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OPTIMALITY CONDITIONS AND DUALITY RELATIONS IN NONSMOOTH
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Abstract. This paper deals with Pareto solutions of a nonsmooth fractional interval-valued multiob-
jective optimization. We first introduce four types of Pareto solutions of the considered problem by
considering the lower-upper interval order relation and then apply some advanced tools of variational
analysis and generalized differentiation to establish necessary optimality conditions for these solutions.
Sufficient conditions for Pareto solutions of such a problem are also provided by means of introducing
the concepts of (strictly) generalized convex functions defined in terms of the limiting/Mordukhovich
subdifferential of locally Lipschitzian functions. Finally, a Mond—Weir type dual model is formulated,
and weak, strong and converse-like duality relations are examined.

Keywords. Fractional interval-valued multiobjective optimization; Optimality conditions; Duality; Lim-
iting/Mordukhovich subdifferential; Pareto solutions; Generalized convex-affine function.

2020 Mathematics Subject Classification. 90C29, 90C46.

1. INTRODUCTION

In this paper, we are interested in Pareto solutions of the following fractional multiobjective
problem with interval-valued objective functions:

fi(x) fm(x)>
g1(x)" gm(x)
st. xeQ:={xeS:hj(x)<0,j=1,...,p},

LU—LﬁnF@)::( (FIMP)

where f;,gi: R" — ., i€l:={1,...,m}, are interval-valued functions defined respectively by
fi(x) = [fE(x), 7 (%), gi(x) = [gF(x),8Y (x)], £F, £V, gF.g¥: R" — R are locally Lipschitzian
functions satisfying fX(x) < fY(x) and
0<gr(x) <g(x)
forall x € Sand i € I, #, is the class of all closed and bounded intervals in R, i.e.,
He={ld"a"] : ah ¥ € R, aF <),

hj: R" =R, jeJ:={l,...,p}, are locally Lipschitzian functions, and S is a nonempty and
closed subset of R".
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An interval-valued optimization problem is one of the deterministic optimization models
to deal with the uncertain/incomplete data. More precisely, in interval-valued optimization,
the coefficients of objective and constraint functions are taken as closed intervals. The study
of optimality conditions and duality relations for optimization problems with one or multiple
interval-valued objective functions have recently received increasing interest in optimization
community; see, e.g., [1,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]
and the references therein. However, there are quite few publications devoted to optimality
conditions and duality relations for fractional interval-valued optimization problems; see [24,
25, 26].

Debnath and Gupta [24] presented some necessary and sufficient optimality conditions for
nondifferentiable fractional interval-valued programming problems, where numerators of the
objective function and constraint functions are convex, while denominators of the objective
function are concave. Recently, these results have been extended to fractional interval-valued
multiobjective problems [25, 26]. However, to the best of our knowledge, so far there have
been no papers investigating optimality conditions and duality for fractional interval-valued
multiobjective problems with locally Lipschitzian data.

Motivated by the above observations, in this paper, we introduce some kinds of Pareto solu-
tions with respect to lower-upper (LU) interval order relation for problems of the form (FIMP).
Then we employ the limiting/Mordukhovich subdifferential and the limiting/Mordukhovich
normal cone to derive necessary and sufficient optimality conditions for these Pareto solutions
of problem (FIMP). Along with optimality conditions, we state a dual problem in the sense of
Mond—Weir to the primal one and examine weak, strong and converse duality relations under
assumptions of (strictly) generalized convexity (cf. [2, 27, 28]). In addition, some examples are
also given for analyzing the obtained results.

The paper is organized as follows. Section 2 contains some basic definitions from variational
analysis, interval analysis and several auxiliary results. In Section 3, we first introduce four
kinds of Pareto solutions of problem (FIMP) and then establish necessary conditions for these
solutions. Sufficient optimality conditions for such solutions are provided by means of intro-
ducing (strictly) generalized convex functions defined in terms of the limiting subdifferential
for locally Lipschitzian functions. Section 4 is devoted to describing duality relations.

2. PRELIMINARIES

Throughout the paper, let R” be the n-dimensional Euclidean space and R”} be its nonnegative
orthant. The topological closure of a set S is denoted by clS. As usual, the polar cone of a set
S C R" is defined by

§:={x"eR": (x",x) <0 VxeS}

Definition 2.1 (see [29, 30]). Given x € clS. The set
N(®S) = {" e R": I 5 5,6, — 0", 2F — 2%, 2} € N, (+%:5), Vk € N}

is called the limiting/Mordukhovich normal cone of S at X, where

Ne(x;S) == {z* eR": limsupM < 8}
P u—x]

) N
is the set of €-normals of S at x and ¥ — x means that « — x and u € S.
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Let ¢: R" — R := [0, | be an extended-real-valued function. The epigraph and domain
of @ are denoted, respectively, by

epi ¢ :={(x,a) eR"xR: ¢o(x) < a},
dom @ :={xeR": |@(x)| < +oo}.
Definition 2.2 (see [29, 30]). Let X € dom ¢.
(1) The set

(%) :={x" €R": (x",—1) € N((¥,9(¥)):epi )},
is called the limiting/Mordukhovich subdifferential of ¢ at x. If X ¢ dom ¢, then we put
dp(x) =0.
(i) The set a7 (X) := —d(—@)(x) is called the upper subdifferential of @ at .

We now summarize some properties of the limiting subdifferential that will be used in the
sequel.

Proposition 2.1 (see [29, Theorem 3.36]). Let ¢;: R" — R [= 1,....p, p > 2, be lower semi-
continuous around X and let all but one of these functions be locally Lipschitzian around x. Then
we have the following inclusion

(@1 +...+¢p)(X) CIP1(X)+...+dpy(X).

Recall that, the function ¢ is called lower semicontinuous (Ls.c.) at a point X € dome if
@ (%) < liminf(x).
X—X

We say that ¢ is l.s.c. around X when it is L.s.c. at any point of some neighborhood of x. The
function @ is called locally Lipschitzian around X, or Lipschitz continuous around X if there is a
neighborhood U of this point and a constant / > 0 such that

lo(v) —@(u)| <I||v—ul| forall u,veU.

Proposition 2.2 (see [29, Theorem 3.46]). Let ¢;: R" =R, I =1,..., p, be locally Lipschitzian
around X. Then the function ¢(-) :=max{¢;(-): I =1,...,p} is also locally Lipschitzian around
X and one has

dP(x) C U{a(lﬁ‘ikl(pl) )+ (A,...,Ap) GA()E)},
where

AR ={(A,. 0 Ap) + 4 >0, f/l, = 1, M%) — ¢(%)] =0}
=1

Proposition 2.3 (see [29, Corollary 1.111(i)]). Let ¢;: R" — R, i = 1,2, be locally Lips-
chitzian around X. If ¢2(X) # O, then we have
o(2) ) c Ao +2C o000
) [92(%)]

Proposition 2.4 (see [29, Proposition 1.114]). Let ¢: R" — R be finite at %. If X is a local
minimizer of @, then 0 € dQ(X).
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Next we recall some definitions and facts in interval analysis. Let A = [a*,aY] and B =
[bE,bY] be two intervals in .%;. Then, we define
() A+B:={a+b:acAbcB}=la"+b"ad’ +bY]
(i) A—B:={a—b:acAbcB}=a"—bY ad —b,
(ii1) For each k € R,

. . L L U U .
(iv) 4 = [mm (g—L, @ 4 g—U> ,max (;;—L, @ o ;;—) Lif0 ¢ B,
see, e.g., [31, 32, 33] for more details.
Definition 2.3 (see [5, 19]). Let A = [a",aV] and B = [b%,bY] be two intervals in .#.. We say
that:
() A <y Bifa" <b* and a¥ < Y.
(i) A <gy Bif A <y B and A # B, or, equivalently, A <;y B if
at < bt at < bt at < bt
or or
a’ <pY, a’ < bY, a’ < bY.
(iii) A <, Bifak < b* and a¥ < bY.
3. OPTIMALITY CONDITIONS
We now introduce Pareto solutions of (FIMP) with respect to LU interval order relation. For

the sake of convenience, we always assume hereafter that f-(x) >0, Vx € S and i € I. For each
i€landx € R, put Fj(x) := % By definition, we have

fix) {ff () f7 (x)]
F;(x) = = , .
) Ll g

Definition 3.1. Let ¥ € Q. We say that:

(i) X is a type-1 Pareto solution of (FIMP), denoted by x € .#1(FIMP), if there is no x € Q
such that

Fi(x) < Fi(%), Viel,
Fy(x) <pv Fx(X), foratleastone k€ 1.
(ii) X is a type-2 Pareto solution of (FIMP), denoted by x € .#,(FIMP), if there is no x € Q
such that
Fi(x) < Fi(%), Vi€l
Fi(x) <jy Fr(%), foratleastone k€ I.
(iii) X is a type-1 weakly Pareto solution of (FIMP), denoted by x € .#}"(FIMP), if there is no
x € Q such that
Fi(x) <w F(%), Viel.
(iv) X is a type-2 weakly Pareto solution of (FIMP), denoted by x € .,"(FIMP), if there is no
x € Q such that
Fi(x) <3y F(%), Viel

Remark 3.1. The following relations are immediate from the definition of Pareto solutions.
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(i) A (FIMP) C A (FIMP) C .5"(FIMP).
(i) A (FIMP) C " (FIMP) C ."(FIMP).
Furthermore, the above inclusions may be strict; see, e.g., [16, Examples 3.3-3.5 |.

The following result provides a Fritz-John type necessary condition for type-2 weakly Pareto
solutions of problem (FIMP).

Theorem 3.1. If & € .#}"(FIMP), then there exist AF >0, AY >0,i €I, and u; >0, j € J with
Yier(AE+AY) +Zjejuj = 1, such that
fL<‘) } [ CHE) s
0e dfE(x + i d7g; (%)
,ezzg? ’ g,(> ,EZ,glL l k@

+Zu,ah ) +N(%S), whi(x)=0, jeJ. (3.1)
jeJ

Proof. Since X € .;"(FIMP), there is no x € Q such that F;(x) <j, Fi(X),Viel,ie.,
fix) _f® 0 R

an <

() " ) gh(x) ~ gk(®)

Hence for each x € Q, there exists i € I such that

0 O W e
g (x ) V(@) T ghx) T gk

Let ¢ be a real-valued function defined by

fFo) e e e
gV(x) V(X)) gFx) ()

, Viel.

(3.2)

000 = max {

iel,jeJ

,hj(x)} , Vx e R".

By (3.2), we have
0=0(x) <o), VxecQ.

If x € S\ Q, then there exists jo € J such that /,(x) > 0 and so @(x) > 0. This implies that
0=0(x) <o), xES,

or, equivalently, X is a minimizer to the following unconstrained optimization problem

minimizer @(x)+8(x;S), x € R",
where (-, ;S) is the indicator function of Q and defined by

if
6(x;S):{O’ if xes§,

400,  otherwise.

By Proposition 2.4, we have
0€d(@+8(-;9))(%).
Clearly, ¢ is locally Lipschitzian around % and 6 (-;S) is lower semicontinuous around this point.

Hence by Proposition 2.1 and the fact that d6(-;S)(X) = N(%;S) (see e.g., [29, Proposition
1.19]), we obtain

0€ Q)+ N(&S). (3.3)
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By Proposition 2.2, we have

{ZALa (fL) ®+Y Y0 ({;U) ®+ Y wioh;®) : A >0jiel,

icl i icl i jeJ

>0l Y A +A7)+ Y pwj=1,1hi(x) = 0]6]} (3.4)
i€l jeJ

Now, taking Proposition 2.3 into account, we arrive at

fF (g (B)f)(X) + I(—ff (D)g] ) (%)
(4 )(’O - P
gf (%) fH(E) + fH(®)9 (=g ) (%)
87 (%)) 7
g (D)fF(x) — f}(¥)9" g/ ()
87 (0))2
where the last equalities hold due to the fact that f7(%) > 0, g (¥) > 0, and

d(—g))(®) =—0"g! (), Viel

, Viel, (3.5)

Similarly, we have

o (4) o c HOOLO LD e, 56

g (g7 ()2
It follows from (3.3)—(3.6) that

06{ oGRS o SIEV U R ]

icl 8i lE[gl
+ Y wiohi(®) ARAY >0ielu;>0,j€l,
jeJ
Y AFHAD) + Y =1, uh(%) =0, € J} +N(%S).
iel jed

In other words, there exist liL >0, /ll-U >0,i€l, and u; >0, j€J, with Ziel(/'LiL + ll-U) +
Y jeslj = 1 satisfying (3.1). The proof is complete. 0J

The relation obtained in (3.1) suggests us to define a Karush—Kuhn-Tucker (KKT) type con-
dition when dealing with Pareto solutions of problem (FIMP).

Definition 3.2. Let X € Q. We say that & satisfies the KKT condition if (3.1) holds with AiL >0,
AUV >0,i€l and uj >0, j € J such that Y, (AF + A7) + ¥ jesptj = 1 and (AL, 1Y) £ (0,0),
where AL := (AF,... AL and AV := (AF,...,A)).

m

In order to obtain optimality conditions of KKT-type for Pareto solutions of problem (FIMP),
we use the following well known constraint qualification.
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Definition 3.3 (see [34]). Let x € Q. We say that the constraint qualification (CQ) is satisfied
at ¥ if there do not exist it; > 0, j € J(X) not all zero, such that

0€ Y wjohj(%)+N(%S), (CQ)
JEJ (%)
where J(X) ;== {jeJ : g;j(x) =0}.
It is worth to mentioning here that the above (CQ) reduces to the classical Mangasarian—

Fromovitz constraint qualification when the functions hy,...,h, are strictly differentiable at
such ¥ and S = R"; see e.g., [35, 36].

Theorem 3.2. If x € ./3"(FIMP) and the (CQ) holds at X, then % satisfies the KKT condition.

Proof. Assume that x € .;"(FIMP) and the (CQ) holds at x. Then by Theorem 3.1, there exist
AF>0,AY >0,iel and uj >0, j € J with L (AF+ AY) + ¥ ey 1tj = 1 satisfying (3.1). If
(AF,AY) = (0,0), then 0 € ¥ je; pjoh;(X) + N(x:S) and pjhj(X) = 0 for all j € J. Hence, by
the condition (CQ), u; = 0 for all j € J. This contradicts to the fact that

NTETIES MRSt
icl i€l

Therefore, (AL, AV) # (0,0). The proof is complete. O

The following example shows that the conclusion of Theorem 3.2 may fail if the (CQ) is not
satisfied.

Example 3.1. We consider problem (FIMP) with m =2, n=p =1, S = (—,0], h(x) = x
fT) = U () = =x+2, f3(x) = i (x) = —x+3, g7(x) = g5(x) = —2x+ 1, and g{ (x)
g% (x) = —2x+2. Then

| | -

—x+3 —x+3
—2x+2 —2x+11|’

—x+2 —x+2

Fix) = | A= |

o =2x 427 —2x+1

and Q = {0}. Clearly, ¥ = 0 € ./,(FIMP), Vh(x) = 0, and N(X,S) = [0, +o0). By Theorem 3.1,
there exist A7 >0, AY >0,ie1={1,2}, u >0 with ;c;(AF +AY) + u = 1 satisfying (3.1),
1e.,

7LL
0e 71+)«2L+37L{1+522U+[0,+oo).

This implies that AF = A- = AV = AV = 0 and so the KKT condition do not hold at %. Actually,
the (CQ) fails to hold at x.

Next we present sufficient conditions for Pareto solutions of (FIMP). In order to obtain these
sufficient conditions, we need to introduce concepts of (strictly) generalized convexity at a given
point for a family of locally Lipschitzian functions. The following definition is motivated from
[28].

Definition 3.4. (i) We say that (F,h) is generalized convex on S at x € S if for any x € S,
xte dff(x), xi¥ € Y (%), yit € 9T gr (%), yi¥ € 97 gY (%), i €1, and 2 € hj(%), j € J,
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there exists v € [N(x;S)]° satisfying

fH00) = fH@) = (55 v), viel,
o=@ =), viel,
gr (x) — g7 (%) < (" ,V>, viel,
g (x) — 8 () < (¥, v), Viel,
hj(x) —hj(X) > (g}, v), Vje.

(ii) We say that (F,h) is strictly generalized convex on S at X € § if for any x € S\ {x}, x;L €
AfE(x), xV e afV (%), yit € a1 gh(x), y;V € 97gVY (%), i€, and 75 € dhj(%), j € J, there
exists v € [N(x;S5)]° satisfying

fH@) = fE®) > (xhv), viel,

o=@ > ), viel,

gr(x) —gr (%) < (" 7V>a Viel,

g (x) —g (}) < (7Y, v), Viel,

hj(x) —hj(X) > (g}, v), VjeJ.
Remark 3.2. We see that if S is convex and fL, s —gl , _81 ,i€l, and hj, j € J, are convex,
then (F,h) is generalized convex on S at any X € § with v = x —X. Moreover, the class of
generalized convex functions is properly larger than the one of convex functions; see, e.g., [37,
Example 3.2] and [34, Example 3.12].
Theorem 3.3. Let x € Q satisfy the KKT condition.

(i) If (F,h) is generalized convex on S at X, then x € ./, (FIMP).
(ii) If (F,h) is strictly generalized convex on S at X, then X € /1(FIMP) and so x € .#>(FIMP)
and x € /)" (FIMP).

Proof. Since  satisfies the KKT condition, there exist (A%, AY) € (R x R7)\ {(0,0)}, u; >0,
jeJ,andxit € o ff (%), x;V € dfY (%), yit € 9t gf (%), y;¥ € 9T gl (%), i€ 1, 25 € Ih;(%), j € J,
and ®* GN(x S) suchthat[,tj i@ = OJEJand

T S0 ]y M [ O ]y e
Z U(x) |:l gf](x)yz :|+Z L(.f) |:l g,l‘(f)yl :|+Z,UJZJ+(D O,

icl 8i icl 8i jeJ

or, equivalently,

AIL * fL . iU —) . . .
Z U()E) {xiL_ x } Z L [ IU—&L—((;yiL} +Zujzj = —w". (3.7)

icl 8i 8i (X i1 8 ( jel

First, we prove (i). Assume on the contrary that ¥ ¢ .#". This means that there exists £ € Q
such that F;(£) <}, Fi(X), Vi € I, or, equivalently,
fE®) _ R & _fE

and <

@ @ gh®) gk

, Viel (3.8)
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By the generalized convexity of (F,h) at X, for such £, there is v € [N(%;S)]° such that

_lezgf] {l — fH®) - :8(&() g?(x))}

+zezzgf LR R IS WIOC R

_lezg,U ["L _:g) ]*EZI&L [ ];J((X))gf(f)}
+%Wj ) —hj(%)).

It follows from (3.7) and relations @* € N(X;S) and v € [N(X, S)]O that

0< (ot v) =Y [<x:‘L,v>—féL,(’z) FZ |y ‘ﬁ:g;@#’v)}

ic1 8 (%) 8i (x) g (® 8i
+ 3 1)
jeJ
AF Lo fiL(f)U } [ Y (x) LA]

< h — :

_iezzg?(f) { ) g (f)g’ lggl %) F®) )
+ ) k(%) — ‘)) (3.9)

jeJ

Furthermore, we see that pjh;(X) =0 and u;h;(£) <0 for all j € J. This and (3.9) imply that

A fL( fU(X) Lz
L s (10t 0]+ L [0 fpgget] 2o
Since (AF,AY) # (0,0), there exists iy € I such that
() fio &),
L(g)_ i U io L (%
Jig(%) g%(x)gm( £) 20 or fil(%)- gm(x)gm( ) >0,

or, equivalently,
A A GG
gh®) el (®  gh(®) glo( %)
This together with (3.8) gives a contradiction, which completes the proof of (i).

We now prove (ii). Suppose on the contrary that X ¢ .#; (FIMP). Then there exists £ € Q such
that

F(%) < Fi(x), Viel,
Fi(®) <pv Fx(%), foratleastone k € 1.
This implies that £ = X and

(3.10)
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with at least one of the inequalities is strict. Hence, by the strictly generalized convexity of
(F,h) at  and the assumption that (A%, AY) # (0,0), for £ above, there exists v € [N(%;S5)]°
such that

0= (- = Kt [t - 48 )| oy {W, =Dt

icl 8i (X) 8i (X) i€l gl 8i (x)
+ Z nu’j Z '7
jEJ ’
3 f 'L(x) } [ fo %) 1.
< fl x + l =~ 8i (X)
gi gf] { @ E} g (¥) gf (%)
+ Z .uj —hj (%))
]EJ
o fH® @
< fF®) + £ ~gr ()|
lggff [ g () lgzzgf ’ gr(®) "'
This implies that there exists iy € I satisfying
G o ()
(&) — p=g, () >0 or fil (£) — gig (%) > 0,
lo g% (x)°70 io gk ( x)°h
or, equivalently,
G A AL
@ T gl (®  egr(® " gr(®
It together with (3.10) gives a contradiction. The proof is complete. U

Remark 3.3. The condition (3.1) alone is not sufficient for Pareto solutions of (FIMP) if the
(strict) generalized convexity of (F,h) at the point under consideration is violated. To see this,
let us consider the following example.

Example 3.2. We consider problem (FIMP) withm =2, n=p =1, § = (—oo, 1], h(x) = —x2,

o) =) == +1 f7(0) = f () = =20 +3, g{(x) = gh(x) =2 + 1, and g{ (x) =
g5 (x) = x* +2. Then

Fl(x) = |:
and Q =S. Let ¥ = 0 € Q. Then, we have N(x;S) = {0} and
Off (%) = df (%) = 9" gf (%) = 9% g (¥) = dn(x) = {0},i € {1,2}.

Thus, & satisfies the KKT condition. However, since 2 5 € Sand

(- (a4 wro- () )

we arrive at ¥ ¢ .7, (FIMP). Meanwhile, it is easy to check that (F, ) is not generalized convex
at x.

¥ +1 —x3+1 @ —2x3+3 —2x3+3
X) =
2427 241 2 X242 7 X241 |’
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4. APPROXIMATE DUALITY THEOREMS

Let of := (Ay,...,Ap) and B := (By,...,By), where A;, B;, i € I, are intervals in J%.. In
what follows, we use the following notations for convenience.
A<y B;, Yiel
of < B i >LU Di, VI ’
A <pu B, foratleastone k€ 1.
o ALy P is the negation of &7 <1y B.
o <jy B=Ai<jyBi, Viel
of Aiy A is the negation of o <j, A.
Fory € R", (AL,AY) € (R x R™),\ {(0,0)}, and u € R”, put

LyANAY 0) =F©) = (F(),....Fu(),

where

- L U
gily)  Ller(v) & (v
In connection with the primal problem (FIMP), we consider the following dual problem in
the sense of Mond—Weir:

LU—max Z(y, A5, AY ) (FIMDpw)
s.t. (A5 AY, 1) € Quw,

where the feasible set sy 1s defined by
. L qU m m P . AzL L sz(y) + U
Quw = (AN AY 1) e SXRY X RY xRY :0€ Y —— |9fF(y) — “5—=9"g (v)
ic1 & () g )

) 5e 1 ap ,
I | B W LB R

Y ki) 20, YOF+A0) + Y = 1,452Y) # (0,0)}.

jes icl jel
Definition 4.1. Let (7,A%, AV, i) € Quw. We say that
(i) (7,AL,AY f1) is a type-1 Pareto solution of (FIMD,;y), denoted by
(7,A%,4%, i) € AA(FIMDys),
if there is no (y, AL, AV, 1) € Quw such that
LAY 1) 2w LAY ).
(i) (5,AL,AY, ) is a type-2 weakly Pareto solution of (FIMD,y ), denoted by
(7, A% AY 1) € 73 (FIMD ),
if there is no (y, AL, AV, 1) € Quw such that
L5252 1) <ty L3 A5 ).

The following theorem describes weak duality relations between the primal problem (FIMP)
and the dual problem (FIMD ).
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Theorem 4.1 (Weak duality). Let x € Q and (y, A", AV, 1) € Quw.
(i) If (F,h) is generalized convex on S at y, then

F(X) 742U Df(y?A’L?lUv.u’)'
(ii) If (F,h) is strictly generalized convex on S at y, then

X) ﬁLU j(y,/'LL,)LU,u),
Proof. Since x € Q and (y, AL, AV ) € Quw, we have x,y € S,

hi(x) <0, Y wihj(y) >0, 4.1)
jeJ
and
L) - S0 5 ) IEO) gt
Oeg}g? ){ ; g,U(y) ]Jr;gf ){ : giL(y)& &)
+ Y wiohi(y) +N(y:S).
jeJ

This implies that there exist x;= € 9 fE(y), xiV € dfV (v), yit € T gk (y), yiV € 07 gV (y),i €L,
Z; € dhj(y ) j € J, and ©0* eN(y;S) such that

i i L Yi + ‘u,Z = —@ . (42)
We first prove (i). Suppose on the contrary that
F()C) _<SLU g()@A‘L?AUuu%
or, equivalently,
Fi(x) =iy Ly A" A% ), viel.
Then,
L U
gl ( ) g (y) g, (X) 8 (y)

By the generalized convex property of (F,h) on S at y, for such x, there exists v € [N(y,S)]°
such that

L L U
Z gi |:<X;<L,V>—féj(y) <y;-kU,V>:| +Z %i [<x?U,V>—

18 (v) g ) &)

U
L) et v>] LY i)

g (v jeJ

L
<,§gff [ L) f <y>—§;g§<g?<x>—g?<y>>]

U
e [ oy <y>—ﬁ—(”<g%<x>—g%<y>>] Y () — ()

ZEI i y 8i (y) JjeJ
vy My SO v A [y O
_;g?(y) [f’ ) PR ( )] +,-ezzg%(y) [f’ ®) gk &i )}

+ Y 1i(hj(x) = hj(y)).

jes
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It follows from (4 2) and relations ®* € N(y;S) and v € [N(y,S)]° that

_Z U [ 77 _leL]()’) <y?<U,v>}+Z %iU [(x?U,V>—f}Z(y)<y;~kL,V>}

i1 8i ( g () 187 () g (v)
—I—Zuj(Z}k-,V)
jel
Thus, Y L( | A U( )
i fiily iy
Ogégwﬂf@‘ﬁwﬁwkéﬁwﬂﬁ” el
+ZN1 hj(x) —h;(y))-

jeJ
It together with (4.1) implies that

A ) Uy AU fU(Y) Ly
0<Y ®Pm> gwﬂ+2 p<> gxﬂ. (4.4

c18l g (v) o187 (v) g (v)
By (4.4) and the fact that (AL, AY) # (0,0), it follows that there is iy € I such that
L( U
. 0) fiy ) 1
o (X) = 580 (0 2 0 or fif (x) = “pgii (x) 2 0,
R o g T

or, equivalently,

) | S40) A A
V() T el T ek T k)’
which contradicts (4.3) and therefore completes the proof of (1).
Next we prove (i1). Assume to the contrary that

F(X) jLU -é/ﬂ(y?A’L?lUnu’)'
This means that

{F,-(x) <w Fi(y), Viel, (4.5)

Fi(x) <pv Fi(y), for atleastone k € I.

Hence, x # y. By the strictly of (F,/) on S at y and the assumption that (A%, 1Y) # (0,0), for
such x, there exists v € [N(y,S)]° such that

N R I o

icl &U()’) g ) &)

U
ﬁ”wmﬂ+2w@w

g (v jeJ

A _fiL()’) Uiy _ U
<;&@J,m £H0) §@@u>&@ﬂ
U
Emf[’ ﬁ@—%%@%%ﬁ@ﬂ+%w%@—ww
_ Loy ) o el I i )
g}gf] () [ & g?(y)g’ ( )] +,-ezzg%(y) [f’ ) gk(y) si )}

+ Y 1i(hj(x) = hj(y)).

jes
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Continuing a similar procedure as in the proof of (i), we arrive at

i Fy) i YO 1
o< ; g,U s O } & g,L {f’ o) &)
Hence, there exists ig € I such that
) ) o T )
&) " gl T gh(x) T gk
It together with (4.5) gives a contradiction, which completes the proof. 0J

The following example asserts the importance of the generalized convexity of (F,h) on S
used in Theorem 4.1.This means that the conclusion of Theorem 4.1 may fail if this property
has been violated.

Example 4.1. We consider problem (FIMP) withm =2, n=p=1,5 = (—oo, 1], h(x) = —|x|,
[ =) =1-x fF(x) = f (x) = 1 -2, g7(x) = g5 (x) =+* + 1, and g{ (x) = ¢ (x) =

x%+42. Then
File) = -2 1-x° B 1-x 1-x
xX) = X)=|—— —
! 2+2 241 2+2241)]

and Q=S. Letx=1€Q. We now consider the dual problem (FIMD,;y). By choosing
y=0eS, A==V =V = 4, it =0, we have (7,A%,AY i) € Quw and that

L 3 1 1
P = (0.010.0) <40 245200 = (| 3.1]. 51 ).
The reason is that the generalized convexity of (F, ) on S has been violated at ¥.

Next we present a theorem that formulates strong duality relations between the primal prob-
lem (FIMP) and the dual problem (FIMD ).

Theorem 4.2 (Strong duality). Suppose that X € .7;"(FIMP) and the (CQ) is satisfied at this
point. Then there exist (A*, 1Y) € (R x R™)\ {(0,0)}, and i € RY. such that (£, AL,AY i) €
Quw and F() = £ (x,AY AV [i). Furthermore,
() If (F,h) is generalized convex on S at %, then (X, A¥,AV i) is a type-2 weakly Pareto
solution of (FIMDw).
(i) If (F,h) is strictly generalized convex on S at %, then (%, A*,AY i) is a type-1 Pareto
solution of (FIMDw).

Proof. Since x € .;)'(FIMP) and the (CQ) is satisfied at this point, by Theorem 3.2, there exist
(AEAY) € (R x R™)\ {(0,0)} and it € R” such that (¥, A", AV i) € Quw. Clearly,

F(®) = 253520, ).
(i) Since (F,h) is generalized convex on S at X, by Theorem 4.1(i), we have
F(%)=.2(x A7, 1) ALy LO,A% A7 0)

for all (y,AL,AY, 1) € Quw. This means that (£, AL, 1Y i) is a type-2 weakly Pareto solution
of (FIMD MW)-
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(ii) If (F,h) is strictly generalized convex on S at X, then by invoking Theorem 4.1(ii), we
obtain

F(f) g( 71 Z ‘I:L ﬁLU L yv)VL )’U"u)
for all (y,AL,AY 1) € Quw. Thus, (£, AL, AY,[i) is a type-1 Pareto solution of (FIMD,y),
which completes the proof. U

Remark 4.1. The (CQ) condition plays an important role in establishing the strong duality
results in Theorem 4.2. This means that if the (CQ) is not satisfied at a type-2 weakly Pareto
solution of (FIMP), then strong dual relations in Theorem 4.2 are no longer true at this point.
Indeed, let us look back at Example 3.1. We see that ¥ = 0 € .3"(FIMP). Furthermore, the (CQ)
is not satisfied at % and there do not exist a triple (A%, AV, i) such that (£,AL, AV, i) € Quw.
Thus, in this case, we do not have strong dual relations.

We finish this section by establishing converse-like duality relations for Pareto solutions be-
tween the primal problem (FIMP) and the dual one (FIMD ;).

Theorem 4.3 (Converse-like duality). Ler (£, A*,AY 1) € Quw.
(i) Ifx € Qand (F,h) is generalized convex on S at X, then X is a type-2 weakly Pareto solution

of (FIMP).
(ii) IfXx € Q and (F,h) is strictly generalized convex on S at X, then X is a type-1 Pareto solution
of (FIMP).
Proof. (i) Since ()Z AL ZU,[L) € Quw, we have
AP ] { S r 1
0e , = + i — S0 g (%)
Lim 0’ ,ez,g% )
+ ) 1joh;(%) +N(%S),
jeJ
Y ki@ >0, YA +247) + Y wy=1,(A54Y) #(0,0). (4.6)
j€J icl =

Since x € Q, one has /;(x) < 0 for all j € J. Hence, u;h;(x) <0 for all j € J. This together
with (4.6) yields pjhj(X) = 0 for all j € J. Thus, by the generalized convexity of (F,/) on S at
X and Theorem 3.3(1), X is a type-2 weakly Pareto solution of (FIMP).

The proof of (ii) is similar to that of (i) by using the strictly generalized convexity of (F,h)
and Theorem 3.3(ii), so omitted. [
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