (E,<) be a reflexive Banach lattice, and let C be a Bregman regular, closed,
and convex subcomplete<- sublattice of E. Let g : E→R be a Gâteaux differentiable function,
which is locally uniformly convex on E. Let F : C→ E∗ be a function such that ∇g− λF is
order-preserving for some λ : C → (0,+∞). Then, the set of all solutions to V I(C,F) is a
complete lattice relative to <.
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Proof. By the same arguments used in the proof of Theorem 4.2 (with F playing the role of Γ),
we have Ψ = Θ. Consequently, as shown in the second paragraph of that proof, Π

g
C ◦Ψ, that

is, Π
g
C ◦ (∇g−λF) is a <-preserving self-map on C. In view of the Knaster-Tarski fixed point

theorem, we deduce that (Fix(Πg
C ◦ (∇g−λF)),<) is a complete lattice. Employing Theorem

2.1, we conclude the desired conclusion, which completes the proof. �

4.2. Variational inequalities on unbounded sublattices. In this subsection, we extend the
solvability results of the previous selection to the case of generalized variational inequalities on
sublattices that need not to be subcomplete.

Theorem 4.4. Let (E,<) be a reflexive Banach lattice, and let C be a Bregman regular, closed,
and convex <-sublattice of E. Let g : E → R be a Gâteaux differentiable function, which is
locally uniformly convex on E. Let Γ : C⇒ X∗ be a mapping such that ∇g−λΓ is upper order-
preserving with topped values, for some λ : C→ (0,+∞). If there exist z◦,z◦ ∈ C such that
Γ
(
z◦
)
<∗ 0<∗ Γ(z◦), then GV I(C,Γ) is solvable.

Proof. We set D := {x ∈ C : z◦ < x < z◦} and Θ := ∇g− λΓ. It is our aim to show that
Π

g
C ◦Θ(D) ⊆ D. To see this, we first notice that Γ(z◦) <∗ 0 and λ (z◦) > 0 imply ∇g(z◦) <∗

∇g(z◦)−λΓ(z◦). So, Π
g
C (∇g(z◦))<Π

g
C ◦Θ

(
z◦
)

thank to Proposition 3.1. From Π
g
C ◦∇g = idC

(Subsection 2.4), we also obtain that z◦ <Π
g
C(Θ(z◦)). Now, one takes any x ∈C so that z◦ < x.

Since Π
g
C is order-preserving and Θ is upper order-preserving, Π

g
C ◦Θ is upper order-preserving.

Therefore, for any y in Π
g
C(Θ(x)), there is a y◦ ∈ Π

g
C(Θ(z◦)) such that y◦ < y. It follows from

z◦<Π
g
C(Θ(z◦)) that z◦< y◦< y. Since y is arbitrary in Π

g
C(Θ(x)), it follows that z◦<Π

g
C(Θ(x)).

By a similar argument, we can show that Π
g
C(Θ(x))< z◦. Hence Π

g
C(Θ(x)) ∈ D, which proves

our claim. Since C is a <-sublattice of E, D is a subcomplete <-sublattice of E. Further-
more, D = (z◦+E+)∩ (z◦−E+). Observe that E+ is closed and convex, so is D. Finally, D
is Bregman regular, due to C. Employing Theorem 4.1, we deduce that there is a solution, say,
x̂, to GV I(C,Γ |D). Then, in view of Theorem 2.1, x̂ ∈ Π

g
D ◦ (∇g−λΓ)(x̂) ⊆ D. This implies

that there is a φ̂ ∈ Θ(x̂) such that x̂ = Π
g
D(φ̂). By what we have shown in the previous para-

graph, Π
g
C(φ̂) ∈ D. Thus, by definition of Π

g
C, we have Wg(φ̂ ,Π

g
D(φ̂))≤Wg(φ̂ ,Π

g
C(φ̂)). But, as

Π
g
D(φ̂) ∈ D⊆C and Π

g
C is single-valued, this is possible if and only if Π

g
D(φ̂) = Π

g
C(φ̂). Thus,

x̂ = Π
g
C(φ̂), which yields that x̂ is a fixed point of Π

g
C ◦Θ, and hence a solution to GV I(D,Γ).

This completes the proof. �

In order to guarantee the existence of an optimal solution in the context of Theorem 4.2, we
need to assume that Γ ”condenses” its domain in an order-theoretic sense. Based on this, we
have the following result.

Theorem 4.5. Let (E,<) be a reflexive Banach lattice, and let C be a Bregman regular, closed,
and convex <-sublattice of E. Let g : E → R be a strictly convex and Gateaux differentiable
function. Let Γ : C⇒ E∗ be a mapping such that ∇g−λΓ is upper (lower) order-preserving
with topped (bottomed) values, for some λ : C→ (0,+∞). If (∇g− λΓ)(C) contains its <∗-
maximum and <∗-minimum, then there is a <-maximum (<-minimum) solution to GV I(C,Γ).

Proof. We set Θ := ∇g−λΓ again, and denote the<∗-maximum and<∗-minimum of Θ(C) by
ψ◦ and ψ◦, respectively. By Proposition 3.1, we have

Π
g
C

(
ψ
◦)<Π

g
C

(
Θ(C)

)
<Π

g
C(ψ◦). (4.1)
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Thus D := {x ∈C : Π
g
C(ψ

◦) < x < Π
g
C(ψ◦)} is nonempty. This set is an order-interval, so it is

a closed and convex subcomplete <-sublattice of C (as in the proof of the previous result). We
claim that

Fix(Πg
C ◦Θ) = Fix(Πg

D ◦Θ|D). (4.2)

Indeed, if x ∈ Fix(Πg
C ◦Θ), then x = Π

g
C(ψ) for some ψ ∈Θ(x). As x ∈C, (4.2) entails that x =

Π
g
C(ψ)∈C, so Wg(ψ,Πg

D(ψ))≤Wg(ψ,x). On the other hand, as x = Π
g
C(ψ) and Π

g
C(ψ)∈D⊆

C, this is possible if and only if x = Π
g
C(ψ) because Π

g
C is single-valued. Thus, x ∈Π

g
D(Θ(x)),

that is, x is a fixed point of Π
g
D ◦Θ|D. Conversely, if x ∈ Fix(Πg

C ◦Θ|C), then x = Π
g
D(ψ) for

some ψ ∈ Θ(x). As x ∈ D ⊆ C, (4.1) ensures that Π
g
C(ψ) ∈ C, so Wg(x,ψ) ≤Wg(Π

g
C(ψ),ψ)

by definition of Π
g
D. Since x ∈ C, this can happen if and only if x = Π

g
C(ψ), which implies

x = Π
g
C(ψ) ∈Π

g
C(Θ(x)). Employing Theorems 2.1 and 4.1 to GV I(C,Γ|D) and using (4.2), we

arrive at the desired conclusion, which completes the proof. �

5. ORDER-THEORETIC FIXED POINT THEORY

In this section, we apply our main results in the setting of fixed point theory. Let E be a
Banach space, S a nonempty subset of E, and Γ : S⇒ E∗ any set-valued mapping. We say that
a point x in S as a Bregman fixed point of Γ if ∇g(x) ∈ Γ(x). It is evident that, when E = H
is a Hilbert space, the notion of Bregman fixed points reduce to that of fixed points. There
are various fixed point theorems, such as the Browder-Göhde-Kirk fixed point theorem, about
functions that map a closed and convex subset C of a Hilbert space H into H such that the
line segment between x and T (x) contains at least two points in C so long as x 6= T (x). In the
following, we present an order-theoretic formulation of this type of a fixed point theorem as an
application of our main theorems in the context of a Banach space.

Theorem 5.1. Let (E,<) be a reflexive Banach lattice, and let C be a Bregman regular, closed,
and convex subcomplete <-sublattice of E. Let g : E → R be a strictly convex and Gateaux
differentiable function. Let Γ : C ⇒ E∗ be an upper order-preserving mapping with topped
values such that∣∣co{x,y}∩C

∣∣≥ 2 for all (x,y) ∈C×E with ∇g(x) 6= ∇g(y) ∈ Γ(x). (5.1)

Then, Γ has a dual fixed point.

Proof. Setting Φ := ∇g− Γ, we deduce that ∇g−Φ is an upper order-preserving mapping
from C into E∗ with topped values. In view of Theorem 4.1, there is an x ∈ C and ψ ∈ Γ(x)
such that 〈z− x,ψx−ψ〉 ≥ 0 for every z ∈ C, where ψx := ∇g(x). It is our aim to show that
ψ = ψx. Assume on the contrary that ψ 6= ψx. Then, by reflexivity of E, ∇g is surjective, which
implies that ψ = ψy for some y ∈ E. As ψ 6= ψx, we may employ (5.1) to find a λ ∈ (0,1]
such that x− λ (x− y) = (1− λ )x+ λy ∈ C. Hence 〈x− λ (x− y)− x,ψx−ψy〉 ≥ 0 that is,
〈x− y,ψx−ψy〉 ≤ 0.

On the other hand, in view of (1.2), we conclude that

0≤ Dg(x,y) =−Dg(y,x)+ 〈x− y,ψx−ψy〉 ≤ 〈x− y,ψx−ψy〉 ≤ 0,

which yields that 〈x− y,ψx−ψy〉 = 0. In view of Lemma 2.1, we deduce that ψx = ψy, a
contradiction. Thus we obtain ∇g(x) = ψx = ψ ∈ Γ(x), which completes the proof. �
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Remark 5.1. The technique of using a strictly convex function g : E→ R produces a Bregman
distance that can be considered as the generality of our method. It is worth mentioning that, for
the special case of g(x) = ‖x‖2 for all x in E, we obtain that ∇g(x) = 2Jx for all x in E, where
J is the normalized duality mapping from E into E∗. The main advantage of the main results
is that by using a Bregman function g : E → R, we are led to the order-preserving property
of the Bregman generlized projection Π

g
C, which yields the existence of optimal solutions of

variational inequlity (1.3).
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