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A TOTALLY RELAXED SELF-ADAPTIVE ALGORITHM FOR SOLVING
VARIATIONAL INEQUALITY AND FIXED POINT PROBLEMS IN BANACH
SPACES
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Abstract. Using the Halpern iterative method, we propose and study a totally relaxed iterative algorithm
for approximating a common solution to variational inequality and fixed point problems in certain Banach
space. Our algorithm uses a self-adaptive step size to avoid the dependence on the Lipschitz constant of
the operator involved. Our method can also find fixed points of Bregman firmly nonexpansive mappings.
We establish a strong convergence theorem and present some numerical experiments to illustrate the
performance of our algorithm.
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1. INTRODUCTION

Let C be a nonempty, closed, and convex subset of a real Banach space E with dual E*. We
are concerned with the following Variational Inequality Problem (VIP):
Find a point u € C such that

(F(u),v—u)>0, VvecC, (1.1)

where F : C — E* is a given nonlinear mapping, and (-,-) denotes the duality pairing between
E and E*. We denote by VIP(C,F) the solution set of the VIP (1.1). The VIP is now under
the spotlight due to its applications in a large variety of fields, such as structural analysis, eco-
nomics, and engineering sciences; see, e.g., [1, 2, 3, 4]). Recent progress on the theory and
applications of the VIP can be found in [5, 6, 7, 8] and the references therein. Iterative approx-
imations of solutions to the VIP under several monotonicity assumptions have been considered
recently. These iterative algorithms date back to the celebrated gradient projection method [9].
The extragradient method due to Korpelevich (see [10]) was proposed for the VIP in finite di-
mensional spaces. It was further extended to Hilbert space by Nadezhkina and Takahashi (see
[11]).

It is known that the extragradient method ([10]) requires calculating metric projections onto
its feasible set twice per iteration. This fact was identified as a drawback of the method as
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projections onto general closed and convex subsets may be difficult to calculate especially when
the structure of the set is not simple. To overcome this, Censor et al. [12] introduced the
subgradient extragradient method in which the second projection onto its feasible set is replaced
by a projection onto a well-constructed halfspace, which is easily defined. The subgradient
extragradient was further improved by He et al. [13] (see also [14]) with the first projection
replaced by a projection onto a certain half-space; see Fukushima [15]. The methods presented
in [13] and [14] are now called the relaxed and totally relaxed methods, respectively. At this
point, we note that reducing the number of projections in an iterative algorithm for finding a
solution to the VIP plays a major role in attaining efficient execution and convergence rate of the
method. For this reason, the Tseng extragradient method [16], initially introduced for solving
variational inclusion problems, has been adopted for the solutions of VIPs. This method, which
only uses one projection onto its feasible set, has been widely studied by authors; see, e.g.,
[17, 18] and the references therein. Recently, Oyewole et al. [17] introduced a totally relaxed,
Tseng self-adaptive method for the solutions of VIPs in Banach spaces. They established a
strong convergence theorem under some mild assumptions on the control parameters in the
framework of 2-uniformly convex and uniformly smooth Banach spaces.
Recall that the Fixed point Problem (FPP) consists of finding a point u € C such that

u="Tu, (1.2)

where T : C — C is a given nonlinear mapping. We denote by F(T') the set of solutions to the
FPP. The theory and solution methods regarding this problem when the underlying operator is
Bregman firmly nonexpansive can be found in recent papers [19, 20, 21, 22].

In this paper, our aim is to find common solutions of the VIP (1.1) and the FPP (1.2), which
consists of finding a point u € C such that u € VIP(C,F)NF(T). The study of such a common
solution problem is important because it arises in many interesting applications and real life
problems. We also recall that, to speed up the convergence of iterative schemes in optimization
theory, many researchers often use inertial-type extrapolation [23, 24] by supplementing their
methods with the term 6, (x, —x,_1). The parameter 6, controls the momentum x, — x,,_; and
is called the inertial parameter. For more information, see, for example, [17, 25]).

Motivated by the results of He et al. [14], Oyewole et al. [17] and the inertial technique
[23, 24], in the present paper we propose an inertial, totally relaxed and self-adaptive Tseng
method for approximating a common solution of fixed point and variational inequality prob-
lems. Assuming some mild conditions on the control parameters, we prove a strong conver-
gence theorem in the framework of uniformly convex and uniformly smooth Banach spaces. A
self-adaptive step size (see, for example, [17, 18]) is incorporated into the algorithm in order to
avoid its dependence on the Lipschitz constant of the cost operator.

2. PRELIMINARIES

In this section, we recall some basic definitions and preliminary results which are useful in
the convergence analysis of our algorithm. Let E be a Banach space, and let f : E — R U {co}
be a function. We denote by domf the domain of f, that is, the set {x € E : f(x) < 4oo}. We
also denote the weak and strong convergence of a sequence {x,} C E to a pointx € E by x,, — x
and x,, — x, respectively.

Let E be a real Banach space. Given a function & : E — R,
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(1) h is called Gateaux differentiable at x € E if there exists an element of E, denoted by
I (x) or Vh(x), such that

i 1) = (2

t—07t t

= (y,h'(x)), Y€E,

where h'(x) or Vh(x) is called the Gateaux differential or gradient of / at x. We say that
h is Gateaux differentiable on E if /4 is Gateaux differentiable at every x € E;
(i) his called weakly lower semicontinuous at x € E if x, — x implies that z(x) <liminfh(x;,).
n—soo

We say that 4 is weakly lower semicontinuous on E if & is weakly lower semicontinuous
atevery x € E;
(iii) if A is a convex function, then it is said to be subdifferentiable at a point x € E if the set

dh(x) = {w € E* : h(y) —h(x) > (w,y—x), y € E} @.1)

is nonempty. Each element in d/h(x) is called a subgradient of 4 at x or a subdifferential
of h at x and the inequality in (2.1) is called the subdifferential inequality of 4 at x. The
function 4 is subdifferentiable on E if 4 is subdifferentiable at each x € E. It is known
that if & is Géateaux differentiable at x, then % is subdifferentiable at x and Jdh(x) =
{W (x)}, that is, dh(x) is just a singleton set. For more details on Gateaux differentiable
functions on Banach spaces, we refer to [26].

Let E be a real Banach space with norm || - ||, and let E* denote the dual space of E with dual
norm || - ||«. Let 1 <2 < p < oo with %—1—% = 1. The modulus of smoothness of E is given by

X=y||+|x+Yy
pe = sup { I .

The space E is said to be uniformly smooth if lim,_, o+ 2 Et(’) = 0 and g-uniformly smooth if there

exists a constant ¢, > 0 such that pg(¢) < ¢, for any ¢ > 0. The modulus of convexity of E,
denoted O, is defined by

f, Ll
de(e)=int {1 = L2 e =1, eyl 2 e}

E is said to be uniformly convex if dg(€) > 0 for any £(0,2] and p-uniformly convex if there is
a constant T, > 0 such that 8g(€) > 7,€” for any € € (0,2]. For example, the L, spaces are 2-
uniformly convex for 1 < p <2 and p-uniformly convex if and only if its dual E* is g-unifomly
smooth (see [27]).

Let p > 1. The generalized duality mapping J% : E — 2E" is defined as

JE() = {x" € E*: (w,x) = ||x]|P, ]| = [lxl|P "

J? is one-to-one, single-valued, and satisfies J5 = (J£.) ™!, where J1. is the generalized duality
mapping of E*. For more properties of duality mappings, see [28, 29, 30].

Let f: E — R be a differentiable and convex function. Recall that the Bregman distance
Ay domf x intdomf — [0,4c) is defined by

Ar(x,y) := f(y) = f(x) = (Vf(x),y —x), Vx,y €EE, (2.2)
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where V f(x) is the value of the gradient of f at x. It is known that the duality maping JZ is the

gradient of the function f,(-) = 1" H , for 2 < p < oo. Hence, if f = f, in (2.2), then the Bregman
distance with respect to f), becomes

yllP|x||?
Ay(r,y) Y17 ]

p p
(VIP = [1x[17) + (Jgx,x =)

- (ng,y—x)

(Il = 1Iyl17) = (Jgx = TEy,»)-

QI*—‘“%IH

Lemma 2.1. [31] Let x,y € E. If E is a g-uniformly smooth Banach space, then there exists
cq > 0 such that ||x — y[|? < |[x[|7 — g{x, JEy) + cq|ly[|.

Let x,y,z € E. For 1 +——1 we have

Ap(x,y) =Ap(x,2) +Ap(z,y) + (x—z,JEz— JTy), (2.3)
Ap(xay) = —Ap(y,X) + <y_X7JEpy_J£x>7 (24)
e Nl [yl
X y p
Ap(x,y + = —(x,Jpy).
ptoy) = P DI gy

Proposition 2.1. [32] Let E be a p-uniformly convex Banach space. For x,y € E, there exists a
constant T, > 0 such that Tp||x —y||P < Ap(x,y) < (x—y,Jox—JEy).

Proposition 2.2. [33] Let E be a smooth and uniformly convex Banach space. Let {x,} and {y,}
be two sequences in E such that Ap(xn,yn) — 0 asn— oo, If {y,} is bounded, then ||x, —y,|| — 0
asn— oo,

Let C be a nonempty, closed, and convex subset of a Banach space E. Then the metric pro-
jection Pex = argminycc ||x — y||, Vx € E is the unique minimizer of the norm distance. It
is characterized by the variational inequality (J£(x — Pcx),z — Pex) < 0, Vz € C. In the same
vein, the Bregman projection Ilcx = argminycc A, (x,y), Vx € E can be defined as the unique
minimizer of the Bregman distance [34, 35]. The Bregman projection is characterized by the
following variational inequality:

(Jox—JEex,z—Tex) <0, VzeC. (2.5)

It is known that it also satisfies A, (ITcx,z) < Ap(x,z) —A,(x,TIex), Vz € E. Let E be a strictly
convex, smooth, and reflexive Banach space. We consider the function V), : E* X E — [0, 4-0)

defined by
X[}

e "
— (" x)+— Vx€E, x" €E",

q p
with %I + ]l) = 1. The mapping V), is nonnegative and V), (x,x*) = A, (x,JE. (x*)) for all x € E and

x* € E*. Tt follows (see [36]) from the subdifferential inequality for f(x) = ”xH , X € E*, that

Vp(x,x") =

eyl [l
q

,Vx,yeE"

<Jg*x7y> S
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from which we infer that V), (x,x*) + (y*,JE. (x*) —x) <V, (x,x* +y*) for all x € E and x*,y* €
E*. Furthermore, the mapping V), is convex in the second variable. Thus, for all z € E, {x;}¥ ,
and {#;}¥ , C (0,1) with YN, ; =1,

N N
A, <z,ﬂ* (Zz,-fgx,->) =V, <z, (ZI,JEPX;')> Zt, (z,%i).
i=1 i=1

Let C be a nonempty, closed, and convex subset of a smooth Banach space E, andletT : C —
C be a mapping. A point x* € C is called an asymptotic fixed point of 7T if there exists a sequence
{x,} C C such that x, — x* and ||x, — Tx,|| — 0 as n — co. We denote by F(T') the asymptotic
fixed point set of 7. A mapping 7T : C — C is said to be Bregman firmly nonexpansive if

(JeTx—JETy, Tx—Ty) < (JETx—JETy,x—y)

for all x,y € C. It s clear from the definition of the Bregman distance that the above definition
is equivalent to

Ap(Tx,Ty) +Ap(Ty, Tx) + Ap(Tx,x) + Ap(Ty,y) < Ap(Ty,x) +Ap(Tx,y).
We know from [37, 38] that, for every Bregman firmly nonexpansive mapping, F(T) = F(T).

Definition 2.1. (see [39, 40]). Let F : C — E* be an operator. The Minty Variational Inequalities
(MVI) consists of finding a point x* € C such that (F(y),y —x*) > 0, Yy € C. We denote by
M(C,F) the set of solutions of the MVI. Some existence results for the MVI were presented
in [39]. The assumption that M(C,F) # @ was used for solving VIP(1.1) in finite dimensional
spaces (see, for example, [41]). It is not difficult to prove that pseudomonotonicity implies that
M(C,F) # 0, but that the converse is not true in general.

Lemma 2.2. [40] Consider the VIP (1.1). Suppose that the mapping h : [0,1] — E* defined
by h(t) = F(tx+ (1 —1t)y) for x,y € C and t € [0,1] is continuous for each x and y (that is,
F is hemicontinuous). Then M(C,F) C VIP(C,F). Moreover, if F is pseudomonotone, then
VIP(C,F) is closed, convex, and M(C,F) = VIP(C,F).

Lemma 2.3. [42] Let {a,} be a sequence of positive real numbers, {b,} C R, and {c,} C (0,1)
such that Y, ¢y = o0 and ap1 < (1 —cy)a, + cpby, Vn € N. If limsupy_,., by, < 0 for each
subsequence {an, } of {an} satisfying iminfy_,e.(an,+1 — an,) > 0, then lim, _.a, = 0.

3. MAIN RESULTS

In this section, we introduce our proposed method and present its convergence analysis. First,
we make the following assumptions.

Assumption 3.1.

(A1) The feasible set C is nonempty, closed and convex.

(A2) The mapping F : E — E* is pseudomonotone on E, L-Lipschitz continuous on E, and
weakly sequentially continuous on C. (However, our proposed method does not require
L to be known).

(A3) The solution set I'= VIP(C,F) N F(T) is nonempty.

(A4) The feasible set C is defined by C := N ,C’, where C' := {z € E : h;(z) < 0}.
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In addition, we assume that {¢&,} is a positive sequence such that &, = o(@,), (that is,
limy o0 ¢ = 0), where {a,,} C (0, 1) satisfies

(A5) Y 0y = o and lim,,ye0 04, = 0.

We study the convergence of the following Tseng-type extragradient method.

Algorithm 3.1. Tseng-type extragradient rPethod for VIP

atphli |’
Al Cq

and set the counter n := 1. For i = 1,2--- ,m and given the current iterate wj,, construct the

family of half spaces C, := {z € E : hi(wy) + (h;(wn),z — wy) < 0} and set C, = N, CL.

Iterative step: Calculate x,,; and A, | as follows:

Initialization: Choose it € | O, and 0 > 0. Select initial points w,xg, x; € C, Ay >0

Step 1: Given x,,_1, x, and A,, for each n > 1, choose 6, such that 6, € [0, 6,], where

. & .
_ min<k 0, ———— >, ifx, £ x,_1,
6, = { ||xn_xn1||} 7 (3.1)
0, otherwise.

Step 2: Compute
'Wn = Zj* (Jprn - Gn(Jpr,,_l —ngn)),
yn = e, JE (Jowy — AuF (wy)),

Pot1 = mm{)t”’ 1 (n) — F (wa) | } AL F (ya) 7 F (wn),

y - otherwise,
2n = Jg (JgYn = An(F (yn) = F (wn))),
(X1 = JE (Qudpw + (1 — 06,) P T 2).
Stopping criterion: If x,, .| =w, =y, and z,, = Tz, for some n > 1, then stop. Otherwise, set
n:=n+ 1 and return to Iterative step.

(3.2)

Lemma 3.1. [43] The sequence {A,} generated by (3.1) is a monotonically decreasing sequence
and lim, e A, = A > min{%,).o}

Proof. This is a consequence of the fact that F' is assumed to be L-Lipschitz. 0J

Remark 3.1. From the definition of C and C,,, it is not difficult to see that C C C,,. Indeed, for
eachi=1,2,---,m, and x € C', the subdifferential inequality yields

hi(wy) + (i(wy), x —wy) < hi(x) <O0.

It follows from the definition of C that x € C’. Hence C' C C!. for all i and hence C C C,, for all
n>1.

Proposition 3.1. Assume that the sequence {x,} generated by Algorithm 3.1 is bounded. Then,
for any u € T, lim,_se0 0, (Ap (u,x,—1) — Ap(u,x,)) = 0.
Proof. Tt follows from (3.1) that 6,||x, —x,—1 || < &, for each n > 1. From the fact that lim,,_,c 2—’;
0, this implies that

&

. en .
< - —
nhm o 1 — X1 r}lm = 0. (3.3)
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Now, for some M > 0, we have

ul|P X—1]|P ul|? X, ||P
tstn1) = dglun) = P04 B g g,y (T I )

p q p q
1
= k= [l 7) + (ut, Tpn — T xn—1)
1
< o Mlen = xntfl) + [l I EXn = TEXn 1 -

Since J g is uniformly continuous on bounded subsets of E, it follows from (3.3) that

: 6 . 0
lim @, - — |[J0x, — Joxn—1|| = lim 04, - —|]x, —x,—1| = 0.
n—oo (Xn n—oo (Xn

Thus lim, e 6, (A, (u,x,—1) — Ap(u,x,)) = 0, as asserted. O

Lemma 3.2. Suppose that Assumption 3.1 holds and that {wy,} is a sequence generated by
Algorithm 3.1. Let {wy, } be a subsequence of {w,} which converges weakly to v € E. If
im0 ||Wn, — Vi || = O, then v € VIP(C,F).

Proof. Using the definition of {y,} and (2.5), we have (JEw,, — Ap, F (W, ) —Joynisy — Vi) <O,
Vy € Gy, which is equivalent to

1
T<J£W”k _ngnkvy_ynk> < <F(Wnk)7y_ynk>7 vy S an~

M

It follows that

%nk<JEank _ngnkay_ynk> + <F(Wnk)7ynk _Wnk> < <F(Wnk)ay_wnk>7 Vye an- (34
Since ||[wy, — yn,|| — 0 as k — oo and J¥ is norm-to-norm uniformly continuous on bounded
subsets of E, we obtain ||JEw,, —JEy,, || — 0. Taking the limit as k — oo in (3.4), we obtain
liminfy_,eo(F (Wy, ),y —Wn,) > 0, ¥y € Cy,. Using this and the facts that w, € C and C C C,,,
we find that liminfy_,..(F (wp, ),y —wy,) >0, Vy € C.

Next, we show that v € C. Indeed, it follows from y,, € Cy, that hj(wp, ) + (h;(Wn, ), Yn, —
wy,) < 0, which implies that

hi(wﬂk) < <h;(wnk)’wnk _ynk> < Hh;(wnk)H ) ”Wnk _ynkH‘

Since £} is Lipschitz continuous and {wy, } is bounded, it follows that {A](w, )} is bounded too.
Thus there exists K; > 0 such that ||i}(w,, )|| < K; for each i. Hence, hj(wy,) < K- ||wy, — .|,
where K = max<;<,{K;}. Using the weak continuity of 4;, we have

hi(v) < liminfh;(w, ) < im K - ||[wy, — yu, || = 0.
k%w k%oo

Thusv e C.
Now choose a sequence {&} of positive numbers such that {&} is decreasing and & — 0 as
k — oo. For each k > 1, denote by N, the smallest positive integer such that

(F(Wn,),y—wWn,)+ €& >0, Vk&Ny,. (3.5)
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Observe that {N,,} is increasing because {g} is decreasing. Let the point Ay, € E satisfy
(AN, .F (wn, ) = 1. Then we can write (3.5), for each k > 1, as follows (F(ww, ),y + &An, —
WNnk> > 0. Now, since the operator F is pseudomonotone, we have

(F(y+&An, ),y +&An, —wy, ) > 0.
Therefore,
(F(y),y—wn, ) > (F(y) = F(y+ &An, ),y + &AN, —wn, ) — &(F(),An, ). (3.6)

Next, we show that limy_, EAN,, = 0. Since w,, — v € E and F is weakly sequentially con-
tinuous on C, we have that {F'(wy, )} converges weakly to F'(v). We may suppose that F'(v) # 0
otherwise v € VIP(C,F). Since the norm || - || is sequentially weakly lower semicontinuous, we
have ||F(v)|| < liminfye [|F (wp, )| Since wy, C wp, and & — 0 as k — oo, we have

& lim sup &

0 <limsup ||&An, || =limsup < = =0
o NN = P T G ) T 17 () |

and limy_,, EAN,, = 0. It follows from (3.6) that liminfy_,..(F (y),y — WNnk> > 0. Hence, for all
vyeC,

(F(y),y—v) = lim(F(y),y —wy, ) = liminf(F (y),y —wy, ) > 0.

k—yo0 k—yoo

Therefore, using Lemma 2.2, we conclude that v € VIP(C, F), as asserted. O
Lemma 3.3. Let the sequence {x,} be iteratively defined by Algorithm 3.1. Then
collud
aZnl ) A(Yn, Wn).

q
qTP)“nJrl

Ap(”vzn) < A(p,wn) — (1 -

Proof. Fix a point u € VIP(C,F). Then it follows from (3.2) that

AP(“7Zn) :Ap(”v‘]g* (Jg)’n_ln(F(yn) —F(wn))))
L = a2 gty -2 . O
—; uj® —\u,Jgyn — n(F()’n)_F<Wn))>+5HJEyn_ n(F(yn)_F(Wn))H .

Using Lemma 2.1, we now obtain
[VEYn = A (F (yn) = F(wa )1 < [VEYRll? = q2n(yn, F (yn) = F (Wn)) + cgAZIF (vn) — F (wa)[|.
Combining this with (3.7), we have

Ap(it,z) = }9||u||1’—<u,J§yn—zn<F<yn>—F<wn>>>+énynntzn@nf(yn)—F(wn»

Colnt
— Ayt 3) o= s F ) — F o) + j 1 (o) — F ).

From (2.3), we have
Ap(u,zn) = Ap(tt, wn) + Ap(Wn, yn) + (1 — Wn’Jan _Jg)’n>

+ A=y, F (yn) = F (wn)) +
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Next, it follows from (2.4) that

Ap(u,zn)
= Ap(”,Wn) _Ap()’nawn) + (Y0 — WnaJEp)’n _JEan> + (u— Wna]Ean _]Epyn>
ot
+ Auut =y, F(yn) — F(wn)) + qqn | F(Yn) — F (wa)||? (3.8)
= Ap(u,wn) = Ap (Y, wn) + (U — Y, Joewn — Joyn) + At =y, F (yn) — F (W)
cqMt q
+ q ||F(yn)_F(Wn>|| .

From the definition of y, and (2.5), we obtain that (u — y,,Jow, — AyF (wy) —J2y,) < 0, which
implies that (u—y,, Jow, —J2yn) < Ay (u—yu, F (wy,)). Combining the last inequality with (3.8),
we obtain

Ap(”7zn) < Ap(uawn) _Ap(Ynuwn) +}Ln<” _ynaF(Wn»

cql,?

+ A (= Yo, F (yn) = F (wn)) + =—=[[F (ya) = F (wn) |

M
ZAp(mWn)—Ap(yn,wn)+7Ln<u—yn,F(yn)>+qu 1F (yn) = F(wa) [ (3.9)

Since u € VIP(C,F), we have (F(u),y, —u) > 0. The pseudomonotonicity of F implies that
(F(yn),yn —u) > 0. Thus we infer from (3.9) that

col]
Ap(u,zn) < Ap(u,wn) — Ap(Yn, W) + qqn [1F (yn) = F (wn) 4.

It follows from the definition of A, that

g q
Ap(u,zn) < Ap(“ywn) _AP()’naWn) + 29 [yn —wal|?.
q n+1
Using Proposition 2.1, we obtain
coiA!
AP(”aZn) = Ap(u, Wn) — Ap(ymwn) + %AP(%; Wn)
qu n+1
coiA!
= A, (u,wy)— [ 1 -1 Ap(Yn, wn). (3.10)
! ( ATphy i1 ) !
This completes the proof. 0

Lemma 3.4. The sequence {x,} is bounded. Consequently, {wyn}, {yun}, {zn}, and {Tz,} are
all bounded.

Proof. Fix a point u € I'. It is not difficult to infer from (3.1) that

Ap(u,wp) < (1= 60,)A,(u,xn) + 0,7, (1, x,—1). (3.11)
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Once again, using (3.1), (3.10), and (3.11), we find that
Ap(t,xp41) < 0 A (1, w) + (1 — 0t,)Ap (1, T2p)

< A (u,w) + (1 — ) Ap (1, 21)
< CAp (1, w) =+ (1= 0 [(1 = 6)Ap (1,%) + OnAp (1, 60—1)]
< max {A u,w),max{A,(u,x,),A (u,xn_l)}}
<
< max {A,(u,w), max{A,(u,x1),Ap(u,x0)} }, n> 1.

Thus {x,} is bounded. As a consequence of this, the sequences {wy}, {yn}, {zx}, and {T'z,}
are bounded too, as asserted. O

Theorem 3.1. Let {x,} be a sequence generated by Algorithm 3.1. Then {x,} converges
strongly to the point u € I', which is nearest to w.

Proof. Let u =Ilrw and n,, = C”“ q” In view of (3.1), (3.10), and (3.11), we obtain that
=4

n+1
Ap(tt,%n11)
<V, (u, 0 Jow + (1 — ) JoT 20 — 04 (JEW — JEu)) + 0y (Jow — T2 1, x1 — 1)
< (1= o)V (u, JpTzn) + Oy (Jow — TR, Xy 1 — 1)
< (1= o) Ap(u,z0) — (1 — ) Ap (20, Tzn) + O (Jow — J0u, X1 — 1)
< (1= 06)A(u, W) — (1= 06) (1= M) Ap (s W) — (1 = 040) Ap(zn, Tzn)
+ 0y (Jow — JPu, X1 — u)
< (1= 04)Ap () — (1 — &) (1 = M) Ap (Y, Wn) — (1 — 040) Ap (20, T20) + Qpby,  (3.12)

where

0
by = (_H(Ap(uvxn—l) _Ap(u7xn)) + <ng_‘]£”’x”+1 _M>) :

n

It follows from (3.12) that
(1= 0u) (1 =) Ap (Yn, Wn) < Ap(u,x0) — Ap(tt, Xp11) + My, (3.13)
where M| = sup,,c b, It follows from (3.12) that
(1= 0tn)Ap(zn, Tzn) < Ap(t,x) — Ap (%0 41) + 04 M. (3.14)

We now proceed to show that {x,} converges strongly to u. Set a, := A,(u,x,). It is not
difficult to see that (3.12) yields the inequality a,; < (1 — o;)a, + 0y,b,. To complete this
proof, we only need to apply Lemma 2.3. Indeed, it suffices to show that limy_,.. b, <0
whenever a subsequence {a,, } of {a,} satisfies limsup;_,.(as,+1 — ay,) > 0. From (AS5) and
(3.13), we obtain that

limsup(1 — 0y, ) (1 — Nn) Ap (Vs Wiy ) < limsup(ap+1 — ap, ) +M; lim o,
k—o0 k—soo k—yo0

= —liminf(a, 11 —ay) <0,
k—yoo
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which implies that A, (s, , Wn,) — 0 as k — co. It follows from Proposition 2.2 that

gggo||ynk — Wy, || =0. (3.15)

Using similar arguments, we infer from (AS) and (3.14) that

limsup(1 — 04, )Ap (20, T2n, ) <limsup(ap+1 — an,) +M; lim o,

= —li]gigf(ankﬂ —ay,) <0,

from which it follows that A, (zp,,Tz,,) — 0 as k — co. Once again calling on Proposition 2.2,
we see that

lim 2, — Tz, = 0. (3.16)

Using (3.1), we see that |[J2wy,, — JEx,, || = O, [[JEx0, — JExn,—1]| = O as k — oo. Since J1. is
norm-to-norm uniformly continuous on bounded subsets of E*, it follows that limy_,e || Wy, —
X, || = 0. Next, using this and (3.15), we obtain

||y”lk _x'lk” < Hynk _W'lk” + Hwnk _xnkH — 0 as k — oo (3.17)
Furthermore, it follows from (3.1) that

UA,
”ngﬂk _ngnkH = ||ngnk _}Lﬂk(F(ynk) _F(W”k)) _ngnk” < A—zkl\mk _WnkH'
ny

Thus it follows from (3.15) that limy_c [|[J22s, — J2Yn, || = 0. Now the norm-to-norm uniform
continuity of JZ. on bounded subsets of E* yields ||zy, — yn,|| — O as k — 0. Using (3.1) once
again, we have
Ap(xnk+1 7an> < ankAP(xnkank) +(1— ank)Ap (an7 Tan)'
By (A5) and Proposition 2.2, we obtain limy_e ||Xn,+1 — Zx, || = 0. Therefore,
||xnk+1 _xnkH S ||xi’lk+1 _anH + ||an _)’nkH + ||yl1k _xnk || — O as k —> 0. (318)

Next, we show that limy_,.. b,, < 0. Indeed, it is sufficient to show that

limsup(Jow — JZu,x,, 41 —u) <O0.
k—roo

Let {xnkj} be a subsequence of the sequence {x,, } such that

limsup(JEw — J2u,xp, 11 —u) = lim JEw — JZu, x, 1 —u).

k—so0 J—roe J

Since {x,, } is bounded, there exists a subsequence {xnkj} of {x,, } such that Xy, =V EE. It

follows from (3.17) that Y, = V- It also follows from previous arguments that {w,, } and {z,, }
J J

converge weakly to v. Thus it follows from (3.15) and Lemma 3.2 that v € VIP(C,F). From
(3.16) and F(T) = F(T), we obtain v € F(T). Therefore, v € I. Since u = IIrw, we conclude
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by (2.5) and (3.18) that

limsup(Jow — JEu, x,, +1 — u)
k—yo0

< limsup(Jow — J2u,x,, — u) +limsup(JEw — JEu, Xp 11 — X, )

k—yo0 k—oo
= lim (Jow —J2u,x,, —u) = (Jow —Jbu,v—u) <0.
J—roo J

Using Lemma 2.3, we now conclude that A, (u,x,) — 0 as n — co. Proposition 2.2 now yields
that ||x, — u|| — 0 as n — oo, that is, {x, } converges strongly to u. The proof is now complete.
U

We now present some consequences of our main result. If £ = H is a real Hilbert space, we
have the following method for approximating a common solution of a variational inequality and
a fixed point problem.

Algorithm 3.2. Totally relaxed Tseng extragradient method
Initialization: Choose 1t € (0,1) and 6 > 0. Select initial points w, xg, x; € C, and A9 > 0, and

set the counter n:= 1. Fori = 1,2--- ,m and given the current iterate w,,, construct the family
of half-spaces C;, := {z € E : hi(w,) + (hi(wy),z—w,) <0} and set C, = """, C;,.
Iterative step: Calculate x,, | and A, | as follows:

Step 1: Given x,_1, x, and A,, for each n > 1, choose 8, such that 8, € [0, 8,], where

&
5 nnn{e,———JL———}, if x, # x,_1,

[0 — X1 ]
0, otherwise.

Step 2: Compute

(Wn =Xp+ en(xn _xn—l)v
Yn = PC,, (Wn - }‘nF<Wn>)a

: ;tun_WnH .
01 = “““{’L”’ 1F ) — F(wa)| } i Fyn) 7 F(wn)

Y- otherwise,

Zn = Yn — M(F (yn) — F (wn))),
(Xnt1 = 0w+ (1 — )Tz,

Stopping criterion: If x,, .| =w, =y, and z,, = Tz, for some n > 1, then stop. Otherwise, set
n:=n+ 1 and return to Iterative step.

Here Pc is the metric projection of H onto C and {g,} is a positive sequence such that g, =

&
o(04,). This means that limy,_e a—” =0, where {a,,} C (0,1) satisfies
n

(i) Yo g 0y = o0 and lim,_,c. 04, = 0.
Next, If E is a 2-uniformly convex and uniformly smooth Banach space, we have the follow-
ing method for approximating a common solution of a variational inequality and a fixed point
problem.
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Algorithm 3.3. Totally relaxed Tseng extragradient method

1
0, —=—=
K'\/ZCQ

and set the counter n := 1. For i = 1,2--- ,m and given the current iterate w,, construct the
family of half-spaces Ci, := {z € E : hj(wn) + (h}(Wn),z —w,) < 0} and set C, = N, C’.
Iterative step: Calculate x,, | and A, | as follows:

Initialization: Choose u € < ) and 6 > 0. Select initial points w,xg, x; € C, A9 >0

Step 1: Given x,,_1, x, and A,, for each n > 1, choose 6, such that 6, € [0, 6,], where

&
_ min{G,—n}, if x, # x,_1,
0, = 120 — Xn—1 |

0, otherwise.
Step 2: Compute

wy = J N Ixn + 0, (Jxy — Jx,—1)),
yn = Projc,(Jwp — A F (wy)),

. u”yn_WnH } .
1 A/n, ;1 n njs
Ao = ”‘“{ TEGn) = FQwn) | T F0n) 7 F )

A, otherwise,
20 =T (Iyn = M (F (yn) — F (W),
it = (@l wt (1 - a)IT2,).

Stopping criterion: If x, | = w, =y, and z, = Tz, for some n > 1, then stop. Otherwise set
n:=n+ 1 and return to Iterative step.

Here Proj is the generalized projection, K is the 2-uniformly smoothness constant, ¢; is the
2-uniform convexity constant, J is the duality mapping, and {&,} is a positive sequence such
that g, = o(¢t,). This means that lim,,_,c Z—Z = 0, where the sequence {a, } C (0,1) satisfies

(i) Y, 0 = o and lim,, e ¢, = 0.

4. NUMERICAL EXAMPLES

In this section, we report on some numerical experiments, which show the applicability of
the main result. The computer programming for the following examples was carried out on a
personal Dell latitude E7450 laptop with specifications 8/256 of RAM and ROM, respectively,
and processor speed 2.0 Ghz. In the given examples, we make a comparison of our main result
with a variant where the set C, replaced by the feasible set C := {x € E : ||x|| < 1}. In the final
example, we also make a comparison with the case that the Lipschitz constant is used instead
of adaptive step sizes.

Example 4.1. Consider the following fractional programming problem which was first used in
[44].
xIPx+a’x+ag
bTx+ by
subject tox € X = {x € R* : bTx + by > 0},

ming(x) =
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where
5 -1 2 0 1 2
-1 5 -1 3 ) 1
P=1, 1 3 o= 2|t |1]| %= 2andbo=4
0 3 0 5 1 0

Since P is symmetric and positive definite, and g is pseudoconvex on X, we have that

(bTx+bo)(2Px+a) — b(x" Px+a’ x +ay)
(bTx—i— b())2

is pseudomonotone. Now, let T : R* — R* be defined by T(x) := Pc, where Pc is the metric
projection onto C := {x € R*:1<x< 10} C X. For this example, choose the sequences
oy = ﬁ, & = n%, Ao =0.25,and u = 0 = 0.5. Let ||x,;1 —x,|| < 1073 be the stopping
criterion. For several values of the initial points xy and x;, the results of our experiments are
given in Figure 1.

Case 1 w=1, x9 = [10,10,10,10]” and x; = [20,20,20,20];

Case 2 w= 0.5, xyp = [10,20,30,40]” and x; = [20,10,20,10]7;

Case 3 w=0.5,xp = [~10,10,10,—10]" and x; = [5,-5,-5,5]7;

Case 4 w=10.25,x9 = [1,2,3,4]" and x; = [4,3,2,1].

F(x) = Vg(x) =

T T T 2 T T T T T T T
== ==C *C w— = C *C
——C,=C ——c,=C
1

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400
Number of iterations Number of iteration:

1

- =cC, +C - - *C

—e—C,=C —e—C,=C
0

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350
Number of iterations

Number of iterations

FIGURE 1. Example 4.1. Top left: Case 1, Top right: Case 2, Bottom left: Case
3, Bottom right: Case 4.
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Example 4.2. This example was given in [45] with

Flx) = 0.5x1x — 2xp — 107
— \—4x; +0.1x3 — 107

and C := {x € R?: (x; —2)? + (xp — 2)? < 1}. It was shown that F is not monotone but pseu-
domonotone and Lipschitz continuous with L = 5 (see [45, Example 6.8]). We choose the
parameters Q, = m, €= niz, 6 = =0.5and Ay = 0.75. Using ||x, 1 —x,|| < 10~* as our
stopping criterion, we consider the following cases for w and the initial points xy and x.
() w=2.5, xo = [20,20]", and x; = [10,10];
(i) w=2.5,x9 = [50,50]", and x; = [10,10]7;
(iii) w=2.5, xo = [30, 40] and x1 = [10,20]7;
(v) w=1.2,x = [5,5]", and x; = [-10,20].

FIGURE 2. Example 4.2. Top left: (i), Top right: (i1), Bottom left: (iii), Bottom
right: (iv).

Example 4.3. Let E = L*([0, 7t]) with inner product (x,y) := [ x(¢)y(¢)dt, Vx,y € E, t € [0, 7]

and norm
Y
= (et Par,

Define the Volterra operator F : L%([0,1]) — L?([0, 1]) by F (x(s)) := [§ x(s)ds, Vx € L*([0,1]), t €
[0, 1]. Then F is monotone and linear with a Lipschitz constant L = % (see [46, Exercise 20.12]).
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Define the feasible set C by C := {x € E : ||x|| < 1}, and take T = P¢. For this example, we
choose the parameters o, = ﬁ, €= %, w=0.1, 86 = u = 0.5, and A9 = 0.5. In practice,
we choose ||x,41 — X,|| < 10™* as our stopping criterion. This example is carried out with the
following initial values of x¢ and x;.
(1) xo =13 and x; = £+ 3¢ + 11
(D) xo =1+ 1 and x; = 1> +21;
() xo=2¢+5and x; = 5 + 1;
(IV) xp=e % and x| = %cost.

- - Cn *C - - Cn *C
—e—c,=C
=@ Lipschitz

FIGURE 3. Example 4.3. Top left: (I), Top right: (II), Bottom left: (III), Bottom
right: (IV).

5. CONCLUSION

In the framework of p-uniformly convex and smooth Banach spaces, we proposed and studied
a totally relaxed self-adaptive inertial algorithm for finding a common solution to variational
inequality and fixed point problems. The Halpern method was considered for achieving strong
convergence and the Tseng method was incorporated for reducing the number of projections in
our algorithm. A strong convergence theorem was established, and numerical examples were
presented to illustrate the performance of our algorithm.
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