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AN INERTIAL FORWARD-BACKWARD METHOD WITH SELF-ADAPTIVE STEP
SIZES FOR FINDING MINIMUM-NORM SOLUTIONS OF INCLUSION AND
SPLIT EQUILIBRIUM PROBLEMS
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Abstract. In this paper, the problem of finding a common solution of variational inclusion and split
equilibrium problems is studied. A modified inertial forward-backward splitting algorithm with self-
adaptive step sizes is introduced for solving the problem, and the strong convergence of the algorithm is
established in Hilbert spaces. Applications and examples are provided to support our main results.
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1. INTRODUCTION

Let .77 be a real Hilbert space, and let B : 7" — ¢ be an operator. The Variational Inclusion
Problem (VIP) studied in this paper is defined as find x* € .7 such that

0 € (B+D)x", (1.1)

where D : ## — 277 is a set-valued operator. The solution set of problem (1.1) is denoted by
(B+D)~'(0). The VIP attracted the interest of many researchers due to its wide application to
various problems arising in optimal control, mathematical economics, and so on. Specifically,
many problems in machine learning, image processing, and linear inverse problems can be
modeled mathematically as (1.1); see, e.g., [1, 2, 3, 4, 5, 6] and the references therein. An
efficient method for solving the VIP is the following forward-backward splitting method x,, | =
(I+rD)~1(I—rB)x,, Vn > 1, where r is a positive real number, (7 — rB) is the forward operator,
and (4 rD) ! is the resolvent operator, which is also known as the backward operator).

There are numerous algorithms for the VIP. It is a hot topic to improve the convergence rate
of various iterative algorithms. In 1964, Polyak [7] studied the convergence of the following
inertial extrapolation algorithm x| = x,, + Bu(xn — X4—1) — Ax,, Vn > 0, where {a, } and
{B.} are two real sequences.

Recently, there has been an increased interest in studying inertial type algorithms. In 2001,
Alvarez and Attouch [8] combined the inertial technique and the proximal point algorithm for
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maximal monotone operators. Their algorithm is known as the inertial proximal point algorithm

Yn = Xp+ en(xn _xn—l)
Xni1 = (I+7D) 1y, n> 1.

They obtained a weak convergence theorem provided that {r,} is nondecreasing and {6,} C
[0,1) with

Y Oullx0 — X1 ||* < oo (1.2)
n=1
In 2003, Moudafi and Oliny [9] proposed the following inertial proximal point algorithm for
solving the zero problem of the sum of two monotone operators

Yn :xn‘i‘en(xn_xnfl)
Xnr1 = (I + rnD)_l(yn —ruBx,), n>1

They demonstrated the sequence generated by their algorithm converges weakly to the zero of
B+ D provided r,, < %, where L is the Lipschitz constant of B and condition (1.2) is satisfied.
Note that their algorithm does not take the form of the forward-backward splitting algorithm if
0, > 0 because B is still evaluated at the point x;,. In 2015, Lorenz and Pock [10] proposed the
following inertial forward-backward algorithm for monotone operators

Yn :xn‘i‘en(xn_xnfl)
Xnr1 = (I + rnD)_l(yn —raBy,), n>1

where r, > 0. They obtained a weak convergence theorem. It is known that strong convergence
results are more applicable and desirable than weak convergence results. In 2018, Cholamjiak et
al. [11] introduced the following inertial forward-backward splitting algorithm, which combines
Halpern and Mann iteration methods for solving the VIP in Hilbert spaces

{yn =Xp+ en(xn _xnfl)

D (1.3)
Xn+1 = ﬁnu + & yn +.urn~],1n (yn - ;LnByn)a nz= 1;

where B : # — ¢ is k-inverse-strongly monotone operator, and D : H — 277 is a maxi-
mal monotone operator, J = (I+4,D)~", 0 < A, <2k, {a,} C [0,0] with & € [0,1), and
{B:},{€}, and {u,} are sequences in [0, 1] with B, + &, + 1, = 1. Under the following condi-
tions on the control parameters

(D Z?:] eonn —Xn—1 || < o9

(2) lim;, o0 3, = 0, Z;o:l B = oo

(3) 0 < liminf, e A, < limsup,_,., A, < 2k;

(4) liminf,_e t, > 0,
they obtained a strong convergence theorem in the framework of real Hilbert spaces.

Let % be a nonempty, closed, and convex subset of a real Hilbert space 7, and let F :

% x € — Rbe abifunction. In 1994, Blum and Oettli [ 12] investigated the Equilibrium Problem
(EP), which is to find x € ¥ such that

F(x,y)>0,Vye®?. (1.4)
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We denote the solution set of (1.4) by EP(F). The EP has received a lot of attention due to its ap-
plication to problems arising in the field of optimization, economics, physics, traffic networks,
and so on; see, e.g., [13, 14] and the references therein. Recently, several authors proposed
various iterative algorithms for solving the EP and its extensions; see, e.g., [15, 16, 17, 18, 19]
and the references therein.

In 2013, Kazmi and Rizvi [20] introduced and studied the following Split Equilibrium Prob-
lem (SEP). Let 4 be a nonempty subset of 77, let 2 be a nonempty subset of .7%. Let
FI:€x% — RFE:2x 2 — R be bifunctions. Let A : 74 — 4 be a bounded linear
operator. They defined the SEP as follows: Find x € % such that

Fi(x,x")>0,Vxe¥ (1.5)
and such that
y=Ax € 2 solves F>(y,y"), Vy" € 2. (1.6)

Observe that problem (1.5) is the classical Equilibrium Problem. Thus, SEP consists of a pair
of EPs, which have to be solved so that the image y = Ax under a given bounded linear operator
A of the solution of the EP in .77 is a solution of the other EP in 7. The solution set of SEP
(1.5)-(1.6) is denoted by Q = {z € EP(F}) : Az€ EP(F»)}.

In 2019, Cholamjiak et al. [21] proposed the following modified inertial forward-backward
splitting method for solving the SEP and the VIP

yn:xn+6n(xn_xn—l)7
Zn = Opyn+ (1 — 04 T,E (1 — yA* (I — TE2)A) y,, (1.7)
Xnt1 = Puzn+ (1 _Bn>Jt€(1_tnB)Zna nzl,

where JP? = (I+1,D)~", {t,} C (0,2ax), {8,} C[0,8], § €[0,1), {ra} C (0,00) with y € (0, 1)
such that L is the spectral radius of A*A, and {¢,} and {B,} are sequences in [0, 1]. Under the
following conditions;

(1) Z:,ozl Qn”xn —Xn—1 || < oo

(2) 0 < liminf, ;. 04, < limsup,,_,,, 0, < 1;
(3) 0 < liminf, . B, <limsup,_,., B < 1;
(4) liminf,, . r, > 0;

(5) 0 < liminf, ;e t, <limsup,_ .2, <20,

they obtained a weak convergence theorem. However, it was pointed out by the authors that
the summability condition (1) of Algorithm 1.3 and Algorithm 1.7 is a drawback in their im-
plementation. Another computational weakness of Algorithm 1.7 is the fact that its step size
Y depends on the norm of the operator ||A||, which, in most cases, is unknown or difficult to
calculate or even estimate. Moreover, it is required that the operator B in Algorithm 1.7 and the
other algorithms above is co-coercive (inverse-strongly monotone), which is a very stringent
condition.

Motivated by the above works in the literature, we investigate the problem of finding a com-
mon solution of the VIP (1.1) and the SEP (1.5)-(1.6). That is, find a point x* € % such that
x* € (B+D)~1(0)NQ # 0. We construct an inertial forward-backward splitting algorithm with
self-adaptive step sizes with the following properties:
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e our proposed method requires the underlying operator to be monotone and Lipschitz
continuous. This relaxes the strong assumption of co-coerciveness (inverse-strongly
monotonicity) on the operator in the literature;

e in contrast to the methods in the literature, the implementation of our method does not
depend on the norm of the bounded linear operator nor the Lipschitz constant of the
monotone operator involved. This makes our method easier to implement;

e our method employs the inertial technique to improve the speed of convergence of
the proposed algorithm. Our algorithm does not require the summability condition

Yo O|xn —xn—1| < oo) , which makes our method easily implementable;

e the sequence generated by our proposed algorithm is strongly convergent to a minimum-
norm solution of the common solution problem under mild conditions. Moreover, our
convergence analysis is not dependent on the usual ”the two-case approach”, which was
widely used in many papers to guarantee strong convergence.

We carry out some numerical experiments on our proposed method in comparison with other
existing methods for solving the VIP (1.1) and SEP (1.5)-(1.6). The results indicate that our
method is easier to implement and also outperforms other methods in the literature. The orga-
nization of the paper is as follows: Section 2 consists of basic definitions and results, which are
needed in subsequent sections. In Section 3, we present and discuss the proposed method. The
convergence of this method is investigated in Section 4. The applications of our main results is
given in Section 5. In Section 6, we perform some numerical experiments in comparison with
other related methods in the literature. Section 7, the last section, concludes this paper.

2. PRELIMINARIES

In this section, we recall some basic definitions, lemmas, and related results, which are
needed to prove our strong convergence result. Let 4 be a nonempty, closed, and convex subset
of a real Hilbert space . with inner product (-,-) and norm || - | defined by ||x|| = \/(x,x),
Vx € 7. We denote the weak and strong convergence of a sequence {x, } to a point x as x, — x
and x, — x, respectively. Also, we denote the set of weak limits of {x,} by we(xy), that is,
We (%) = {x € H : x,; — x, for some subsequence {x,; } of {x,}}.

Let A : 57 — 7 be a mapping. Then, A is said to be

(i) L-Lipschitz continuous if there exists L > 0 such that ||Ax —Ay|| < L||x—y||, Vx,y € 2,
if L €[0,1), then A is called a contraction mapping;
(i1) nonexpansive if A is 1—Lipschitz continuous;
(iii) L-co-coercive (or L-inverse strongly monotone) if there exists L > 0 such that (Ax —
Ay,x—y) > L|Ax—Ay||?, Vx,y €

(iv) monotone if (Ax —Ay,x—y) >0, Vx,y € S
It is known that inverse-strongly monotone mappings are monotone and Lipschitz continuous.
In general, the converse is not true.

Let ¢ be a closed and convex subset of .7. Recall that the metric projection Py is a map,
which assigns each x € J# to the unique point Pyx, that is, |x — Pgx|| = min{|[x—y| : y € €}.

The metric projection Py is characterized by the inequality (x — Pyx,y — Pyx) > 0,Vy € €.
For more details on the properties of the metric projection, we refer to [22, Section 3].

Lemma 2.1. [23, 24] Let 7 be a real Hilbert space. Then the following assertions hold:
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(1) 2(x,y) = HXH2+!yH2— HXZ—yH2 = \|X+y2|!2— 11> = [IyII?, Vﬁzc,y S
(2) llox+ (1= a)y[* = elix[* + (1 = ) ly]|* — ac(1 = &) [[x = y][*, Vx,y € 2, € (0,1);
(3) e =yI? < %l +2{n,x —y), Vx,y € .

Recall that a function ¢ : ## — R is said to be convex if, for all 7 € [0,1] and x,y € 7,
c(tx+ (1—1)y) <tc(x)+ (1 —1)c(y).

Recall that a convex function ¢ : 5 — R is said to be subdifferentiable at a point x € JZ if
the set

de(x) ={ue H|c(y) >c(x)+{u,y—x), Vy € A} (2.1)

is nonempty, where each element in dc(x) is called a subgradient of ¢ at x, dc(x) is called the
subdiferential of ¢ at x, and the inequality in (2.1) is called the subdifferential inequality of ¢ at
x. We say that c is subdifferentiable on .77 if ¢ is subdifferentiable at each x € 7 [25].

Let B : 57 — 27 be a multivalued operator on .7. Then

(i) the effective domain of B, denoted by dom(B), is given as dom(B) = {x € 7 : Bx # 0},

(ii) the graph G(B) is defined by G(B) := {(x,u) € 7 x 5 :u € B(x)};

(iii) the operator B is said to be monotone if (x —y,u* —v*) > 0 for all x,y € dom(B),u* € Bx

and v* € By.

(iv) a monotone operator B on .77 is said to be maximal if its graph is not properly contained
in the graph of any other monotone operator on 7.

(v) the resolvent mapping J/lf : S — A associated with B is defined as Jf (x) =+
AB)~!(x), for some A > 0, where I is the identity operator on .7 . For a maximal mono-
tone operator B, the dom(Jf ) = S and Jff is a single-valued and firmly nonexpansive
mapping.

Recall that a function g : 7 — % U {+oo} is said to be weakly lower semi-continuous (w-
Isc) at x € A2, if liminfg(x,) > g(x) holds for an arbitrary sequence {x,};_, in . satisfying
Xp — X. e

The following assumptions are required in solving the split equilibrium problem.

Assumption 2.1. [12] Let F : ¥’ x ¥ — R be a bifunction satisfying the following assumptions:

1) F(x,x) =0, Vx€E;

2) F is monotone, i.e., F(x,y) + F(y,x) <0,Vx € ¢;

3) for each x,y,z € €, limsup F(rz+ (1 —t)x,y) < F(x,y);

t—0

4) for each x € €,y — F(x,y) is convex and lower semi continuous.
Lemma 2.2. [26] Let F : ¢ X ¢ — R be a bifunction satisfying Asummption 2.1. For any r >0
and x € 2, define a mapping TF : # — € by

1
T (x) = {ZG%:F(z,y)+;<y—z,z—X> >0, Vye%}.

Then,
(1) TF is nonempty and single valued;
(2) TF is firmly nonexpansive, that is, langleT! x — TFy,x —y) > |TFx—TFy
(3) F(TF) = EP(F) is closed and convex.

2.

Lemma 2.3. [27] Let B : # — 27¢ be a maximal monotone mapping, and A : 7 — I be a
Lipschitz continuous and monotone mapping. Then A + B is a maximal monotone mapping.
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Lemma 2.4. [28] Let {a,} be a sequence of non-negative real numbers, {v,} be a sequence of
real numbers in (0,1) with conditions Y, | Yn = oo, and {d,} be a sequence of real numbers.
Assume that a1 < (1 —Y)an+ Yadn, n > 1. If limsup,_,.,d,, <O for every subsequence {ay, }
of {an} satisfying liminfy_,e(ay,+1 — ap,) > 0, then lim, o a, = 0.

3. MAIN RESULTS

In this section, we present our proposed method and discuss its features. We begin by defining
the following functions

1 1
8(x) =5l - T2)Ax|?, h(x) = 1 )],
and
G(x)=A*(I-T™)Ax, H(x)=(I-T")x.

It can be easily verified from Aubin [29] that g and / are weakly lower semi-continuous, convex,
and differentiable. We now give the following assumptions under which our strong convergence
result is obtained.

Assumption 3.1. Suppose that the following conditions hold:

(a) The feasible sets 4" and 2 are nonempty, closed, and convex subsets of the real Hilbert
spaces .71 and 773, respectively.

(b) F1 : € x€ — R, F»: 2 x 2 — R are bifunctions satisfying Assumption (2.1), and F>
is upper semi-continuous in the first argument.

(c) A : 74 — 7 is a bounded linear operator, B : ¢ — 77 is a Lipschitz continuous
and monotone operator, and D : 74 — 274 is a maximal monotone operator such that
I'=(B+D)"'(0)NQ+#0, where Q = {z €€ :z€ EP(F) and Az € EP(F»)}.

(d) {otn},{Bn},and {7, } are sequences in (0, 1) satisfying B, + 7, < L,limy 0 1, =0, Y | Th =
oo inf(1 =B, —71)Br>0,0<a< 0B, <b<1,0<c<1,<d<4

(e) Let {&,} be a positive sequence such that lim,,_e % =0 and {r,} C (0,°) such that
liminf,, .7, > 0.

Algorithm 3.1.
Step 1: Select initial point xo,x; € J4, let s; > 0,1 € ( > 3, and set n = 1. Given the

0,1),6
iterates x,,_ and x,, for each n > 1, choose 6, such that 0 < 6,, < 6,,, where

. n—1 &n 1
_ min if _
5, i {n+e_1’ o 1] } Xn 7 X0 (3.1)
nl%, otherwise.

Step 2: Compute wy,, = x;, + 6, (X, — X,—1)-

Step 3: Compute z, = T} (I—AA* (1 — Y}fz)A) wy and y, = otywy, + (1 — 042,

Step 4: Compute u,, = (I +5,D) "' (I —5,B)y, = Jslz (I — spB)y, and vy, = uy, — s, (Buy, — Byp).
Step 5 Compute x,,+1 = (1 — By — %)Wy + Buvn, Where

o {fn G |G Own)IP+ [[H () [2 £ 0,

0, otherwise
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and
: Bl yn—un]| } ;
ming e, S if By,—Bu, #0,
Spl = { [[Byn—Bun " n n# (3.2)
S, otherwise.
Set n:=n+ 1 and go back to Step 1.

Remark 3.1. By conditions (d) and (e), one can easily verify from (3.1) that
6,
lim 6,[[x, —x,—1|| =0 and lim —||x, —x,—|| = 0.
n—eo n—oo Y,

Remark 3.2. From (3.2), we have that s, < s, for all n > 1. From our conditions, we also
have that B is L-Lipschitz continuous. Thus if By, # Bu, in Algorithm 3.1, then

[ By — uall . {u }
s =ming ———, S ;0 = Miny —, S, ¢ -
o= g = (o
By induction, we obtain that {s,} is bounded below by min { %, s1 } . Also, since {s,} is mono-

tone nonincreasing, we have that the limit exists, and lim;, o 5, > min{%,s 1} >0.
Remark 3.3. From the definition of {s,} in (3.2), we have
u

n+1

Inequality (3.3) holds if By, = Bu,,. In the case that By, # Bu,, we have

yn — un|| } < [yn — un||
—,Sn T TR
[|BYn — By | [|BYn — Buy |

1Byn — Bun|| <

lyn —uall, Vn. (3.3)

Sp4+1 = Mmin {
which implies that

[Bys = Butall < =1y = .

n+1

Hence, (3.3) holds for both cases By, # Bu, and By, = Bu,.

4. CONVERGENCE ANALYSIS
Lemma 4.1. Let {x,} be a sequence generated by Algorithm 3.1 under Assumption 3.1. Then,

gz(wn)
|G(wWn)[|* + [|H (wn)

v =P < [lwn = pII* = T4 = T)(1 — o) A Oy (1~ 0t) | W — 2|

2

u
— (1= 35 ) I —
Sn+1

Proof. Let p €. Since G(w,,) =A* (I — Trfz VAW, p= Trfz p,and [ — Trfz is firmly nonexpansive,
we have

=2g(wp). 4.1)
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From the definition of z,, in Step 3, the nonexpansivity of Trf‘, and (4.1), we have

20 =PI < (= 2A* (1 = T2)A)wn — p|®
= wn—p = 2G(wa)||*
= [wn = pI* + 27 1G(wa) 1> = 220 (G(wn), wa — p)
< [wa =PI + A1 G(wn) > — 42ng (wn)

gz(Wn)
1G(wa) |12+ [1H (wa) > (4.2)

< |[wn _PH2 — Ty(4—1T4)

From the condition on 1,, we obtain ||z, — p|| < ||w, — p||- In view of the definition of y, and
(4.2), we obtain

1y = pII* = @ullwn = pII? + (1= aw) lzn = pII* = 0ta(1 = 0a) || Wi — za|®

gz(Wn)
G (W) |12+ |H (wn) |2

< Op|[wy _P||2+ (1—op) ||Wn_P||2_ Tn(4—Tn)

— 04, (1 — ) || wn _Znuz

gz(Wn)

—ou(l—o _ 2
[GOmIZ+ e~ %~ emlben =l

(4.3)

= ||wy _PH2 —Tu(4— 1) (1 — o)

From the condition on 7, and o, we have ||y, — p|| < ||w, — p||. Applying (3.3) and (4.3), we
have

[V _PH2 = ””n_pH2+S%z||B”n _Byn”2_23n<“n — p,Buy — Byy)
= Hyn_PH2+ ||”n_yn||2+2<”n_)’na yn—p>+S%||Bun—Byn
— 25, (un — p, Buy, — Byy)
= {lyn = PII” + 1t = yull* +2(ttn = Yy ttn = p) = 2||ttn = yu||* + 53| Butny — Bya|®
— 25, (up — p, Buy, — Byy)

I”?

= ||yn_PH2_ ||”n_yn||2+2<“n — Yn, Un —p) +S%||B”n _Byn||2

— 28 {u, — p,Bu, — Byy)
= HYn_sz_ ||”n_yn||2+S%HB”n_B)’n||2_2<”n_pa Yn _”n_sn(BYn_B”n)>

gz(wn)

—0o,(1 —o _ 2
Goom I+ T~ % = lwn =l

< HWn_P”Z_ Tu(4—T0) (1 — )
2

- <1 - S% : ‘l;_> ”yn - un”2 - 2<un — Dy Yn—Un— Sn(Byn _Bun)>-
Sn+1
4.4)
From Step 4, we have that u, = (I+s,D) ! (I —s,B)y,. Hence (I —s,B)y, € (I+5,D)u,. Since
D is maximal monotone, there exists k, € Du,, such that (I —s,B)y, = uy, + s,k,, which implies
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that

1

kp = _(yn — SpByn — un) 4.5)
Sn

Observe that 0 € (B+ D)p and Bu, + k,, € (B + D)uy,. Since B+ D is maximal monotone we
obtain

(Buy +kn, uy — p) > 0. (4.6)
Substituting (4.5) into (4.6) we have é(snBun + Y — SpByn — U, u, — p) > 0, which implies that
<)’n —Up — sn<B)’n - Bun)a Up — P> > 0. 4.7

Applying (4.7) in (4.4), we have

g*(wn) _
1G(wa) 12 + 1 (wn) ||

[[va _PHZ <|[wy _P”2 = T(4 = T0) (1 — 0) (1 —a)|[wy _Znuz

2

u
—(1=53 5= ) Iyn =l

Sn—H
4.8)

which is the desired result. ]

Lemma 4.2. Let {x,} be a sequence generated by Algorithm 3.1 under Assumption 3.1. Then,
{xn} is bounded.

Proof. Let p € T. By applying the triangular inequality, we conclude from Step 2 that ||w, —
pll < |lxn — pll + 6nllxn — x4—1]|- From Remark 3.1, we have lim;,_sc %Hxn —xu—1]| = 0. Hence,

there exists a constant M| > 0 such that % ||xn — xn—1]| < M for all n > 1. This implies that
wWn = pll < [l = pll + %M. (4.9)

2
Also, since 1i_r>n <l — ,uzszs—"> = 1 — u? > 0 there exists ny € N such that
n—yoo

n+1

n

1—u2 j >0, Vn>nygp.

Sn+1
which together with the conditions on 7, and o, in (4.8) yields ||v, — p| < ||w, — p||, Vn > ny.
From the definition of x,, 1 in Step 4, we have, for all n > no,
X1 =PI < (1= Ba = %) (Wn = P) + Ba(va = )| + Wl (4.10)

and
(1= B =20 04— ) + Bl = P> = (1= B = wa = pI1>+ B2 va — oI
+2(1 = By — ¥u) Bu{Wn — P, vu — p)
< (1= 1) llwa — plI*.
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Substituting the last inequality into (4.10) and applying (4.9), we have, for all n > ny,

a1 = pll < (L=)l[wa = Pl + %l
< (1=%) [l = pll + %M ] + %l pll
< (=%l = pll + %M1+ [l pll)

< max {|bs,— pll, M+ ol }

< max { lbsy = p1l, M1+ 1ol },

which implies that {x,} is bounded. Consequently, {w,},{z,},{yn},{un}, and {v,} are also
bounded. O

Lemma 4.3. Let {uy,} and {y,} be the sequences generated by Algorithm 3.1 under Assumption
3.1 such that limj,e [[ttn; — yn,|| = O for some subsequences {uy,} and {yn,} of {un} and {y,},
respectively. If {yn;} converges weakly to some x* € i as j — oo, then x* € (B +D)~1(0).

Proof. Let (u,v) € G(B+D), that is, v — Bu € Du. Since u,, = (I +5,,D) ' (I — 5;B)yn,, then
(I — snjB)ynj e (l+ an.D)unj. This implies that SL (ynj — Up; — snjBynj) € Duy;. Since D is
nj
maximal monotone, we have
1
<I/£—I/lnj, v—Bu— s—()’n, _unj _SnjBynj)> 2 07
nj

which implies that

1
<u—unj, v> — <M—Mn<,~, Bu + g <ynj — Uy —snjBynj>> >0.

J

Thus

1
<u—unj, v> > <u—unj, Bu+?<ynj—unj—snj3ynj)>

nj

1
= <u—un_,~, BM—Bynj>+ U—Up;, ;0}”1‘ ~ thn;)
J
1
— <M—Mnj> Bu_Bunj>+<u—unj, Bunj—Bynj>+ u—unjv ;(ynj_l/lnj)

J

1
Z <u_unj7 Bunj _Bynj> + l/l—l/tnj, S_(yn] _unj) .

nj

Now, since lim;_,o ||t —yn,;|| = 0, and B is Lipschitz continuous, we have lim ||Bu,, — By, || =
: e : .

0. Moreover, lim s, = s > min{sy, %} implies
n—yoo
(u—x*, v) = jlgl; <u—unj, v> > 0.

By the maximal monotonicity of B+ D, we conclude that x* € (B+D)~1(0). O
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Lemma 4.4. The following inequality holds for all p € I" and n € N

6,
v = Pl < (1= 30) b = I 9 (3 on =1 M2+ )
n

Bt — o) 80 g o1 gzl
T4 =) (L= ) S G Pree( = o) e =2
2
~Ba(1=57- 5 ) o=l = (1= By = 3Bl —
n+1

Proof. Let p € I'. From Lemma 2.1 and the Cauchy-Schwartz inequality, we obtain from Step
2 that

| X _P||2 + 9”2||xn —Xn—1 ||2 +29n<xn — PyXn —Xn_1)

lwa — p|?
< ||xn _PH2 + eonn —Xn—1 ” [en“xn —Xn—1 H +2||xn _PH]

6
< =PI+ 3% bon —xu—1 || Mo, (4.11)
Y
for some M, > 0. In view of Lemma 2.1, (4.8), and (4.11), we have from Step 5 that

i1 — plI?
= [|(1 = Bn— 1) Wn—p) + Bu(va — P) +7n(_P)H2
< (1= Bu— ) llwn _P||2 + Bul[vn _P||2 + VnHPHZ — (1= Bn— ") Bullwn _Vn||2

gz(wn)
|G [P+ H (wa) P
2
u
— B0 (1 = ) i = a2 = B (1= 57+ 5= ) Iy =l + |

n+1
- (1 —Bn— Yn)ﬁnHWn _VnH2

6,
gu—nﬂmme+sm7mww%mM4—mmm—meﬂm

<(1 _Yn)HWn_PHz_BnTn(‘L_Tn)(l — )

gz(Wn)
|G (wn)[|> + [[H (wn)]?

2
— Bt (1= ) — 2l = B (1= 52 5= ) Iva =t >+ 3

Sn—H
— (1= B — ) Bullwn _VnH2
O
< (U= ) o= pIP (3 oo = a2+ 1)

gz(wn)

— Bnta(4 — 70) (1 — ) |G (wn)|]?+ || H (wn)

Hz - Bnan(l - O‘n)HWn _Zn||2

2

u
B (1= 525 )l =l = (1 = B = 3) Bl v
Sn+1

which is the desired result. O
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Lemma 4.5. The following inequality holds for all p € ', My > 0 and n > ny
[Ponr1 = pII* < (1= %) llxn — pI?

6
903 o = [+ 2Bl = walllp =420, p =)
Proof. Let peT"and d, = (1 — B,)wn+ Buvy. Then ||d, —wy|| = Bullva — wn||. Applying Lemma

2.1, we have ||d, — pl| < (1= By)l[wn — pl| + Bullva — pll < |lwn — pl|, V 1 > no. Also, from the
definition of x,,1 | in Step 5, we have

X1 — plI>
= H(l - Bn)Wn +ann — YaWn —p||2
= |dn — Yawn _p”z

= (1 =) (dn — P) — Ya(wn — du) = Yap|I?
< (1= %)?lldn = pII* = 200 (Wn — du) + 1ap, Xn1 = P)
< (1= %) lldn = pII* +2%lwn — dallllp = xu1ll + 2(%p, P —2ns1)

0
< (U= ) [Ibon = P+ 390 o = a1 M2+ 23w = 1P = 54111+ 201, p = 541)
n

0
< (1 - Yn) ||xn - P||2 + Y 3?n||xn — Xn+1 ||M2 + 2BnHVn - Wn” ||p —Xn+1 || +2<Pap _xn+1>] )
n
that is the desired result. O

We now prove our strong convergence theorem for Algorithm 3.1.

Theorem 4.1. Let 74 and 6 be two real Hilbert spaces, and let A : 74 — 76 be a bounded
linear operator. Let {x,} be a sequence generated by Algorithm 3.1, and suppose that Assump-
tion 3.1 is satisfied. Then, {x,} converges strongly to a point q € T, where ||q|| = min{||z|| : z €
I'}.

Proof. Since ||q|| = min{||z|| : z € T'}, then ¢ = P(0). It follows that ¢ € I'. Now, from Lemma
4.5, we obtain

6
b1 = gl1* < (1= %) llin —4lI* + 7 37"Hxn —Xn—1||M2
n

+2Ballve = wallllg — xng1l| +2(q,q — Xn41)
= (1= %) lxu — q|1* + Yuain, (4.12)

where a, = 3%||xn — Xn—1[|M2+2Bp[[ve — walllg — X411l +2(q,q — Xnt1)-

Now, we claim that {||x, — ¢||} converges to zero. To establish this, it suffices from Lemma
2.4 to show that limsup,_,, a,, < 0 for every subsequence {||x,, —¢l|} of {||x, —¢||} satisfying
the condition

timin ({155, =g/l =, —all) > 0. (4.13)
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Suppose that {||x,, —g|| } is a subsequence of {||x, —¢g||} such that (4.13) holds. We obtain from
Lemma 4.4 that

g*(wn,)
IGwa)II* + 1 H (W)

B”kT”k(4 - Tnk)(l - ank) Hz +ﬁ”ka”k(1 - a”k)HW”k _an||2

2
u
B (1= 58, - 5 ) v = g2+ (1 = By = V) B [ = v I
Snk-i-l
6,
< (U= )lbon, =P = o =P+ 9 (3 o, =12+ )
ng

By applying (4.13) and the fact that klim Y, = 0, we have that
—o0

gZ(Wnk) _
|G(Wa, )12+ 1 H (wa, ) |12

kli_rgﬁnkfnk (4 - Tnk)<1 - a”k) 07

. 2
Jim B, (1= )iy = 2| =0,

) W 2
tim o (157, 5 ) lym, = | =0,

k—yeo nk—l—l
and
lim (1 - ﬁnk - Ynk)ﬁnkHWnk - VnkH2 =0.

k—yoo
From the conditions on the control parameters, it follows that

2
0 TGt P+ (TG e =l = Jim 3, =t} = Jim, o = v
(4.14)

Since G and H are Lipschitz continuous, we have that I}im g(wy,) = 0. From the definition of
—>00

g(wy, ), we have kli_r)r(}og(wnk) = kh_r)go sa— 7}2 )Aw, ||? = 0, which implies that

lim || (I — T2)Aw,, || = 0. (4.15)
k%oo g
Consequently,
Tim [[A"(1 = T52) Awn || < A7 (1 = T2)Awn | = AN (7 = T2)Aw, || = 0. (4.16)

From the definition of y,, and (4.14), we have |\yn, — zn, || < O, [|Wn, — Zn || + (1 — Q) ||z, —
Zn || = 0 as k — co. This together with (4.14) yields that

Tim [, =y ]| = Tim (i, — s | = i ||z, — s || = 0. (4.17)

From Step 5, and (4.14) together with the fact that klim Yo = 0, we have [[x,, , —wy| =
—so0

1B Vi, = Wae) = Yo Wi | < B l1vie — Wil + Yo W, || = O as k — co. From Remark 3.1, we
have ||wp, — Xn, || = O, ||Xn, — Xn,_, || = 0 as k — co. Combing these, we have

lim [y, 41 — %, || = O (4.18)
k—ro0
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Thus

I}gI;HXnk — 2 || =0, kh_{l;Hxnk — V|| =0, kh_?zo”xnk —up, || =0, ,}gﬂoHXm — ¥l =0. (4.19)

Since {x,} is bounded, then wq(x,) is nonempty. Let x* € wg(x,) be an arbitrary element.
Then, there exists a subsequence {x,, } C {x,} such that x,, — x* as k — co. From (4.19),
we obtain y,, — x* as k — co. By invoking Lemma 4.3, it follows from (4.14) that x* € (B +
D)~1(0). Since x* is an arbitrary element in we(x,), it follows that wg(x,) C (B+D)~1(0).
Next, we prove that wg(x,) C Q. First, we establish that we(x,) C EP(F;). From z,, =
TAH (I = A A* (I = T72)A)wy,, we have Fy(zn,,y) + #y — Zngr T — Wiy + A, G(wy,)) > 0 for
all y € ¢, which implies that

1 1
Fi (zn,y) + —<y—znk, Zny _Wnk> + —<y—znk, /lnkG(Wnk)> >0,Vyee.
T Ty
We have from Assumption 2.1 (2) that
1 1

_<y_an7 an _Wnk> + _<y_an7 A‘nkG<Wﬂk)> Z Fl (y7 an)7 Vy € Cg

Ty o
Since z,, — x*, then by applying (4.14), (4.16), Assumption 2.1 (4) and the fact that lilzn infr,, >

—>00

0, we obtain Fj (y,x*) <0, Vy € €. Lety, =ty+ (1 —t)x*, vVt € (0,1] and y € €. This implies
that y, € €. Thus Fj (y;,x*) < 0. Applying Assumption 2.1 (1)-(4), we have

0=Fi(y,y) StFi(y,y) + (1 =1)F1 (yr,x") < tF1 (1)
Hence, F(y;,y) >0, Vy € €. Letting t — 0 and applying Assumption 2.1 (3), we have Fj (x*,y) >
0, Vy € €, which implies that x* € EP(F}).

Next, we show that Ax* € EP(F3). Since A is a bounded linear operator and w,, — x*, we
have Aw,, — Ax*. Consequently, it follows from (4.15) that T,fiAwnk — Ax* as k — oo. From
the definition of TrfiAwnk, we have

P 1 I3 P > 9

BT A 0) + <y — T Ay, T2 A, —Awnk> >0,Vye 2.
Since F; is upper semicontinuous in the first argument, it follows from (4.15) and the fact that
lil?linf rp, > 0 that F>(Ax*,y) > 0, Vy € 2, which implies that Ax* € EP(F). Thus wg(x,) CT.

—y00
Since {x,, } is bounded, there exists a subsequence {xnkj} of {xp, } converging weakly to £ such
that limsupy_,.,(q,q — X»,) = limj 4 (q,q —xnkj). Since g = Pr(0), we have

limsup <qa C]—xnk> = hm <Qa q_xnk.> = <q7 q—)€> < 07
k—so00 J—roo J
which together with (4.18) implies that limy_,e.(q,q — X, . .) < 0. Using (4.14) and the fact that
lim,, e %Hxn — xn—1|| = 0, we have limsup;_, ., a,, < 0. Aapplying Lemma 2.4 to (4.12), we
have that lim,,_« ||x, — ¢|| = 0. Thus {x,} converges strongly to g. O

5. APPLICATIONS

In this section, we apply our result to study certain optimization problems.
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5.1. Variational inclusion and split variational inequality problems. In this subsection, we
apply our result to approximate the common solution of variational inclusion and split varia-
tional inequality problems.

Let ¢ be a nonempty, closed, and convex subset of a real Hilbert space .7, and let M : 57 —
S be a single-valued mapping. The Variational Inequality Problem (VI,P) is formulated as
follows:

Find x* € € such that (y —x*,Mx*) >0, Vyec¥.

We denote the solution set of the VI P by VI(%,P). The variational inequality theory was
first introduced independently by Fichera [30] and Stampacchia [31]. The VI,P is a useful
mathematical model, which unifies several important concepts in applied mathematics, such
as complementarity problems, network equilibrium problems, necessary optimality conditions,
etc. Various solution methods were investigated for finding solutions of VI P; see, e.g., [20, 32,
33, 34] and hte references therein. Here, we apply our result to the following split variational
inequality problem (SVI,P) with constraint of variational inclusion problem:

Find x* € (B+ D) !(0) such that (x — x*,M|x*) >0, Vx€&. (5.1)

and
y =Ax* € 2 solves (y—y*,Myy*) >0, Vye 2, (5.2)

where % and £ are nonempty, closed, and convex subsets of real Hilbert spaces .7/ and .73,
respectively, A : 7] — 74 is a bounded linear operator, B : .7¢] — 7/ is a Lipschitz continu-
ous and monotone operator, and D : .7 — 27/ is a maximal monotone operator. We denote
the solution set of problem (5.1)-(5.2) by ©; and assume that (B+D)~!(0)NQ; # 0. Taking
Fi(x,y) := (y —x,M;x),i = 1,2, one sees that the SVI,P (5.1)-(5.2) becomes the problem of find-
ing a solution of the SEP (1.5)-(1.6), which is also a solution of variational inclusion problem
(1.1). Furthermore, all the conditions of Theorem 4.1 hold. Thus Theorem 4.1 provides a strong
convergence theorem for approximating a common solution of VIP (1.1) and SVI,P (5.1)-(5.2).

5.2. Convex minimization and split equilibrium problems. Let 77 be a real Hilbert space,
f: 2 — R be a convex function, and F : 5 — R be a proper convex and lower semicontinuous
function. We consider the following convex minimization problem:

min £ (x) + F (x), (5.3)

which is equivalent to finding x € ¢ such that 0 € Vf(x) + dF (x), where V f is the gradient of
f and JF is the subdifferential of F. It is known that if V f is L-Lipschitz continuous, then it is %—
inverse strongly monotone (co-coercive), and hence it is L-Lipschitz continuous and monotone.
Also, it is known that dF is maximal monotone (see [35]). The solution set of (5.3) we denote
by ©;. So, by setting B =V f and D = JF in Theorem 4.1, we obtain the following result for
approximating a common solution of convex minimization problem (5.3) and split equilibrium
problem (1.5)-(1.6) in Hilbert spaces.

Theorem 5.1. Let ¢ and 2 be nonempty, closed, and convex subsets of real Hilbert spaces 74
and 5, respectively. Let F| : € X € — R, F, : 2 x 2 — R be bifunctions such that Assumption
(2.1) holds and F, is upper semi-continuous in the first argument. Let f : 7 — R be a convex
and differentiable function such that V f is L-Lipschitz continuous and G : 7€ — R be a proper
convex and lower semicontinuous function. Let {x,} be a sequence generated as follows
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Algorithm 5.1.
Step 1: Select initial point xo,x; € J4, let s; > 0,u € (0,1),0
iterates x,,_ and x,, for each n > 1, choose 6, such that 0 < 6, <

: n—1 & .
6, = {mm{nwv [ } i 7 X

ni% , otherwise.

Step 2: Compute wy,, = x;, + 6, (X, — X,—1)-

Step 3: Compute z, = T} (I—AA* (1 — Y}fz)A)wn and y, = aw,, + (1 — &)z,
Step 4: Compute u,, = J;iF(I— suV f)yn and vy, = uy — 5,(V 1ty — V fyn).

Step 5 Compute x, 1 = (1 — B, — Y)Wy + Bnvn, where

o et A IGOR)IPIH )P #0,
" 0, otherwise

, and set n = 1. Given the

>3
6,, where

and

. min{ bl o b i 9 = £0,
Sp, otherwise.

Set n :=n+1 and go back to Step 1.

Then, {x,} converges strongly to a point g € Qp NQ, where [|q]] = min{[[z]| : z € QN Q}.

6. NUMERICAL EXPERIMENTS

In this section, using some test examples, we discuss the numerical behavior of Algorithm
3.1 and compare it with the standard forward-backward method (6, = 0), the Algorithm 1.7 pro-
posed by Cholamjiak et al. [21], the shrinking projection method of Cholamyjiak et al. [21] (see
Appendix 7.1), Appendix 7.2, and Appendix 7.3. We perform all implementations using Matlab
2016 (b), installed on a personal computer with Intel(R) Core(TM) i5-2600 CPU @2.30GHz and
8.00 Gb-RAM running on Windows 10 operating system. In Tables 1-2, "No. of Iter.”” means

the number of iterations.
n+l

In our computations, we choose o, = il h = n+2,ﬁn — Yoy En = (n+]2)2’ 0=17, 5 =
0.65, u=0.8, Ty = 44, r,, = 344, and we take §, = 7551, = 0.1 in Algorithm 1.7 and Ap-

pendix 7.1. Also, for Appendix 7.3, we choose f(x) = 5. Furthermore, in the implementation,
we define TOL,, := ||x,4+1 — x| and use the stopping criterion TOL,, < 10~2 for the iterative
processes.

Example 6.1. Let 7] = 77 = R, the set of all real numbers with the inner product defined by
(x,y) =xy, YV x,y € R and induced norm | - |. For r > 0, consider ¢ = [—10, 10] and 2 = [0, 20],
and define the bifunctions Fj : € X% — Rand /> : 2 x 2 — R by F} = —2x? +xy +y? and
F = —x2 +xy. From Lemma 2.2, we see that 7} (u) = 541, VU € ¢ and T2 (v) = T WE 2.
Let A : 41 — 7% be defined by Ax = 2x and B : 57 — 7] be defined by Bx = x + sinx. Let
D : 71 — 71 be defined by Dx = 5x, where x € 7. Clearly, we see that B is %—inverse strongly
monotone and D is maximal monotone. We consider the following cases and choose y =

Case I: Take xp = 33 7 and x;
Case II: Take xo = —3— and x| =
Case III: Take xo = and x| =

~0\|~UI|"’

7"
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Case I'V: Take xp = —% and x| =

We compare the performance of our Algorithm 3.1 with Algorithm 1.7, Appendix 7.1, Ap-
pendix 7.2, and Appendix 7.3. We plot the graphs of errors against the number of iterations in
each case. The numerical results are reported in Table 1 and Figure 1.
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TABLE 1. Numerical Results for Example 6.1

Alg. 1.7 | App 7.1 | App. 7.2 | App. 7.3 | Alg. 3.1
Case | No. of Iter. 8 3 11 17 5
CPU time | 0.0099 | 0.0071 0.0090 | 0.0063 0.0114
(sec)
Case II | No. of Iter. 8 3 11 17 5
CPU time | 0.0095 0.0075 |0.0080 |0.0072 |0.0155
(sec)
Case III | No. of Iter. 8 3 11 16 5
CPU time | 0.0103 0.0081 0.0093 | 0.0084 |0.0125
(sec)
Case IV | No. of Iter. 8 3 11 17 5
CPU time | 0.0098 | 0.0071 0.0082 |0.0070 |0.0111
(sec)
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Example 6.2. Let 54 = 76 = (Ib(R), ]| - ||2), where b(R) := {x = (x1,x2,...,%n,...),x; € R:
oo [ee] l (o]

Y |xj]2 < oo} ||x]|2 = (X7 |xj|2)2, and (x,y) = Y1 xjy; forall x € 0>(R). We define Fj :

¢ x%—Rand F, : 2 x 2 — R by Fi(x,y) = (Lix,y —x) and F>(x,y) = (Lpx,y — x), where

Lix = 5 and Lyx = 5. One can easily verify that F; and F, satisfy Assumption 2.1. Let A :

H — 4 be defined by Ax = 5 and A*y = %. Then, A is a bounded linear operator. After

simple calculation and applying Lemma 2.2, we obtain 7} (1) = ri—’g, Vu € €, and T2 (v) =

s%r_vw Vv e 2. Let B: 74 — 7 be defined by Bx = %x, and let D : /] — ¢ be defined by
Dx = 3x, where x € 7. Clearly, we see that B is %—inverse—strongly monotone and D is maximal
monotone. Consider different initial values as follows:

Case i xo = (—23,1,— 55, ), x1 = (3,2, %, )

29418
Case II: xo = (37,17%,---),)(1 = (117%775_2’...);
Case III X0 — (—2971,—%,“-)’)(:1 = _%713_6’_%7)’
Case IV: xo = (25,1, 55, ), X1 = (%, £, 15)-

We compare the performance of our Algorithm 3.1 with Appendix 7.1, Appendix 7.2, and
Appendix 7.3. We plot the graphs of errors against the number of iterations in each case. The
numerical results are reported in Table 2 and Figure 2.

TABLE 2. Numerical results for Example 6.2

Alg. 1.7 | App 7.1 | App. 7.2 | App. 7.3 | Alg. 3.1
Casel No. of Iter. 13 3 14 11 6
CPU time | 0.0137 | 0.0148 |0.0145 |0.0092 |0.0175
(sec)
Case II | No. of Iter. 13 3 14 11 6
CPU time | 0.0114 | 0.0123 |0.0120 | 0.0097 |0.0170
(sec)
Case III | No. of Iter. 13 3 14 11 6
CPU time | 0.0113 0.0135 |0.0154 |0.0082 |0.0150
(sec)
Case IV | No. of Iter. 13 3 14 11 6
CPU time | 0.0126 | 0.0162 |0.0139 |0.0122 |0.0245
(sec)

7. CONCLUSION

In this paper, we studied the problem of finding the common solutions of VIP (1.1) and the
SEP (1.5)-(1.6). We proposed a modified inertial forward-backward splitting algorithm with
self-adaptive step sizes for approximating the solution of the problem in Hilbert spaces. Our
method does not require the Lipschitz constant to be known, which makes our method easier
to implement than some other methods in the literature that require knowledge of the Lipschitz
constant. We proved that the sequence generated by our proposed method converges strongly
to the minimum-norm solution of the problem without following the usual the two-case ap-
proach widely used in many papers. Furthermore, we applied our result to certain optimization
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FIGURE 2. Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom
right: Case IV.

problems. Finally, we carried out some numerical experiments on our proposed method in com-
parison with other existing methods in the literature. The results show that our method is easier
to implement and also outperforms other methods in the literature.
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Appendix 7.1. The Algorithm in [21].
Initialization: Give y € (0,7) and let xo, x| € /] be arbitrary.
Iterative Steps: Calculate x,, 1| as follows:

(Vi = X+ 85 (X0 — Xn1)
20 = Opyn+ (1= 0 T,E (1 — yA* (I — TE2)A) y,,
Wwn = Bazn + (1= Ba) P (I = 1,B)zn,
Crr1=1{2€Cpy:||wn —Z||2 < []xn _Z|’2+25n2||xn _xnle2 — 208Xy — 2, Xn—1 —Xn) },

Xn+1 ZPConl, n>1,

where JP = (I+1,D)~!, {t,} C (0,2a), {8,} C[0,8], § €[0,1), {ry} C (0,00) with y € (0,1)
such that L is the spectral radius of A*A and {0, },{B,} are sequences in [0, 1].
Set n :=n+ 1 and return to Step 1.

Appendix 7.2. The Algorithm in [1].

Initialization: Give s; > 0,u € (0, 1) and let x; € .7 be arbitrary.

Iterative Steps: Given the current iterates x,,, calculate the next iterate as follows:

Step 1. y, = (I+s,D) "' (I—s,B)x,. If x, = y,, then stop and y,, is a solution of (1.1). Otherwise,
Step 2. Compute z,, =y, — sp(By, — Bxy,) and x,,+-1 = (1 — By — %) Xn + Yuzn. Update

: 1% —yn]l : _

Get = mm{Han_Byn”,sn if Bx,— By, #0,

] =
Sn, otherwise.

Set n :=n+ 1 and return to Step 1.

Appendix 7.3. The Algorithm in [1].
Initialization: Give s; > 0,1 € (0,1) and let x; € .77 be arbitrary.

Iterative Steps: Given the current iterates x,, calculate the next iterate as follows:
Step 1. y, = (I+s,D) ™' (I—s,B)x,. If x, = y,, then stop and y,, is a solution of (1.1). Otherwise,
Step 2. Compute z, = y, — 5, (By, — Bx,) and x,,1 1 = Y.f (x) + (1 — %)z, Update

< gl —ynll : _

Get = mln{Han—BynH’S” if Bx, — By, #0,

] =
S, otherwise.

Set n :=n+ 1 and return to Step 1.
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