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GLOBAL SMOOTH LARGE SOLUTIONS TO 2D MAGNETIC BENARD SYSTEMS
WITH MIXED PARTIAL DISSIPATION
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Abstract. This paper focuses on the initial value problem for two-dimensional magnetic Bénard system
with the partial dissipation and zero diffusivity. Based on the energy estimates and the tricky analytical
skills, we prove that the problem always exist a unique global smooth solution without any smallness
restriction on the initial data.
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1. INTRODUCTION

This paper mainly investigates global smooth large solutions to the two-dimensional (2D)
magnetic Bénard system with mixed partial dissipation and zero diffusivity

(duy +u-Vu; —B-VB; —/,Llayzul +dp =0,
Jdur +u-Vu, —B-VB, —;,Lz&xzuz—l—ayp =0,
0;Bi+u-VB —B-Vu; — V1B =0, 0
9By +u-VBy —B-Vuy — v232B, =0,

0:0+u-VO=u-es,

(V-u=V-B=0
with the initial data
t=0: u=up(x,y), B=Bpy(x,y), 8 =06y(x,y), x,y €R, (1.2)

where u = (u)(t,x,y),us(t,x,y)), B= (B1(t,x,y),Ba2(t,x,y)), 0 = 0(¢t,x,y), and p = p(t,x,y)
denotes the velocity field, the magnetic filed, the scalar temperature and the scalar pressure,
respectively, and 1;, v; > 0(i = 1,2) are the coefficients of dissipation and magnetic diffusion,
respectively.
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The 2D magnetic Bénard system with full viscosity and full thermal diffusivity for incom-
pressible fluid flows in R? has the following form

(3,u—|—u-Vu+B-VB—,uAu—|—Vp: Oes,

B+u-VB+B-Vu—VvAB =0,
(1.3)
00 +u-VO—kAO =u-ey,

|V-u=V.-B=0,

where (> 0 is the coefficients of dissipation, v > 0 is magnetic diffusion, ¥ > 0 is thermal dif-
fusivity, and e, = (0, ). The magnetic Bénard system as a toy model comes from the convective
motions in a heated and incompressible fluid, illuminates the heat convection phenomenon un-
der the presence of the magnetic field (see [1] and [2] for details).

Let us first briefly review some global well-posedness results of (1.3). Global smooth solu-
tions were proved by Zhou, Fan and Nakamura [3] with i, v > 0, and Kk = 0. Cheng and Du [4]
established the global well-posedness of (1.3) without thermal diffusivity and with horizontal or
vertical magnetic diffusion. The global regularity of the 2D magnetic Bénard system with zero
thermal conductivity was established in [5]. Moreover, the global regularity of the 2D magnetic
Bénard system with horizontal dissipation, horizontal magnetic diffusion and with either hor-
izontal or vertical thermal diffusivity was proved. Ye [6] proved that the global regularity of
(1.3) with vertical dissipation. Ma [7] proved that global smooth solutions to the 3D magnetic
Bénard system with mixed partial dissipation, magnetic diffusion and thermal diffusivity with
small initial data. We also refer to [8] for Z%D magnetic Bénard system with mixed partial
viscosity.

If we neglect the thermal effects in the fluid motion, the two-dimensional magnetic Bénard
problem can be specialized to the well-known 2D MHD system

du+u-Vu+B-VB— uAu+Vp =0,
B+u-VB+B-Vu—VvAB =0,
V-u=0=V-B=0,

Global smooth solutions to the two-dimensional MHD system with partial dissipation has at-
tracted interest of mathematicians, and many interesting results have been established in some
beautiful paper (see, e.g., [9, 10, 11, 12, 13]). The pioneer work on this topic is due to Cao and
Wu [9], they obtained the global regularity for the 2D MHD equations with partial dissipation.
Du and Zhou [11] established global well-posedness and conditional global well-posedness
of the two-dimensional MHD equations with mixed partial dissipation and magnetic diffusion
in more general cases. Recently, Zhang, Dong and Jia [13] also proved that global regular-
ity result with the partial kinematic dissipation (8y2u1 ,02uy) and the partial magnetic diffusion
(8331,8332) without using anisotropic type Sobolev inequality. Moreover, optimal large-time
decay rates of both solutions and their higher order derivatives were also obtained. Global
stability for the ideal MHD equations was established by Cai and Lei [14]. We also refer to
[15, 16, 17, 18, 19, 20, 21] for other global well-posedness results of the MHD system.
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If B =0, then (1.3) reduces to is nothing but the so-called Bénard system:

du+u-Vu— uAu+Vp = 0ey,
0,0 +u-VO—kAO =u-e;,
V-u=0.

Global existence and regularity of solutions to the Bénard problem is a classical problem in the
fluid dynamics area. We could refer to [22] and [23] for related research results.

If we ignore the Rayleigh-Bénard convection term ue; in (1), it is reduced to the well-known
Boussinesq system. Owing to the Boussinesq system has important roles in the atmospheric
sciences and shares a similar vortex stretching effect as that in the 3D incompressible flow,
it has been extensively studied. The global well-posedness in R? with partial viscosity were
established; see, e.g., [24, 25, 26, 27, 28, 29, 30, 31] and the references therein. We also have
to mention the recent work of Adhikari et. al [32] and Ye [33]. They proved that global smooth
solutions to the 2D Boussinesq system with partial dissipation (Byzul ,02u) and zero diffusivity.

In this paper, motivated by the mentioned works on the 2D magnetic Bénard system, the
MHD system, and the Boussinesq system with partial viscosity, the main target is to prove that
problem (1.1)-(1.2) possesses a unique global smooth large solution. More precisely, we state
the main result of this paper as follows.

Theorem 1.1. Let m > 3 be integer. If ug,Bg € H™ and 6y € H™ ™' with V-uy =V -By = 0,
then, for any given T > 0, problem (1.1)-(1.2) has a unique global smooth solution

u,B€L™(0,T;H™)(\L*(0,T;:H"), 6 € L=(0,T;H" ). (1.4)

Remark 1.1. The partial dissipation and the partial magnetic diffusion of the magnetic Bénard
system in this paper act on the components of u and B (see (1.1)), which take the place of the
partial dissipation and the partial magnetic diffusion that usually act on u and B (see [4, 6]).

Remark 1.2. Because the appearance of [;||Vu||;=d7 and |DO||.~ in closing the estimates of
higher-order derivatives, the boundedness of [}||Vul||;=dt and ||D0|| .~ become the key ingre-
dients to establish the global smooth large solutions to the magnetic Bénard system with zero
diffusivity. The boundedness of [;||Vul|;~dT may be obtained by local-in-time estimate, which
was used in [24] for the Boussinesq system and [4] for the magnetic Bénard system, respec-
tively. The same techniques is still used to deal with problem (1.1)-(1.2) in this paper. Since the
appearance of the term ue; in (1.1), it is not easy to bound ||D||=. Then instead of bounding
|DO||r~, we make use of the tricky interpolation between the bounded low derivatives and the
required higher-order derivatives.

The paper is organized as follows. In Section 2, we recall on some useful Lemmas, which
paly very roles in proving global smooth large solutions. Section 3 is devoted to establish global
a priori H"-bound. The proof is based on the energy estimate, local-in-time estimate, and the
tricky interpolation techniques. Theorem 1.1 is completed by combining global a priori H™-
bound, local existence and uniqueness results, and standard compactness argument in Section
4, the last section.
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Notations. We introduce some notations, which are used in this paper. The differential
operators D¥ with k > 0 is defined by D* f = .Z ~[|€| f(£)]. The usual Sobolev space of order

1
m is defined by H™ = {u € L>(R?)|D"™u € L*} with the norm ||u|gm = <||uHL2 + HD'”uHLz) :

2. PRELIMINARIES

In this section, we recall the following lemmas, which play an essential role in dealing with
the nonlinear term.

Lemma 2.1. [34] Let p1,q2 € [1,+00] and p, pa, q1 € (1,4o0) with % = pil + CILI = p% + é. Then
the following commutator estimate for s > 0
1D°(f8) = fD*gllr < IVl 1D gllzor + 1D £ 12l o2) 2.1)

holds.

Lemma 2.2. [35, 36] Assume that f € H*>(R?). Then the following inequality

1
1= < Colllfll2 + DAl 2+ 1) (log (1D £1I72 + 11 £1I72 +e))?
holds, where Cy > 0 is a constant.
We also need the well-known Gagliardo-Nirenberg inequality.

Lemma 2.3. Let j,m be any integers satisfying 0 < j <m, and let 1 < q,r < oo, and p € R, # <
6 < 1. Then, for any f € W™ (LY, there exists C = C(n,m, j,q,r,0) such that the following
inequality holds

1D/ flle < CIL Al D" f 15 (2.2)
with the following exception: if 1 <r<ooandm— j—" is a nonnegative integer, then (2.2)
holds only for o satisfying + < o < 1.

We also need the following Jensen inequality, which plays key role in local-in-time estimate.

Lemma 2.4. Let ©(¢) : [o, B] — R be a concave function. Suppose that f(t) : [a,b] — |a, B],
and P(t) are continuous functions with P(t) > 0, and there exists ty € |a,b] such that P(ty) # 0.
Then the following inequality holds:

J2@(f(1))P(t)dt
J?P(t)dt

Ja J(6)P(t)ds
J P(t)dt

<P+ ). (2.3)

3. A PRIORI H™-BOUND

To establish global existence of smooth large solutions, we need to obtain the global a priori
H"™-bound. Therefore, what we should do is how to derive some a priori estimates of solutions
now. Without loss of generality, we assume that t; > U, and v; < vs.



GLOBAL SOLUTIONS TO 2D MAGNETIC BENARD SYSTEMS 211
Taking the inner product of (1.1) with (u,us,B1,B>,0) and using integration by parts and
V-u=V-B=0, we have
1d 2 2 2 2 2
5 77 W @22 + 2Ol 2 +[1B1 () |72 + [ B2(0) 172 + 1161172)

= ,ul/ ulayzul dxdy—l—,uz/ uz(?xzuz dxdy + v1/ B18y231 dxdy+ (3.1)
R2 R2 R2
V2/ Bzaszz dxdy+ 2/ Ouy dxdy.
R?2 R2
To deal with the first four term on the right hand side of (3.1), we claim that, for k =0,1,2,---,

U /szuleayzul dxdy—i—,uz/szusz&xzuz dxdy
R R (3.2)

IN

~E2VDA ()2 (1 — p2) |9, D

and

v / D*BD*9}B dxdy+ v, / D*B,D*0?B, dxdy

R? R2 (3.3)
\%| :
< —;HVD"B(f)Hiz—(Vz—Vl)HakaBzHiz-

In what follows, we only prove (3.2). In fact, we find that, by V- u = 0, integration by parts and
Cauchy inequality

10:D%ur ||, + | D w7, = /RZ (0:DFuy 4 9,DFuy)? a’xdy—2/]Rz DX uy d,D uy dxdy

< [|19yD ur 72 + 110D w2 | 72,

which yields
IVDAu) e = 1Dk + 1Dkl + [0k o+ 0Dl
< 2(|| D ur|z2 + 19D | 7o) '
Combining (3.4) and

TN /Rszuleayzul dxdy + U /RszuszQ)guz dxdy

=—I /RZ(|8kau1|2 + 0Dk us|?) dxdy — (uy — ) /RZ |0y D uy |* dxdy

entails that (3.2) holds. It follows from (3.1), (3.2), (3.3) with k = 0, and Cauchy inequality that
1d
2dt
%IIVB(I)Hiz + (V2= )| 0Ba (1) 172 < [lu®) |72 + 16112

L
(w17 + B+ 1161172) + 72||Vu(t)lliz + (p1 = o) [ Qyun (1) |72+

It follows from Gronwall inequality that
t t
Hu(t)HinrHB(t)HinrH@Hiﬁuz/o IVu()||F2d T +2( —uz)/o |9yue1 ()| 2 d T+

t t
v1/0 ||VB(T)||§2dr+2(v2—vl)/O 10:B(7)|PPadt < C.
3.5)
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We apply D to the first four equation of (1.1), and then take the inner product with (Duy, Duy, DB,DB5)
to obtain
1d
2dt
= W / Du; 8y2Du1 dxdy + / Du28xzDu2 dxdy + v, / DB, 8y2DBl dxdy+
R2 R2 R2

2 2 2 2
(IDur () [I72 + 1 Dua(0) 72 + 1 DB (1) 72 + | DB2(2) [I72)

vz/zDBzaxzDBz dxdy—/zD(u-Vul)Dul dxdy—/zD(u-Vuz)Duz dxdy+
R R R

/ZD(B'VB1)DM1 a’xdy—k/zD(B'VBz)Duz a’xdy—/zD(wVBl)DB] dxdy—
R R R

/ZD(M-VBZ)DBZ dxdy+/2D(B-Vu1)DBl dxdy—i—/zD(B-Vuz)DBz dxdy
R R R

+ / DODu, dxdy
R2

13
= Z[i.
i=1

(3.6)
(3.2) with k =1 gives
hth < —E2VDu()|% - (i — 1) ]19,Dw|2 (3.7)
1 2 = ) u 12 Uy — Uz )||oyDuy ||>. .
Resorting to (3.3) with k = 1 yields
\%
L+l < —E]HVDB(Z)Hiz — (va—V1)||0:DBs |3 (3.8)
By using V-u = 0, we have
Ii+1lg = — /]R? [Oxtt1 Oy Oxtty + Oyt Oyt Oyt + Oxtn Oyt Oty + Oytr Oyt Ot
+0yuy Oty Ayuy + Ay dxun Ayus + Ay Ayuy Ayt + Ayun Ayur dyun| dxdy
= —/ [Oxtt1 Oy Oyt + Ayup Oy ) dxdy
— | [Oxu10xurdxutr + Acutr Oy Autr) dixdy (3.9)

2

[Oxttr Oyu1 Oty + Ayu1 Oxitr dyu) dxdy

2

[Oyut1 Oyu1 Oyuty + Ayup Ay Ayuy | dxy

I
|
3

2

= 0.

Thanks to V-u = V- B = 0, integration by parts, Holder inequality, (2.2), and Cauchy inequality,
we arrive at

L +1g+ 1o+ 1o+ 111 + 112

—/Z[DB-VBDu+DB-VuDB—Du-VBDB] dxdy
R
311Duf 2| DB

2
C||Dul|;2|DB|| ;2 ||D”Bl| 2

Vi
CHDullizHDBHiz+ZHVDBIIiz-

(3.10)

VARV

IN
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Resorting to integration by parts and Cauchy inequality, we obtain
2
Ii; = —/}R2 0D*u, dxdy < C| 6|7, + %HVDuHiz. (3.11)
Inserting (3.7)-(3.11) into (3.6) yields
l1d 2 2, M2 2 Vi 2
5 7, w2 +IDB()II72) + - IVDu(t) ||z + - [IVDB(r)l| 72+

(11— 1) |9y Dur (1) | 72 + (va = vi) [ 9:DBa (1) 72
< C(|Dul-lIDB7. + [1617)-

Integrating the above inequality with respect to time and using Gronwall inequality and (3.5)
gives

t \% t
IDu(t) 2+ DB 3+ 52 [ 19Du(e) Fadv+ 2 [ IVDB(®)|Zdr+
t z2 Jo 2N (3.12)
21— k2) [ 18,0 (D)} +20v2 =) [ 19:DBx(e) [fade < C.

We apply D? to the first four equation of (1.1), and then take the inner product with (D2u1 ,D%us,
D’B,D’B;) to obtain
1d
2dt
= U / D2u1 8y2D2u1 dxdy+ / Dzuzgle)zuz dxdy+ v / DZBI &yzDzBl dxdy
R2 R2 R2

(ID*u1 (1) 72 + 1D w2 (1) 172 + ID*B1 (1) 172 + [1D*B2 (1) [172)

—|—V2/2D2328)62D232 dxdy—/zDz(u-Vul)Dzul dxdy—/zDz(quz)Dzuz dxdy

R R R

+ 2D2(B-VBl)D2u1 dxdy + / 21)2(3-V132)1)2u2 dxdy — / zDz(u-VBl)DzBl dxdy
R R R

— / ZD(u-VBz)Dsz dxdy + / ZDZ(B-Vul)DzBl dxdy + / ZDZ(B-Vuz)Dsz dxdy
R R R

+ / D?*6D%u, dxdy
Rz

13
=: ZJ,'.
i=1

(3.13)
(3.2), (3.3) with k = 2 gives, respectively,
hdy < =EVDR(0)|F: — (1 — ) |0 (3.14)
and v
Btds < =S |IVDPBO)|G — (va = vi) D Bal |72 (3.15)

By using integration by parts, Holder inequality, (2.2), (3.5), and Cauchy inequality, we have
Js+Js < (Ilull 2 1D?ull s + | Dull74) [ VDul 2

1 1 1 1
3 3 UR2..112 2 12 2 2
< (llull 1 Dull ;> |D%ul| ;L IV D7ull /, + (| Dul| 2| Dul| 2) [V D7ul| 2 (3.16)
2 202 , M2 2 12
< ClDull}[D%ulf + 5 VD u .
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The same procedure to lead to (3.16) yields

J+Js+Jo+ T+ +Ji2 < C(||DB|7, + || Dul|2,) (|| D*ul|7, + || D*BI[3,)

% (3.17)
+ 221V D%l 2, + 2 VDB
12 4
Resorting to integration by parts and Cauchy inequality, we obtain
ha = = [ D*0D%n dxdy < C|IDO |+ 2 VD%l .. (3.18)
Inserting (3.14)-(3.18) into (3.13) yields
1d 5] Vi
5 2, IP?u(@) 172+ ID*B)]|72) + - IVD u(0) |2 + [ VD*B()| 12+
(1 — )| 0yD?ur (1) |2+ (va = v) | :D?Ba (1) [ 12 (3.19)
< C((IDul72+|IDB| ) (| D*ul7. + | D*BII2) + |1D672)
Next, we need to estimate |D6 HZZ
L o2 [, DG 0)D0 dxdy + [ DusD6 dxa
[ = — u- Xi u Xi
2d & R? T e Y (3.20)

< || Vulle=IDO@)II72 + |1 Dull: + 1O (0)]I7-.

We apply Gronwall inequality to (3.20) and use (3.12) to obtain

1D6(1)I72

t
< Cexp{C/ |]Vu||LwdT}

0

t 1
< Coxp{c [ (1Vull+ VDl + 1) g+ [ Vulf + VD) a |
<

t
Cexp{C/O (Hvu|y§2+|yv0u\|§2+1)+(1og(e+||Vu\|§2+\|vozu\|§2))dr}

t
< Cexp{C/O log(e—i—HVuH%z—i—HVDZMHiz)dr}.
(3.21)

In what follows, we could close the estimate of ||DO(7) ||i2 by using the local-in-time analysis,
which can be fund in [37]. We could refer to [4], [24], and [8] for applying the local-in-time
analysis and obtaining the same estimate. For completeness, we give a detail proof.

For 0 < e <1, Let

1—&€
E :Cexp{C/O 10g(e+HVuHi2+ HVDZI/lHiz)dT}- (3.22)
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Then we have from (3.21) and (3.22) that

t
Do) = Bexp{c [ togtet [Vull + VDl )ar
t—&
L 2 2112
— EexplCe 5/ log(e + | Vul[2, + | VD?u||2)d
t—&
1 t
< Eexp{Celog(E/ (e+||Vu||,242—|—]|VD2M]|I%2)dT)}
t—&

1t Ce

< B3 [ (et VU4 900
t Ce
< CE (/0 (e+||vuy|,%2+y|v02u||,%2)dr) ,

where we have used the Jensen’s inequality (see (2.3))

2 oetr@nar <tont: [ peyan

E Ji—¢ t—¢

and (€)% < et < C for any fixed € > 0. Choosing € = %, one has

1
t S|
CE (/0 (e—l—||Vu||iz+||VD2u||iz)dT) , —
ID6(1)|17. <

1
t 2
c(/o (e+||vu||§2+||VDzu||§2)dr> ,0<r < —.

We apply the Gronwall inequality to (3.19) and institute the above inequality into the result
inequality to deduce that

t \% t
ID%u(e) 2+ 10°B(0) B+ B2 [ 1902u0) fade+ 3 [ V0B B+

t t
21— pa) [ 10%0 (1) Fadz+2(v2 = v1) [ |0D%Ba(0) e

IN

t t
C(1D%u0l3+ |ID*Boll3+ | [1D8I3:dvyexp{ | (IDullt+ IDBIE:)d)

IN

t
Cexp{ [/(IDull + 1DBIZ:)d | (10wl + D780 l:)+

t ¢ T !
exp{/o(I!DuHiHHDBHiz)dT} (/O CE (/0 (e—l—HVuHiz—f—HVDzuHiz)ds> dT)

1

t 2
CET </ (|yVD2u|y§2+C)dr) +C
0

IN

t
CE? ¢ % [ (IVD?ul} +C)dr 4.

IN
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which yields

1u'2 t \%| t
HD%;([)Hiz + ”DZB(t)H%2 +Z/o HVDzu(t)Hisz—l—?/ HVDZB(I)H%zd’C—F

(3.23)
t t
2= ta) [ 18020 (1) +2(v2 =) [ |0D%B(r) o < CE? 4.
In what follows, we prove
2 N2 2 2 M2 [Toio Vi 1o 2
[1D7u(t)l 2 + D" B(0)l 2+ = | [IVDu(t)|2dt+ = | (IVD°B(t)||d T+
, 4 Jo o2 (3.24)
2p1 = pa) [ 100%0 (1) [z +2(v2 = v1) [ [0DBa(r) e < €
and
1D6(1)|7. < C (3.25)

hold. To this end, it suffices to bound E.

Case I. When 1 < ¢, it is not difficulty to find that £ < C. From (3.23), we deduce that (3.24)
holds for any ¢ < €.

Case II. When € <t < 2¢g,namely, 0 <t —¢€ < &, we have

1—&
E - Cexp{c i log<e+HDu\|§z+\|D3u|r,%z>dr}

1 t—€ 5 3 0 C(t—e)
o2z [ et ioul 4 Il ar )

IA

C(t—e¢)

IA

1—&
o [ (e ol + 1D ae )
< C,

where we have used the boundedness of [{ |

(3.24) and (3.25) for any r < 2€.

|D3u||%2dr for t — & < € in Case L. Therefore,

Case III. Using the same arguments in Case I and Case II yields the desired estimates (3.24)
and (3.25) for t < 3e. Repeating the preceding arguments, we could arrive at E < C for any
t <T. Therefore, (3.24) and (3.25) follows for any r < T'.

Thanks to Sobolev embedding theorem and (3.24), we have

[ 1Du@)lsdv < [ (IDu(0)]l2+ IDu(0)]l)ar < € (3.26)
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for any + < T. Applying D" and D"~ to (1.1), respectively, and then taking the inner product
with (D™uy,D™uy,D™ B .D"B, D" 0), we arrive at

1d _
5 2 D" N7 + 1D ua ) 17 + [ D" B ()17 + 10" Ba(0) |72 + 10" 0.(1)172)

:.Ul/ Dmu19y2Dmu1 dxdy—HLz/ Dmuzaxszuz dxdy+v1/ DBlayzDBl dxdy
R2 R2 R2
-I—VZ/ZDBQBXZDBZ dxdy—/sz(u-Vul)Dmul dxdy—/sz(u-Vuz)Dmuz dxdy
R R R
—I—/sz(B-VBl)Dmul dxdy+/2Dm(B-VBz)Dmu2 dxdy—/sz(u-VBl)DmBl dxdy
R R R

=/, Dm(u . VBQ)DmBz dxdy+ / 2Dm(B -Vuy )DmBl dxdy+ /sz(B . Vuz)DmBz dxdy
R R R

+ / D™D uydxdy — / D" Y (u-vO)D" 16 dxdy
R2 R2
15

—l—/RszIGDmluzdxdy =: ZK,-.
i=1

(3.27)
From (3.2) with k = m, we have
Ki+Ke < =E2VDmu(o)]E: — (1 — 1) 13,0 (1)) 2 (3.28)
(3.3) with k = m gives
Ks+Ki < —%HVD’"B(t)HiZ — (va— v1)|| D" By (1) (3.29)

Integration by parts, Holder inequality, Gagaliardo-Nirenberg inequality, (2.2), and Cauchy in-
equality entail that

and

Ks+ Ks D" (u@u)|2||VD™"ul|;2

| ZC,’;Dku®Dm’ku|]LzHVDmuHLz

Y Ch D ul| 4 1D ul| 14| VD u || 2 (3.30)
Cllul|z4||D™ul[ 4[| VD" ul| 2

2 2 2, W 2
Cllull ;|| Dul| 72| D™ull 7> + EHVD’"ulle

VAN VANRR VAR VAN

IN

K7 +Kg +Ki1 + K2

ID™(B&B)|2|D"ul| 2+ ||D™ (B&u)| 12| VD" B]| 12

1Y ChD*B® D™ *B]| 2| VD™ ul| 2+ Y. ChD*B @ D" Ful| 2| D™ B 12

Y ChID*B| 4[| D" *Bl| 4| VD™ ul| 2+ Y Ch ID*B|| 14| D" Ful| 4| VDB 12
LB Bl 1l (Dl

B[ 41D B| 4 | D™ ull 2+ Y ColIBIl o ™ D™ B| 2 [l 7 1D u| ™ | VD™ B 2

C(llullz + IBl|72) (|| Dull72 + DB 7)) (|[D™ul 72 + | D™ B||72)+

H2 Vi

L2 VD"l 2, + 2 VD B2

(VAN VAN VAN

IA A

(3.31)
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Similarly, it holds that

Ko+ Kijgp = /RZ Dm(u . VB)DmB dxdy

< C(llull72 + IBIZ) (1Dull 72 + IDBI ) (ID™ul7. + ID"Bl )+ (3:32)
H2 2 W 2
L2 D2, + IV DB R,

We derive that by Cauchy inequality

K3 = —/szIGDm“uzdxdy

R 3.33
< QD01 + L2 VDmu(n)| 2 5
= L2 20 L2~

Thanks to V - u = 0, integration by parts, Holder inequality, (2.1) with p =2, p; = o0, g1 = 2,
P2 = g2 = 4, Gagaliardo-Nirenberg inequality, and Cauchy inequality, we arrive at

Ki4

—/Z[Dm_l(u VO) —u-VD"101D"1 0 dxdy
R

< D" Y u-VO)—u-VD"10],2|D" 16|,
C(|IVullz=|D" 0| 12+ [|DO| ]| D" ul | 4) [ D™ 6 2
2m—5 2m—3 é l
< C||Vull= D" 107 +ClDOS P |D 0| 5 Dl L 1D |,
< C!IVM\!LwIID’H@Hiz+%HVD’”MH§+C|!D'”*19Hiz+
8(2m—5) 4 6m—12
clIpe] " |D"ull 2
< C!IVM\!LwIID’H@Hiz+%HVD’”uHiz+CHD’"*19H§2+

8(2m—5
ClID"u))?, +Cl|DO| ¥ )| D) S,

< CIIVMIILwIIDm_IGIIiz+g—éIIVDmulliz+C||D’"_19||12;+C||D’"M||iz+0
(3.34)

Cauchy inequality implies that

Kis = C|D"™ 10| +C|ID" u(r)|%,

i (3.35)
< Clluollz +C|ID" 16|72 +ClID™u(t) |72

Combining (3.28)-(3.35) and (3.27) yields

— %5
EE(HD’”M(t)Hiz +[ID"B(t) |7+ 1D 0(1) [ 72) + ZIIVD’”M(I)Hiﬁ
%
Zl\IVDmB(t)H,%z + (11— 102) |9y D"uy (1)][72 + (V2 — 111) | 0D Ba (1) 172
< C(1+(HDM|\§2+HDB||iz)(||DmuHiz+||D’"B||iz)+

—1p112 2 —1p12
1D 8|72 + [[1D"ul| 72 + [Vl [~ | D™ 9||Lz)-
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which together with Gronwall equality, (3.5), and (3.26) entails that

t
D)+ 10"BO 3+ 10" 00+ 22 [ 19D u(w) a7+
(3.36)
\% t
>[I0 B fde <.

It follows from (3.12) and (3.36) that
1
[ee(0) 1+ 1B [ Fpon + 10 () [y +/O (IVu( )| + [[VB(T) | Fn)dT < C

forany 7 >0and 0 <t <T.

4. MAIN RESULTS

In this section, our main aim is to complete the proof of Theorem 1.1 by combining global a
priori H™-bound, local existence and uniqueness results, and standard compactness argument.

Proof. Let N > 0 be an integer and

-~

Inf(E) = XNy (8)f(S),

where
1, B(O,N),
XN (8) = {07 g EBEO,N;,

and B(O,N) = {€ € R2: |€| < N} and (&) denotes the Fourier transform of f. Let
Ly ={f € L*(R*) : suppf C B(O,N)}

Let P denote the Leray projection onto divergence-free vector fields. We investigate the follow-
ing approximate equations in the space sz\,

Oty + Py (PIyu - VPIyuy)) =PIy (INB" - VINBY) — i 7 PIuy =0,

) + Py (PIyu - VPIyuh ) — Py (JyBY - VINBY) — tr07PIFul = PIy6",

9tB]1v Iy (P - VJNlev) — In(InBY - VIP’JNu]lV) — v18y211%,BN =0, 4.1)
OBY +In(PIyu - VIyBY) = Iy (IyBY - VPIyu) = v,9213BY =0,

0,0V + PJy(PIyu - VIyON) = Piyul e,

\

with the initial value
t=0: N = JInuo(x,y), oN = JNGO(x,y),BN = JNBo(x,y). 4.2)

The local existence and uniqueness results to problem (4.1)-(4.2) can be obtained by the method
similar to [38, Chapter 3]. Then The energy inequality

e (2 -+ 1IB™ (1) [7gm + 116 () -1+

t
/0 IV ()2 + || VBY ()| )dT < C
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follows from a priori estimates in Section 3 for any 7 > 0 and 0 <¢ < T. Then standard com-
pactness argument allows us to obtain the global existence and uniqueness of smooth solutions
(u,B, 0) to problem (1.1)-(1.2). Thus we complete the proof of Theorem 1.1. ]
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