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Abstract. In this paper, based on the Bregman distance and the proximal Peaceman-Rachford splitting
method (PRSM), we propose a Bregman proximal Peaceman-Rachford splitting method for solving a
separable convex minimization model. We establish the relationship between two parameters under
which we prove the global convergence of the algorithm. The O(1/t) convergence rate of the proposed
method in the ergodic sense is also studied. Preliminary numerical experiments are included to illustrate
the advantage and efficiency of the proposed method.
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1. INTRODUCTION

We consider the constrained convex programming problem with the following separate struc-
ture:

min{θ1(x)+θ2(y)|Ax+By = b,x ∈X ,y ∈ Y } , (1.1)

where X ⊂ Rn1 and Y ⊂ Rn2 are closed convex sets, θ1 : X → R and θ2 : Y → R are closed
proper convex functions, A ∈ Rl×n1 and B ∈ Rl×n2 are given matrices, and b ∈ Rl.

The alternating direction multiplier method (ADMM) is one of most powerful and successful
methods for solving (1.1), and it is a general framework for optimizing composite functions;
see, e.g., [1, 2, 3, 4, 5, 6, 7, 8, 9]. During the years which have been elapsed since its discovery,
ADMM has been gathering much attentions because it has a broad class of applications in the
fields of image and signal processing, and machine learning [5]. A number of algorithms have
been established for ADMM as well as its varieties. Some of these variants included proximal
terms in the subproblems of the ADMM in order to make them easier to solve. Recently,
there has been an increasing interest in the study of ADMM by adding a step size parameter
in the Lagrangian multiplier updating to improve the performance of the method; see, e.g.,
[10, 11, 12, 13, 14, 15]. Recently, various inexact of ADMM have been suggested; see, e.g.,
[16, 17, 18, 19] and the references therein.
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The augmented Lagrangian function of (1.1) is defined by

Lβ (x,y,λ ) = θ1(x)+θ2(y)−λ
>(Ax+By−b)+

β

2
‖Ax+By−b‖2,

where λ ∈ Rl is the Lagrange multiplier, and β > 0 is a penalty parameter. Some operator
splitting methods [8, 9, 20, 21, 22] were developed for solving the dual problem of (1.1). The
Peaceman-Rachford operator splitting method (PRSM) [23], which is also a splitting method
and different from the ADMM, updates the Lagrange multiplier twice at each iteration. Based
on PRSM, He et al. [24] proposed a strictly contractive PRSM by introducing a parameter
α ∈ (0,1) to the update scheme of the dual variable, yielding the following procedure:

xk+1 = argmin
{

Lβ (x,yk,λ k)|x ∈X
}
,

λ k+ 1
2 = λ k−αβ (Axk+1 +Byk−b),

yk+1 = argmin
{

Lβ (xk+1,y,λ k+ 1
2 )|y ∈ Y

}
,

λ k+1 = λ k+ 1
2 −αβ (Axk+1 +Byk+1−b).

Inspired by [24], Gu et al. [25] proposed a modification of the Peaceman-Rachford splitting
method by introducing two different parameters in updating the dual variable, and by introduc-
ing semi-proximal terms to the subproblems in updating the primal variables. From a given
wk = (xk,yk,λ k) ∈ W , the new iterate wk+1 = (xk+1,yk+1,λ k+1) is obtained via solving the
following: 

xk+1 = argmin
{

Lβ (x,yk,λ k)+ 1
2‖x− xk‖2

L|x ∈X
}
,

λ k+ 1
2 = λ k−αβ (Axk+1 +Byk−b),

yk+1 = argmin
{

Lβ (xk+1,y,λ k+ 1
2 )+ 1

2‖y− yk‖2
T |y ∈ Y

}
,

λ k+1 = λ k+ 1
2 − γβ (Axk+1 +Byk+1−b),

where L and T are two positive semi-definite matrices. The global convergence is proved under

α ∈ (0,1) and γ ∈
(

0, 1−α+
√

(1−α)2+4(1−α2)
2

)
.

Recently, He et al. [26] proposed the strictly contractive PRSM with the step-size enlarged
by Fortin and Glowinski’s constant in [27, 28, 29]. Its iterative scheme is as following:

xk+1 = argmin
{

Lβ (x,yk,λ k)|x ∈X
}
,

λ k+ 1
2 = λ k−αβ (Axk+1 +Byk−b),

yk+1 = argmin
{

Lβ (xk+1,y,λ k+ 1
2 )|y ∈ Y

}
,

λ k+1 = λ k+ 1
2 − γβ (Axk+1 +Byk+1−b),

in which α and γ are independent constants that are restricted into the domain

D =

{
(α,γ)|α ∈ (−1,1),γ ∈

(
0,

1+
√

5
2

)
,α + γ > 0 and |α|< 1+ γ− γ

2

}
.

Recently, the Bregman modification of ADMM (BADMM) has been adopted by several re-
searchers to improve the performance of the ADMM algorithm; see, e.g., [30, 31]. More
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specifically, BADMM takes the following iterative form:
xk+1 = argmin

{
Lβ (x,yk,λ k)+Bφ (x,xk)|x ∈X

}
,

yk+1 = argmin
{

Lβ (xk+1,y,λ k +Bψ(y,yk)|y ∈ Y
}
,

λ k+1 = λ k +αβ (Axk+1 +Byk+1−b),

where Bφ (x,xk) and Bψ(y,yk) are the Bregman distance with respect to functions φ and ψ,
respectively.

This present work is impelled by the research going on this field. The main contribution of
this paper is to show that the recently proposed the strictly contractive PRSM [26] can be well
integrated with the Bregman distance for solving problem (1.1). Since the choice of the step
size selection strategies is important for the algorithms efficiency, we establish the relationship
between two parameters under which we prove the global convergence of the algorithm. Our
results can be viewed as significant extensions of the previously known results.

2. PRELIMINARIES

We state some preliminaries that are useful in later analysis. Let Rn stand for the n-dimensional
Euclidean space. For any vector u ∈ Rn,‖u‖2 = u>u. Let D ∈ Rn×n be a symmetric positive
definite matrix. We denote the D-norm of u by ‖u‖2

D = u>Du.

2.1. Bregman distance. The Bregman distance, which can be viewed as a generalization of
the squared Euclidean distance, was proposed by [32]. For a convex differential function φ , the
associated Bregman distance is defined as

Bφ (x,y) := φ(x)−φ(y)−∇φ(y)>(x− y).

In particular, if we let φ(x) = ‖x‖2, then Bφ (x,y) = ‖x− y‖2, i.e., the classical Euclidean dis-
tance. If φ(x) = x>Qx with Q a symmetric positive definite matrix, then Bφ (x,y) = ‖x− y‖2

Q,
i.e., Mahalanobis distance.

Let us now collect some basic properties of the Bregman distance.

Proposition 2.1. [31] Let φ be a convex differentiable function and Bφ (x,y) be the associated
Bregman distance.

• Bφ (x,y)≥ 0 and Bφ (x,x) = 0 for all x,y.
• Bφ (x,y) is convex in x, but not necessarily in y.

Proposition 2.2. For differentiable convex functions Φ, it holds that

(a−b)>(∇Φ(c)−∇Φ(d)) = BΦ(a,d)−BΦ(a,c)+BΦ(b,c)−BΦ(b,d), for all a,b,c,d.

Proof. Using the definition of BΦ, we have

BΦ(a,d) = Φ(a)−Φ(d)−∇Φ(d)>(a−d),

BΦ(a,c) = Φ(a)−Φ(c)−∇Φ(c)>(a− c),
BΦ(b,c) = Φ(b)−Φ(c)−∇Φ(c)>(b− c),
BΦ(b,d) = Φ(b)−φ(d)−∇Φ(d)>(b−d).

By simple manipulations, we obtain

BΦ(a,d)−BΦ(a,c)+BΦ(b,c)−BΦ(b,d) = (a−b)>(∇Φ(c)−∇Φ(d)). (2.1)

This completes the proof. �
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Using the Proposition 2.2, we have the following proposition.

Proposition 2.3. For differentiable convex functions φ and ψ, it holds that

(x− x̃k)>(∇φ(xk)−∇φ(x̃k)) = Bφ (x, x̃k)−Bφ (x,xk)+Bφ (x̃k,xk)

for all x,xk, x̃k, and

(y− ỹk)>(∇ψ(yk)−∇ψ(ỹk)) = Bψ(y, ỹk)−Bψ(y,yk)+Bψ(ỹk,yk)

for all y,yk, ỹk.

2.2. Variational inequality characterization. Let the Lagrangian function of (1.1) be

L(x,y,λ ) = θ1(x)+θ2(y)−λ
>(Ax+By−b),

which is defined on W = X ×Y ×Rl. We call w∗ = (x∗,y∗,λ ∗) ∈ W a saddle point of the
Lagrangian function if it satisfies

L(x∗,y∗,λ )≤ L(x∗,y∗,λ ∗)≤ L(x,y,λ ∗) ∀(x,y,λ ) ∈W .

Accordingly, for any(x,y,λ ) ∈W , we deduce the following inequalities{
θ1(x)+θ1(y)− (θ2(x∗)+θ2(y∗))+(x− x∗)>(−A>λ ∗)+(y− y∗)>(−B>λ ∗)≥ 0,
(λ −λ ∗)>(Ax∗+By∗−b)≥ 0.

Then, problem (1.1) is equivalent to the mixed variational inequalities: find w∗ ∈W such that

θ(u)−θ(u∗)+(w−w∗)>F(w∗)≥ 0, ∀ w ∈W , (2.2)

where

u=
(

x
y

)
, θ(u)= θ1(x)+θ2(y), v=

(
y
λ

)
, w=

 x
y
λ

 , and F(w)=

 −A>λ

−B>λ

Ax+By−b.

 .

Clearly, F is monotone, i.e., (F(w1)−F(w2))
>(w1−w2)≥ 0,∀w1,w2 ∈W .

2.3. Some notations. Our analysis needs several matrices defined by

M =

(
In2 0
−γβB (α + γ)Il

)
, Q =

(
βB>B −αB>

−B 1
β

Il

)
, (2.3)

H =

(
α+γ−αγ

α+γ
βB>B − α

α+γ
BT

− α

α+γ
B 1

(α+γ)β Il

)
G =

(
(1− γ)βB>B (γ−1)B>

(γ−1)B (2−α−γ)
β

Il

)
(2.4)

Lemma 2.1. If γ > 0, α ∈ (−1,1), and α + γ > 0, then

(1) the matrices M,Q and H,G defined respectively in (2.3) and (2.4) satisfy

HM = Q and G := Q+QT −MT HM; (2.5)

(2) H is positive definite.
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Proof. (1) holds evidently. Next we prove (2) only. Since γ > 0, α ∈ (−1,1), and α + γ > 0,
we have (1−α)(α + γ)> 0 and α + γ−αγ > α2. Then, for any v = (y,λ ) 6= (0,0),

v>Hv =
1

(α + γ)β

(
(α + γ−αγ)β 2‖By‖2−2αβy>B>λ +‖λ‖2

)
>

1
(α + γ)β

(
α

2
β

2‖By‖2−2αβy>B>λ +‖λ‖2
)

=
1

(α + γ)β
‖αβBy−λ‖2

≥ 0.

Thus H is positive definite. This completes the proof. �

3. THE PROPOSED METHOD

Let φ and ψ be convex differentiable functions. We propose the following PRSM with the
Bregman distance for solving (1.1).

Algorithm 3.1. Step 0. The initial step:
Give ε > 0, β > 0, α ∈ (−1,1),γ ∈ (0,1),α +γ > 0, and w0 = (x0,y0,λ 0) ∈X ×Y ×
Rl . Set k = 0.

Step 1. Compute wk+1 = (xk+1,yk+1,λ k+1) ∈X ×Y ×Rl by solving the following system:

xk+1 = argmin
{

θ1(x)− (λ k)>(Ax+Byk−b)+
β

2
‖Ax+Byk−b‖2

+Bφ (x,xk),∀x ∈X
}
, (3.1a)

λ
k+ 1

2 = λ
k−αβ (Axk+1 +Byk−b), (3.1b)

yk+1 = argmin
{

θ2(y)− (λ k+ 1
2 )>(Axk+1 +By−b)+

β

2
‖Axk+1 +By−b‖2

+Bψ(y,yk),∀y ∈ Y
}
, (3.1c)

λ
k+1 = λ

k+ 1
2 − γβ (Axk+1 +Byk+1−b). (3.1d)

Step 2. If max{‖Byk−Byk+1‖2,‖Axk+1 +Byk+1−b‖2} < ε , stop; otherwise set k = k+1 and
go to Step 1.

Remark 3.1. According to their first-order optimality conditions, the minimization problems
in (3.1) can be characterized as: find (xk+1,yk+1) ∈X ×Y such that, for any (x,y) ∈X ×Y ,

θ1(x)−θ1(xk+1)+(x− xk+1)>
(
−A>[λ k−β (Axk+1 +Byk−b)]+∇φ(xk+1)−∇φ(xk)

)
≥ 0,
(3.2)

θ2(y)−θ2(yk+1)+(y−yk+1)>
(
−B>[λ k+ 1

2 −β (Axk+1 +Byk+1−b)]+∇ψ(yk+1)−∇ψ(yk)
)
≥ 0,

(3.3)
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Throughout this paper, we make the following standard assumptions:
Assumption A. The matrix B is full-column rank.
Assumption B. The solution set of (1.1), denoted by W ∗, is nonempty. We use V ∗ to denote
the set of v∗ for all subvectors of w∗ in W ∗.

Our analysis needs some sequences defined as follows:

w̃k =

 x̃k

ỹk

λ̃ k

=

 xk+1

yk+1

λ k−β (Axk+1 +Byk−b)

 and ṽk =

(
ỹk

λ̃ k

)
. (3.4)

λ
k+1 = λ

k+ 1
2 − γβ (Ax̃k +Bỹk−b)

= λ
k− (α + γ)β (Ax̃k +Byk−b)+ γβ (Byk−Bỹk)

= λ
k− [(α + γ)(λ k− λ̃

k)− γβB(yk− ỹk)].

Thus vk+1 = vk−M(vk− ṽk), where M is defined in (2.3).

Lemma 3.1. Let wk be generated by Algorithm 3.1 and w̃k be defined by (3.4). Then, for any
v = (y,λ ) ∈ V ,

(v− ṽk)T Q(vk− ṽk) =
1
2
(‖v− vk+1‖2

H−‖v− vk‖2
H)+

1
2
‖vk− ṽk‖2

G.

Proof. From (2.5), it follows that (v− ṽk)T Q(vk− ṽk) = (v− ṽk)T H(vk− vk+1). Using the fol-
lowing identity (a− b)>H(c− d) = 1

2(‖a− d‖2
H −‖a− c‖2

H)+
1
2(‖c− b‖2

H −‖d− b‖2
H), for

a = v,b = ṽk,c = vk,d = vk+1, we obtain

(v− ṽk)T H(vk− vk+1) =
1
2
(‖v− vk+1‖2

H−‖v− vk‖2
H)

+
1
2
(‖vk− ṽk‖2

H−‖vk+1− ṽk‖2
H). (3.5)

For the last term in (3.5), we have

‖vk− ṽk‖2
H−‖vk+1− ṽk‖2

H = ‖vk− ṽk‖2
H−‖(vk− ṽk)−M(vk− ṽk)‖2

H

= 2(vk− ṽk)T HM(vk− ṽk)− (vk− ṽk)T MT HM(vk− ṽk)

= (vk− ṽk)T (QT +Q−MT HM)(vk− ṽk)

= ‖vk− ṽk‖2
G. (3.6)

Combining (3.5), and (3.6), we can obtain the assertion of this lemma. �

In the following, we prove some properties which are useful for establishing the main result.
The first lemma presents a lower bound of θ(u)−θ(ũk)+(w− w̃k)>F(w̃k)+(v− ṽk)>Q(ṽk−
vk).

Lemma 3.2. Let wk be generated by Algorithm 3.1. Then, for any w ∈W ,

θ(u)−θ(ũk)+(w− w̃k)>F(w̃k)+(v− ṽk)>Q(ṽk− vk)

≥ (u− ũk)>(∇ϕ(uk)−∇ϕ(ũk)), (3.7)

where ϕ(u) = φ(x)+ψ(y).
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Proof. It follows from (3.2) that

θ1(xk+1)−θ1(x)+(xk+1− x)>
{
−A>λ

k +βA>(Axk+1 +Byk−b)
}

≤ (x− xk+1)>(∇φ(xk+1)−∇φ(xk)),

and it can be written as

θ1(x̃k)−θ1(x)+(x̃k− x)>(−A>λ̃
k)≤ (x− x̃k)>(∇φ(x̃k)−∇φ(xk)). (3.8)

From (3.3), we have

θ2(yk+1)−θ2(y)+(yk+1− y)>
{
−B>[λ k+ 1

2 −β (Axk+1 +Byk+1−b)]
}

≤ (y− yk+1)>(∇ψ(yk+1)−∇ψ(yk)).

Using (3.1b), we obtain

θ2(ỹk)−θ2(y)+(ỹk− y)>
{
−B>[λ̃ k +(α−1)(λ̃ k−λ k)−β (Ax̃k +Bỹk−b)]

}
≤ (y− ỹk)>(∇ψ(ỹk)−∇ψ(yk)).

Thus

θ2(ỹk)−θ2(y)+(ỹk− y)>
{
−B>[λ̃ k +(α−1)(λ̃ k−λ k)+(λ̃ k−λ k)+β (Byk−Bỹk)]

}
≤ (y− ỹk)>(∇ψ(ỹk)−∇ψ(yk)),

and

θ2(ỹk)−θ2(y)+(ỹk− y)>[−B>λ̃ k−αB>(λ̃ k−λ k)−βB>B(yk− ỹk)]

≤ (y− ỹk)>(∇ψ(ỹk)−∇ψ(yk)).
(3.9)

It follows from (3.4) that

Ax̃k +Bỹk−b+(Byk−Bỹk)− 1
β
(λ k− λ̃

k) = 0. (3.10)

Combining (3.8), (3.9), and (3.10) and using the definition of the matrix Q, we can obtain the
assertion of this lemma immediately. �

With Lemma 3.1 and Lemma 3.2 at hand, we can find the result below.

Theorem 3.1. Let wk be generated by Algorithm 3.1. Then, for any w∗ = (x∗,y∗,λ ∗) ∈ W ∗,
ΓH(w∗,wk)−ΓH(w∗,wk+1)≥ ΓG(w̃k,wk)≥ 1

2‖v
k− ṽk‖2

G. where ΓJ(w,w′) = Bϕ(u,u′
k)+ 1

2‖v−
v′‖2

J , J ∈ {H,G}.

Proof. Setting w = w∗ in (3.7), it follows from Lemma 3.1 and Proposition 2.3 that

θ(u∗)−θ(ũk)+(w∗− w̃k)>F(w̃k)

≥ 1
2
(‖v∗− vk+1‖2

H−‖v∗− vk‖2
H)+

1
2
‖vk− ṽk‖2

G +(u∗− ũk)>(∇ϕ(uk)−∇ϕ(ũk))

≥ 1
2
(‖v∗− vk+1‖2

H−‖v∗− vk‖2
H)+

1
2
‖vk− ṽk‖2

G +Bϕ(u∗, ũk)−Bϕ(u∗,uk)+Bϕ(ũk,uk)

= ΓH(w∗,wk+1)−ΓH(w∗,wk)+ΓG(w̃k,wk). (3.11)

Setting w = w̃k in (2.2), we obtain

θ(ũk)−θ(u∗)+(w̃k−w∗)>F(w∗)≥ 0. (3.12)
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Combining (3.11) and (3.12), we have

(w∗− w̃k)>(F(w̃k)−F(w∗))≥ ΓH(w∗,wk+1)−ΓH(w∗,wk)+ΓG(w̃k,wk).

In view of the monotonicity of F, we arrive at

ΓH(w∗,wk)−ΓH(w∗,wk+1)≥ ΓG(w̃k,wk)≥ 1
2
‖vk− ṽk‖2

G.

The assertion of this lemma is proved. �

Remark 3.2. It follows from (3.1b) and (3.1d) that

λ
k = λ

k+1 +(α + γ)β (Axk+1 +Byk+1−b)+αβ (Byk−Byk+1).

In view of (3.10), we have Axk+1 +Byk+1−b+(Byk−Byk+1)− 1
β
(λ k− λ̃ k) = 0. If

xk− xk+1 = 0,

Byk−Byk+1 = 0,

Axk+1 +Byk+1−b = 0,

then, it follows from (3.7) and Assumption A that

θ(u)−θ(uk+1)+(w−wk+1)>F(wk+1)≥ 0,∀w ∈W ,

which indicates that (xk+1,yk+1,λ k+1) is a solution point of (2.2). Hence, the stopping criterion
adopted here is reasonable: if it is satisfied with a small ε , we can regard the current iterate as
an approximate solution.

4. CONVERGENCE OF THE PROPOSED METHOD

In this section, we prove the global convergence for the proposed method. Before proceeding,
we need the following lemma.

Lemma 4.1. Let wk be generated by Algorithm 3.1 and w̃k be defined by (3.4). Then there exist
constants C11 > 0 and C12 > 0 such that

‖vk− ṽk‖2
G ≥C11‖Byk−Byk+1‖2 +C12‖Axk+1 +Byk+1−b‖2.

Proof. By using the definition of the matrix G, we obtain

‖vk− ṽk‖2
G = (1− γ)β‖Byk−Byk+1‖2−2(1− γ)(λ k− λ̃ k)>(Byk−Byk+1)

+ (2−α−γ)
β
‖λ k− λ̃ k‖2.

Since λ k− λ̃ k = β (Axk+1 +Byk+1−b)+β (Byk−Byk+1), we have

‖vk− ṽk‖2
G = (1−α)β‖Byk−Byk+1‖2 +(2−α− γ)β‖Axk+1 +Byk+1−b‖2

+2(1−α)β (Axk+1 +Byk+1−b)>(Byk−Byk+1)
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and it can be written as

‖vk− ṽk‖2
G

=

(
Byk−Byk+1

Axk+1 +Byk+1−b

)>(
(1−α)β Il (1−α)β Il
(1−α)β Il (2−α− γ)β Il

)(
Byk−Byk+1

Axk+1 +Byk+1−b

)
=

∥∥∥∥ Byk−Byk+1

Axk+1 +Byk+1−b

∥∥∥∥2

S
,

where

S =

(
(1−α)β Il (1−α)β Il
(1−α)β Il (2−α− γ)β Il

)
.

Since α ∈ (−1,1),γ ∈ (0,1), and α + γ > 0, then S is positive definite. Therefore, we obtain
the assertion of this Lemma. �

Combining Theorem 3.1 and Lemma 4.1, we can obtain the result below.

Theorem 4.1. Let wk be generated by Algorithm 3.1, and let w̃k be defined by (3.4). Then, there
exist constants C1 > 0 and C2 > 0 such that

ΓH(w∗,wk+1) ≤ ΓH(w∗,wk)−
(

C1‖Byk−Byk+1‖2 +C2‖Axk+1 +Byk+1−b‖2
)
.

(4.1)

Now we are ready to prove the global convergence of the proposed method.

Theorem 4.2. Let wk be generated by Algorithm 3.1. Then,

lim
k→∞

(‖Byk−Byk+1‖2 +‖Axk+1 +Byk+1−b‖) = 0. (4.2)

Moreover, {vk} converges to a point v∞ ∈ V ∗.

Proof. It follows from (4.1) that
∞

∑
k=0

(
C1‖Byk−Byk+1‖2 +C2‖Axk+1 +Byk+1−b‖2

)
≤ ΓH(w∗,w0),

and then
lim
k→∞

(
‖Byk−Byk+1‖2 +‖Axk+1 +Byk+1−b‖2

)
= 0.

Moreover, it is easy to know from (4.1) that {ΓH(w∗,wk)} is monotonically non-increasing, and
hence is bounded. Thus it is convergent. Since {‖ΓH(w∗,wk)‖} is bounded, then {‖v∗− vk‖H}
is bounded. From Lemma 2.1 and the fact that H is positive definite, the sequence {vk} is also
bounded, and it has a subsequence {vk j} converging to a cluster point, say v∞. Due to (4.2) and
the definition of w̃k in (3.4), we have limk→∞ ‖vk− ṽk‖ = 0. Let x̃∞ be induced by (3.1a) with
given (y∞,λ ∞). From (4.2), we have B(y∞− ỹ∞) = 0 and λ ∞− λ̃ ∞ = 0. Since B is full column
rank, we can obtain y∞ = ỹ∞. Hence, taking limits in (3.7) along the subsequence {wk j}, it
follows that

θ(u)−θ(ũ∞)+(w− w̃∞)>F(w̃∞)≥ 0, ∀ w ∈W . (4.3)

Therefore w̃∞ =w∞ is a solution of (2.2). Since {ΓH(w∞,wk)} is convergent and 1
2‖v

k−v∞‖2
H ≤

ΓH(w∞,wk), then the sequence {‖vk− v∞‖H} is convergent. Since vk j → v∞, it follows that
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vk→ v∞. In view of w∞ ∈W ∗ and (4.1), we have ΓH(w∞,wk+1) ≤ ΓH(w∞,wk). Then, for any
other stationary point w∞

1 ,

ΓH(w∞,w∞
1 ) ≤ liminf

k
ΓH(w∞,wk)≤ lim

j
ΓH(w∞,wk j)

= ΓH(w∞,w∞) = 0,

which indicates that w∞ = w∞
1 from 1

2‖w
∞−w∞

1 ‖2 ≤ ΓH(w∞,w∞
1 ). That is also to say that the

sequence {vk} cannot have another cluster point and thus it converges to a solution point v∞ ∈
V ∗. The proof is completed. �

Combining (3.11) and Lemma 4.1, and using the monotonicity of F, we obtain the following
results.

Theorem 4.3. Let wk be generated by Algorithm 3.1, and let w̃k be defined by (3.4). Thus

θ(u)−θ(ũk)+(w− w̃k)>F(w)≥ ΓH(w,wk+1)−ΓH(w,wk),∀w ∈W . (4.4)

5. O(1/t) CONVERGENCE RATE

In this section, we show that the proposed method has the O(1/t) convergence rate. Recall
that W ∗ can be characterized as (see (2.3.2) on pp. 159 of [33])

W ∗ =
⋂

w∈W
{w̃ ∈W : (Θ(u)−Θ(ũ))+(w− w̃)>F(w)≥ 0}.

This implies that w̃ is an approximate solution of (2.2) with the accuracy ε > 0 if it satisfies

w̃ ∈W and sup
w∈W
{(Θ(ũ)−Θ(u))+(w̃−w)>F(w)} ≤ ε. (5.1)

In the rest, our purpose is to show that after t iterations of the proposed method, and we can find
a w̃ ∈W such that (5.1) is satisfied with ε = O(1/t).

Theorem 5.1. Let wk be generated by Algorithm 3.1, and let w̃k be defined by (3.4). Then

θ(ũt)−θ(u)+(w̃t−w)>F(w)≤ 1
t +1

ΓH(w,w0),∀w ∈W ,

where

w̃t =
1

t +1

t

∑
k=0

w̃k and ũt =
1

t +1

t

∑
k=0

ũk.

Proof. From (4.4), we have

θ(ũk)−θ(u)+(w̃k−w)>F(w)≤ ΓH(w,wk)−ΓH(w,wk+1),∀w ∈W . (5.2)

Summing the inequality (5.2) over k = 0, · · ·, t, we obtain

t

∑
k=0

θ(ũk)− (t +1)θ(u)+

(
t

∑
k=0

w̃k− (t +1)w

)>
F(w)≤ ΓH(w,w0),∀w ∈W . (5.3)

The convexity of θ indicates

θ(ũt) = θ

(
1

t +1

t

∑
k=0

ũk

)
≤ 1

t +1

t

∑
k=0

θ(ũk). (5.4)
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Substituting (5.4) into (5.3) and using the definition of w̃t , we have

θ(ũt)−θ(u)+(w̃t−w)>F(w)≤ 1
t +1

ΓH(w,w0),∀w ∈W ,

which proves the desired result. Indeed, w̃t ∈W because it is a convex combination of w̃0, w̃1, · ·
·, w̃t . The proof is completed. �

For any compact set D ⊂W , let d = sup{ΓH(w,w0)|w∈D}. For any given ε > 0, after most

t = (
d
ε
−1
)

iterations, we have θ(ũt)−θ(u)+(w̃t−w)>F(w)≤ ε, ∀w∈D . That is, the O(1/t) convergence
rate is established in an ergodic sense.

6. PRELIMINARY COMPUTATIONAL RESULTS

In order to verify the theoretical assertions, we consider the LASSO model in [5, 34]

min
{

1
2
‖x−b‖2 +σ‖y‖1|x−Ay = 0,x ∈ Rn1,y ∈ Rn2

}
, (6.1)

where ‖x‖1 = Σi|xi|. Applying the proposed method to the problem (6.1) with Bφ (x,y) = 1
2‖x−

y‖2
C and Bψ(x,y)= 1

2‖x−y‖2
D, where C = r1In1−βA>A, D= τr2In2−βB>B with r1≥ β‖A>A‖,

r2 ≥ β‖B>B‖,τ ∈ (1+α

2 ,1), and B is full column rank. r1 ≥ β‖A>A‖ implies the positive semi-
definiteness of matrix C, and τ < 1 indicates the indefiniteness of matrix D. Note that similar
matrices was tested in [7]. The iterative scheme is given as

xk+1 =
1

r1 +β
(b+λ

k +βAyk +(r1−1)xk)

λ
k+ 1

2 = λ
k−αβ (xk+1−Ayk),

yk+1 = shrink

(
yk− A>(λ k+ 1

2 −β (xk+1−Ayk))

τr2
,

σ

τr2

)

λ
k+1 = λ

k+ 1
2 − γβ (xk+1−Ayk+1),

where the shrink is the soft thresholding operator (see [35]) defined as

(Sδ (t))i = (1−δ/|ti|)+ · ti, i = 1,2, · · ·,n2.

We use the same notations as in [7]. We compare the performance of the proposed method
(BPRSM) with CADMM in [5], IDSADMM in [36], IPGADMM in [37], and GLADMM)
in [38]. In all tests, we take r1 = 1.001,r2 = β‖A>A‖+ 0.001 and (y0,λ 0) = (0,0) as the
initial point. We compare the results of each algorithm when the parameters are optimal. The
parameters in each algorithm are listed as below.
CADMM: β = 1,σ = 0.1‖A>b‖∞,τ = 1.001,α = 0.3,γ = 1.618.
IDSADMM: β = 1,σ = 0.1‖A>b‖∞,α = 0.3,τ = α2−α+4

α2−2α+5 +0.001,γ = 1.
IPGADMM: β = 1,σ = 0.1‖A>b‖∞,α = 0.3,τ = 3+α

4 +0.001,γ = 1.

GLADMM: β = 1,σ = 0.1‖A>b‖∞,α = 0.3,τ = 4(α+γ)2−5(α+γ)+10
4(α+γ)2−8(α+γ)+16 +0.001,γ = 0.4.
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FIGURE 6.1. Comparison results for problem (6.1)

BPRSM: β = 1,σ = 0.1‖A>b‖∞,α =−0.4,τ = 1+α

2 +0.001,γ = 0.9.
The iteration is stopped as soon as

‖xk+1−Ayk+1‖ ≤ ε
pri and ‖A(yk+1− yk)‖ ≤ ε

dual

where εpri =
√

nεabs + εrel max{‖xk+1‖,‖Ayk+1‖} and εdual =
√

nεabs + εrel‖yk+1‖, with
εabs and εrel set to be 10−4 and 10−2. For a given dimension m×n, we generate the data ran-
domly as follows. p = 1/n,x0 = sprandn(n,1, p),A = randn(m,n),b = A∗ x0 + sqrt(0.0001)∗
randn(m,1). All codes were written in Matlab; we compare the proposed method with those in
[5, 36, 37, 38]. The iteration numbers, denoted by k, and the computational time for problem
(6.1) with different dimensions are given in Table 6.1.

Table 6.1: Numerical results for problem (6.1)

m n
CADMM

k CPU(s)
IDSADMM
k CPU(s)

IPGADMM
k CPU(s)

GLADMM
k CPU(s)

BPRSM
k CPU(s)

900 300 34 1.67 31 1.58 30 1.53 28 1.67 18 0.92
1050 3500 36 2.49 32 2.40 32 2.44 29 2.38 19 1.38
1200 4000 32 2.80 29 2.57 28 2.48 26 2.88 18 1.76
1350 4500 35 3.92 31 3.88 31 3.61 28 3.92 18 2.16
1500 5000 29 3.97 25 3.57 25 3.58 24 3.96 17 2.40
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FIGURE 6.2. Sensitivity tests on different α of BPRSM for problem (6.1)

Figure 6.1 reports the comparison between the methods in [5, 36, 37, 38] and the proposed
method for solving problem (6.1). Tables 6.1 and Figure 6.1 show the high efficiency and
robustness of the proposed method. We observe that the proposed method is faster and need
fewer iteration.

Figure 6.2 shows the sensitivity tests of the proposed method for solving different dimen-
sional with different α values. When α takes the value between intervals [-0.5, 0.1], the number
of iterations under different dimensions is not more than 24, of which the minimum value is 17.

7. CONCLUSIONS

In this paper, by using the Bregman distance and the the proximal Peaceman-Rachford split-
ting method, we proposed a Bregman proximal Peaceman-Rachford splitting method for solv-
ing a separable convex minimization model. The new algorithm only needs to solve two un-
constrained subproblems at each iteration. We proved the global convergence of the algorithm
under standard assumptions. Finally, we reported some numerical results, indicating the effi-
ciency of the proposed algorithm.
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Opér. Anal. Numér. 2 (1975), 41-76.

[10] Y. Cui, X. Li, D. Sun, K.C. Toh, On the convergence properties of a majorized ADMM for linearly constrained
convex optimization problems with coupled objective functions, J. Optim. Theory Appl. 169 (2016), 1013-
1041.

[11] W. Deng, W. Yin, On the global and linear convergence of the generalized alternating direction method of
multipliers, J. Sci. Comput. 66 (2016), 889-916.

[12] B. He, L. Liao, D. Han, H. Yang, A new inexact alternating directions method for monotone variational
inequalities, Math. Program. 92 (2002), 103-118.

[13] B. He, X. Yuan, On the o(1/n) convergence rate of the Douglas-Rachford alternating direction method, SIAM
J. Numer. Anal. 50 (2012), 700-709.

[14] B. He, X. Yuan, On non-ergodic convergence rate of Douglas-Rachford alternating direction method of mul-
tipliers, Numer. Math. 130 (2015), 567-577.

[15] M. Xu, Proximal alternating directions method for structured variational inequalities. J. Optim. Theory Appl.
134 (2007), 107-117.

[16] J. Eckstein, P.J.S. Silva, A practical relative error criterion for augmented Lagrangians, Math. Program. 141
(2013), 319-348.

[17] J. Eckstein, W. Yao, Approximate ADMM algorithms derived from Lagrangian splitting, Comput. Optim.
Appl. 68 (2017, 363-405).

[18] J. Eckstein W. Yao, Relative-error approximate versions of Douglas-Rachford splitting and special cases of
the ADMM, Math. Program. 170 (2018), 417-444.

[19] J. Xie, A. Liao, X. Yang, An inexact alternating direction method of multipliers with relative error criteria,
Optim. Lett. 11 (2017), 583-596.

[20] J. Douglas, H.H. Rachford, On the numerical solution of heat conduction problems in two and three space
variables, Trans. Am. Math. Soc. 82 (1956), 421-439.

[21] J. Eckstein, D.P. Bertsekas, On the Douglas-Rachford splitting method and the proximal point algorithm for
maximal monotone operators, Math. Program. 55 (1992), 293-318.

[22] P.L. Lions, B. Mercier, Splitting algorithms for the sum of two nonlinear operators, SIAM J. Numer. Anal.
16 (1979), 964-979.

[23] D.W. Peaceman, H.H. Rachford, The numerical solution of parabolic and elliptic differential equations, J.
Soc. Ind. Appl. Math. 3 (1955), 28-41.

[24] B. He, H. Liu, Z. Wang, X. Yuan, A strictly contractive Peaceman-Rachford splitting method for convex
programming, SIAM J. Optim. 24 (2014), 1011-1040.

[25] Y, Gu, B. Jiang, D.R. Han, A semi-proximal-based strictly contractive Peaceman-Rachford splitting method,
ArXiv: 1506.02221, 2015.

[26] B. He, F. Ma, X. Yuan, Convergence study on the symmetric version of ADMM with larger step sizes, SIAM
J. Imaging Sci. 9 (2016), 1467-1501.



A BREGMAN PROXIMAL PEACEMAN-RACHFORD SPLITTING METHOD 143
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