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Abstract. The aim of this paper is to establish the strong vector subdifferential of the convex set-valued
mapping F + Go H, where F, G, and H are convex set-valued mappings, and G is nondecreasing. An
application is given to deal with optimality conditions for a constrained convex set-valued optimization
problem.
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1. INTRODUCTION

It is known that strong vector subdifferential calculus plays an important role in vector opti-
mization problems; see, e.g., [1, 2, 3, 4] for its theoretical development and real applications. In
[1], Théra established a formula for the strong vector subdifferential of the sum of two vector
valued mappings in the framework of ordered complete topological vector spaces by using the
so-called sandwich theorem. Recently, Laghdir et al. in [5] established the strong vector subdit-
ferential calculus of the composed convex operator f + goh when f, g, and & are vector valued
convex mappings, and g is nondecreasing. Our main objective in this paper is to establish the
sum and composition rules for the strong vector subdifferential in the setting of set-valued con-
vex mappings. To our knowledge, it seems that this problem has not been explored previously.

The paper is structured as follows. In Section 2, we present some preliminaries which are
needed in the sequel. Section 3 is devoted to stating the strong subdifferential calculus rules of
the sum and the composition of convex set-valued mappings. In Section 4, the last section, we
derive from the obtained formulas the optimality conditions for a set-valued convex constrained
optimization problem.

2. PRELIMINARIES

In this section, we give some basic definitions and results. In what follows, let X and Y be two
Hausdorff locally convex topological vector spaces and Y, C Y be a pointed (Y, N —Y; = {Oy })
closed and convex cone with nonempty topological interior inducing a partial order in Y, which
is defined by y; <y, y2» <=y, —y1 € Y4, for y;,y, €Y (see [2, 6]). We adjoin to Y an abstract

*Corresponding author.
E-mail addresses: mahjoubmath@gmail.com (M. Echchaabaoui), laghdirm @gmail.com (M. Laghdir).
Received December 26, 2021; Accepted March 9, 2022.

(©2022 Applied Set-Valued Analysis and Optimization

223



224 E.M. ECHCHAABAOUI, M. LAGHDIR

maximal element +ooy such that, for any y € Y, y <y, +ooy. If u and v are two elements of Y
and u <y, v, then the set [u,v] := {w €Y : u <y, w <y, v} is the order interval between u and
v. A subset C of Y is order bounded if there exist # and v in Y such that C C [u,v]. A subset C
of Y is majorized (resp. minorized) if there exists an element w € C such that a <y, w (resp.
w <y, a ) for all a € C. For the subset C C Y, if there exists w € ¥ such that

(i) a <y, wforalla € C;
(i1) w <y, v whenever a <y _vforalla € C,

then w is called the supremum of C, and we write w = supC. We write the infimum of C, as
infC. We say that (Y,Y, ) is order complete if every minorized subset of Y has an infimum. This
is, in fact, equivalent to saying that every majorized subset of Y has a supremum. In addition,
(Y,Y,) is order complete lattice if (Y,Y, ) is order complete and for any pair of elements u, v
inY , sup(u,v) and inf(u,v) exists in Y. We often assume that Y, is normal, i.e., there exists a
basis of open neighbourhoods B of the origin such that W = (W — Y, )N(W +Y,), YW € B.
Let F: X = Y be a set-valued mapping. The effective domain, graph, and image are defined
respectively by

domF := {xe€X:F(x)#0},
gF = {(x,y) eXxY:yeF(x)},
ImF = U F(x).

xeX

If we define the set-valued mapping F + Y, from X into Y by (F +Y)(x) := F(x) + Y4 for any
x € X, then the set epiF :=gr(F +Y.) ={(x,y) € X XY : y € F(x)+Y,} is called the epigraph
of F.

Definition 2.1. [7] The set-valued mapping F is said to be

1) Y, -convex if its epigraph is a convex subset of X X Y;
2) proper if its effective domain domF # 0.

Let us recall the concept of connectedness and the concept of the continuity of a set-valued
mapping.

Definition 2.2. [8, 9] Let F : X = Y be a set-valued mapping.

1) F is said to be connected at xg € X if there exists a mapping & : X — Y such that
h(v) € F(v) for all v in some neighborhood of xg, and 4 is continuous at xj.

2) F is said to be upper-semicontinuous at x if, for any open subset V 2O F(xg), there exists
a neighborhood U of xq such that F(U) C V.

3) F is said to be lower-semicontinuous at x if, for any open subset V such thatV N F (xq) #
0, there exists a neighborhood U of x( such that F(U) NV # 0.

We say that F is continuous at xy if it is upper-semicontinuous and lower-semicontinuous at
X0, and we say that F is continuous on X if it is continuous at each point x € X.
We now recall the notion of strongly minimal points.

Definition 2.3. [10] Let A C Y be a nonempty subset. y € A is said to be a strongly minimal
point of the subset A if A Cy+Y,.
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Now consider the following set-valued optimization problem:

® { min F(x),

xes,

where FF': X DO § =Y is a set-valued mapping, and S C X. Using Definition (2.3), a pair
(x,y) € X XY is said to be a strong minimum solution to (P) if X € S, and y is a strongly
minimal point of F(S),i.e.,j <y, y,Vx €S, Vy € F(x).

Definition 2.4. [8, 11] Let F : X =2 Y be a set-valued mapping and (%,y) € grF. The strong
subdifferential of F at (%,y) is defined by

O°F(%,y) :={T € L(X,Y): T(x—%) <y, y—¥,V(x,y) € grF },
where L(X,Y) is the set of all continuous linear operators from X into Y.

By convention, we take d°F (X,y) = 0 if (%,y) ¢ grF , and we say that F is strongly subdiffer-
entiable at (¥,y) if d°F (%,y) # 0. Give a convex subset C C X with ¥ € C. From [2], the vector
normal cone to C at X is defined as

N'(%C):={T € L(X,Y): T(x—X)) <y, Oy,Vx e C}.

It is easy to check that the subdifferential d*F (%,y) of a convex set-valued mapping at (%,y) €
grF’ can be represented geometrically as

F(%,7) = {T € L(X,Y) : (T, —idy) € N*((%,7);epi F)},

where idy is the identity mapping.
Now, we prove an existence theorem for the strong subdifferential. Let F : X =2 Y be a
set-valued mapping, and let us consider the following condition

Vx € domF, infF(x) exists and belongs to F(x). (Hy)

If x ¢ domF, we set inf F(x) := +eoy. Under condition (H;), we associate to the set-valued
mapping F' a single vector mapping @ : X — Y U{+ooy } defined by

infF(x), if x € domF,
Qr(x) = .
ooy, otherwise.

Theorem 2.1. Let F : X =Y be a Y, -convex set-valued mapping satisfying condition (H,), and
x € domF. Suppose that Yy is normal, and F is continuous at X. Then Qf is Y -convex and
continuous at X.

Proof. By using condition (), we easily check that epigpr = epiF. Hence, the Y, -convexity
of ¢r follows from the Y, -convexity of F'. Suppose now that F' is continuous at X¥. Since
Y, is a normal cone, i.e., there exists a basis of open neighbourhoods B of the origin such
that W= W —-Y, )N(W+Y,), VW € B. Let W € B, as F(x) C F(x) +W and F is upper-
semicontinuous at ¥, then there exists a neighborhood U of % such that F(x) C F(x)+W,Vx € U.
By virtue of condition (H}), we have @r(x) € F(x) for all x € domF. Hence ¢r(x) € F(x)+ W,
Vx € U. Moreover, as F (%) C @p(x) + Y, we have

or(x) € Qp(R)+W +Y,, VxeU. 2.1)
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On other hand, as F is lower-semicontinuous at X and (@r (%) + W) NF(X) # 0, we have that
there exists a neighborhood V of X such that F(x) N (@p(X) +W) # 0, Vx € V. Since F(x) C
¢r(x) + Y, for all x € domF, we obtain (¢p(x) +Y4) N (@ (%) + W) # 0, Vx € V, which yields
that

Or(x) € Qr(D)+W —Y., VYxeV. 2.2)
From (2.1), (2.2), and the normality of Y, we have ¢p(x) € @p(X) + W, Vx € UNV. Therefore,
@F is continuous at x. 0

Theorem 2.2. [4] Let f : X — Y U{+ooy } be a Y -convex single vector mapping. Suppose that
the following condition holds

{ (Y,Y,) is a normal order complete lattice Hausdorff locally convex topological

. . _ H.
vector space, and f is continuous at X € domf. (F>)

Then, J°f(x) # 0.

Theorem 2.3. Under the assumptions of Theorem 2.1, we assume, in addition, that the condi-
tion (Hy) holds. Then 9°F (X, pp (X)) # 0.

Proof. From Theorem 2.1, ¢ is Y, -convex and continuous at X. Hence by Theorem 2.2, it fol-
lows that @ is strongly subdifferentiable at x. Let us now prove that d°F (%, ¢p (X)) = 9*@p (X).
If T € 0°F (%, 0r (X)), then T (x — %) <y, y— @r(X), Vx&domF,Vy¢€ F(x). As @r(x) € F(x)
for all x € domF = domg@p, it follows that T'(x — %) <y, @r(x) — @r(X), Vx € dom@g. There-
fore T(x — %) <y, @r(x) — @r(X), Vx € X, i.e., T € d°¢p(X). For the reverse inclusion, let
T € °pp(%),i.e., T(x—%) <y, @r(x) — @p(X), Vx € X. Hence, for all x € dom¢@r = domF and
y € ¢p(x)+ Yy, we have

T(x—x) <y, y— @r(X), (2.3)
For all y € F(x), we have y € @r(x) 4+ Y. It follows from (2.3) that T'(x — %) <y, y — @r(X),
V(x,y) € grF, which yields that T € J*F (%, ¢f(x)). The proof is complete. O

3. STRONG SUBDIFFERENTIAL CALCULUS RULES

In this section, we are concerned with the subdifferential calculus of the sum and composition
of convex set-valued mappings.

3.1. Addition. As mentioned in [1], Théra established in the framework of ordered complete
topological vector spaces, the following theorem, which plays an important role in proving our
main results.

Theorem 3.1. [1] Let f, g: X — Y U{+ooy} be two Y. -convex single vector valued mappings.
Suppose that the following conditions is satisfied.

(Y,Y,) is a normal order complete Hausdorff locally convex topological vector space,
[ is continuous at X € domf N domg.

Then, 9°(f +8)(¥) = 9" f(x) + 9°¢(x).
Let us consider the vector indicator mapping &5 : X — Y U {4ocy} of a nonempty subset

C C X, defined by
Oy, ifxedC,
Op(x) :=
c(x) { ooy, else.
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It is easy to see that, for all ¥ € C, 9°§)(X) = N"(%,C). Let us note that epi 6% = C x Y. and thus
the Y -convexity of 8 follows from the convexity of C and Y.

The following corollary represents the vector version of the known normal cone intersection
formula for two convex subsets under an interior-point-like condition.

Corollary 3.1. Let C and D be two convex subsets of X with X € CND. Suppose that (Y,Y..) is
a normal order complete Hausdorff locally convex topological vector space and (intC) \D # 0.
Then, we have the vector normal cone intersection rule N'(x;C N D) = N"(%;C) + N (x; D).

Proof. First, we claim that vector indicator mapping 9/ is continuous on intC. Indeed, we have
for any X € intC and for any neighborhood V of the origin Oy that 8%(intC) = {Oy} C V. Let us
observe that, for any x € CND, 8}, (x) = 84(x) + 85 (x). The vector indictor mappings o and
o}, satisfy together all the assumptions of Theorem 3.1. Hence,
N'(x;CND) = J°6qp(X)

= 9°(8¢+p)(%)

= 9°64(X)+9°6p (%)

= NY(%,C)+N"(x;D).
The proof is complete. O
Theorem 3.2. Let F, G : X = Y be two Y -convex set-valued mappings, X € domF N domG,
i € F(X), and v € G(X). Suppose that the following condition is satisfied.

(i) (Y,Y,) is order complete Hausdorff locally convex topological vector space and int(epiF ) N
epiG # 0.
Then, d°(F + G)(X,id+v) = d°F (%,i) + d°G(%,V).
Proof. Let A € 0°F (x,i) and B € d°G(X, V), that is,
Alx—X) <y, u—i, V(x,u)cgrF, (3.1)
and
B(x—X) <y, v—v, V(x,v)€grG. (3.2)
By adding (3.1) and (3.2), we obtain for any u € F(x) and v € G(x) that
(A+B)(x—%) <y, u+v—(a+"v),

which means that A+ B € 9d°(F + G)(%,i +v). For the reverse inclusion, let T € 9°(F +
G)(%,ia+7V), thatis, y— (@+v) — T (x—%) >y, Oy, V(x,y) € gr(F +G), which yields that, for any
x € domF NdomG, u € F(x),ve G(x)and o0, € Y, u+a+v+p—(i+v)—T(x—%) >y, Oy.
Thus it follows that, for any (x,u) € epi F and (x,v) € epiG,

T(x—X)—(u—i)—(v—7) <y, Oy. (3.3)
Define the following convex subsets of X x Y x Y by
C = {(xu,v)eXXYXY: (x,u) €epiF},
D = {(xu,v)eXXY XY : (x,v) €epiG}.

Letting (x,u,v) € CN D, we have (x,u) € epiF and (x,v) € epi G. Hence it follows from rela-
tion (3.3) that (T, —idy,—idy) € N"((,i,v);C N D). Condition (i) implies that (intC) N D # 0.
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Indeed, since int(epi ) NepiG # 0 and intC = int(epi F') x Y, it follows that, for any (x,y) €
int(epi F) NepiG, (x,y,y) € (intC) N D, which ensures that (intC) N D # (. Therefore, according
to Corollary 3.1, we deduce that (T, —idy, —idy) € N"((X,u,v);C) + N"((X,u,V); D). Hence we
assert that there exist (77,A1,B1) € N'((%,4,v);C) and (T»,A2,B3) € N'((%,i,v); D) such that

(T,—idy,—idy) = (T1,A1,B1) + (T2,A2,B2),
Ti(x—X)+A(u—u)+Bi(v—7v) <y, Oy, V(x,u,v)€C, (3.4)
Th(x—x)+Ax(u—it) +Br(v—v) <y, Oy, Y(x,u,v)€D. (3.5)
By taking x = X and u = @ in (3.4), we obtain B (v —v) <y, Oy for any v € Y. Since Y, is
pointed (Y, N—Y, = {0y }), it follows that B; = 0. Similarly, by taking x =X and v =¥ in (3.5),
we obtain A, (u — i) <y, Oy forall u € Y. Thus A, = 0. Consequently, A| = —idy, B, = —idy,
and
Ti\(x—%)— (u—u) <y, Oy, V(x,u)€epiF,
I(x—%)— (v—7) <y, Oy, V(x,v) € epiG,
which yields that
(Ty,—idy) € N'((x,i);epiF) and (Tp,—idy) € N"((x,V);epiG),
thatis, Ty € 0°F (x,i), T» € d°G(%,V), and T = T + T». Thus we obtain
9*(F +G)(x,u+Vv) C d°F(x,a) + I°G(%, 7).
So, we obtain the desired result. The proof is complete. U

The following theorem gives us the sum rule for two set-valued mappings under the connect-
edness assumption.

Theorem 3.3. Let F, G: X 3 Y be two set-valued mappings. Assume that the following con-
dition holds.

(Y,Y,) is a normal order complete lattice Hausdorff locally convex topological
vector space, F and G are Y. -convex,
F is connected at some point xo € domF NdomG.

Then, for any (%,i) € grF and (%,V) € grG, d°(F + G)(x,i+ V) = 0°F (x,i) + I*°G(%, V).

Proof. First, we prove that int(epiF') # (. Since F is connected at xo, there exist some neigh-
borhood Uy of xp and a mapping 4 : X — Y continuous at xq such that 4(x) € F(x) for all x € U.
Let yg € h(xp) +intYy, i.e., h(xp) € yo —intY4 C yo — Yy, which yields that yo — Y, is a neigh-
borhood of /(xg). Thus it follows from the continuity of / at xo that h~! (yg — ¥, ) is a neighbor-
hood of xo. By putting U = UyNh~'(yg — ¥, ), which is a neighborhood of x;, we obtain that
yo € F(x)+ Yy for any x € U. On other hand, as yo — h(xp) € intY,, there exists a neighbour-
hood V of Oy such that yo — h(xg) +V C Y. By using the fact that Y, + Y, =Y., we obtain, for
any x € U andy € yo+yo—h(xo) +V, thaty € F(x) +yo—h(xo) +V + Yy C F(x)+ Yy, which
yields that (xo,yo +yo —h(xo)) € int(epi F).

Second, we prove that int(epi F) NepiG # 0. We proceed by contradiction. Suppose that
int(epiF') NepiG = 0. By the separation theorem [12, Theorem 1.1.3], there exist a nonzero
(x*,y*,B) € X* x Y* X R such that

(" x) + 07y S B S )+ 0Y),  Y(xy) EepiF, V(x',)) € epiG (3.6)
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As xg € dom F Ndom G, we claim that there exists zp € Y such that (xg,z0) € epi F NepiG. Let
y1 € F(xp) and y; € G(xp). B taking zo := sup(y1,y2), we obtain zg € F(xp) + Y4 and zg €
G(xp)+ Y4 ie. (x0,20) € epi F NepiG. Observe that (xp,z0+u) € epi F NepiG for any u € Y.
By taking in relation (3.6) x = X' = xo, y = 20, and Y/ = zo +u (resp. x = x' = xp, y = 7o +u, and
y' = zp), we obtain (y*,u) > 0 for all u € Y, (resp. (y*,u) <0, for all u € Y,), which yields that
y* = 0 since intY, # 0. It follows from (3.6) that (x*,u) <0 for all u € (dlomF —domG). As
F is connected at xo € dom F Ndom G, one can easily see that Ox € int(dom F —dom G), which
yields that x* = Oy« and this leads to a contradiction. UJ

3.2. Composition. In this subsection, we develop the strong subdifferential calculus of the
composition of two set-valued mappings. The approach that we use for computing the strong
subdifferential of the composed set-valued mappings is to transform it as the strong subdif-
ferential of the sum of two set-valued mappings. In what follows, Z is a real locally con-
vex topological vector space equipped with a nonempty pointed convex cone Z,. We work
also with the following definitions: for (x,z) € X x Z, (A,B) € L(X,Y) x L(Z,Y), we set
(A,B)(x,2) :=A(x)+B(z). Let F : X =Y, H : X =Zand G : Z=3Y be three set-valued
mappings.
The composed set-valued mapping GoH : X =Y is defined by

| | G(z), ifxedomH,
(GoH)(x) =G(H(x)) :=={ zeH(x)
0, otherwise.

We have dom(GoH) = H~!'(domG) NdomH, where H~!(domG) := {x € X : H(x) NdomG #
0}. For a nonempty subset S C X, the set-valued indicator mapping R : X =3 Y is defined by

{0y}, ifxes,
Rg(x) = { 0 else

Definition 3.1. [7] Let G: Z = Y be a set-valued mapping, and S C Z. G is said to be (Z;,Y)-
nondecreasing over S if, for any (z1,z2) € § x S satisfying z1 <z, z2, G(z2) C G(z1) + Y.

In what follows, we need the following definition L, (Z,Y):={B€ L(Z,Y): B(Zy) CY}}.

Lemma 3.1. Let G: Z =Y be a (Z,Y)-nondecreasing set-valued mapping, and (Z,5) € grG.
Then d°G(Z,y) C Ly (Z,Y).

Proof. If A € 9°G(Z,¥), then

G(z) Cy+A(z—2)+Yy, VzeZ (3.7)
Letting w € Z, and taking z =Z —w in (3.7), we obtain
G(z—w)Cy—A(w)+Y,. (3.8)

As G is (Z;,Y;)-nondecreasing we have G(Z) C G(Z—w) + Y4. Since ¥ € G(Z) and the fact
Y, +Y, =Y,,itfollows from (3.8) that A(w) € Y, Vw € Z,, which yields thatA(Z,) CY,. O

Corollary 3.2. Let H: X = Z and G : Z =Y be two set-valued mappings. If H is Z -convex
and G is (Z4.,Y} )-nondecreasing and Y. -convex, the,n for any A € d°G(Z,¥), the mapping Ao H
is Y. -convex.
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Proof. Tt suffices to observe that, forany A € L, (Z,Y), A is (Z4,Y+ )-nondecreasing. O

Let us consider the following auxiliary set-valued mappings
F:XxZ =Y
()C,Z) = F(x> +R;piH<x7Z>7
G:XxZ = Y
(x,2) = G(2).
Note that domF = (domF x Z) NepiH, domG = X x domG, and grG = X x grG. In addition
epiG = {(x,2,y) EXxZxY: yeG(x,z)+Y,}
= {(x,z,y) EXXZxY: yeG(z)+Y:+}
= X xepiG,
and
epif = {((x,z,y) EXXZxY: y€F(x,2)+Y;}
{((x,z,y) EXXZXY: y€F(x)+Reg(x,z) +Y1}
{((x,z,y) eX XZxY: (x,2) €epiH and (x,y) € epiF'}
= (epiH xY) N o~ ! (epiF),

where ¢ is a continuous function defined from X x Z x Y into X X Y by @(x,z,y) := (x,y) for
all (x,z,y) € X xZ x Y. Itis easy to see that if F and G are Y, -convex and H is Z, -convex,
then F and G are Y, -convex. Now, we are in a position show that the study of the formula
d°(F +G o H) can be reduced to that for d*(F + G). For this, we need the following lemma,
which demonstrates the relationship among the subdifferentials of 7, G, and the subdifferentials
of F, H, and G, respectively.
Lemma 3.2. Let ¥ € domF Ndom(GoH), i € F(X), Z € H(X), and v € G(Z), we have

(i) if G is (Z4,Y+)-nondecreasing, then

A€ (F+GoH)(x,a+7v) <= (A,0)€d*(F+G)((%2),a+v); (3.9)
(ii) 0°G((%,2),7) = {0} x I°G(Z,V);

(iii) if G is connected at 7 € H (%), then G is connected at (%,7).
Proof. (i) LetA € 0*°(F +GoH)(x,i+ V). Then
F(x)+(GoH)(x)—a—v—A(x—X) C Y, VxeX,

and then F (x) + Ry i (x,2) + (Go H)(x) —it — v —A(x — %) C Y4, V(x,z) € X x Z, which imply
that

F(x,2)+(GoH)(x)—ii—v—A(x—%) CYy, V(x,z) € epiH. (3.10)
As G is (Z4, Y1 )-nondecreasing, then, for any (x,z) € epiH, G(z) C (GoH)(x) + Y. It follows
from relation (3.10) that F(x,z) + G(z) —ii — v —A(x— %) C Y,y + Y, C Y. Hence,

F(x,2)+G(x,z) —ii—7—A(x—%) CYy, V(x,z) €EX XZ,
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which yields (A,0) € d%(F + G)((%,Z),ii + 7). Conversely, let us take any (A,0) € 9°(F +
G)((x,Z),@+ 7). It follows that F(x,z) + G(x,z) — i — v —A(x— %) C Y, ,V(x,z) €X x Z, i.e.,

F(x) 4+ Repir (x,2) +G(z) —ii—vV—A(x—X) C Yy, V(x,2) €X XZ.
Therefore, for all (x,z) € epiH, F(x) 4+ G(z) —i— v —A(x—X) C Y, which implies that, for all
xE€X, F(x)+Uzen Gz) —a—7—A(x—X) C Yy, e,
F(x)+ (GoH)(x)—a—v—A(x—x) C Yy, VxeX.

Finally, A € 0°(F + GoH)(%,ii+ 7).

(i) Let (A, B) € 9*G((,%),¥). For all ((x,z),y) € grG = X x grG,
Alx—X)+B(z—2) <y, y—J. (3.11)

By taking z=Zand y = y in (3.11), it follows that, for all x € X, A(x —X) <y, Oy. Hence A = 0.
Consequently, d°G((%,Z),7) C {0} x d*°G(Z,y). For the reverse inclusion, let B € d°G(Z,y),
ie, B(z—2) <y, y—7J, V(z,y) € grG. As grG = X x grG, we deduce that {0} x d*G(Z,7) C
9°G((%,2),5).

(iii) As G is connected at 7 € H(X), there exists a neighborhood V of 7 and a mapping g : Z —
Y such that g(z) € G(z) for all z € V, and g is continuous at Z. Define the following function

g§:XxZ — Y
(x,2) — g(2)
It is clear that g is continuous at (¥,Z), and g(x,z) € G(x,v) for all (x,z) € X x V. Hence G is
connected at (%, 7). O
Now, we are ready to state our main results in this subsection.
Theorem 3.4. Let F : X =Y, H: X = Z, and G : Z =3 Y be three set-valued mappings,
(x,i) € grF, (x,Z) € grH, and (Z,V) € grG. Suppose that the following condition holds

(Y,Y,) is a normal order complete lattice Hausdorff locally convex topological

vector space, (Z,Z..) is a Hausdorff locally convex space,

F, G are Y -convex and H is Z . -convex , (MR1)
G is (Z4+,Y)-nondecreasing,

da € domF NdomH such that G is connected at some point b € H(a).

Then,
F(F+GoH)(xa+v)= | *F+AcH)(Xa+A(z).
A€d’G(Z,7)

Proof. First, let us prove
(F+GoH)(x,i+v)2 | J(F+AoH)(X i+A(Z)).
A€dG(Z,7)
LetA € d°G(Z,v) and B € 9°(F +AoH)(%,i+A(Z)). It follows that
(F+AoH)(x)—i—A(Z)—B(x—Xx)CYy, VxeX,
which means that, for any (x,u) € grF and (x,z) € grH,
B(x—X) <y, u—ia+A(z—2). (3.12)
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As A € 9°G(Z,7), we have G(z) —v—A(z—Z) C Yy, Vz € Z, which yields that U,cy(,)(G —
A)(z)—Vv+A(Z) CY4,VxeX,ie., (GoH)(x)— (AoH)(x) —v+A(Z) C Y., Vx € X. Therefore,

A(z—2) <y, v—v, V(x,z)€gH,(z,v) € grG. (3.13)

From (3.12) and (3.13), we have B(x —X) <y, u+v—iu—v,V(x,u+v) € gr(F+GoH),i.e,B€
d*(F +GoH)(x,ii+ v). For the reverse inclusion, let us take any B € 0*(F + GoH) (X, + V).
According to Lemma 3.2 (i), we have (B,0) € 9° (F +G)((%,Z),i+ 7). Under condition (MR1),
by virtue of Lemma 3.2 (iii), the mappings F and G satisfy all the assumptions of Theorem 3.3.
Hence we 0°(F + G)((%,2),i+v) = d*F((%,2),i) + 0*G((%,Z),7). Then there exists (T,A) €

d°G((%,7),7) such that (B—T,—A) € d°F((%,Z), ). By virtue of Lemma 3.2 (ii), we obtain that
T =0and A € 9°G(z,V). Now, let us show that B € 9°(F + Ao H)(x,i+A(Z)). As (B,—A) €
0°F((%,2),7), we have, for all (x,z) € X X Z, F(x) + R} i (x,2) —ii — B(x — %) +A(z —2) C Y4,
which implies that F(x) — i — B(x — %) + A(z —2) C Y, V(x,z) € epiH. Hence, for all x € X,
we have F(x) + U epnA(2) — (@+A(Z) —B(x—%) C Yy, ie., (F+AoH)(x)— (@ +A(2)) —
B(x—x) C Y. Therefore, B€ 0*(F +AoH)(X,i+A(Z)). O

Corollary 3.3. Let H: X = Z and G : Z = Y be two set-valued mappings, 7 € H(X), and
y € G(2). Suppose that the following condition holds

(Y,Y4) is a normal order complete lattice Hausdorff locally convex topological
vector space, (Z,Z.) is a Hausdorff locally convex space,

G is Y. -convex and H is Z, -convex ,

G is (Z1,Y,)-nondecreasing,

G is connected at some point of ImH .

Then

I'(GoH)(%7)= |J 9(AcH)(FA(2)).
A€I*G(Z,y)

Now consider the case of composition with a linear operator. Let A : X — Z be a linear
operator and G : Z =Y be a Y, -convex set-valued mapping. By putting Z = {0z}, the function
G is obviously (Z,Y, )-nondecreasing, and A is Z -convex. So applying Corollary 3.3, one has
the following result.

Corollary 3.4. Let x € X and y € G(A(X)). Assume that the following condition holds

(Y,Y,) is a normal order complete lattice Hausdorff locally convex topological
vector space, (Z,Z..) is a Hausdorff locally convex topological vector space,

G is Y -convex,

G is connected at some point of ImA.

Then d°(GoA)(%,y) = *G(A(X),7) o A.
Proof. It follows from Corollary 3.3 that

?’(GoA)T7) = |J  9°(BoA)(FA()). (3.14)
Bed*G(A(X),y)
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Moveover, from the definition of the strong subdifferential and the fact that Y is pointed, we
have 9%(BoA)(x,A(x)) = {BoA}. It follows from (3.14) that
P(GoA)(%5) = {BoA: Bed'G(A®).)},
— IG(A(%),5)0A.
O

Corollary 3.5. Under the assumptions of Theorem 3.4, if F or H is assumed to connected at
some point of domF NdomH, then

d*(F+GoH)(x,u+v)=0d"F(x,a)+ U d*(AoH)(%,A(2)).
A€dsG(z,7)
Proof. According to Theorem 3.4, we have
I(F+GoH)(xa+v)= |J 0 (F+AoH)(xa+A(2)).
A€IG(Z,7)
Observe that Ao H is Y, -convex since A € L (Z,Y). As F or H is connected at some point of

domF NdomH, we can easily see that F or Ao H is connected at some point of domF Ndom(A o
H) = domF NdomH. Hence, from Theorem 3.3, we have

*(F+GoH)(%,i+v)=0F(x,a)+ |J 0°(AcH)(XA(2)).
A€dsG(z,7)

The following corollary is a result obtained in [5].

Corollary 3.6. Let f : X - Y U{+ooy}, h: X = ZU{+eoz} and g: Z — Y U{+ooy} be three
set-valued mappings, X € domF Ndomh such that h(x) € domg. Suppose also that the following
condition holds.

(Y,Y,) is a normal order complete lattice Hausdorff locally convex topological
vector space, (Z,Z.) is a Hausdorff locally convex topological vector space,

f, g are Y -convex and h is Z.-convex ,

gis (Z4,Y,)-nondecreasing,

g is continuous at some point of h(domf Ndomh).

Then
F(f+gom® = | F(f+Ach)(®).

A€dsg(z)
Proof. Let us consider the following set-valued mappings

F(x):{ {f(®)}, if x&domf, H<x):{ {h(x)}, if x € domh,

0, otherwise, 0, otherwise,

Glx) = { {g(x)}, if x € domg,

0, otherwise.
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It is easy to check that if g is continuous at some point of #(domf Ndom#), then the set-valued
mapping g is connected at some point of H(domF NdomH ) and also we easily check that the
set-valued mappings F', H, and G satisfy all the assumptions of Theorem 3.4. Therefore,
O*(F+GoH)(X, f(x)+g(h(X))) = U 9 (F+AcH)(x,i+A(h(X))).
A€dSG(h(x),g(h(x))

O
4. APPLICATION TO VECTOR SET OPTIMIZATION PROBLEMS
In this section, we consider the following constrained set-valued optimization problem
{ )rcnleng,mze F(x), P1)

where F : X =2 Y is a set-valued mapping, and S is a nonempty convex closed subset of X. By
using the set-valued indicator mapping R : X =Y of the nonempty subset S C X, problem (P1)
becomes equivalent to the unconstrained set-valued minimization problem

{ minimize (F 4 RY)(x),

xeX. ®2)

Lemma 4.1. (i) If S is convex and closed, then Ry is Y. -convex and, for all X € S, d°Ry(X,0y) =
Ng(X), where Ng(%) :={A € L(X,Y) : A(x — X) <y, Oy,Vx € S} is the vector normal cone at
xes.

(ii) If int(S) # O, then RY is connected on int(S).

Proof. (i) The epigraph of Ry is given by epiRy = {(x,y) € X xY :y € R4(x) + Y, } =S x Y,
and its Y, -convexity easily follows from the convexity of S and Y, .

(ii) Let us consider the single following mapping 4 : X — Y defined by A(x) := Oy for all
x € X. Since Oy € R(x) for any x € S, it follows that 4(x) € Rg(x) for any x € int(S), which
ensures that Ry is connected on int(S). O

We are now ready to establish optimality conditions for (P1).
Theorem 4.1. Let F : X =Y be a set-valued mapping, S be a nonempty convex closed subset
of X, and (x,y) € grF with X € S. If the following qualification condition holds

(Y,Y,) is a normal order complete lattice Hausdorff locally convex topological
vector space, F is Y. -convex, (MR2)
domF Nint(S) # 0 or F is connected at some point of domF N .

Then (X,y) is a strong minimizer for (P1) with respect to Y. if and only if there exists A €
d°F (X,y) such that —A € N(%).
Proof. Since (P1) is equivalent to unconstrained set-valued minimization problem (P2), we have
that (%,¥) is a strong minimizer to (P1) if and only if

0€ d*(F+Rg)(x,5+0y). 4.1)
Conditions (MR2) and Lemma 4.1 together show that mappings F' and R} satisfy all the hy-

potheses of Theorem 3.3. Hence, 0 € Jd°F(%,y) + d°R¢(X,0y), i.e., there exists A € J°F (X,¥)
such that —A € J°R{(%,0y) = N{(X). O
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Let us consider the following general convex set-valued mathematical programming
problem
minimize F(x),
H(x)N—Z+ #0, (P3)
xeC.
where F : X = Y and H : X =% Z are two set-valued mappings, Z is a real locally convex
topological vector space, Z is a closed convex pointed cone with nonempty topological interior,
and C is a nonempty, closed, and convex set of X. For establishing the optimality conditions of
this problem, we need the following lemma.

Lemma 4.2. (i) If Z is a real locally convex topological vector space, and Z, C Z is a closed
convex cone, then the strong subdifferential of the indicator set-valued mapping RV_Z+ :Z=3Y
is given by 0°R" ; (z,0y) ={A € L (Z,Y):A(Z) =Oy}.

(ii) The indicator set-valued mapping RV_Z+ is (Z4,Y;)-nondecreasing on Z.

Proof. (i) Let Z € —Z,. Obviously, (z,0y) € grRY ; = —Z, x {Oy}. From Lemma 4.1 (i),
we have 0°R” ; (Z,0y) = N (Z). Now, let us prove the first inclusion d°R” ; (Z,0y) C {A €
Li(Z,Y): A(Z) =Oy}. Observe that

A€ 'R 5 (2,0y) <> A(z—12) <y, Oy, V2 € —Z,. (4.2)

By successively taking z =0 and z = 27 in (4.2), we have A(Z) € Y, N =Y, = {0y}, ie.,A(Z) =
Oy. Consequently, we deduce from (4.2) that A(z) € Yy for all z € Z, which means that A €
L. (Z,Y). For the reverse inclusion, since A(Z) = Oy and A € L(Z,Y), then it follows that
A(z—2) =A(z) <y, Oy for all z € —Z,. Hence the equality holds.

(i1) was proved in [13]. L]

Theorem 4.2. Let F : X =Y and H : X =2 Z be two set-valued mappings, (X,y) € grF with
x€Candz e H(X)N(—Z4+) # 0. If the following condition holds

(Y,Y,) is a normal order complete lattice Hausdorff locally convex topological
vector space, (Z,Z.) is a Hausdorff locally convex topological vector space,

F is Y, -convex and H is Z-convex,

int(—Z4 ) NH(CNdomF NdomH) # 0.

Then (X,¥) is a strong minimiser solution to problem (P3) if and only if there exists A € L (Z,Y)
such that

(a) A(Z) = Oy,

(b) 0 € d*(F +AoH+R})(X,9).

Proof. The feasible set associated to problem (P3) is given by S = {x € X : H(x) N —Z+ #
0}NC, and it is easy to check that R{ = R}, +RKZ+ oH. Hence problem (P3) becomes equivalent
to the unconstrained set-valued minimization problem

minimize(F + R +RY ; o H)(x),

xeX.
Thus (,7) is a strong minimiser solution to problem (P3) if and only if 0 € J*(F + R +R” ; o
H)(%,7). Observe that epi(F +Ry.) = epiF N (C x Y), which asserts that the convexity of the set-
valued mapping F + R~ follows from the convexity of the epigraph of F’ and the convexity of the
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subset C. Also, let us note that the conditions (,y) € grF withx € Candz € H(x)N(—Z1) #0
can be written equivalently as (¥, ¥) € gr(F +R(), (¥,Z) € grH, and (Z,0y) € grR” , . According
to Lemma 4.1 and Lemma 4.2, the set-valued mappings F + R, H, and R” ; satisfy all the
assumptions of Theorem 3.4. Thus we obtain that (X,y) is a strong minimiser if and only if
there exists A € O°R" ; (2,0y) ={A € L.(Z,Y): A(Z) = Oy} such that 0 € d°(F + R +Ao
H)(%,7+A(Z)). The proof of theorem is complete. O

Corollary 4.1. Under the assumptions of Theorem 4.2, assume, in addition, that F is connected
at some point of C, and H is connected at some point of C. Then (X,¥) is a strong minimiser
to problem (P3) if and only if there exist A € L1 (Z,Y), B € d°F(%,y) and T € d°(AoH)(X,0y)
such that

(a) A(Z) = Oy.
(b) =T — B € N/(%).

Proof. According to Theorem 4.2, we have that (¥,) is a strong minimiser to problem (P3) if
and only if there exists A € L, (Z,Y) such that A(Z) = Oy and 0 € 9*(F +A o H +R}.)(X, 7).
The fact that A € L, (Z,Y) yields that Ao H is Y, -convex. As H is connected at some point
of C, it is easy to check that Ao H is connected at some point of C. Since epi(AoH +R}.) =
epi(AoH)N(C xY). Hence the convexity of the set-valued mapping Ao H 4R/ follows from the
convexity of the epigraph of A o H and the convexity of the subset C. The set-valued mappings
F and Ao H + R, together satisfy all the assumptions of Theorem 3.3. Thus

0€ d*(F+AoH +RY(%,7) = ° (Ao H + RY)(%,0y) + O°F (%, 7).

On other hand, we claim that the set-valued mappings A o H and R}/ together satisfy all the
hypothesis of Theorem 3.3. Hence,

0€ d*(F+AoH+R})(X,y) =d°(AoH)(X,0y) + d°R;(%,0y) + d°F (%, ),

i.e., there exist B € d°F(x,y) and T € d*(AoH)(%,0y) such that =T — B € d*R/.(¥,0y) = Nj(%).
0
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