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Abstract. In this paper, we consider nonconvex vector equilibrium problems, and discuss the properties
of their efficient solution sets. First, based on the Hiriart-Urruty oriented distance function, we introduce
a new nonlinear scalarization function, and study its continuity properties. Then, we propose various
concepts of connectedness for a vector-valued mapping, and discuss their relationships. Finally, we
use these concepts to study sufficient conditions of the nonemptyness and connectedness of weakly and
strongly efficient solution sets of such problems via the scalarization method and/or conditions related to
the triangle inequality.
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1. INTRODUCTION

In recent years, vector equilibrium problems have received much attention of researchers all
over the world. These problems unify many important models in vector optimization, such
as vector optimization problems, vector variational inequalities, vector complementarity prob-
lems, and vector saddle point problems; see, e.g., [1]. Due to the vital roles of vector equilib-
rium problems, they have been intensively discussed, such as the existence of solutions [2]-[8],
the stability and sensitivity analysis [9]-[16], the solution methods [17]-[21], and topological
properties of solution sets [22]-[29] and the references therein.

One of the most important topology properties of solution sets is connected. Roughly, this
property allows the possibility of moving continuously from one efficient solution to another
one. Hence, it plays significant roles in studying algorithm solutions of the problems. Let us
present a brief overview of the results devoted to connectedness conditions of efficient solu-
tion sets of vector equilibrium problems. In [22], Gong used the linear scalarization method
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to study the connectedness of Henig weakly efficient solution sets of monotone convex equi-
librium problems. In [24], Gong and Yao introduced a positive proper efficient solution set,
and proved that this set is dense in the set of efficient solutions of vector equilibrium problems.
Then, by using this result and the assumptions related to strong monotonicity and strict convex-
ity, they formulated the connectedness conditions of efficient solution sets of vector equilibrium
problems via the linear scalarization. These results and approaches were later extended and im-
proved for set-valued equilibrium problems by Han and Huang [25]. Recently, in [28], Xu and
Zhang, based on Hiriart-Urruty oriented distance function, proposed a nonlinear scalarization
function for a convex equilibrium problem in Euclidean spaces, and then they employed this
function together with properly quasi convex and concave conditions of objective mappings
to address the connectedness of efficient solution sets. Very recently, by blending Gerstewitz
scalarization function and Hiriart-Urruty oriented distance function, Shao et al. [29] constructed
a nonlinear scalarization function and applied it to consider sufficient conditions for the con-
nectedness of efficient solution sets of vector equilibrium problems via free-disposal sets. In
the works mentioned above, the convexity conditions of constraint sets and objective mappings
are key assumptions, but somehow they are strictly stronger than the connectedness properties
of efficient solution sets.

Motivated by this stream of ideas, in this paper, our main aim is to investigate the connect-
edness conditions of efficient solution sets of nonmonotone and nonconvex vector equilibrium
problems. Our contribution is threefold. First, we propose various types of generalized con-
nectedness for vector-valued mappings, and discuss the relationships among them. Second,
we provide existence conditions for weakly and strongly efficient solution sets of the reference
problems. Third, which is the last, we formulate sufficient conditions for the connectedness of
these solution sets without monotonicity and convexity assumptions.

2. PRELIMINARIES

Let X and Y be normed spaces, and let € be a pointed, closed, convex, and solid cone in Y.
For any y;,y, € Y, we define the following relation

ViSg=Yy1cn—=%.

We first recall some notions needed in the sequel.

Definition 2.1. [30, Definition 2.5.1, page 51] A set-valued mapping G : X = Y is said to be

(a) upper semicontinuous (usc) at xo € X if, for any neighborhood ¥ of G(xp), there exists
some neighborhood % of xo such that G(% ) C V;

(b) lower semicontinuous (Isc) at xo € X if, for any open subset ¥ of Y with G(xg) N¥ # 0,
there exists some neighborhood % of xq such that G(x) ¥ #0,Vx € % ;

(c) continuous at xo € X if it is both usc and Isc at xy.

Remark 2.1. Based on Definition 2.1, we provide the remarks used in what follows.

(a) If the mapping G is not upper semicontinuous at xo € X, then there exists a neighborhood
7o of G(xp) such that, for each neighborhood %, of xy, we can find some x,, € %, satisfying
G(x,)N(Y\ %) # 0, or equivalently there exists some sequence {x,} converging to xo such
that, for each n, there is z, € G(x,) \ %.
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(b) If the mapping G is not lower semincontinuous at xo € X, then there is some open subset
Yo of Y with G(xp) N %y # 0 such that, for each neighborhood %, of xo, there exists some
Xy € U, satistfying G(x,) N7 = 0, or equivalently there exist some zy belonging to G(x)
and some sequence {x,} converging to xo such that any sequence {z,},z, € G(x,) cannot
converge to zp.

Definition 2.2. [31, Definition 5.1, page 22] A vector-valued mapping g : X — Y is said to be

(a) €-lower semicontinuous (¢-lsc) at xo € X if, for any neighborhood 7" of g(x), there exists
some neighborhood % of x( such that g(x) € ¥ +¢,Vx € %

(b) €-upper semicontinuous (¢ -usc) at xo € X if —g is € -lsc at xp;

(¢c) €-continuous at xy € X if it is both %’-usc and % ’-1sc at x.

Remark 2.2. When Y =R and ¥ = R,, the %¥’-lower semicontinuity reduces to the ordinary
lower semicontinuity. To be more specify, a function g is said to be lower semicontinuous at
xo € X if, for every real number y < g(xo), there exists some neighborhood % of xy such that
y < g(x) for all x € %, or equivalently for every € > 0, there exists some neighborhood % of
xo such that g(xg) — € < g(x) for all x € % ; see, e.g., [32, Definition 2.1] and [33, page 360].

In what follows, we say that a mapping satisfies a given property on 2" if it holds one at
every point of 2. Motivated by [34], we introduce the concepts of the pseudocontinuity for
vector-valued mappings. Let g : X — Y and o € Y. We consider the o-lower level set, denoted

by levigg = {x € X: g(x) ¢ a}.

Definition 2.3. The vector-valued mapping g is said to be

(a) €-lower pseudocontinuous on 2 if levgqg is closed for all @ € g(2);

(b) @ -upper pseudocontinuous on 2" if —g is ¢’ -lower pseudocontinuous on Z";

(c) ¥-pseudocontinuous on 2" if it is both %’-lower pseudocontinuous and % -upper pseudo-
continuous on 2.

Remark 2.3. It follows from Definition 2.3 that g is % -lower pseudocontinuous at xg € X if
and only if the set lev_, )& is closed. Therefore, if g is ¢’-lower semicontinuous at xo € X,
then it is also ¢-lower pseudocontinuous at xp. Indeed, for any sequence {x,} C lev_,(xy) 8
converging to X, we will show that X € lev_(, ) g. Suppose that X ¢ lev_(x,) &, or equivalently
g(x) eV =Y\ (g(xo) —%). Due to the openness of the set " and the lower semicontinuity of
g at xo, there exists ng € N such that g(x,) € ¥ + %, Vn > ngy. Consequently, for each n > ny,
there exist v, € ¥ and ¢, € € satisfying

g(xn) = vy +cn. (2.1)

On the other hand, by x, € lev_,(,,) &, We have g(x,) € g(xo) —% . Hence, there is ¢, € € such
that g(x,,) = g(xo) — ¢}, This together with (2.1) would imply that

vn = g(x0) — ¢y — cn € g(x0) =€,
which is impossible as v, € ¥ =Y\ (g(x0) — %).

Now, we provide an example to illustrate that the reverse of above statement is not true in
general.
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Example 2.1. Let X =Y =R, % = R., and sign : R — R be defined by

1, if x >0,
sign(x) =< 0, ifx=0,
_1, ifx<o.

Then, sign is both %’-lower pseudocontinous and %€ -upper pseudocontinous at xo = 0, but it is
neither %’-lower semicontinuous nor % -upper semicontinuous at xo = 0.

Lemma 2.1. [35, Theorem 4.2.2, page 57] A topological space is compact iff any family of
closed sets with the finite intersection property has a nonempty intersection.

We now recall Hiriart-Urruty oriented distance function, introduced in [36] and some its
properties.

Definition 2.4. [36, page 83] Hiriart-Urruty oriented distance function hy : Y — R is defined
by
d(y,bd?), ify¢%,
hq =d(y,¢)—d(y,Y\¥) =
¢(y):=d(, %) —d(y,Y\C) {_d(%bd%), ity e,
where bd¥ is the boundary of €.

Lemma 2.2. [37, Lemma 2.5] Let y,y and y, be given in Y. Then,

(a) hg is continuous and convex;

(b) hg(y) <O0ifand only if y € int%;

(¢) hgy(y) =0ifand only if y € bd¥';

(d) g (1 +y2) < (y1) +hg(¥2);

(e) y1 <S¢ y2 implies h_¢(y1) < h_4(y2);
(0) y1 <inew y2 implies h_(y1) <h_4(y2).

In the rest of this section, based on Hiriart-Urruty oriented distance function, we introduce a
new nonlinear scalarization function, and discuss its properties, which will be used to scalarize
vector equilibrium problems. For a vector bifunction f: X x X — Y, we consider the bifunction
N : X x X — R given by

n(xz) :=h-«(f(x2), vxzeX (2.2)
Example 2.2. (a) Let X =Y =R, % =R, and f: R xR — R. Then, for all x,z € R,
nx,z) = f(x,2).
b) LetX=R,Y=R?, 2 =% = ]R%r, and f: R x R — R? be a vector bifunction given by

f(x,Z) = (f1<x7Z),f2(x,Z)),
where f1, f» : R X R — R. Then, for all x,z € R,

VAR + B, i fix2) >0, f(x2) >0,
1(x,2) = fa(x,2), ?ffl (x,2) <0, fa(x,z) >0,
fi(x,2), if fi(x,z) >0, f2(x,2) <0,
max{f1 (X,Z),f2<x,2)}, lffl (X,Z) < O,fz(X,Z) <O0.
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Next, we study continuity properties of 17, which play important roles in our analysis.

Lemma 2.3. Let (xg,z0) € X X X be given. Then,

(a) M is upper semicontinuous at (xo,zo) if f is € -upper semicontinuous at (x,zo);
(b) M is lower semicontinuous at (xo,20) if f is € -lower semicontinuous at (xo,20);
(c) M is continuous at (xg,z0) if f is € -continuous at (xg,20)-

Proof. For the first statement, in view of Remark 2.2, we need to show that, for each € > 0,
there exists some neighborhood % of (xg,z0) such that 1(x,z) < n(xo,z0) + €, ¥(x,z) € % .
Setting yo := f(x0,20), and using Lemma 2.2(a), we can find some neighborhood ¥ of yy such
that

hog(y) <h-g(yo)+€, Vye?. (2.3)

For the neighborhood ¥/, due to the % -upper semicontinuity of f, there is some neighborhood
% of (xp,z0) such that f(x,z) € ¥ — €, V(x,z) € % . Hence, for each (x,z) belonging to %, we
can pick up y € ¥ such that f(x,z) € y—%. By Lemma 2.2(e), we gain

hoo(f(x,2)) <h_g(y). 2.4)

Finally, combining (2.2), (2.3), and (2.4), we obtain n(x,z) < n(x0,20) + €, Y(x,2) € % .
Hence, 7 is upper semicontinuous at (xg,zo). Employing the above techniques, statements (b)
and (c) are also verified. This completes the proof. 0

3. VARIOUS KINDS OF GENERALIZED CONNECTED MAPPING

In this section, we consider and propose various types of generalized connectedness for
vector-valued mappings. We first recall some classical concepts related to the connectedness
properties.

Definition 3.1. Let 2 be a nonempty subset of X.

(a) [38, page 10]) For each x1,x; € X, the set %, », := {(1 —t)x1 +1xp : 1 € [0,1]} is called
a line segment between x| and x,. Then, 2" is said to be convex if £, ,, C Z for all
X1, x € Z.

(b) [39, Definition 2.1] For each pair of given points x1,x, € X, let &%, ,, : [0,1] — X be a
continuous vector-valued mapping such that 2%, ,,(0) =x; and ¢, y, (1) = x2. Then, %%, »,
is called an arc on X with endpoints x1,x;. The set 2 is said to be arcwise connected if,
for each pair of points xj,x; in 2, there is an arc %, y, on 2.

(c) [40, page 540] A nonempty subset 2" of X is said to be separated if there are two open
subsets 77,7 of X suchthat 2 N% #0, NV #0, #NYV =0and Z C % UV . The

set 2" is said to be connected if it is not separated.

From above definitions, the following statements are easy to check.

convex set | — (arcwise connected set] = [connected set].

Now we unify and propose general concepts related to convexity properties of mappings.

Definition 3.2. Let 2 be a nonempty subset of X. A vector-valued mapping g : X — Y is said
to be
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(a) [31, Definition 6.1, page 29] segmented € -convex (€ -convex) on 2 if, for all x1,x, € 2,
the line segment %}, ,, is contained in 2", and

Vi €10,1],8(Ly 1, (1)) v (1 —1)g(x1) +18(x2);

(b) [39, Definition 2.2] arcwise connected 6 -convex on 2 if, for all x;,x, € 2, there exists
an arc @, y, on Z such that

vVt €[0,1],8( 1, (1)) S (1 =1)g(x1) +18(x2);
(c) connected € -convex on 2 if, for any x1,x, € 2, there exists a connected set ., r, C 2~
containing x1,x; such that 7, v, := Ue[0,1] #x x, (¢) is connected, where

Ky () = {x € Ay, x, 1 8(x) S (1 —1)g(x1) +18(x2) }

It follows from the above definitions that every arcwise connected % -convex mapping is
connected %’-convex. Indeed, if g is arcwise connected %y-convex on some subset 2~ of X,
then, for every xj,x, € 27, there exists an arc <7, ,, on 2 such that

Vvt € [0,1],8(, 1, (1)) Sz (1 —1)g(x1) +18(x2).
By setting 7%, », 1= 9, x,([0,1]), we have
Ty = U {xe A x,  8(x) S (1 —1)g(x1) +1g(x2)} C o, x,([0,1]).
t€[0,1]

Moreover, for any ¢ € [0, 1], the vector 2%, ,() is an element of .7, ,, and consequently the
set Jx, x, = 9, x,([0,1]) is connected. Therefore, g is connected € -convex on 2.

Motivated by [41, Definition 2.1], we have also considered the generalizations of concepts
presented in Definition 3.2 as in the followings.

Definition 3.3. Let 2" be a nonempty subset of X. A vector-valued mapping g : X — Y is said
to be

(a) [41, Definition 2.1] naturally quasi segmented € -convex (naturally quasi € -convex) on 2
if, for all x1,x, € 27, the line segment .%,, ,, is contained in 2" and

Vi €[0,1],3s € [0,1] : g(Lx o (1)) S (1 —5)g(x1) +58(x2)5

(b) naturally quasi arcwise connected ¢ -convex on 2 if, for all x1,x; € 2, there exists an arc
2y, x, on 2 such that

Vi€ [0,1],3s € [0,1] : g(H 1, (1)) S (1 —5)g(x1) +58(x2);

(¢) naturally quasi connected € -convex on 2" if, for any x,x; € 2, there exists a connected
subset J#, x, C £ containing x1,x; such that

Vx € Ky xy, 35 €[0,1] 1 g(x) S0 (1 —5)g(x1) +sg(x2).

Based on [31, Definition 6.1, page 29], we propose the generalized quasiconvexity concepts
of a vector-valued mapping.

Definition 3.4. Let 2" be a nonempty subset of X and an element & € Y. A vector-valued
mapping g : X — Y is said to be

(a) a-lower level quasi segmented € -convex on 2 if the set levqg M 2" is convex;
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(b) a-lower level quasi arcwise connected 6 -convex on 2 if the set levgqg M 2" is arcwise
connected;
(c) a-lower level quasi connected € -convex on Z" if the set levgqg N 2 is connected.

Remark 3.1. We denote
71 := segmented 4, 7 := arcwise connected 4, 73 := connected €.

It follows from Definitions 3.2—3.4 that every ¥;-convex (naturally quasi y;-convex, o.-lower
level quasi ¥;-convex, respectively) mapping is y;-convex (naturally quasi y;-convex, a-lower
level quasi yj-convex, respectively) for all i, j € {1,2,3} with i < j.

The following examples show that the reverses of Remark 3.1 are not true.

Example3.1. Let X =Y =R, 2 =R, % =R,, and g : R — R be defined by g(x) = x>. Then,
g is not segmented R -convex on R. Now, we show that g is arcwise connected R -convex on
R. Taking arbitrarily x1,x, € R, we set

Ay, (1) =/ (1 =1)x} +1x3, Vvt €]0,1],

then 7 , is an arc on R. Moreover, we have

8 (i (1)) = (L =1 +133 = (1 = 1)g(x1) +18(x2).
Hence, g is arcwise connected R -convex on R.
Example3.2. Let X=R? Y =R, 2" =R?,%¥ =R, and g : R* — R be defined by g(x) = (xy)>
forall x = (x,y) € R%. We next show that g is naturally quasi arcwise connected R_, -convex but
it is not naturally quasi segmented R, -convex.
x g is naturally quasi arcwise connected R -convex on R?: For each x; = (x1,y;) and x =
(x2,¥2) in R?, we consider the mapping #%; y, : [0, 1] — R? defined by
(1—2t)xy,if0<1<0.5,

2, t)=
x17x2( ) {(21‘— 1)x2, if05<r<1.

Then, %, x, is an arc on R%. Next, we show that for each ¢ € [0, 1], we can choose s € [0, 1]
such that

8( ) 2, (1)) < (1 —5)g(x1) +58(x2). (3.1)
We consider two cases.
Case 1. If t € [0,0.5], then

8( Ty 2, (1)) = (1= 20)*(x1y1)? < (viy1)* = g(x1)-

Hence (3.1) holds with s = 0.
Case 2. If t €]0.5, 1], then

8( ey 2, (1)) = (2t — 1)? (x232)? < (x22)% = g(x2),

and consequently (3.1) is satisfies with s = 1.
x g is not naturally quasi segmented R, -convex on R*: For ay = (1,5),ay = (5,1),and t = 0.5,

2(0.5a; +0.5a;) = g(3,3) =81 ¢25—R,. = (1 —s)g(ay) +sglay) — R4, Vse0,1].

Therefore, g is not naturally quasi segmented R, -convex on R?.
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Example 3.3. Let X=R? Y =R, 2" =R2 %4 =R, and g : R? — R be defined by

X2, if (x,y) € 7,

y_la 1f(X,y)¢7/,

where ¥ := {x = (x,y) € R* : y =x*} N 2". We will show that g is 3-lower level quasi arcwise
connected %’-convex but it is not 3-lower level quasi segmented %’-convex.

* g is 3-lower level quasi arcwise connected € -convex:

For any x1,x; € levg3gN 27, one has g(x;) < 3 and g(xp) < 3. Next, we will find an arc
@y, x, ON 2 such that

g(x) =g(x,y) = {

Vi e [071]7g(%1,x2(t)) <3. (3.2)
Assume that x; = (x1,y;) and X = (x2,y2). There are three cases to consider.
Case 1. If y; < x% and y, < x%, then by setting

%1,162 ([07 1]) = gxl,(xl,O) Ubaxl ,0),(x2,0) Ucaxz,O),xzv

one has
g(xl), ift:(),
8(Hay (1)) =y —1, if0<t<1,
g(xz), ift = 1,

where %, x,(t) = (x;,y:). Consequently,

8 (G 3y (1)) < max{g(x1),8(x2),y — 1} < max{g(x1),8(x2)} <3,
and hence (3.2) holds.
Case 2. If y; > x% and y, > x%, then
max{g(x1),g(x2)} = max{y; —1,y, — 1} <3,

and so max{y,y>} <4.By setting ., x,([0,1]) = %, x,, forallz € [0, 1], we achieve .2, x, (t) ¢
¥ . Thus,

8 ( Gy %y (1)) = 8(xe,y0) = yr — 1 <max{yy,y2)} —1<3.
Case 3. If either y; > x%,yz < x% ory| > x%,yz < x%, then we set
JZ{xlrx2<|:0’ 1]) = be(ovo) Uaa070)7(x270) U aax270)7x2'

It is easy to check that

g (P x5y (1)) < max{g(xy),8(x2)} <3
for all t € [0, 1]. If either y, > x%, y1 < x% ory, > x%, < x%, then statement (3.2) holds with

Gy %2 ([0,1]) 1= Lo, (61.0) Y ZL51.,0),0.0) Y-Z(0,0) x, -

* g is not 3-lower level quasi segmented € -convex:
For z; = (0,4), 2o = (4,4) and r = 0.5, we have

g(z1) = g(z2) =3 <3 <4 =g(0.521 +0.52).

Thus, g is not 3-lower level quasi segmented % -convex.

Example 3.4. Let X =R? Y =R, .2 =R?, and € =R... We consider a subset 7" of R? defined
by ¥ = ¥1 U7, where

Y ={x=(x,x*) €R?: =1 <x<0}and % := {x = (x,y) € R? : x> 0,y = sin(1/x)}.
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Then, ¥ is connected, but it is not arcwise con- a y a
nected. Now, we define the function g : R* — 1
R given by \
0, ifxe?, : :
s =4 o o T x
1, ifx¢7.
We will prove that g is connected R -convex -1

on R?, but it is not even 0O-lower level quasi

arcwise connected R -convex on R2. Fig. 1 Displaying of the set ¥ on R®

* g is connected R . -convex on R?: For any x1,x5 € R?, we will choose some connected subset
Hyx, x, C X containing x1,x3 such that F, x, 1= Ureo.1] JHx, x, (1) is connected, where

Hix x, (1) 1= {xG Hx x, 1 8(%) S (1 —t)g(x1)+tg(x2)}.

There are the following cases to be discussed.
Case 1. If x1,xy € ¥, then (1 —1)g(x1) +1tg(xp) =0 for all # € [0, 1]. Hence, by setting the set
Hx) xy = R2, we have

Ky (1) =X € Ky vy 1 8(%) S (1= 0)g(x1) +18(x2)} =7, Vi €[0,1],

and consequently Jx, x, := Uyeo,1] #x, x,(t) = 7 is connected.
Case 2. If either x1 ¢ ¥ or xp ¢ ¥, without loss of generality, we assume that x; ¢ ¥". By
setting Hy, x, := R2, we have

R2 D Ty D Hiyyay (0) = {X € Hoyy  8(3) < 1} = R

S0, Ty xy, = Hx,.x,(0) = R? is connected.

x g is not O-lower level quasi arcwise connected R -convex on R*: For a; = (—1,1) and
a, = (2/m,1),ay € ¥ and ay € ¥;. Because ¥ is not arcwise connected, for any arc <7, 4, On
R, there is some 7 € [0, 1] such that .7, 4,(F) ¢ ¥, or equivalently

1,42

g(%l,az(f)) =1>0.

Therefore, lev4og N 2 is not arcwise connected, and so g is not 0-lower level quasi arcwise
connected R -convex on R?. Consequently, g is neither naturally quasi arcwise connected R, -
convex nor arcwise connected R -convex.

In order to make it easier for understanding the relationships among these concepts, we give
the following diagram.
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[ segmented %’-convexity ]
( naturally quasi segmented %’-convexity J
( arcwise connected %’-convexity J [ a-lower level quasi segmented %’-convexity ]

/

( naturally quasi arcwise connected %’-convexity J

/

[ connected ¢’-convexity ] [ a-lower level quasi arcwise connected %’-convexity ]
[ naturally quasi connected %’-convexity J
[ a-lower level quasi connected %’-convexity J

Fig. 2: Relationships among the concepts of generalized convexity

4. EXISTENCE AND CONNECTEDNESS OF EFFICIENT SOLUTION SETS OF NONCONVEX
VECTOR EQUILIBRIUM PROBLEMS

Let X,Y, % be defined as in Section 2, .2~ be a nonempty subset of X, andlet f: X x X — Y
be a vector bifunction. We consider the following vector equilibrium problem
(VEP) find x € 2 such that

f(%2) Zg\j0y 0, Vze 2.

Now we present concepts of efficient solutions of (VEP) as follows.

Definition 4.1. An element xy € 2 is called
(a) a strongly efficient solution of (VEP), written as xo € SEff(.2", f) if

0w f(x0,2), Vz€Z}
(b) a weakly efficient solution of (VEP), written as xo € WEff(.2", f) if
[(%0,2) Kinw 0, VzE 2.

Usually to study the existence of efficient solutions of (VEP), we have to propose assumptions
related to convexity of the objective mappings, and hence the constrained sets must be assumed
to be convex. However, in practical situations, the convexity conditions often do not hold, and
so the class of nonconvex models related to optimization has attracted much attention in recent
years. Dealing with nonconvex vector equilibrium problems, the so-called triangle inequality
property of the objective bifunction f, i.e.,

fx,2) < fley)+f(02), Vxyze 2, 4.1)
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is considered as an efficient tool to investigate the existence of solutions; see e.g., [3, 4] and the
references therein.

Motivated by above observations, we now introduce a generalized concept of the triangle
inequality property of a vector bifunction and apply it to study existence conditions as well as
the connectedness property of efficient solution sets of nonconvex vector equilibrium problems.

Definition 4.2. A vector bifunction f : X x X — Y is said to have the ¥’-pseudo triangle in-
equality property on 2" if, for all x,y,z € 2,

[f(3,2) S% 0] = [f(x,2) ¢ f(x,))].

Now, we present an example to illustrate the applicability of the class of pseudo triangle
inequality functions in a real-life situation.

Example 4.1. Let G = (.7}, u;);c» be a weighted potential game, where .% := {1,2,...,n}isa
finite set of players, .} is a strategy set for the i-th player, and u; : ./ = [];c » -*; — R is the pay
off function for the i-th player. Let w; > 0 for all i € .#. Then, w = (w;);c s is called a weighted
vector; see, e.g., [42]. We set x = (x;,x_;), where x; € % and x_; € ./_; = [lizjes 7 A
function p : .¥ — R is a w-potential of G if, for each player i,

Mi(xé,x—i) - ui(xi,x—i) =W (p(xﬁ,xﬂ-) - p(xi,x—i)) )
for any x;,x, € . and x_; € .7_;. Let y; : ¥ X .¥ — R be a real bifunction defined by

Vi(x,2) = wi(p(z) — p(x)), Vx,z€.7.

It is clear that y; has R -pseudo triangle inequality property.

More general, a class of functions with the R -pseudo triangle inequality property can be
built up as follows. Let .Z" be a nonempty subset of X, p: 2~ — R be a real-valued function, and
i : R — R be an increasing function such that 1 (0) = 0. Consider a function y : 2" x 2" — R
defined by y(x,z) = u(p(z) — p(x)), Vx,z € Z . Obviously, y satisfies the R -pseudo triangle
inequality property.

The following example shows that there are no relationships between the % -pseudo triangle
inequality property and the % -convexity in general.

Example 4.2. Let X =Y =R, Z =R, and ¢ = R,.

(a) Let f: X x X — Y be defined by f(x,z) = (z—x)?, Vx,z € X. Then, f satisfies the R_-
pseudo triangle inequality property on .2". Indeed, for all x,y,z € 27, if f(y,2) < 0, then
z <y, which leads to (z —x)* < (y —x)3, or equivalently, f(x,z) <« f(x,y). However, f is
neither %-convex in the first component nor % ’-convex in the second component on 2.

(b) We define the bifunction 4 : X x X — Y given by h(x,z) = z> —x, Vx,z € X. It is clear that &
is affine in the first component and convex in the second component on 2", but it does not
have the R -pseudo triangle inequality property on 2 . In fact, forx =0,y =0.25,z=0.5,
one has

h(3,2) =0=<40, h(x,z) =0.25 £ 0.0625 = h(x,y).

Now, we discuss sufficient conditions for the existence of weakly efficient solutions of non-
convex vector equilibrium problems via the nonlinear scalarization function 17 and the pseudo
triangle inequality conditions.
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Theorem 4.1. Let 2" be a compact subset of X. Assume that

(i) there exists X € 2~ such that f(X,-) is € -lower semicontinuous on 2,

(ii) f has int€-pseudo triangle inequality property on 2 .
Then, WETf( 2", f) is nonempty. Moreover, if f is € -upper semicontinuous in the first compo-
nent, then WEff(2", f) is compact.

Proof. For the vector X € 2~ defined in (i), we denote
W(x):={ze 2 : forallze 2" ,n(x,z) >n(x2)}.

Since f(%,-) is €-lower semicontinuous on 2", by Lemma 2.3(b), n(%, -) is lower semicontin-
uous on 2. So, the function 7(X,-) attains the minimal values over the compact subset 2",
namely, W () is nonempty. Taking arbitrarily 7 € W(X), one has

n(x,z) = n(x,2), (4.2)

forall z € 2. If 7 ¢ WESf(Z", f), then we can find Z € 2" such that f(Z,2) <in¢ 0. Combin-
ing this with (ii), one has f(X,2) <intz f(%,Z), which together with Lemma 2.2(f) implies that
N(x,2) < n(x,z). This contradicts (4.2). Hence 7 € WEff(.Z", f). Therefore, WEff(.2", f) is
nonempty.

Furthermore, if f is ¢’-upper semicontinuous in the first component, we prove that WEff(. 2", f)
is compact. Let {x,} C WEff(.Z", f) be a given sequence converging to some xg, we will show
that xo belongs to WESf(.2", f). Since x, € WEff(.2", f), one has f(x,,z) ¢ —int% for all
z€ Z . Then, by Lemma 2.2(b), we have

N(xn,2) >0, VneN,\Vze 2. (4.3)

Because of the %’-upper semicontinuity in the first component of f, Lemma 2.3(a) derives that,
for each z € 27, the function (-, z) is upper semicontinuous. Due to (4.3), we have 1 (xo,z) > 0,
Vz € 2. Applying Lemma 2.2(b), we obtain f(xg,z) & —int% for all z € 2, or equivalently
xo belongs to WEff(.2", f). Hence WEff(.2", f) is a compact set as it is a closed subset of the
compact set 2. 0J

Remark 4.1. In the theorem above, we use the pseudo triangle inequality property to estab-
lish the existence conditions for weakly efficient solutions of the vector equilibrium problems
without assuming any convexity conditions. Hence, our result is different from many existing
ones in the literature (see, e.g., [6, 7, 8, 25]). Moreover, by weakening the triangle inequality
condition, Theorem 4.1 also improves the main results obtained in [2, 3, 4].

Example 4.3. (a) Let X=R%, Y =R?, 2" = {(x,y) e R?: 1 <x*+)* <4},and ¥ =R?. We
define f : R? x R?> — RR? as follows
f(x,2) =(llx—all —[lz—al, [zl — |[x[]),

where a = (2,0). It is clear that 2" is compact, and f is %-continuous on Z". Now we
check that f holds the %’-pseudo triangle inequality property on 2. If f(y,2) <int¢ O, that
is, (lly —all = llz—al[, ||z| — [ly[]) € —int¥’, then

ly —all <|lz—al and |z|| <{]y]|.
Therefore, for all x € 2",

lx—al| —[lz—al| < |lx—all - |ly —all and [|z]| — x| < ly]l = =],
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or equivalently f(x,z) <inw f(x,¥). Hence, all the assumptions of Theorem 4.1 are ful-
filled. So, we conclude that WEff(.2", f) is nonempty and compact. By direct computation,

WESF(27, f) = {(x,y) e R : > +y? = 1} U{(x,0) e R?: =2 <x < —1}.
(b) Let X =R, Y =R? 2 = [-1,1], and ¢ = R%. The vector bifunction f: R x R — R? is
defined by
f(x,2):=((z—x)*z—x), VYxzeR.

Then, 2" is compact and f is continuous on 2. We now show that f satisfies the intRi-
pseudo triangle inequality condition on 2. If f(y,2) <intw 0, namely

(e=y)2—y) € —intR2,

then we achieve z <y, z—x <y —x, and consequently

f(x,2) Sime f(x,y), Vxe 2.

Thus, the assumptions of Theorem 4.1 hold true, and so WEff(Z", f) is nonempty and
compact (in the fact that WEff(.2", f) = {—1}). However, f is neither concave in the first
component nor convex in the second component on 2", the results of [6, 7, 8, 25] do not
work. Furthermore, f does not hold the triangle inequality condition defined by (4.1), due
to

f(l,()) - (_1’_1) %%p (_77_1> :f<172)+f<270)'

Hence, the results given in [2, 3, 4] also cannot be applied.

In order to study the connectedness properties of sets, we employ the following important
result.

Lemma 4.1. [43, Proposition 3.1.8, page 81] Assume that 2 is a connected subset of X, and
a set-valued mapping W : X =2 Y is upper semicontinuous with connected values on Z . Then,
W(Z") is connected.

Next, we formulate sufficient conditions for the connectedness of WEff(.2", f) via the non-
linear scalarization function 7.

Theorem 4.2. Let 2 be a connected and compact subset of X. Assume that
(i) f is €-continuous and equilibrium on 2" x X, i.e., f(x,x) =0 forallx € 2,
(i1) f is int€-pseudo triangle inequality property on 2"
(iii) f is naturally quasi connected € -convex in the second component on Z .
Then, WESf( 2", f) is nonempty and connected.

Proof. The proof is divided into four steps.
Step 1. We prove that
WEff(2",f) = | W(x (4.4)
xe&
where W : 2" = 2 is defined by W(x) :={z€ 2 : forallz € Z",n(x,z) > n(x,2)} for all
x € Z . Tt follows from the proof of Theorem 4.1 that WEff(% ,f) is nonempty and

WEff(2,£) D | W(x
xeZ
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Conversely, let ¥ € WEff(.Z", f) be arbitrary. Then

f(x,z) ¢ —int¢, Vze X . 4.5)
Because of (i), one has f(x,%) = 0, and hence
n(%,x) = h_¢(f(%x)) = 0. (4.6)

Applying (4.5), (4.6), and Lemma 2.2(b), we obtain

71(977@ - h,cg(f(f,z)) >0= n(xvx)v
and consequently X € W (X) C U,c 9 W(x). Therefore, statement (4.4) holds true.
Step 2. We claim that the set-valued mapping W is upper semicontinuous on 2 .

Suppose on the contrary that there exists an element £ of 2~ such that W is not usc at . Then,
we can find an open neighborhood % of W (%) and a sequence {£,} converging to £ such that,
for each n, there is 2, € W(%,) \ % . By the compactness of 2", we assume that the sequence
{2,} converges to some vector Z belonging to 2. If 2 ¢ W (%), then there is Z € 2" such that

n(x,2) <n(&,2). 4.7)

Since Z, € W(%,), we have 1 (%,,Z) > n(£,,2,). This together with the &€-continuity of f and
Lemma 2.3(c) would imply that n(£,Z) > n(£,Z), which contradicts (4.7). Thus, Z belongs to
W (%), which is absurd as 2, ¢ % for all n, and hence W is usc on .2 .
Step 3. For each x € 2", W(x) is connected.

For each x € .27, let z1, 25 be arbitrary in W (x). Then

Nn(x,z1) =N(x,z2) and n(x,z;) < N(x,z), Vze X, Vie{l,2}. (4.8)

Because of the naturally quasi connected %’ -convexity of f, there exists a connected set %7, ., C
2 containing z1,z» such that

VZ' € Az 0,5 € [0,1] 1 f(x,27) S (1—9)f(x,21) +5f(x,22).
By Lemma 2.2(a),(d), one has
V'€ Ay, 4,35 € (0,1 (x,27) < (1 —s)n(x,21) +s0(x,22). (4.9)
It follows from (4.8) and (4.9) that
Nxz) <nlxz) <n(xz), Vze 2 V"€ .

Consequently, 77, ., C W(x), and hence W (x) is connected.
Step 4. Finally, based on Steps 2 and 3, the conditions of Lemma 4.1 are satisfied with the
set-valued mapping W. In view of Step 1, we obtain the conclusion immediately. U

Here, we provide an example to illustrate the applicability of Theorem 4.2.

Example4.4. Let X =R?2 Y =R?, 2 = {(x,y) eR*: x> +y? <1}, ¥ =R? ,and f : R? x R? —
R? be defined by

f(x.2) = ((z122)* = (xix2)? Izl = 1x])) , - V= (x1,%2), 2= (21,22) € R

Then, £ is compact, and f is €-continuous and satisfies the ¢-pseudo triangle inequality
property on 2. In order to apply Theorem 4.2, we need only to check the naturally quasi
connected % -convexity of f. For each x = (x1,x2), Z = (Z1,22) and Z = (Z;,22) in 2, we
consider the connected set % ; = .25 o U %p 3, where 0 = (0,0).
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Next, we show that, for each z € #; 3, we can choose s € [0, 1] such that

F(x,2) S (1= 9)f(x,2) +5£(x,2). (4.10)

We have two cases.
Case 1. If z € 25 o, then there exists 7 € [0, 1] such that z = 7Z. Consequently,

f(x,2) = ((P2122)* = (nx2) 7120 = |1x]]) < f(x,2),
and hence (4.10) holds with s = 0.
Case 2. If z € £ 3, then we can find 7 € [0, 1] such that z = 7Z. This leads to

f(x,2) = (20122)* = (nx) 112 — %)) sv f(x.2),
and consequently (4.10) satisfies with s = 1.
Therefore, by Theorem 4.2, the set WEff(.2", f) is nonempty and connected.

Definition 4.3. [44, Definition 2.19, page 113] A vector-valued mapping g : X — Y is said to
be €-downward directed on 2" if, for any x;,x, € 2, there exists X € Z such that

g(¥X) <% g(x1) and g(X) <¢ g(x2).

Now, we use the triangle inequality together with the downward directedness property of
f to establish the existence conditions of strongly efficient solution sets of nonconvex vector
equilibrium problems by the direct approach.

Theorem 4.3. Let 2" be compact. Assume that

(1) f holds the triangle inequality property on 2
(ii) there exists some vector X € X such that f(X,-) is €-downward directed and €-lower
pseudocontinuous on Z .

Then, SEff( 2", f) is nonempty.

Proof. Let x be given by (ii). For each z € 2, we consider the following set
L(%2)=1{2€ 2 : (%) < f(R2)}.

Then, z € Z(%,z), and so .Z(%,z) is nonempty. Since 2 is closed and f(X,-) is € -lower
pseudocontinuous on 27, the set £(¥,z) = levp(z ) f(¥,-) N 2" is closed. We show that

(] Z(x,2) #0. 4.11)
eZ

Let {z1,22, -,z } be a finite subset of 2. Since f(X,) is downward directed, there is zo € 2~
such that f(¥,z9) <¢ f(%,2:), Vi€ # :={1,2,--- ,n}. Consequently, 7o € Z(X,z;) foralli € .#,
and N £ (X,zi) # 0, for any finite subset . of 2. Because 2 is compact, and for each
x € 2, Z(x,z2) is a closed subset of 2", statement (4.11) will follow from Lemma 2.1. For
every xo € (\.e2 -Z(%,2), we have

f(Ex0) <% f(%2), Ve X (4.12)
Combining (4.12) with the triangle inequality property of f, one has
f(X7Z) ¢ f(i,)C()) +f(X0,Z> ¢ f(X,Z) +f(X(),Z),

and consequently 0 <¢ f(xo,z) for all z € Z". Hence, xq is a strongly efficient solution of
(VEP). The proof is complete. U
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Example 4.5. Let X =R, Y =R? 2 = [-1,1], and ¢ = R%.. The vector bifunction f : R x
R — R? is defined by
f(x,z):= (z—x,z3 —x3) , Vx,zeR.
Then, 2" is compact and f is continuous on 2 . Moreover, for all x,y,z € R, we have
fx2)=(@—x2 =) =(-—xy —X)+ (-2 —))
< f(xy)+ f(12),

and so f satisfies the triangle inequality property on 2. Next, let x = 0. Then, for any z1,z, €
[—1,1], by choosing 7= —1, we have

f(0,2) % f(0,21) and f(0,2) <% (0, 22),
and so f(0,-) is ¥-downward directed. Therefore, all the assumptions of Theorem 4.3 are
satisfied, and thus the set SEff(2", f) is nonempty (in fact, SEff(2", f) = {—1}).

Theorem 4.4. Let 2" be a connected and compact subset of X. Assume that
(1) f is €-continuous and equilibrium on & x Z";
(ii) f satisfies the triangle inequality property on 2
(iii) f is €-downward directed as well as naturally quasi connected € -convex in the second
component on Z .

Then, SEff(Z", f) is nonempty and connected.

Proof. In view of Theorem 4.3, the set SEff(.2", f) is nonempty. Let S: 2" = 2 be a set-
valued mapping defined by
= ﬂ ZL(x,2), Vxe X,
e
where Z(%,z) :={z€ 2 : f(x,2) <S¢ f(%,2)}. Then, forall x € 2,
Sx)={ze Z : forallze 2, f(x,2) <S¢ f(x,2)}.
Similar to Theorem 4.2, we also consider the following steps.

Step 1. SEff(.27, f) = Uyea S(x):
By Theorem 4.3, for each x € .27, S(x) is a nonempty subset of SEff(.2", f), and hence

| S(x) C SEff(2, f).

xeZ
Conversely, for any x € SEff(.27, f), due to (i), one has f(x,x) =0 ¢ f(x,2), Vz € 27, and
consequently x € S(x). So,

SEff(2",f) C |J S(x

xex
Step 2. For each x € 27, S(x) is connected:
Let z1,z2 € S(x) be arbitrary. Then, for all z € 27,

f(xz1) S f(x,2) and f(x,22) <@ f(x,2). (4.13)

On the other hand, since f(x,-) is naturally quasi connected %’-convex on 2, there exists a
connected set %z, ., C 2 containing zj,z such that, for each 7 € J#, .,, we can find s € [0, 1],
f(x,2) K¢ (1 —5)f(x,z1) +sf(x,22). Combining this with (4.13), we obtain

f(x,2) ¢ (L=5)f(x,2) +5f(x,2) = f(x,2), Vze Z.
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Equivalently, Z € S(x), and so %, ;, C S(x). Therefore, S(x) is connected.
Step 3. The set-valued mapping S is upper semicontinous on 2:

Suppose on the contrary that we can find some vector X € 2 such that S is not usc at £. Then,
there are an open neighborhood % of S(%) and a sequence {%,} converging to £ such that, for
each n, there exists Z, € S(£,) \ % . Since 2 is compact, we can assume that {2, } converges to
some vector Z € 2. If Z ¢ S(X), then there is Z € 2" such that

f(&,2) ¢ f(£,2). (4.14)
Due to 2, € S(%,), we have
Because f is % -continuous, (4.15) together with [45, Propositions 2.3, 2.4] would imply that
f(%,2) K¢ f(£,2), which contradicts (4.14). So, Z € S(£) C % . It is impossible as 2, ¢ % for
all n.
Step 4. Employing Lemma 4.1 and Steps 1-3, we conclude that SEff(.2", f) is connected. [

Remark 4.2. In Theorems 4.2 and 4.4, we obtain connectedness conditions for weakly and
strongly efficient solution sets of (VEP) without assuming convexity and monotonicity of the
constraint sets and the objective mappings. Hence, our approaches and results are new and
different from the existing ones in the literature; see, e.g., [22, 24, 25, 28, 29] and the references
therein.
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