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GLOBAL SMOOTH LARGE SOLUTIONS TO 2D MAGNETIC BÉNARD SYSTEMS
WITH MIXED PARTIAL DISSIPATION
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North China University of Water Resources and Electric Power, Zhengzhou 450011, China

Abstract. This paper focuses on the initial value problem for two-dimensional magnetic Bénard system
with the partial dissipation and zero diffusivity. Based on the energy estimates and the tricky analytical
skills, we prove that the problem always exist a unique global smooth solution without any smallness
restriction on the initial data.
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1. INTRODUCTION

This paper mainly investigates global smooth large solutions to the two-dimensional (2D)
magnetic Bénard system with mixed partial dissipation and zero diffusivity

∂tu1 +u ·∇u1−B ·∇B1−µ1∂ 2
y u1 +∂x p = 0,

∂tu2 +u ·∇u2−B ·∇B2−µ2∂ 2
x u2 +∂y p = θ ,

∂tB1 +u ·∇B1−B ·∇u1−ν1∂ 2
y B1 = 0,

∂tB2 +u ·∇B2−B ·∇u2−ν2∂ 2
x B2 = 0,

∂tθ +u ·∇θ = u · e2,

∇ ·u = ∇ ·B = 0

(1.1)

with the initial data

t = 0 : u = u0(x,y), B = B0(x,y), θ = θ0(x,y), x,y ∈ R, (1.2)

where u = (u1(t,x,y),u2(t,x,y)), B = (B1(t,x,y),B2(t,x,y)), θ = θ(t,x,y), and p = p(t,x,y)
denotes the velocity field, the magnetic filed, the scalar temperature and the scalar pressure,
respectively, and µi, νi > 0(i = 1,2) are the coefficients of dissipation and magnetic diffusion,
respectively.
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The 2D magnetic Bénard system with full viscosity and full thermal diffusivity for incom-
pressible fluid flows in R2 has the following form

∂tu+u ·∇u+B ·∇B−µ∆u+∇p = θe2,

∂tB+u ·∇B+B ·∇u−ν∆B = 0,

∂tθ +u ·∇θ −κ∆θ = u · e2,

∇ ·u = ∇ ·B = 0,

(1.3)

where µ ≥ 0 is the coefficients of dissipation, ν ≥ 0 is magnetic diffusion, κ ≥ 0 is thermal dif-
fusivity, and e2 = (0,1). The magnetic Bénard system as a toy model comes from the convective
motions in a heated and incompressible fluid, illuminates the heat convection phenomenon un-
der the presence of the magnetic field (see [1] and [2] for details).

Let us first briefly review some global well-posedness results of (1.3). Global smooth solu-
tions were proved by Zhou, Fan and Nakamura [3] with µ , ν > 0, and κ = 0. Cheng and Du [4]
established the global well-posedness of (1.3) without thermal diffusivity and with horizontal or
vertical magnetic diffusion. The global regularity of the 2D magnetic Bénard system with zero
thermal conductivity was established in [5]. Moreover, the global regularity of the 2D magnetic
Bénard system with horizontal dissipation, horizontal magnetic diffusion and with either hor-
izontal or vertical thermal diffusivity was proved. Ye [6] proved that the global regularity of
(1.3) with vertical dissipation. Ma [7] proved that global smooth solutions to the 3D magnetic
Bénard system with mixed partial dissipation, magnetic diffusion and thermal diffusivity with
small initial data. We also refer to [8] for 21

2D magnetic Bénard system with mixed partial
viscosity.

If we neglect the thermal effects in the fluid motion, the two-dimensional magnetic Bénard
problem can be specialized to the well-known 2D MHD system

∂tu+u ·∇u+B ·∇B−µ∆u+∇p = 0,

∂tB+u ·∇B+B ·∇u−ν∆B = 0,

∇ ·u = 0 = ∇ ·B = 0,

Global smooth solutions to the two-dimensional MHD system with partial dissipation has at-
tracted interest of mathematicians, and many interesting results have been established in some
beautiful paper (see, e.g., [9, 10, 11, 12, 13]). The pioneer work on this topic is due to Cao and
Wu [9], they obtained the global regularity for the 2D MHD equations with partial dissipation.
Du and Zhou [11] established global well-posedness and conditional global well-posedness
of the two-dimensional MHD equations with mixed partial dissipation and magnetic diffusion
in more general cases. Recently, Zhang, Dong and Jia [13] also proved that global regular-
ity result with the partial kinematic dissipation (∂ 2

y u1,∂
2
x u2) and the partial magnetic diffusion

(∂ 2
y B1,∂

2
x B2) without using anisotropic type Sobolev inequality. Moreover, optimal large-time

decay rates of both solutions and their higher order derivatives were also obtained. Global
stability for the ideal MHD equations was established by Cai and Lei [14]. We also refer to
[15, 16, 17, 18, 19, 20, 21] for other global well-posedness results of the MHD system.
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If B = 0, then (1.3) reduces to is nothing but the so-called Bénard system:
∂tu+u ·∇u−µ∆u+∇p = θe2,

∂tθ +u ·∇θ −κ∆θ = u · e2,

∇ ·u = 0.

Global existence and regularity of solutions to the Bénard problem is a classical problem in the
fluid dynamics area. We could refer to [22] and [23] for related research results.

If we ignore the Rayleigh-Bénard convection term ue2 in (1), it is reduced to the well-known
Boussinesq system. Owing to the Boussinesq system has important roles in the atmospheric
sciences and shares a similar vortex stretching effect as that in the 3D incompressible flow,
it has been extensively studied. The global well-posedness in R2 with partial viscosity were
established; see, e.g., [24, 25, 26, 27, 28, 29, 30, 31] and the references therein. We also have
to mention the recent work of Adhikari et. al [32] and Ye [33]. They proved that global smooth
solutions to the 2D Boussinesq system with partial dissipation (∂ 2

y u1,∂
2
x u2) and zero diffusivity.

In this paper, motivated by the mentioned works on the 2D magnetic Bénard system, the
MHD system, and the Boussinesq system with partial viscosity, the main target is to prove that
problem (1.1)-(1.2) possesses a unique global smooth large solution. More precisely, we state
the main result of this paper as follows.

Theorem 1.1. Let m ≥ 3 be integer. If u0,B0 ∈ Hm and θ0 ∈ Hm−1 with ∇ · u0 = ∇ ·B0 = 0,
then, for any given T > 0, problem (1.1)-(1.2) has a unique global smooth solution

u,B ∈ L∞(0,T ;Hm)
⋂

L2(0,T ;Hm+1), θ ∈ L∞(0,T ;Hm−1). (1.4)

Remark 1.1. The partial dissipation and the partial magnetic diffusion of the magnetic Bénard
system in this paper act on the components of u and B (see (1.1)), which take the place of the
partial dissipation and the partial magnetic diffusion that usually act on u and B (see [4, 6]).

Remark 1.2. Because the appearance of
∫ t

0‖∇u‖L∞dτ and ‖Dθ‖L∞ in closing the estimates of
higher-order derivatives, the boundedness of

∫ t
0‖∇u‖L∞dτ and ‖Dθ‖L∞ become the key ingre-

dients to establish the global smooth large solutions to the magnetic Bénard system with zero
diffusivity. The boundedness of

∫ t
0‖∇u‖L∞dτ may be obtained by local-in-time estimate, which

was used in [24] for the Boussinesq system and [4] for the magnetic Bénard system, respec-
tively. The same techniques is still used to deal with problem (1.1)-(1.2) in this paper. Since the
appearance of the term ue2 in (1.1), it is not easy to bound ‖Dθ‖L∞ . Then instead of bounding
‖Dθ‖L∞ , we make use of the tricky interpolation between the bounded low derivatives and the
required higher-order derivatives.

The paper is organized as follows. In Section 2, we recall on some useful Lemmas, which
paly very roles in proving global smooth large solutions. Section 3 is devoted to establish global
a priori Hm-bound. The proof is based on the energy estimate, local-in-time estimate, and the
tricky interpolation techniques. Theorem 1.1 is completed by combining global a priori Hm-
bound, local existence and uniqueness results, and standard compactness argument in Section
4, the last section.
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Notations. We introduce some notations, which are used in this paper. The differential
operators Dk with k > 0 is defined by Dk f = F−1[|ξ | f̂ (ξ )]. The usual Sobolev space of order

m is defined by Hm = {u ∈ L2(R2)|Dmu ∈ L2} with the norm ‖u‖Hm =
(
‖u‖2

L2 +‖Dmu‖2
L2

) 1
2 .

2. PRELIMINARIES

In this section, we recall the following lemmas, which play an essential role in dealing with
the nonlinear term.

Lemma 2.1. [34] Let p1,q2 ∈ [1,+∞] and p, p2, q1 ∈ (1,+∞) with 1
p =

1
p1
+ 1

q1
= 1

p2
+ 1

q2
. Then

the following commutator estimate for s > 0

‖Ds( f g)− f Dsg‖Lp ≤C(‖∇ f‖Lp1‖Ds−1g‖Lq1 +‖Ds f‖Lp2‖g‖Lq2 ) (2.1)

holds.

Lemma 2.2. [35, 36] Assume that f ∈ H2(R2). Then the following inequality

‖ f‖L∞ ≤C0(‖ f‖L2 +‖D f‖L2 +1)
(
log(‖D2 f‖2

L2 +‖ f‖2
L2 + e)

) 1
2

holds, where C0 > 0 is a constant.

We also need the well-known Gagliardo-Nirenberg inequality.

Lemma 2.3. Let j,m be any integers satisfying 0≤ j < m, and let 1≤ q,r≤∞, and p∈R, j
m ≤

σ ≤ 1. Then, for any f ∈W m,r⋂Lq, there exists C = C(n,m, j,q,r,σ) such that the following
inequality holds

‖D j f‖Lp ≤C‖ f‖1−σ

Lq ‖Dm f‖σ
Lr (2.2)

with the following exception: if 1 < r < ∞ and m− j− n
r is a nonnegative integer, then (2.2)

holds only for σ satisfying j
m ≤ σ < 1.

We also need the following Jensen inequality, which plays key role in local-in-time estimate.

Lemma 2.4. Let Φ(ϕ) : [α,β ]→ R be a concave function. Suppose that f (t) : [a,b]→ [α,β ],
and P(t) are continuous functions with P(t)≥ 0, and there exists t0 ∈ [a,b] such that P(t0) 6= 0.
Then the following inequality holds:∫ b

a Φ( f (t))P(t)dt∫ b
a P(t)dt

≤Φ(

∫ b
a f (t)P(t)dt∫ b

a P(t)dt
). (2.3)

3. A PRIORI Hm-BOUND

To establish global existence of smooth large solutions, we need to obtain the global a priori
Hm-bound. Therefore, what we should do is how to derive some a priori estimates of solutions
now. Without loss of generality, we assume that µ1 ≥ µ2 and ν1 ≤ ν2.
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Taking the inner product of (1.1) with (u1,u2,B1,B2,θ) and using integration by parts and
∇ ·u = ∇ ·B = 0, we have

1
2

d
dt
(‖u1(t)‖2

L2 +‖u2(t)‖2
L2 +‖B1(t)‖2

L2 +‖B2(t)‖2
L2 +‖θ‖2

L2)

= µ1

∫
R2

u1∂
2
y u1 dxdy+µ2

∫
R2

u2∂
2
x u2 dxdy+ν1

∫
R2

B1∂
2
y B1 dxdy+

ν2

∫
R2

B2∂
2
x B2 dxdy+2

∫
R2

θu2 dxdy.

(3.1)

To deal with the first four term on the right hand side of (3.1), we claim that, for k = 0,1,2, · · · ,

µ1

∫
R2

Dku1Dk
∂

2
y u1 dxdy+µ2

∫
R2

Dku2Dk
∂

2
x u2 dxdy

≤ −µ2

2
‖∇Dku(t)‖2

L2− (µ1−µ2)‖∂yDku1‖2
L2

(3.2)

and
ν1

∫
R2

DkB1Dk
∂

2
y B1 dxdy+ν2

∫
R2

DkB2Dk
∂

2
x B2 dxdy

≤ −ν1

2
‖∇DkB(t)‖2

L2− (ν2−ν1)‖∂xDkB2‖2
L2.

(3.3)

In what follows, we only prove (3.2). In fact, we find that, by ∇ ·u = 0, integration by parts and
Cauchy inequality

‖∂xDku1‖2
L2 +‖∂yDku2‖2

L2 =
∫
R2
(∂xDku1 +∂yDku2)

2 dxdy−2
∫
R2

∂xDku1∂yDku2 dxdy

≤ ‖∂yDku1‖2
L2 +‖∂xDku2‖2

L2,

which yields

‖∇Dku(t)‖2
L2 = ‖∂xDku1‖2

L2 +‖∂yDku2‖2
L2 +‖∂yDku1‖2

L2 +‖∂xDku2‖2
L2

≤ 2(‖∂yDku1‖2
L2 +‖∂xDku2‖2

L2).
(3.4)

Combining (3.4) and

µ1

∫
R2

Dku1Dk
∂

2
y u1 dxdy+µ2

∫
R2

Dku2Dk
∂

2
x u2 dxdy

=−µ2

∫
R2
(|∂yDku1|2 +∂xDku2|2) dxdy− (µ1−µ2)

∫
R2
|∂yDku1|2 dxdy

entails that (3.2) holds. It follows from (3.1), (3.2), (3.3) with k = 0, and Cauchy inequality that

1
2

d
dt
(‖u(t)‖2

L2 +‖B(t)‖2
L2 +‖θ‖2

L2)+
µ2

2
‖∇u(t)‖2

L2 +(µ1−µ2)‖∂yu1(t)‖2
L2+

ν1

2
‖∇B(t)‖2

L2 +(ν2−ν1)‖∂xB2(t)‖2
L2 ≤ ‖u(t)‖2

L2 +‖θ‖2
L2.

It follows from Gronwall inequality that

‖u(t)‖2
L2 +‖B(t)‖2

L2 +‖θ‖2
L2 +µ2

∫ t

0
‖∇u(τ)‖2

L2dτ +2(µ1−µ2)
∫ t

0
‖∂yu1(τ)‖2

L2dτ+

ν1

∫ t

0
‖∇B(τ)‖2

L2dτ +2(ν2−ν1)
∫ t

0
‖∂xB2(τ)‖2

L2dτ ≤C.

(3.5)
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We apply D to the first four equation of (1.1), and then take the inner product with (Du1,Du2,DB1,DB2)
to obtain

1
2

d
dt
(‖Du1(t)‖2

L2 +‖Du2(t)‖2
L2 +‖DB1(t)‖2

L2 +‖DB2(t)‖2
L2)

= µ1

∫
R2

Du1∂
2
y Du1 dxdy+µ2

∫
R2

Du2∂
2
x Du2 dxdy+ν1

∫
R2

DB1∂
2
y DB1 dxdy+

ν2

∫
R2

DB2∂
2
x DB2 dxdy−

∫
R2

D(u ·∇u1)Du1 dxdy−
∫
R2

D(u ·∇u2)Du2 dxdy+∫
R2

D(B ·∇B1)Du1 dxdy+
∫
R2

D(B ·∇B2)Du2 dxdy−
∫
R2

D(u ·∇B1)DB1 dxdy−∫
R2

D(u ·∇B2)DB2 dxdy+
∫
R2

D(B ·∇u1)DB1 dxdy+
∫
R2

D(B ·∇u2)DB2 dxdy

+
∫
R2

DθDu2 dxdy

=:
13

∑
i=1

Ii.

(3.6)
(3.2) with k = 1 gives

I1 + I2 ≤ −µ2

2
‖∇Du(t)‖2

L2− (µ1−µ2)‖∂yDu1‖2
L2. (3.7)

Resorting to (3.3) with k = 1 yields

I3 + I4 ≤ −ν1

2
‖∇DB(t)‖2

L2− (ν2−ν1)‖∂xDB2‖2
L2. (3.8)

By using ∇ ·u = 0, we have

I5 + I6 = −
∫
R2
[∂xu1∂xu1∂xu1 +∂xu1∂xu2∂xu2 +∂xu2∂yu1∂xu1 +∂xu2∂yu2∂xu2

+∂yu1∂xu1∂yu1 +∂yu1∂xu2∂yu2 +∂yu2∂yu1∂yu1 +∂yu2∂yu2∂yu2] dxdy

= −
∫
R2
[∂xu1∂xu1∂xu1 +∂yu2∂yu2∂yu2] dxdy

−
∫
R2
[∂xu1∂xu2∂xu2 +∂xu2∂yu2∂xu2] dxdy

= −
∫
R2
[∂xu2∂yu1∂xu1 +∂yu1∂xu2∂yu2] dxdy

−
∫
R2
[∂yu1∂xu1∂yu1 +∂yu2∂yu1∂yu1] dxy

= 0.

(3.9)

Thanks to ∇ ·u=∇ ·B= 0, integration by parts, Hölder inequality, (2.2), and Cauchy inequality,
we arrive at

I7 + I8 + I9 + I10 + I11 + I12 = −
∫
R2
[DB ·∇BDu+DB ·∇uDB−Du ·∇BDB] dxdy

≤ 3‖Du‖L2‖DB‖2
L4

≤ C‖Du‖L2‖DB‖L2‖D2B‖L2

≤ C‖Du‖2
L2‖DB‖2

L2 +
ν1

4
‖∇DB‖2

L2 .

(3.10)
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Resorting to integration by parts and Cauchy inequality, we obtain

I13 = −
∫
R2

θD2u2 dxdy≤C‖θ‖2
L2 +

µ2

4
‖∇Du‖2

L2. (3.11)

Inserting (3.7)-(3.11) into (3.6) yields

1
2

d
dt
(‖Du(t)‖2

L2 +‖DB(t)‖2
L2)+

µ2

4
‖∇Du(t)‖2

L2 +
ν1

4
‖∇DB(t)‖2

L2+

(µ1−µ2)‖∂yDu1(t)‖2
L2 +(ν2−ν1)‖∂xDB2(t)‖2

L2

≤ C(‖Du‖2
L2‖DB‖2

L2 +‖θ‖2
L2).

Integrating the above inequality with respect to time and using Gronwall inequality and (3.5)
gives

‖Du(t)‖2
L2 +‖DB(t)‖2

L2 +
µ2

2

∫ t

0
‖∇Du(τ)‖2

L2dτ +
ν1

2

∫ t

0
‖∇DB(τ)‖2

L2dτ+

2(µ1−µ2)
∫ t

0
‖∂yDu1(τ)‖2

L2dτ +2(ν2−ν1)
∫ t

0
‖∂xDB2(τ)‖2

L2dτ ≤C.
(3.12)

We apply D2 to the first four equation of (1.1), and then take the inner product with (D2u1,D2u2,
D2B1,D2B2) to obtain

1
2

d
dt
(‖D2u1(t)‖2

L2 +‖D2u2(t)‖2
L2 +‖D2B1(t)‖2

L2 +‖D2B2(t)‖2
L2)

= µ1

∫
R2

D2u1∂
2
y D2u1 dxdy+µ2

∫
R2

D2u2∂
2
x D2u2 dxdy+ν1

∫
R2

D2B1∂
2
y D2B1 dxdy

+ν2

∫
R2

D2B2∂
2
x D2B2 dxdy−

∫
R2

D2(u ·∇u1)D2u1 dxdy−
∫
R2

D2(u ·∇u2)D2u2 dxdy

+
∫
R2

D2(B ·∇B1)D2u1 dxdy+
∫
R2

D2(B ·∇B2)D2u2 dxdy−
∫
R2

D2(u ·∇B1)D2B1 dxdy

−
∫
R2

D(u ·∇B2)D2B2 dxdy+
∫
R2

D2(B ·∇u1)D2B1 dxdy+
∫
R2

D2(B ·∇u2)D2B2 dxdy

+
∫
R2

D2
θD2u2 dxdy

=:
13

∑
i=1

Ji.

(3.13)
(3.2), (3.3) with k = 2 gives, respectively,

J1 + J2 ≤ −µ2

2
‖∇D2u(t)‖2

L2− (µ1−µ2)‖∂yD2u1‖2
L2 (3.14)

and
J3 + J4 ≤ −ν1

2
‖∇D2B(t)‖2

L2− (ν2−ν1)‖∂xD2B2‖2
L2. (3.15)

By using integration by parts, Hölder inequality, (2.2), (3.5), and Cauchy inequality, we have

J5 + J6 ≤ (‖u‖L4‖D2u‖L4 +‖Du‖2
L4)‖∇D2u‖L2

≤ (‖u‖
1
2
L2‖Du‖

1
2
L2‖D2u‖

1
2
L2‖∇D2u‖

1
2
L2 +‖Du‖L2‖D2u‖L2)‖∇D2u‖L2

≤ C‖Du‖2
L2‖D2u‖2

L2 +
µ2

12
‖∇D2u‖2

L2.

(3.16)
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The same procedure to lead to (3.16) yields

J7 + J8 + J9 + J10 + J11 + J12 ≤ C(‖DB‖2
L2 +‖Du‖2

L2)(‖D2u‖2
L2 +‖D2B‖2

L2)

+
µ2

12
‖∇D2u‖2

L2 +
ν1

4
‖∇D2B‖2

L2 .
(3.17)

Resorting to integration by parts and Cauchy inequality, we obtain

J13 = −
∫
R2

D2
θD2u2 dxdy≤C‖Dθ‖2

L2 +
µ2

12
‖∇D2u‖2

L2. (3.18)

Inserting (3.14)-(3.18) into (3.13) yields

1
2

d
dt
(‖D2u(t)‖2

L2 +‖D2B(t)‖2
L2)+

µ2

4
‖∇D2u(t)‖2

L2 +
ν1

4
‖∇D2B(t)‖2

L2+

(µ1−µ2)‖∂yD2u1(t)‖2
L2 +(ν2−ν1)‖∂xD2B2(t)‖2

L2

≤ C
(
(‖Du‖2

L2 +‖DB‖2
L2)(‖D2u‖2

L2 +‖D2B‖2
L2)+‖Dθ‖2

L2

)
.

(3.19)

Next, we need to estimate ‖Dθ‖2
L2 .

1
2

d
dt
‖Dθ(t)‖2

L2 = −
∫
R2

D(u ·∇θ)Dθ dxdy+
∫
R2

Du2Dθ dxdy

≤ ‖∇u‖L∞‖Dθ(t)‖2
L2 +‖Du‖2

L2 +‖Dθ(t)‖2
L2.

(3.20)

We apply Gronwall inequality to (3.20) and use (3.12) to obtain

‖Dθ(t)‖2
L2 ≤ C exp

{
C
∫ t

0
‖∇u‖L∞dτ

}
≤ C exp

{
C
∫ t

0
(‖∇u‖L2 +‖∇Du‖L2 +1)

(
log(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)
) 1

2 dτ

}
≤ C exp

{
C
∫ t

0

(
‖∇u‖2

L2 +‖∇Du‖2
L2 +1

)
+
(
log(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)
)

dτ

}
≤ C exp

{
C
∫ t

0
log(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)dτ

}
.

(3.21)
In what follows, we could close the estimate of ‖Dθ(t)‖2

L2 by using the local-in-time analysis,
which can be fund in [37]. We could refer to [4], [24], and [8] for applying the local-in-time
analysis and obtaining the same estimate. For completeness, we give a detail proof.

For 0 < ε ≤ t, Let

E =C exp
{

C
∫ t−ε

0
log(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)dτ

}
. (3.22)
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Then we have from (3.21) and (3.22) that

‖Dθ(t)‖2
L2 = E exp

{
C
∫ t

t−ε

log(e+‖∇u‖2
L2 +‖∇D2u‖2

L2)dτ

}
= E exp

{
Cε

(
1
ε

∫ t

t−ε

log(e+‖∇u‖2
L2 +‖∇D2u‖2

L2)dτ

)}
≤ E exp

{
Cε log

(
1
ε

∫ t

t−ε

(e+‖∇u‖2
L2 +‖∇D2u‖2

L2)dτ

)}
≤ E

(
1
ε

∫ t

t−ε

(e+‖∇u‖2
L2 +‖∇D2u‖2

L2)dτ

)Cε

≤ CE
(∫ t

0
(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)dτ

)Cε

,

where we have used the Jensen’s inequality (see (2.3))

1
ε

∫ t

t−ε

log( f (τ))dτ ≤ log(
1
ε

∫ t

t−ε

f (τ)dτ)

and (ε)ε ≤ e
1
e ≤C for any fixed ε > 0. Choosing ε = 1

2C , one has

‖Dθ(t)‖2
L2 ≤


CE
(∫ t

0
(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)dτ

) 1
2

,
1

2C
≤ t ≤ T,

C
(∫ t

0
(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)dτ

) 1
2

, 0≤ t ≤ 1
2C

.

We apply the Gronwall inequality to (3.19) and institute the above inequality into the result
inequality to deduce that

‖D2u(t)‖2
L2 +‖D2B(t)‖2

L2 +
µ2

2

∫ t

0
‖∇D2u(t)‖2

L2dτ +
ν1

2

∫ t
‖∇D2B(t)‖2

L2dτ+

2(µ1−µ2)
∫ t

0
‖∂yD2u1(t)‖2

L2dτ +2(ν2−ν1)
∫ t

0
‖∂xD2B2(t)‖2

L2dτ

≤ C(‖D2u0‖2
L2 +‖D2B0‖2

L2 +
∫ t

0
‖Dθ‖2

L2dτ)exp{
∫ t

0
(‖Du‖2

L2 +‖DB‖2
L2)dτ}

≤ C exp
{∫ t

0
(‖Du‖2

L2 +‖DB‖2
L2)dτ

}
(‖D2u0‖2

L2 +‖D2B0‖2
L2)+

exp
{∫ t

0
(‖Du‖2

L2 +‖DB‖2
L2)dτ

}(∫ t

0
CE
(∫

τ

0
(e+‖∇u‖2

L2 +‖∇D2u‖2
L2)ds

) 1
2

dτ

)

≤ CET
(∫ t

0
(‖∇D2u‖2

L2 +C)dτ

) 1
2

+C

≤ CE2 +
µ2

4

∫ t

0

(
‖∇D2u‖2

L2 +C
)

dτ +C,
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which yields

‖D2u(t)‖2
L2 +‖D2B(t)‖2

L2 +
µ2

4

∫ t

0
‖∇D2u(t)‖2

L2dτ +
ν1

2

∫ t
‖∇D2B(t)‖2

L2dτ+

2(µ1−µ2)
∫ t

0
‖∂yD2u1(t)‖2

L2dτ +2(ν2−ν1)
∫ t

0
‖∂xD2B2(t)‖2

L2dτ ≤CE2 +C.
(3.23)

In what follows, we prove

‖D2u(t)‖2
L2 +‖D2B(t)‖2

L2 +
µ2

4

∫ t

0
‖∇D2u(t)‖2

L2dτ +
ν1

2

∫ t
‖∇D2B(t)‖2

L2dτ+

2(µ1−µ2)
∫ t

0
‖∂yD2u1(t)‖2

L2dτ +2(ν2−ν1)
∫ t

0
‖∂xD2B2(t)‖2

L2dτ ≤C
(3.24)

and

‖Dθ(t)‖2
L2 ≤C (3.25)

hold. To this end, it suffices to bound E.

Case I. When t ≤ ε , it is not difficulty to find that E ≤C. From (3.23), we deduce that (3.24)
holds for any t ≤ ε .

Case II. When ε ≤ t ≤ 2ε , namely, 0≤ t− ε ≤ ε , we have

E = C exp
{

C
∫ t−ε

0
log(e+‖Du‖2

L2 +‖D3u‖2
L2)dτ

}
≤ C

(
1

t− ε

∫ t−ε

0
(e+‖Du‖2

L2 +‖D3u‖2
L2)dτ

)C(t−ε)

≤ C
(∫ t−ε

0
(e+‖Du‖2

L2 +‖D3u‖2
L2)dτ

)C(t−ε)

≤ C,

where we have used the boundedness of
∫ t−ε

0 ‖D3u‖2
L2dτ for t − ε ≤ ε in Case I. Therefore,

(3.24) and (3.25) for any t ≤ 2ε .

Case III. Using the same arguments in Case I and Case II yields the desired estimates (3.24)
and (3.25) for t ≤ 3ε . Repeating the preceding arguments, we could arrive at E ≤ C for any
t ≤ T . Therefore, (3.24) and (3.25) follows for any t ≤ T .

Thanks to Sobolev embedding theorem and (3.24), we have

∫ t

0
‖Du(t)‖L∞dτ ≤

∫ t

0
(‖Du(t)‖L2 +‖D3u(t)‖L2)dτ ≤C (3.26)
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for any t ≤ T . Applying Dm and Dm−1 to (1.1), respectively, and then taking the inner product
with (Dmu1,Dmu2,DmB1,DmB2,Dm−1θ), we arrive at

1
2

d
dt
(‖Dmu1(t)‖2

L2 +‖Dmu2(t)‖2
L2 +‖DmB1(t)‖2

L2 +‖DmB2(t)‖2
L2 +‖Dm−1

θ(t)‖2
L2)

= µ1

∫
R2

Dmu1∂
2
y Dmu1 dxdy+µ2

∫
R2

Dmu2∂
2
x Dmu2 dxdy+ν1

∫
R2

DB1∂
2
y DB1 dxdy

+ν2

∫
R2

DB2∂
2
x DB2 dxdy−

∫
R2

Dm(u ·∇u1)Dmu1 dxdy−
∫
R2

Dm(u ·∇u2)Dmu2 dxdy

+
∫
R2

Dm(B ·∇B1)Dmu1 dxdy+
∫
R2

Dm(B ·∇B2)Dmu2 dxdy−
∫
R2

Dm(u ·∇B1)DmB1 dxdy

−
∫
R2

Dm(u ·∇B2)DmB2 dxdy+
∫
R2

Dm(B ·∇u1)DmB1 dxdy+
∫
R2

Dm(B ·∇u2)DmB2 dxdy

+
∫
R2

Dm
θDmu2dxdy−

∫
R2

Dm−1(u ·∇θ)Dm−1
θ dxdy

+
∫
R2

Dm−1
θDm−1u2dxdy =:

15

∑
i=1

Ki.

(3.27)
From (3.2) with k = m, we have

K1 +K2 ≤ −µ2

2
‖∇Dmu(t)‖2

L2− (µ1−µ2)‖∂yDmu1(t)‖2
L2. (3.28)

(3.3) with k = m gives

K3 +K4 ≤ −ν1

2
‖∇DmB(t)‖2

L2− (ν2−ν1)‖∂xDmB2(t)‖2
L2. (3.29)

Integration by parts, Hölder inequality, Gagaliardo-Nirenberg inequality, (2.2), and Cauchy in-
equality entail that

K5 +K6 ≤ ‖Dm(u⊗u)‖L2‖∇Dmu‖L2

≤ ‖∑Ck
mDku⊗Dm−ku‖L2‖∇Dmu‖L2

≤ ∑Ck
m‖Dku‖L4‖Dm−ku‖L4‖∇Dmu‖L2

≤ C‖u‖L4‖Dmu‖L4‖∇Dmu‖L2

≤ C‖u‖2
L2‖Du‖2

L2‖Dmu‖2
L2 +

µ2

20
‖∇Dmu‖2

L2

(3.30)

and

K7 +K8 +K11 +K12
≤ ‖Dm(B⊗B)‖L2‖Dm+1u‖L2 +‖Dm(B⊗u)‖L2‖∇DmB‖L2

≤ ‖∑Ck
mDkB⊗Dm−kB‖L2‖∇Dmu‖L2+‖∑Ck

mDkB⊗Dm−ku‖L2‖Dm+1B‖L2

≤ ∑Ck
m‖DkB‖L4‖Dm−kB‖L4‖∇Dmu‖L2+∑Ck

m‖DkB‖L4‖Dm−ku‖L4‖∇DmB‖L2

≤ ‖B‖L4‖DmB‖L4‖Dm+1u‖L2+∑Ck
m‖B‖

1− k
m

L4 ‖DmB‖
k
m
L4‖u‖

k
m
L4‖Dmu‖1− k

m
L4 ‖∇DmB‖L2

≤ C(‖u‖2
L2 +‖B‖2

L2)(‖Du‖2
L2 +‖DB‖2

L2)(‖Dmu‖2
L2 +‖DmB‖2

L2)+
µ2

20
‖∇Dmu‖2

L2 +
ν1

8
‖∇DmB‖2

L2.

(3.31)
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Similarly, it holds that

K9 +K10 =
∫
R2

Dm(u ·∇B)DmB dxdy

≤ C(‖u‖2
L2 +‖B‖2

L2)(‖Du‖2
L2 +‖DB‖2

L2)(‖Dmu‖2
L2 +‖DmB‖2

L2)+
µ2

20
‖∇Dmu‖2

L2 +
ν1

8
‖∇DmB‖2

L2.

(3.32)

We derive that by Cauchy inequality

K13 = −
∫
R2

Dm−1
θDm+1u2 dxdy

≤ C‖Dm−1
θ‖2

L2 +
µ2

20
‖∇Dmu(t)‖2

L2.
(3.33)

Thanks to ∇ · u = 0, integration by parts, Hölder inequality, (2.1) with p = 2, p1 = ∞, q1 = 2,
p2 = q2 = 4, Gagaliardo-Nirenberg inequality, and Cauchy inequality, we arrive at

K14 = −
∫
R2
[Dm−1(u ·∇θ)−u ·∇Dm−1

θ ]Dm−1
θ dxdy

≤ ‖Dm−1(u ·∇θ)−u ·∇Dm−1
θ‖L2‖Dm−1

θ‖L2

C(‖∇u‖L∞‖Dm−1
θ‖L2 +‖Dθ‖L4‖Dm−1u‖L4)‖Dm−1

θ‖L2

≤ C‖∇u‖L∞‖Dm−1
θ‖2

L2 +C‖Dθ‖
2m−5

2(m−2)

L2 ‖Dm−1
θ‖

2m−3
2(m−2)

L2 ‖Dm−1u‖
3
4
L2‖Dm+1u‖

1
4
L2

≤ C‖∇u‖L∞‖Dm−1
θ‖2

L2 +
µ2

20
‖∇Dmu‖2

L2 +C‖Dm−1
θ‖2

L2+

C‖Dθ‖
8(2m−5)

3m−8
L2 ‖Dm−1u‖

6m−12
3m−8

L2

≤ C‖∇u‖L∞‖Dm−1
θ‖2

L2 +
µ2

20
‖∇Dmu‖2

L2 +C‖Dm−1
θ‖2

L2+

C‖Dmu‖2
L2 +C‖Dθ‖8(2m−5)

L2 ‖D2u‖6
L2

≤ C‖∇u‖L∞‖Dm−1
θ‖2

L2 +
µ2

20
‖∇Dmu‖2

L2 +C‖Dm−1
θ‖2

L2 +C‖Dmu‖2
L2 +C.

(3.34)
Cauchy inequality implies that

K15 = C‖Dm−1
θ‖2

L2 +C‖Dm−1u(t)‖2
L2

≤ C‖u0‖2
L2 +C‖Dm−1

θ‖2
L2 +C‖Dmu(t)‖2

L2 .
(3.35)

Combining (3.28)-(3.35) and (3.27) yields

1
2

d
dt
(‖Dmu(t)‖2

L2 +‖DmB(t)‖2
L2 +‖Dm−1

θ(t)‖2
L2)+

µ2

4
‖∇Dmu(t)‖2

L2+

ν1

4
‖∇DmB(t)‖2

L2 +(µ1−µ2)‖∂yDmu1(t)‖2
L2 +(ν2−µ1)‖∂xDmB2(t)‖2

L2

≤ C
(

1+(‖Du‖2
L2 +‖DB‖2

L2)(‖Dmu‖2
L2 +‖DmB‖2

L2)+

‖Dm−1
θ‖2

L2 +‖Dmu‖2
L2 +‖∇u‖L∞‖Dm−1

θ‖2
L2

)
.
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which together with Gronwall equality, (3.5), and (3.26) entails that

‖Dmu(t)‖2
L2 +‖DmB(t)‖2

L2 +‖Dm−1
θ(t)‖2

L2 +
µ2

2

∫ t

0
‖∇Dmu(τ)‖2

L2dτ+

ν1

2

∫ t

0
‖∇DmB(τ)‖2

L2dτ ≤C.
(3.36)

It follows from (3.12) and (3.36) that

‖u(t)‖2
Hm +‖B(t)‖2

Hm +‖θ(t)‖2
Hm−1 +

∫ t

0
(‖∇u(τ)‖2

Hm +‖∇B(τ)‖2
Hm)dτ ≤C

for any T > 0 and 0≤ t ≤ T .

4. MAIN RESULTS

In this section, our main aim is to complete the proof of Theorem 1.1 by combining global a
priori Hm-bound, local existence and uniqueness results, and standard compactness argument.

Proof. Let N > 0 be an integer and

ĴN f (ξ ) = χB(0,N)(ξ ) f̂ (ξ ),

where

χB(0,N)(ξ ) =

{
1, ξ ∈ B(0,N),

0, ξ 3 B(0,N),

and B(0,N) = {ξ ∈ R2 : |ξ | ≤ N} and f̂ (ξ ) denotes the Fourier transform of f . Let

L2
N = { f ∈ L2(R2) : supp f̂ ⊂ B(0,N)}

Let P denote the Leray projection onto divergence-free vector fields. We investigate the follow-
ing approximate equations in the space L2

N

∂tuN
1 +PJN(PJNuN ·∇PJNuN

1 )−PJN(JNBN ·∇JNBN
1 )−µ1∂ 2

y PJ2
NuN

1 = 0,

∂tuN
2 +PJN(PJNuN ·∇PJNuN

2 )−PJN(JNBN ·∇JNBN
2 )−µ2∂ 2

x PJ2
NuN

2 = PJNθ N ,

∂tBN
1 + JN(PJNuN ·∇JNBN

1 )− JN(JNBN ·∇PJNuN
1 )−ν1∂ 2

y J2
NBN

1 = 0,

∂tBN
2 + JN(PJNuN ·∇JNBN

2 )− JN(JNBN ·∇PJNuN
2 )−ν2∂ 2

x J2
NBN

2 = 0,

∂tθ
N +PJN(PJNuN ·∇JNθ N) = PJNuNe2

(4.1)

with the initial value

t = 0 : uN = JNu0(x,y),θ N = JNθ0(x,y),BN = JNB0(x,y). (4.2)

The local existence and uniqueness results to problem (4.1)-(4.2) can be obtained by the method
similar to [38, Chapter 3]. Then The energy inequality

‖uN(t)‖2
Hm +‖BN(t)‖2

Hm +‖θ N(t)‖2
Hm−1+∫ t

0
(‖∇uN(τ)‖2

Hm +‖∇BN(τ)‖2
Hm)dτ ≤C
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follows from a priori estimates in Section 3 for any T > 0 and 0≤ t ≤ T . Then standard com-
pactness argument allows us to obtain the global existence and uniqueness of smooth solutions
(u,B,θ) to problem (1.1)-(1.2). Thus we complete the proof of Theorem 1.1. �
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