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Abstract. Without any qualification condition, we provide a sequential formula for the €-subdifferential
of multi-composed convex functions via the perturbation theory. As an application of this formula,
necessary and sufficient sequential €-optimality conditions are obtained for the location problems with
monotonic gauges.
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1. INTRODUCTION

Multi-composed optimization problems deal with optimization models whose objective func-
tions are written as the compositions of more than two functions (see [1, 2, 3]). In fact, the study
of multi-composed optimization problems has been a subject matter of great interest because
this new class of mathematical optimization models can be applied to many practical problems
that arise in different fields of modern research, such as deep learning [4], facility location
theory [5, 6], fractional programming problems, and entropy optimization [2], etc.

Recently, Grad, Wanka, and Wilfer [2] established a formula for the e-subdifferential of a
multi-composed convex function by using the Lagrange duality approach under a qualification
condition of closedness type. They also employed this formula for delivering necessary and
sufficient e-optimality conditions that characterize the €-optimal solutions to convex multi-
composed optimization problems.

Due to the fact that the qualification condition is not always satisfied, numerous authors
focused on developing approximate (or exact) optimality conditions in terms of sequences (or
nets) in approximate (or exact) subdifferentials at some nearby points without requiring any
qualification conditions; see, e.g., [7, 8, 9, 10, 11, 12, 13, 14, 15].

Motivated by [2], the aims of this paper are twofold. The first is to establish sequential &-
subdifferential calculus for the sums of m convex and lower semicontinuous functions (m > 2)
via the tools of perturbation theory without imposing any qualification condition. The second is
to present a sequential formula for the €-subdifferential of the following multi-composed convex

*Corresponding author.
E-mail addresses: laghdirm@gmail.com (M. Laghdir), dali.issam@gmail.com (I. Dali), bilalmoh39 @ gmail.
com (M.B. Moustaid).
Received June 14, 2021; Accepted January 24, 2022.
(©2022 Applied Set-Valued Analysis and Optimization

145



146 M. LAGHDIR, I. DALI, M.B. MOUSTAID

function f+@oy +gohjohyo---oh, (p>2). To attain this purpose, the €-subdifferential
of f+@oy+gohjohyo---oh, is transformed to that of the sums of p +4 convex and lower
semicontinuous functions. As an application, this formula is applied to the constrained location
problems with monotonic gauges.

Our paper is organised as follows. In Section 2, we recall some notions and give some
preliminary results. In Section 3, we derive a sequential -subdifferential formula for the sums
of m convex and lower semicontinuous functions (m > 2). In Section 4, we establish a sequential
formula for the e-subdifferential of f+ @oy+gohjohyo---oh, (p > 2). Finally, in Section 5,
we derive sequential €-optimality conditions for a constrained location problem with monotonic
gauge and without any qualification condition.

2. PRELIMINARIES

We first recall some basic definitions and present some preliminary results, which are needed
throughout the paper. Let X and Y be two Hausdorff locally convex spaces paired in duality
by (-,-), where their topological duals X* and Y* are endowed respectively with the weak-star

topology w(X*,X) and w(Y*,Y). For a subset A C X* x R, we denote by VXX (e closure
of A in (X* x R,w(X*,X) x 1), where tg denotes the Euclidean topology on R. Consider a
nonempty convex cone K C Y with 0 € K. We define by K* :={y* € Y*: (y*,y) >0, VyeK}
the dual cone of K. Further, on Y, we consider that the partial order ” <k ”, induced by K, is
defined by, y1,y2 € Y, y1 Sk y» <= y» —y1 € K. With respect to ” <k 7, the augmented set
Y U{+-ooy} is considered. Here +ooy is an abstract element verifying the following operations
and conventions

y Sk Fooy, Y4 (dooy) i= (dooy) +y:i=+ooy, VyeYU{+ooy},

Y (dooy) i=+oo, t.(dooy) =400y, Vy* €K', Va>0.

Let f: X — R :=RU {40} be a function. Recall that f is said to be proper if its effective
domaindomf :={x€ X : f(x) e R} #0and f(x) > —oo forall x € X, and it is said to be convex
if f(Ax+(1—A)y) <Af(x)+(1—A)f(y) forallx,y € X and all A € [0, 1]. Moreover, f is said
to be lower semicontinuous if its epigraph epif := {(x,r) € X x R: f(x) <r}is aclosed subset
of X x R. We denote by clf the lower semicontinuous hull of f, namely the function of which
epigraph is the closure of epif in X x R. Furthermore, the function f*: X* — R defined by
(") =supx {(x*,x) — f(x)}, Vx* € X*is called the conjugate function of f. We have the
so-called Young-Fenchel inequality f*(x*) 4 f(x) > (x*,x), V(x,x*) € X x X*. The conjugate
function of f* : X* — R is f** := (f*)*, and it is called the biconjugate function of f. Let
us recall that if f is convex with nonempty effective domain, and clf is proper, then (see [16,
Theorem 2.3.4]) f** = clf.

Let x € domf. Then the e-subdifferential of f at X, where € > 0, is defined by

Oef(X):={x" X" f(x) > f(X)+ (x",x—X)—¢€, VxeX}.
It is easy to prove that
Oef(X) = {x" € X1 f*(x") + f(¥) < (", %) + &}

and
X' € 0ef(x) == f(X) — (", %) < Inf{f(x) = (7,0} + e
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Let C C X. We denote by int C the topological interior of C and by
C:={x"eX":(x",x) <1, VxeC}
the polar set of C. The indicator function 8¢ : X — R is defined by

0, ifx € C,
Sc(x) = {

+o0, otherwise,
and the €-normal set N&(X) of C at X € C is defined as the e-subdifferential of §¢ at X, i.e.,
NE(x) :={x"eX": (x",x—X)<e, VxeC}

The function jc : X — R defined by jc(x) :=inf{A > 0:x € AC}, Vx € X, is called the gauge
function (also known as Minkowski functional) of C. If C is a subset of R, then the function j¢
is called the monotonic gauge on R? provided jc(x1, -+ ,x4) < jc(v1,---,yq) forall (xq,---,x4)
and (yq,---,yq) in RY satisfying |x;| < |y, i=1,---,q (see, e.g., [17]).

Let Z be another Hausdorff locally convex space partially ordered by the convex cone Q C Z
with 0 € Q and Z* its topological dual space endowed with the weak-star topology w(Z*,Z).
Let g: Y — ZU{+o0z} be a vector mapping. g is said to be proper if its effective domain

domg:={yeY:g(y)€Z}
is nonempty, and it is said to be Q-epi closed if its epigraph
epig :={(v,2) €Y xZ:g(y) Sgz}

is a closed subset of Y x Z. The mapping g is said to be Q-convex if

g1+ (1=2A)y2) So Ag(y1) + (1 =2)g(y2),
forall y;,y, € Y and all A € [0, 1]. Furthermore, the mapping g is said to be (K, Q)-nondecreasing
on domg if, for all y;,y, € domg, yi Sgy2 = g(y1) S g(y2). f Z=R and Q = R, then
this function is said to be K-nondecreasing on domg.
For a given mapping & : X — Y U {400y }, the composed mapping goh: X —> ZU {+ooz}
is defined by
g(h(x)), if x € domh,

400z, otherwise.

(goh)(x) = {

It is easy to prove that if g : Y — ZU {+o0z} is (K, Q)-nondecreasing on domg and Q-convex,
and h: X — Y U{+ooy} is K-convex with h(domh) C domg, then g o h is Q-convex.
The following results is needed in the following section.

Theorem 2.1 ([18]). Let X be a Banach space, and let f : X — R be a proper, convex, and
lower semicontinuous function. If X € domf, then

epif* = {(x (x*, ) +8—f(;‘c)> X e 3gf()_c)}.

>0

Theorem 2.2 ([9]). Let (X, ||.||x) be a Banach space, and let f : X — R be a proper, convex and
lower semicontinuous function. Consider €, 1 > 0 and assume that xo € domf. If xj; € dy f (xo),
then there exist x; € domf and xi € g f(x1) such that

1 —xol[x < V/|u—el, [lxq = xplly- < /|1 —éf
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and

|f(x1) — f(x0) — (x7,x1 — x0)| < 2|u— €.

3. SEQUENTIAL €-SUBDIFFERENTIAL CALCULUS FOR THE SUMS OF m FUNCTIONS
(m >2) VIA A PERTURBATION APPROACH

Let (X,].||x) be a reflexive Banach space and (Y, ||.||;) be a Banach space, both paired in
duality by (.,.) and (X*,||.|[x+), (Y*,]|-]|y+) their topological dual spaces. In what follows, we

X* X
write x;, e Hj_‘ 0 and x* —>H by (resp. x —>W( " ) 0) for the case when the sequence {x; } ,en
Nn—y o0 n— —+too

converges to 0 in (X, ||. ||X) and {x} }nen converges to 0 in (X, ||.||x«) (resp. {x} } e converges
to 0 in (X*, w(X*,X))).

The aim of this section is to give a sequential formula for the €-subdifferential of the sums
of m (m > 2) proper, convex, and lower semicontinuous functions fi,..., f; : X — R via a
perturbation approach. To do this, we first provide the following theorem, which enables us to
derive the sequential €-optimality conditions for a general convex optimization problem without
imposing any qualification condition but using the so-called perturbation function, which is
denoted by T

Theorem 3.1. Let T : X x Y — R be a proper, convex, and lower semicontinuous function such
that in}f( T(x,0) < +co. Let € > 0. Then the following statements are equivalent
xe
(i) x € domT (.,0) is an €-optimal solution of the problem infycx T (x,0);
(ii) there exist sequences {€,} ey C Ry and {(x}, ¥5) theny € X* X Y™ such that

[
0), x —>||X Oa den—>s
n— oo

('x;kﬂy;’kl) S agnT('Y’
(iii) there exist sequences {€,}pen C Ry and {(x}, yi) ben € X* X Y™ such that

* ok = * _—_>W(X* ) S
(xnayn) € agnT(X’ 0) n—4-o0 0 and €n n—y—o0 &

Proof. (i) = (ii) Suppose that X € domT (., 0) is an €-optimal solution of 7'(.,0) on X and con-
sider the infimal value function v : X* — R of T*, which is defined by

v(x*):= inf T*(x*,y%), x" X"
y* cy*
It is easy to see that domv # 0, and v is convex with v*(x) = T**(x,0) = T'(x,0) for all x € X.
Thus v* is proper and then clv is also proper with v** = clv. As a consequence, X is an €-optimal
solution of v* on X with ¢/v(0) + T'(x,0) = v**(0) +v*(x) < &, which yields
(O,S —T(x, 0)) € epicly = epiv W X)X
Since v is convex and X is a reflexive Banach space, it follows that
(0,8 —T(x, O)) € eplv” sk
Hence, there exists sequence {(x},7,) }nen € X* x R such that, for eachn € N,

v <r MO and 1, —— € T (%,0).
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The inequality v(x}) < r, implies that 1nf T*( X0, V) <1yt n € N. Therefore, it follows

n+1 >
that there exists a sequence {y} },en C Y* such that

1
T ( n,yn) rn—i—?, VnEN,

that 1s,
1 .
(x;,y;,rn+m> GeplT*, Vn € N.

Thus by applying Theorem 2.1, one can deduce that there a exists sequence {&, },en € R such
that, for each n € N,

1
rn+ ] = (x5, %)+ & — T (x,0), (x},y) € 9, T(X,0),

and

rn—— €—T(x,0) and x, M&O
n—r—+oo n—-+oo

Since for eachn € N, r,, + n_lH = (x,X)+¢&,—T(x,0) and {r, },en converges to € — T'(x,0), we

have g, _>—> €. Hence, (i) implies (ii).
n—y oo

(i1) = (iii) It is obvious.
(iii) = (i) Suppose that there exist sequences {&; },eny C Ry and {(x},y})}eny € X* X Y™
such that

- w(X*.X)
()C;kl,y;kl) c (9gnT(x, 0), )C;kl m 0 and &y H—oo> E.

Since, for each n € N, (x}, ) € dg, T(X,0), then
T()C,y) > T<)_C7O) + (xZ,x—X) + <y;kt7y> — &, \V/(X,y) €XxY.

Hence, we have, for each n € N, T'(x,0) > T'(x,0) + (x},x —X) — &,, Vx € X. Thus by letting
n — oo, we obtain 7'(x,0) > T(x,0) — €, Vx € X, that is, X is an €-optimal solution of 7'(.,0)
on X. U

Remark 3.1. It is worth mentioning that the proof of the above theorem is based on the same
reasonings as those in Lemma 3.1 and Theorem 3.2 presented in [8]. Here it occurs a number
€ > 0 (i.e. €-optimal solutions are considered). In [8], this number is equal to zero because
exact optimal solutions are considered.

Now, let fi, -+, fm: X — R be m (m >2) proper, convex, and lower semicontinuous func-
tions, X € N7" domf;, and x* € X*. In order to use Theorem 3.1 to obtain a sequential formula
of de(fi+ -+ fm)X),wesetY ;=X x---xX and define T : X X X X --- x X — R as follows

\“,_/ ———

m—times m—times

(fi—=x")(x4+x1)+ fo(x+x2) + -+ fn(x+2x),
T(x,x1, Xp) 1= ifx+x; €domf; (i=1,---,m),

o0, otherwise.

The following lemma is needed in the proof of the next theorem.
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Lemma 3.1. For any € > 0,

Jey, o, &n 20,8+ &y =€,
i € 9, (i —x*) (%),

Vi€ dg fi(X) (i=2,---,m),
Y=yt e

(y*7y1<7 7y;kn) € aET(x707"' 70) =

Proof. First, it is easy to check that
TWHwnfp:Urﬁﬂm+ﬁ%Hm+ﬁ%%M“:&ﬁ
b Tm o0, otherwise,

forall (y*,y7, -+ ,y5) €X* X X" x - x X" If (y*,y], -+ ,yp) € T (%,0,---,0), then it follows

m—times

that T*(y*,y7,- - ,yp) + T (%,0,---,0) < (y*,X) + €. This implies that

FUhﬂﬂWﬁ%Hﬁ—ﬁﬂﬁ—@?ﬂhiﬁﬂﬁ@ﬂ+ﬁ@%ﬂﬁﬁﬂSa
Y'=yit+ oty

Now, we define &) := (f1 —x*)*(3}) + (fi —x*)(X) — (7,%) and & := f7(3}) +£i(X) — (7, %),
i =2,---,m. By the Young-Fenchel inequality, it is clear that 8{ >0and g >0,i=2,--- ,m,
with €] + Y7, & < &. By setting € := & — Y , & > €], we deduce that

Y1 € 9 (fi —x7)(%),
Vi€ 0g fi(X) (i=2,---,m),
Y=yt
&+---+&,=¢.

Now, we state the main result of this section.

Theorem 3.2. Let fi, - , fu : X — R be m proper, convex and lower semicontinuous functions,
x € N domf; and € > 0. Then the following statements are equivalent

(i) x* € de(fr 4+ fn)(X)

(ii) there exist €1,--- ,&y > 0 with & + --- + &, = €, and sequences {yin}nen C domf; and
{yzn}neN CX*i=1,---,m, such that

y;kn € 8£iﬁ(yi7n) (l: 17 7m)7

[l-llx< Ilx =

* * * .

+ -4 — X i, —x(i=1,---.m
y]7n ym,n n 7yl,n 0 ( ) ) )7

fiQin) = fi®) = Of s Yin —%) —— 0 (i=1,--- ,m);

n—y+oo
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(iil) there exist €,---,&, > 0 with € + -+ &, = € and sequences {yin}nen C domf; and
{Vitnen C€X*, i=1,---,m, such that

Yin € 9efiyin) (i=1,---,m),

* * W(X*,X) * ” ”X .
yl,n_|_"'_|_ym7nm>xvylnm> ( 1,---,m),

Jiin) — fi(X) — <y:'<,na)’i,n_ X) m()( =1,---,m).

Proof. (i) = (ii) Suppose that x* € de(f1 + - + fin) (X). It is clear that x* € de(f1 + - +fm)(x)
is equivalent to the fact that X is an €-optimal solution of the problem inf,cx 7'(x,0,---,0).

It is not difficult to see that T is proper, convex, and lower semicontinuous such that 1n;[; T(x,
xe

0,--+,0) < 4eo. Hence, by Theorem 3.1, there exist sequences { &, },eny C Ry and {(xn,xm, -
X ) ey C© X X X x -+ x X* such that
ki N —— —

m—times
(5,2 e X ) € O T (%0, ,0), x —>” by 0 and g, ——e
From Lemma 3.1, there exist sequences {8,'7,1}"61\1 CRy,i=1,---,m, such that, for eachn € N,

81n+"'+8mn:8na
10 € 9%, (f1 =x")(X), X[, € 9g,, fi(X) (i=2,--,m),

e
X _(x1n+ )~ 0

Since g, —+> g, it follows that there exists M > 0 such that 0 < g, < M, Vn € N. Hence,
n—s—oo
forallie {1,--- ,m}, we have 0 < ¢, <M, Vn € N. So, we can consider that & , T> &,
n——oo

§>0,i=1,--- ,m, with g +--- 4 €&, = €. Now by applying Theorem 2.2, we deduce that, for
eachn € N, there existyy , € domfi, y] , € e, (fi —=x")(V1,0), Yin € domf;, and y;, € I, fi(yin),
i=2,---,m, such that

(
||yl,n_x||X§ \/ |8i7n_£i|(i:17"'am)7 (31)
< ||yzn |8ln 6i|(i:17"'=m)7 (3.2)
‘fl(yl n) _fl(_> - <y1 n7yl n _)_C> - <X*7yl,n _XH < 2’81771 _81" (33)
‘ﬁ(yln) ( ) <yln7yln >‘ < 2’8i7n_8i| (l = 27 7m)- (34)
From (3.1), one can see that y; , —|_>_|E_> X,i=1,---,m. From (3.3) and the fact that (x*,y; , —
%) = 0, we have fi(yi,n) = fi(X) = O] o Y10 = %) ——— 0. By (3.4), we have fi(yin) —

Ji(X) = Vi Yin — %) _>—> 0 for i € {2,---,m}. From (3.2) and the fact that xj , +--- +
n——4oo )

(-1 x+ (B[S
*  ——= 0, we have R —> 0.

On the other hand, it is clear that, for each n € N, dg, (fi —x*)(V1,0) = 9 f1(y1,4) —x*. By
taking )7*1‘7,1 = y’l"n +x*, n €N, it follows that, for each n € N,
-l &

yin € a&'lfl (y17ﬂ> and )_)T,n +y§,n+"'+y;;1,n — X

n——4-oo
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Finally, by setting again yi‘jn = yin, we obtain the desired statement (i1).

(i1) = (ii1) It is immediate.

(ii1)) = (1) Suppose that there exist €,---,&, > 0, with & +--- + &, = €, and sequences
{Vintnen Cdomfi, {7, tneny € X*, i€ {1,---,m}, such that

yinea&fl(yl,l’l) (l:177m)> (35)
* o WX e M o
Yin T T Ymp S 57 X ,y,,,mx(z—l, ,m),

Jiin) = fi(X) = Yips Yin —X) pwwma (i=1,---,m).
From (3.5), it follows that, foreachn € Nand i € {1,--- ,m},
Ji(x) 2 fi(in) + Vips X = Yin) — &
= fi®) + [fiin) = £i(®) = (VipsYin = X))+ (¥ipox —X) — &, Vx € X.

Thus by summing over i and letting n — +oco, we obtain
m m
) filx) =2 ) fil®)+ " x—X)—¢, VxeX,
i=1 i=1

ie., x" € de(fi+ -+ fu)(X). -

Remark 3.2. If m = 2 in Theorem 3.2, then we exactly obtain the formula for the case of two
proper, convex, and lower semicontinuous functions established by Gutiérrez et al. [9, Theorem
3].

4. SEQUENTIAL €-SUBDIFFERENTIAL FORMULA FOR MULTI-COMPOSED CONVEX
FUNCTIONS

In what follows, (X,||.[[x), (Yi|l-lly,),i=0,---,p (p > 2) are reflexive Banach spaces all
paired in duality by (.,.) and (X*,||.[|x+), /", ||.|ly+),i=0,-- -, p, respectively, their topological
dual spaces. Likewise, we assume that Y; is parfially ordered by the nonempty convex cone
KiCY,with0eK;,i=0,---,p. On X ><H£:0Yk, we use the norm

1Ges 0,315 3p) b v = \/HXI|§ +yollf, + 1yl + -+ [ypll7,-

Similarly, we define the norm on X* x [T¢_, ¥ to that on X x [T}_ Y.
The aim of this section is to give a sequential formula for the €-subdifferential of the function
f+ooy+gohjohyo---oh,, where
of:X— Ris proper, convex, and lower semicontinuous,
e :Yy— Ris proper, convex, Kp-nondecreasing on dom¢, and lower semicontinuous,
o ¥ : X — Yy U{+ooy,} is proper, Ko-convex, Kp-epi closed, and y(domy) C dome,
e g : V| — Ris proper, convex, Kj-nondecreasing on domg, and lower semicontinuous,
o 1y 1 Yo — Y U{+o0y, } is proper, Kj-convex, (K, K;)-nondecreasing on domh;, K;-epi closed,
and i (domh;) C domg,
o i :Yiy1 — Y;U{+ooy} is proper, K;-convex, (Ki;i,K;)-nondecreasing on dom#;, Kj-epi
closed, and h;(domh;) C domh;_1,i=2,---,p—1,
oh,: X =Y,U {—1—00yp} is proper, K,-convex, K,-epi closed, and &, (domA,) C domh,_q,
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e domf Ny~ ! (dom¢@)Ndomy N (hlj1 oh;_l1 o---ohy ) (domg) Ndomh, # 0,
[ ) (P(+00Y0) = —|—00’ g(+OOY1) = —|—OO’ and hl(—i—OOYI+1> = +OOYlJZ: l’ “ee ’p_ 1
For this purpose, we introduce the following functions

F: Xx[Iiex — R @: Xx[P % — R
(x7y07y1,"'7yp> — f(X), (x7)’07)’17"'7)’p> — (P(y())v
¥ Xx[I % — R G: Xx[I % — R
(xay();yh"';yp) L 5€pil[/(x7y0)7 (L)’O;)’l»"n)’p) — g(yl)7

fori=1,---,p—1,

H: Xx[II_,%x — R
(X0, 5155 p) = Oepin; (Vit1,Yi),

and
Hy: XxIF_ % — R
(x7y07y1;'“ayp) — 5epihp(xvyp)'

Remark 4.1. It is worth noting that

e domF = domf x [TF_, Y.

e dom® = X x dom¢ x [1V_, ¥,

e dom¥ = {(x,yO,YI,' o 7yp) €X X Hiz()Yk : (x,y()) S CPNI’}’

e domG =X x Yy x domg x [T¢_, Y,

o domH,- = {(x»}’Oy)’h' o 7yp) €X X H;z:()Yk : (}’i+1;)’i) € eplhl} (l = 17 Y 2 1)7
b dome = {(x7y07y17 T 7yp) €eX X H‘]lz:()Yk : (xayp) S epihp}’

o ;& %W, Gand Hy,---,H), are proper, convex, and lower semicontinuous functions.

The following results are needed in this section.

Lemma 4.1 ([12]). For any x € X, one has

f)+(@oy)(x)+(gohiohyo---ohpy)(x)
= inf - {F (60,5150 3p) + P Y0, 1,5 yp) 60,5155 yp)
(}’07)’17"'7J’p)€1—1k:0yk
p
+G(x7}’07}’17"'a)’p)+zHi(anOa)’17"';yp)}-

i=1

Lemma 4.2. Consider € > 0 and suppose that x € domf Ny ~!(dome) Ndomy N (h;l o h;_ll o

---ohy!)(domg) Ndomh,, Yp = hp(X), Ypo1 = hp1(Vp)s o, ¥1 = hi(2) and o := w(%).
Then

x* € de(f+Qoy+gohiohyo---oh,)(X)
—

)4
(x*,0,0,~- ,0) c a&-(F—l-CI)—f—\P—FG—i— ZHI> ()_C7y07yla"' 7?[))'
i=1
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Proof. (=) Letx* € de(f+@oy+gohjohyo---oh,)(X). Then, for any x € X, we have

fx)+(@oy)(x)+(gohiohyo---ohp)(x)
> f(X)+(@oy)(X)+(gohiohyo---0hy)(X) + (x,x—X) —¢€
P
= <F+(I)+lP+G+ ZHi>()_C7y07yl7"' ayp)+<x*7x_f> —¢&
i=1
From Lemma 4.1, it follows that, for any (x,yo,y1,---,yp) € X X Hfzo Y,
P
(FH@+%+G+Y Hi) (53031, 3p) = f(2) + (@0 W) () + (goh oo+ 0hy)(x)
i=1

Thus we obtain

P
(F+@+ WG+ Y H) (x0.31,0+3)
=1

P
> <F+c1>+lP+G+ ZH,) (X, 30,3157 5Yp) + (X", x—X) — ¢,
=1

i.e.

p
(x*voa()?"' 70) € 88(F+(I)+T+G+ZHI>()_C7y07ylv 7?[))‘
i=1

(<) It is immediate by using Lemma 4.1. O

Lemma 4.3. (i) Leti € {1,---,p— 1} and (x,y0,y1, - ,yp) € domH;. Then, for any € > 0, we
have

[+ =0,

Vi =0,k {0, p\{i,i+1},
(3001, Yh) € OeHi(x,y0,y1,++,yp) = { Vi €K,
(=yi,yi—hi(yi1)) € [0,€],
(Vit1 € 9e(=yf ohi) (Vis1)-

(i) Let (x,y0,y1,- -+ ,yp) € domH,,. Then, for any € > 0, we have
Ye=0,ke{0,---,p—1},
-y €K},

<_}’;7}’p —hp(x)) €10,¢€],
X" € dg(—yp0hp)(x).

(i) Let (x,y0,y1,- - ,¥p) € domW. Then, for any € > 0, we have

yzzo,ke{l, 7p}7
<_y87y0 - l[/(X)) € [078] ’
x* € de(—yjov)(x).

(X*7y(>§7y>{7"' 7y;k7) € aSHp(x7y07y17”' 7yp) -

(X550 )15 5Yp) € TP (%, 50,51, ,¥p) =
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Proof. () Leti e {1,---,p—1}, (x,y0,¥1,---,yp) € domH; and € > 0. It is easy to check that,
for any <X*,}’87)’T7"' 7y;<7) EX* X Hi:OYk*’

Hi (xX7,30,57, 5 ¥p) = 00y (x") + Z 810y V) + 0k, (v7) + (=i o ha)" (¥ig1)-
k¢{u+l}

Thus (X*vyz;?yTv”' 7)7;;) € 88Hi(xay07y17"' 7yp) if and Only if

)4
Hi*(x*,yf),y’{,-~- ,y;) +Hi(x7)’07)’17"' 7yp)_<X*7-x>_ Z <yl>:7yk>_<y;ﬁ7yi>_<y;'k+l7yi+l> SS,

Wiy
ie,x*=0,y;=0,ke{0,---,p}\{i,i+ 1} and
(8%, (v7) =+ 6k, (vi — hi(yis1)) — 07 s yi — hi(yis1))]

+ (=i 0 hi) (i) + (=i 0 hi) (i 1) — i virn)) < €0 (4D

By the Young-Fenchel inequality and the fact that K; is a convex cone, (4.1) implies that
=i €K7, (=i yi—hi(yi+1)) € [0,€] and yi, | € de(—yi o hi) (vit1).
Hence, the proof is complete. The proof of (ii) and (iii) is similar to (i). L]
Lemma 4.4. (i) Let (x,y0,y1,- - ,yp) € domF. Then, for any € >0,
9eF (x,y0,y1,+,¥p) = e f(x) x {0} x --- x {0}
(i) Let (x,y0,y1, - ,yp) € dom®. Then, for any € > 0,
e P(x,y0,¥1, -+ ,¥p) = {0} X Fe@(yo) x {0} x --- x {0}.
(iii) Let (x,y0,y1,- - ,¥p) € domG. Then, for any € > 0,
9eG(x,50,¥1,- -+ ,yp) = {0} x {0} x deg(y1) x {0} x --- x {0}.

Proof. The proof is straightforward. U

Now, we state the main result of this work.

Theorem 4.1. Consider € > 0 and suppose that X € domf Ny~ (domg)NdomyN (h;l oh;_l1 o
ol 1)(domg) Ndotmip, 3, = hp(R), Ty1 = hp—1(3,)-+ 1 = h1 (35) and 5o = W(x). Then,

the following statements are equivalent

(i) x* € de(f+Qoy+gohjohyo---0hy)(X);

(ii) for all py, -+ ,1p > O, there exist ¥, Y, 71 > 0 and &y, , €, > 0, with Y+ W +1 + (Ho€ +
-+ Up€p) = €, and sequences {X},en C domf, {yo,,}neN C dom@, {(zx,20.1) }nen C epiy,

{ul,n}nEN - domg, {( Viil, N7H) ln)}HEN C eplhb = 1 : —1, {(ngvz n)}neN - epihp’ {xZ}nEN

c X, {yan}neN CYy, {(z, Zoyn)}neN CX*xYy, {ul,n}neN cYs AW ,*n, i1, 1) fneny C Y7 X
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Y*

S =1 p =L {( V) tnen C X* X Y}, satisfying

(26, € 0yf (xn), Yo € I (o), Ui, € Oy glutn),

—20.0 € K5y (=200 20— W(2n)) € [0, pogo],

Z;; = allo«€0<_z()§ 2O W)(2n),

(€1) § Vi, €Ky (Vv —hi(viy, ) € [0, mg] (i=1,---,p— 1),
z+1n€aulel( visoh) (Vi) (i=1,---,p=1),
VP" €k, (— mevll;n hp(vﬁ» € [0, upep),

i € a:upep< Vg:knohpx "),

I -l

XA =X v 2, ——— 0

n » 20,n 0,n )
(cgz) n—-+too ’ " n—r+oo
[[-Ily [Ny

* 1% 1 (i=1)* i* i .

uy  +vit ———0, v +v ——50(i=2,---
l.n Ln o0 Vi i e ( D),

I-x  _ I-x  — I-x  _
xn4X>x,zn X/x,vﬁ 3
n——+oo n——+oo n—y+oo
Iy, My, My,
(63) § Yon T Y0 200 7 oy Ui T Vs
n—r+oo n——+oo

”'”Y .y, . Iy,
A ? y . y l —)’+1 Vv | — “en —
M ptoo 7 Vitin n—+-o0 Yit1 (l =1,---,p 1)7

and

= (X n = %) ——— 0,

)
QD(YO,n)_(P(yO)_@anayOn )’0) T(L
)

(=2Zps2n —X) + (=20 4> 201 — Yo) —0,

g(urn) —g() — (uj o u1 0 —y1) —0,

n—y4-oo

< Vi*n, ln y,>+<—v§iln,vf+1n—yi+1)mO(izl,---,p—l),
\(—vﬁ Vh =X+ (= vh — yp>;+:o—>0.

Proof. (i) = (ii) Suppose that x* € dg(f+@oy+gohjohyo---oh,)(X), and let ug, - - -, 1, > 0.
By Lemma 4.2, it follows that

p
(X*70707"' 70) S 86(F+CI)+\P+G+ ZHi)(xay&yl?”' 7yp>‘

i=1
Therefore, by virtue of Theorem 3.2 and Remark 4.1, there exist ¥, ¥, 1 > 0 and &,--- , €, > 0,
Y+Y+7n+ (Hog+ -+ 1p€p) = €, and sequences {(X,,X0 1, X0, sXp.n) fneN © domF =
domf x Hi:() Yy, {(xjnxanaxina T 7x>;)7n)}n€N CX*x Hi]:() Yk*» {())m YO,ns¥lny " yp,n)}nEN -
dom® = X x domq) X ngl Y, {(y;kwyan? yT,n’ e 7y;<7,n)}n€N gX* X HZZ()Y](*’ {(ZVHZOJH AW TR
Zp.,n)}nGN C domVY (i.e. {Zn}neN C X and {Zk,n}neN C Y, k=0,---,p, with {(ZnaZO,nH'neN -
eplll/)’ {(Z}tazanazina Tty Z;n)}nEN g X" x Hlk):OYk*’ {(Mn,uo,n, UL, 7”p,n)}n€N g domG =
X x Yo x domg x ITi—s Yo {185,067 s+ 54y ) Fen © X* x | § (R A {(v;”vbvn’ Vi
v;m)}neN CdomH;,i=1,---,p—1(@Ge. fori=1,---,p—1,{v; },en € X and {V} , }pen € Y4,
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) pn)}nEN CX*XHi 0 *

i=1,-- —1, {(vn,von,v1 .y - Vhn) bnen C domH,, (i.e. {Vh}nen € X and {V]Qn}neN C Yk,
. * * * *
k=0, ,p, w1th {(Vh, vh.0) tnen Cepihy), { (V5 ,vgn,vfn, Vo) tnen € X* X T0_, Y;* such
that
(x;knx(invxina Ty pn) € a’)/F(xner na-xl ny'’ ;xp,n)7 (42a)
(y;kwy();,n?y)f,n? e 7y79,n) S a)/o(b(Yna)’Qm)’Lm e 7yp,l’l)7 (42b)
(ZZ7Z(>§,n’ZT,n7 T 7Z;n) € a‘{]uo&‘o (ZI’HZOJHZI,}’H T aZp,n)a (4.2¢)
(u;kl7u(>§,nuu>f,n7"' ’ pn) € aY1 (”n:”O,n:ul,na"' 7up,n)7 (42d)
(viz*>v0nvvl n T pn) < ali,Sl (vmVOnavl n avlp7n) (i =1, ,p— l)a (4.2e)
*
(vb, vgn,vlfn, . vp* 1) € e, Hp (vn,VOn,vln,- Vhoa)s (4.2)

P
(33 5o Y T Y+ o+ 4 21
i=1

=1

x1n+)’1n+21n+”1n+ZV1m "

(xnvxo,naxl,m T

(ynvyo,nuylﬂ’la e

(ZnazOJzaZl,na te

(ul’h Uon, Uty

i i i
(Vn’VO,n’vl,m "y Vpn

PP P
("YIIJ’YO,rz"}l,n7

” ||x><nl’ Y,
>$>(Xy07yla 'ayp) (l:

i=1

)4 P
- H Hx* H y*

+ ). v >—>
4 pin n—-oo

Il e

n—y4-o0

n—r+oo

i v,

n—+oo

upn)—>(x y() y]?"'

,ng) —_— (x7y07y17' o

7yp)7

(x

1,

* * * *
Xpn T Ypn T Zpn T Upp

*a0707' o 70)7 (43)

(4.4a)

(4.4b)

(4.4c)

(4.4d)

,p—1), (4.4e)

(4.41)
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and
p
F(xn;x(),ruxl,na' o 7-xp,n) - F(xay()aylf o ﬂyp) <xnaxn —.X> - Z <xz,n7xk,n _yk> m 07
k=0
(4.5a)
p
—_ = = — * — * —
q)(yn»y().,nvyl,na T ;yp,n) - q)(x7y07y17 T 7yp) - <yn7yn —X) - Z <yk,n7yk,n _yk> _)—_’_Dj 0
k=0
(4.5b)
p
lP(Zn,ZQn,Zl,na' e 7Zp,n) - lP()_vamyla e 7?}7) - <Z:<L7Zn _)_C> - Z<Zz,n7zk’n _yk> m 0’
k=0
(4.5¢)
)4
G(un7u0,n7u1,n7 T 7up,n) - G(?_Cayon' o 7yp) <l/ln,l/[n _x> - Z <uz’n7uk,n _yk> m 0
k=0
(4.5d)
Hi(vinvf),nvvilma Tt vviy,n) _Hi(xaymyla e >yp) - <V£z*vviz _)_C>
P .
_];)<v;:n7v;c,n_yk> R 0(@=1,-,p—1), (45)
and
Hp(vp Vgn,vlljn, o ,Vg’n)—Hp(X,yo,yl,' o 7yp) <V5*,V‘Z—X> - Z <V£:;,V5n yk> ;—:O
B (4.5)
By Lemma 4.3 and Lemma 4.4, the conditions (4.2a)-(4.2f) become
(x;kz € a}’f(xn)7 yEk),n S aYo‘P()’OJl)?
_Zg,n € ng <_Z(>§,n7 20,n — W(Zn» S [Ov.uog()]a
23 € Fgeo (=25, 0 W) (2n), Ui, € Oy 8(urn),
Vi €K (—vin v, =iV ) € [0, wE] (i=1,---,p—1),
vi’j—lneaﬂifi( f*noh>(vi+l,n) (izl?'”7p_1)7
—vh € K, (— VsV a —hpy (V) € [0, 1p€p)
(Vh Eaupgp(—vpﬂohp)(vn),




with
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* _ * _ %k _

xoyn—O, x17n—0,...,xp7n—0,

* % _ k _ * _
y,=0andy;,=0,y5,=0,...,y,,=0,
* _ % _ * _

zl’n—O, z27n—0, ooy Zpp =0,

* * — * — * J— * —
U, =0, uy, =0andu; , =0, u3,=0,...,u,,=0,

p* __ p* __ P* _
Vo =0, Vin =0,..., Vo_in =0.

It is clear that (4.3) is equivalent to

X* + * 4 * —|—I/t* _|_zp:vi* HHY; 0
pn T Ypn T Lpn TUpn T, < pn PR
\ 1=
By taking into account (4.6), we obtain
g e oo Mg
n n NI » Yon 0n i’ 7
[[-lly= [[-lly=
* 1% 1 (i—1)* i* i -
uLn +Vl,}’l m 0, vl'.,l’l —{-Vi,n N0 0 (l — 2, A
From (4.4a)-(4.41), it follows that
( I-llx = x — p llx =
>.X, Zn > X, Vn —HX,
n—4-o0 n——+-o0 n——4-o0
I-llyy Iy _ I-lly

(

Y

O
* * * * £ X *
xn+yn+zn+un+i221vn X
P g
Ko o2t Y Vi 0,
i=1
P ;
* * * * 143
xl,n+yl,n+zl,n+ul7n+Zvl,n _~_°°} 0
i=1

1=

e 0n ——— Uy, ——y
Yo.n s o0 Yo 20,n s too Yo, Ul,n s too Y1

B T

VP T Y Vi o Yis Vien 0 Vi (i=1,-

n— oo

Vi;* =0and V;(*n :Oa ke {07 ,p}\{l,l—f— 1} (l: 1’.

159
(4.6)
Y 2 1)7
D).
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Taking into consideration (4.6) and (4.5a)-(4.5f) becomes
(
— (x5, %0 —X) —— 0,

f(xn) —f()_C) n—r—o0
P(Yo.n) = (o) = (V6,45 Y0.0 = Vo) P 0,
)

<_Z;,kl,Zn_)_C +<—Zgn720n_y0> —>0’

gurn) —8(y) — (i, w10 — 1) n—oo 0

< Vi*m in yl>+<_vi+1n7vi'+ln_yi+l> mo(l: 17 ,p—l),
\(—vﬁ Vi =) + (=, v — Yp) PR 0.

(ii) = (i) Suppose that the statement (ii) is fulfilled. Then, it follows from (%)) that, for each

(4,0,0,--,0) € IyF (xn, 30, V1, 5 ¥p),
(0,500, ,0) € Iy, P(X, 50,015+ :Yp),
(@02 20,1505+, 0) € Doy ¥ (2ns 20,05 V15 Fp),
(0,0,u?n,o,--- ,0) € 9y, G(X, 50, 1,0, 9, ,yp),
fori=1,---,p—1,

(0 0,---,0,v l*n7vi*+l,n’07 ’ ) € 82,11181 ()C Y05 7yi—l’v;,n’v;+1,n7yi+27'" ’yp)
and (v",0,---,0,vh) € Oyue, Hp(Vh, Y0, ,¥p—1,Vp.n). Therefore, for all (x,yo,y1,--,yp) €
X X Hk:() Yk, we have

F(x7y07y17"' 7y[7) = F(xn7y07yl7 o 7yp)+ <x:<z7x_xﬂ> -7 (4.7a)
= f )+ [f O) = F () = (5 00 = T)] + (6, x = %) — 7, '
(x Yo, Y157 7yp)+<yz<),n7y0_y0.,n>_’y0

q)(x7y07y17" ) 7y[7) >
0(o) +[@0(vo,n) — @(F0) = (¥0.0:Y0. — Yol + (¥0.0:Y0 — Yo) — Y0,
7

(4.7b)

(ZI’UZOnayla : ayp)+<Z;kzax_zn>+<z(>;,nay0_Z0n>_2.u0£0
[(=2zns2n = %) + (=20 s 200 — Yo)| + (25X — %) + (20 0,0 — Vo) — 2Ho€0,

‘P(Xa)’o’)’h e 7yp) Z

4.7¢)
G(X,yo,y1,~ e 7yp) > G()_Cay&ul,n?yb' e 7? )+ <u>1kn7y1 —up fl> —N (4 7d)
=g(1) + [g(ur,n) —&(1) — Ul ottt n =) + (U1 o y1 =51) =1,
fori=1,---,p—1,
Hi(-xvy();yl?"' ,yp) > Hi()_C,yo,"- ayi—lvvinvvé-Fl,n?yi—i—Za"' 7yp)
+ <V;'jkn7yl' - V;’,n> + <V§il,n,)’i+1 - vi’+1,n> - 2ui€i
o~ T - (4.7¢)
= [<_Vi,n7vi,n —yi) + <—Vi+1,n>"i+1,n —Vit1)]

+ <V§Tm)’i — ;) + <V§*+1,n7yi+l —Vir1) — 2WE,
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and
HP<X,y0>y17"' 7yp) ZH ( 57?07"' 7yp 1s f;n)‘f‘("g*»x_"g)
+ (VD yp =V ) = 2UpEp .
=[<—v{§*,v5—x>+( VsV =) + (V) x —X) '

+ <v£:kn7yp _yp> - 2“178]7'
By summing (4.7a)-(4.7f), we have, for each n € N and for all (x,yp,y1,---,yp) € X x Hi:o Yi

(F+ @9+ G+ Y 1) (30,31, 3) = 1)+ 00) + 85)

i=1
£ 0n) = £5) = (%0 = 3]+ [900.) = 9(F0) = (Y0 ~ )]
HE0 =0+ 2 zon =0l)+ [80n) ~850) = (10 =50

+ Z ViV ’,n =)+ <—V§il,na"§+1,n = Vi) + (= vh = %)

i=

+{- Vg*n’vp = V)| [ + 2, +VE x =) ] + [0, + 20,00 — o)

p
* * — —1)%
+[<u1,n+vin7y1 —yO]—l—Z[(V&n ) +v zmyl Z.u'lgl
i=2
Since the conditions (%2), (63) and (%4) are satisfied, then by taking the limit when n — oo,
we obtain

p
(F+(I)+T+G+ ZHZ) (X7YO;)’1>"' 7y[7)
i=1
p
> f(%) + 9 (o) +801) + (¥, x =) — — }_ it
i=0

p P
= <F+<I>+‘P+G+ ZH,~> (X,50, 51, 7yp)+<x*’x—x) —&— Zﬂi&'-
i=1 i=0

Hence, by letting o — 0%, -+, 1, — 0™, we have, for all (x,y0,y1, -+ ,¥p) € X X [1t_o Y-

)4
<F+¢+\P+G+ ZH1> (X>)’07)’1,"' 7yp)
i=1

p
> <F+¢+‘P+G+ ZH,) (%, 30,715 5 ¥p) + (x5 x—X) — ¢,
i=1

ie., (x*,0,0,---,0) € d¢ <F+CI)+‘P+G+Zf’:1H,-> (X,¥0,Y1," " »¥,)- This is equivalent to x* €

de(f+@oy+gohjohyo---ohy,)(X). Thus (i) implies (i). 0
Remark 4.2. (1) Let us note that Theorem 4.1 holds if we replace respectively the strong
s -1l 2y,
convergence Hx and — by the weak star convergence —>( ) nd %)
e nreo n—s—-o0

withi € {0,---,p}.
(2) If € =0, then Theorem 4.1 reduces to then interesting result established by Laghdir et
al. [12, Theorem 4.6].
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The following corollary is obtained by taking g =0, h; =0and K; =Y, i =1,---,p, in
Theorem 4.1.

Corollary 4.1. Consider € > 0 and suppose that X € domf Ny~ ! (dom¢) Ndomy and 3, =
Y (X). Then, x* € de(f+ @ o y)(X) if and only if for all uy > 0, there exist ¥, % > 0 and gy > 0,
with Y+ %+ UoE =€, and sequences {xn}nEN - dOl’Ilf, {yO,n}nEN - dOHl(P, {(ZnazO.,n)}neN C
epi¥, {x; tnen € X*, {¥g tnen X5, (25,20 1) fnen © X* X Y, such that

x, € yf(xn), yan € dy ®(Yon),
_Zg,n = K()k? <_Z8,n’ 20.n — W(Zn» < [0,[4080] )
2y € Auoey (=25, © W) (2n),

[l-1] =
x, +z, —— x¥,
n——4oo

-l
0
Yout 200 —— =0,

n—-—+too
Iy < Iy, <
7
" n—y+-oo o n—4oo ’

Iy, Iy,
Z
Yo,n n—>+oo; Yo, 20,n n—>+o<>> Yo,

and
f(xn) _f(x) - <xn7xn _x> m 07
(P(yO,n) - (p(y()) - <)’o7n7)707n _y0> m 07

<_ZZ,Zn_)_C>+<_Z(>§_‘n7ZOJl_y0> s 00 0.

Remark 4.3. Corollary 4.1 can be used for deriving the result given by Gutiérrez et al. [9,
Theorem 6].

5. SEQUENTIAL £-OPTIMALITY CONDITIONS FOR CONSTRAINED LOCATION PROBLEMS
WITH MONOTONIC GAUGES

Motivated by the location models examined in [17, 3], the aim of this section is to give the
sequential €-optimality conditions of the following location problem with geometric constraint

(22) inf & (il r—en) o folic,x—ey) ).

where
e Cp CR%and C,Cy,---,C,; C X are nonempty, closed, and convex withO € intC;, i=1,---,q;
e ¢y, e, € X are distinct points;

® jc, : R? — R is a monotonic gauge and jé“o : R? — R is defined by

J& (et xg) = ey (g )y % = max{0,x )i =1, g3

o fi: R — R with f;(x) >0, if x > 0, f;(x) = +oo, otherwise, is a proper, convex, lower semi-
continuous and nondecreasing functionon R, i=1,--- ,q.
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Since the functions jgo and fi,---, f; are defined in a general way, problem (£ %) covers a
large class in location problems, such as the Weber problem with gauges of closed convex sets
[17], single minimax location problems with or without set-up costs [6] and so on. In order to
justify this point, we consider, for instance, the Weber problem with gauges of closed convex
sets studied in [17]

(W)  inf Zwa Je,, (x—ai),

xeRl‘ﬂ
where ay,---,a, € R™, Cy,--- ,Cy . S R™ are nonempty, closed, and convex, 0 € int Cy;, i =
1,--,q, and wy,,- - , Wy, are positive weights. To see the Weber problem (%' &) as a special

case of (£ 2), itsufficestoset X :=R"™, C:=R", ¢;:=a;, C;:=C,, fi 1 R— R, fi(x):= Wa,X,
if x > 0, fi(x) = 4oo, otherwise, i = 1,--- ,q, and jc, (x1,- -+ ,X4) = L. [xil, (x1,--+ ,x4) € RY.
It is worth noting that the defined functions jéro and jc,, -, Jc, are convex and continuous

with dom jéro = R? and domj¢c, = --- = dom jcq = X (see [17, Proposition 4.1] and [6, Theorem
1 and Remark 2]). Thus problem (. &) is a convex optimization problem.

In order to characterize sequential €-optimality conditions of problem (£ ), we set Y| =
Yo =R?and K; = K, .= Ri. To write the considered problem as a convex multi-composed
optimization problem, we introduce the following functions h; : R? — R? U {+oope } and h; :
X — RY, where

1x17"'7f X ,ifxiZO,izl,...’q,
hl('xlv"' 7-xq) = {(f ( ) l]‘< (]))
~+oogq, otherwise,

and
ha(x) == (jo,(x—e1), -, jc,(x—eq)), x €X.
Therefore, problem (. &) can be rewriting as

(L) inf{8c(x)+(j¢, oMo hy)(x)}.
Remark 5.1. Let us note that
e epih| = K|, where
Ei = {(x1,,xg, 1, ,rq) ERLXRL: fi(xi) <rji=1,--+,q};
e epihy = [E,, where
By :={(x,r1, - ,rg) EXxRL : jo.(x—e) <rji=1,---,q}.

Before deriving the sequential €-optimality conditions for problem (. %), we also need the
following lemmas.

Lemma 5.1. Let (x1,--- ,x4) € R? and € > 0. Then

M»Q

Qe 01 xg) = { (67, p) ERLNGG : G (01, %) < Y i+ e},

N
I
—

Proof. Let (x7,---,x;) € R9. Then (x{,---,x}) € 8g(jéro)(x1,--- ,Xq) if and only if

q
(&) (T oxg) 7 (e xg) < ) xixit-e.
i=1
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Hence, we easily obtain the desired statement since the conjugate function of jéro is (see [17,
Proposition 4.2])

0, if (x},--,x}) € R NCg,

(]2: )*<XT, aX*) =
0 I +o0, otherwise.
O
Lemma 5.2. Let (x1, -+ ,x;) € RY, (y1,--+,y4) €RL, and € > 0. Then 83((y1,-~- ,Yq) ©
h])(X],"‘ 7xq):y8(y17"' yYqr X1y ) Where,S” (yl, Vg X1, xq) {(X], 7x;k1) S
R?:3ep,---,6>0 Zl 181—sszftchthaz‘x € dg,(yio fi)(xi),i=1,- -,q}
Proof. By a simple calculation, the conjugate function of (yi,---,y,) o hy is
<(YI>"';Yq)Oh1) x17 X Zylfl V(XT,'“, q)eRq
Therefore,

(3 3) € (1,0 vg) o ) (at, )

M=

[ifi)" () + ifi) (i) —x7xi] < €

1

~.

Ter, 8y 20, e+ =& (i) () Oif) ()~ S g =1, g

<
e, ,6,>0, & 4--+& =€, x €dg(yiofi)(xi),i=1,---,q.
O
Lemma5.3. Letx€X, (y1, - ,yq) ERY, and € > 0. Then (9£<(y1,--- ,yq)oh2> (x) =501,
yq7x>7 where yf()’la'” 7yq7x) = U -0 {881 ()’1JC1)(X—€1) +- "+8£q(Yqqu)(X—€q)}~
817'”78(1_ ’
€1 ++€g=¢€

Proof. Letx € X, (y1,-++,y4) € R% and € > 0. First, observe that the gauges jc,, - e, X —
R are proper, convex, and continuous. Hence, by applying [19, Proposition 1.3], we deduce that

9 (1, 13q) oha) (x) = Be (yudes (- =€)+ +yuic, (-~ e) ) ()
= U {9 (el —en)) @)+ 436, (v, (-~ ) ) @)}

€1, 7&]207
€1 ++€g=¢€

= U {881 V1)) (x—er) + -+ + g, (vgic,) (x — eq)}.

€,y 7861207
€] ++eg=¢

O

We state now the sequential -optimality conditions for problem (.Z4?) by applying Theo-
rem 4.1.
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Theorem 5.1. Let X € C and € > 0. Then, X is an €-optimal solution of problem (£ ) if
and only if, for all uy, > > 0, there exist y1,%,€1,& > 0, with )1+ + U1 € + L& = €, and
sequences {xn}nGN cC {(yLna T 7yq,n)}n€N C RY, {(Zl,ny oy Zgns O py e 7aq,n)}nEN C Ey,
{(Znaﬁl,m Tt Bq,n)}neN g E2» {x:;}neN g X*’ {(yin’ T 7y;;,n)}nEN g Rz— mC(C))’ {(ZT,W T 7227;17
OF s 5 O ) bnen © R RY and {0 B s+ s Byn) bnenw € X* % RY such that

(

<

X;),; eNgl (Xn), jér‘o(yl,nf” a)’q,n) S Zyznyi,n_F’YZ’

zq:a (azn leln)) € [0, ur&1],

=1

~

* * H1€E * *
ln’... ’Zqu) E yl (al,m'” ’an”Zl,n?... an7n);

ﬁl*n( in — ( ei)) € [07“282]7 Z;; € yzﬂzsz(ﬁl*,n?“' ) ;,nvzn)a

I

MQ

,

-
I

—

-1+ [l-lra
x;—l—z:; ? 07 (yT,n_a]*,n?”' 7y;k1n_a* ) 7 (07 70),

n——+oo ’ q.n n——oo
[[-Ilra
(ZT,n l*,n’ 7Zq, q*,n) n—)ilioo (07 70)7
( Il = Il-11x
n 4))6', Zn —)x,
n— n— —+too
|| lIra .
(yl.,nv" ) qn) 1o (fl(JQ( _el))v"'7f4<]cq(x_eC1)))7
I-lra . .
(21,57 1 2gm) ﬁ (o, (X—e1), -+, jc,(X—eq)),

(e Bgn) ~Es (f1 ey (B— 1)), > fylic, (F—eq)),

n—y+-o0

| Bun+ Bon) 5 ey (T e1), ey (T ¢4)

and
.

<x:;,xn—f> n—)—‘—oo; Ov

ng(YI,na “ Ygn) _jéro(fl (o E=er)),-- fqlic,(X—¢q)))

_ i"y;ﬁn <yi,n —fi(jci()_c—ei))> —0,

n—y+oo

g <oc,n filjc,(x ) ;z,,,<z,n Jjei(x ))mo
q

X B (Bin— j (T =) ~ (zhan =) ——0.

Proof. Tt is clear that X is an €-optimal solution to problem (.Z &) is equivalent to

0e (95(56‘—{—]‘;0 ohjohy)(X).
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Since C is nonempty, closed, and convex, it follows that d¢ is proper, convex, and lower semi-
continuous function. As the finite functions jc, (. —e1), -+, jc, (. — €4) are convex and con-
tinuous, one can easily see that &, is proper, ]R(i—convex and Ri—epi closed with domh; = X
and hy(dom(hy)) CRY. Since f; : R — R is proper, convex, lower semicontinuous, and non-
decreasing on domf; = R, i =1,---,q, it follows that h; is proper, Ri—convex, (R?F,Ri)—
nondecreasing on domh; = R%, and Rﬁ’r—epi closed with hj(domh;) C Rﬁ’r. As regards jgo,
it is proper, convex, ]Ri—nondecreasing on dom jgo = IRY, and lower semicontinuous (see [17,
Proposition 4.1]). Hence, the functions f := ¢, ¢ =0, y =0, g := jgo, hi, and hy verify all
the conditions considered in Theorem 4.1. Therefore, by applying Theorem 4.1 and Lemma 5.1
- 5.3, we can directly obtain the desired statement. O
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